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GLOBAL WELL-POSEDNESS OF DAMPED
MULTIDIMENSIONAL GENERALIZED BOUSSINESQ
EQUATIONS

YI NIU, XIUYAN PENG, MINGYOU ZHANG

ABSTRACT. We study the Cauchy problem for a sixth-order Boussinesq equa-
tions with the generalized source term and damping term. By using Galerkin
approximations and potential well methods, we prove the existence of a global
weak solution. Furthermore, we study the conditions for the damped coeffi-
cient to obtain the finite time blow up of the solution.

1. INTRODUCTION

In this article, we consider the Cauchy problem for damped multidimensional
generalized Boussinesq equations

Ut — Au — Augy + A?upy — kAuy, = Af(u), xze€eR™ t>0, (1.1)
u(z,0) =uo(x), w(x,0)=ui(x), ze€R", (1.2)
where k is a positive constant, and f(u) satisfies
(A1) f(u) = —|ulP~tu, "TH <p< Z—Jjg forn>3,1<p<ooforn=1,2.
Boussinesq [I] first derived the equation
Upt = —Ylgrz + Uz + (U°) sz, (1.3)

to describe the propagation of small amplitude long waves on the surface of shal-
low water. Later, Makhankov [3] obtained that the improved Boussinesq equation
(IBq),

g — Au — Auy = A(u?), = € R™, t > 0, (1.4)
which can be derived by using the exact hydro-dynamical set of equations in plasma.
A modification of the IBq equation analogous to the modified Korteweg-de Vries
equation yields

ug — Au — Augy = A(u®). (1.5)
This equation is the so-called IMBq (modified IBq) equation. Wang and Chen [7, [§]
considered the existence of local and global solutions, the nonexistence of solutions,

and the existence of global small amplitude solutions for (L.5) with a general source
term A f(u).
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Through investigating the water wave problem, Schneider [6] improved the model
(1.3) as follows

Uit — Ugpy — Uggtt — Nuzxmx + Ugzrrtt = (u2)zza (16)

where z,t,u € R and u(x,t) € R. This nonlinear wave equation not only models
the water wave problem with surface tension, but can also be formally derived
from the two-dimensional water wave problem. Because of the linear instability,
equation with ¢ > 0 is known as the “bad” Boussinesq equation. For the case
w = —1, Wang and Mu [I0] showed that has blow up and scattering solution.
By using contracting mapping principle, Wang and Guo [9] proved the existence
and uniqueness for the Cauchy problem with g4 = —1. Furthermore, they
gave the sufficient conditions of blowup of the solution for the problem in finite
time. For the multidimensional case and the special case of nonlinear term
like w?, the Littlewood-Paley dyadic decomposition guarantees the global existence
and scattering results of solution with the small initial data [IT].

Xu and Liu [T4] considered the initial boundary value problem of the generalized
Pochhammer-Chree equation

Utt — Ugge — Ugxt — Ugstt = f(u)a:xa (17)

where € Q = (0,1). By using the contract mapping principle, they established
the existence of local solutions. After modifying the source term f(u)zs, they
discussed the W*? global solution and global nonexistence of generalized IMBq
equations. Necat Polat [4, 5] studied the Cauchy problem of the generalized damped
multidimensional Boussinesq equation with double dispersive term

upr — Au — Augy + A%u — kAu, = Af(u). (1.8)

First, by starting with the contraction mapping principle, the authors pointed out
the locally well-posedness of the Cauchy problem. Then the authors obtain the
necessary a priori bound. Thanks to the a priori bound, every local solution is
indeed global in time. Finally, by using the concavity method, the authors proved
that the local solution of the Cauchy problem blows up in finite time with negative
and nonnegative initial energy. Unfortunately, it is much less known for the sixth
order equations with strong damping term.

In this article, we study the Cauchy problem , , which is not only the
multidimensional generalized sixth order Boussinesq equation, but also includes
both nondecreasing source term and strong damping term. To deal with such
problem, we refer to the papers [I3] [12] (14, [T5] 2] [T6] especially the work by Xu and
Liu [I5] who proved that the Cauchy problem , for the multidimensional
sixth order equation with the generalized source term has the global H™ solution
and the finite time blow up solution. However, the method they employed can not
be used directly to solve the sixth order Boussinesq equation with strong damping
term considered in this article. So we improve the standard concavity method and
exploit further the character of the Nehari manifold in order to give a threshold
result of global existence and nonexistence of solutions, and point that the solution
blows up in correspondence of the sufficiently small damping coefficient. This paper
is organized as follows.

In Section 2 we give some preliminary lemmas and local existence theorem. In
Section 3 we give the sufficient conditions for existence and nonexistence of global
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weak solution for problem (L.1)), (1.2]), and provide the proofs of the main Theorems.
In Section 4 we give some remarks on the main results ofthis article.
2. PRELIMINARY LEMMAS AND LOCAL EXISTENCE

To prove the existence of local solutions, and the main results of this article, we
provide some preliminary lemmas. Firstly, we denote LP(R™) and H*(R™) by LP
and H* respectively, with the norm || - ||, = || - [[zr@»), || - | = || - [[2(&») and the
inner product (u,v) = [p, uvdz. We also define the space

H={ueH :(-A)"2ye L?},
with the norm
lullZ = llulFn + 1(=2)""2ul 7.,
where (=A)™v = .71 (|¢|7?*Zv), F and F ! are the Fourier transformation

and the inverse Fourier transformation respectively. For problem (1.1)-(1.2]) we
introduce the functionals

s = gl + [ Fads, £ = [ e

1) = lulP + [ uf(uds
R’!L
d= igjf\/J(u)7 N ={uecH"|I(u) =0,]|ul| #0}.
And we define the following subsets of H!(R™):
W={uecH" : I(u) >0, J(u) < d} U{0};
V={ueH :I(u)<0, Ju) <d}, W ={uecH" : I(u) >0} U{0};
V' ={uec H": I(u) < 0}.

Definition 2.1. We call u(z,t) a weak solution of problem (1.1, (1.2)) on R™ x
[0,T), if u € L>=(0,T; H'), uy € L>=(0,T; H) satisfy
(i) for allv € H and all ¢ € [0,7),

((—A)_l/zut, (—A)—l/%) + (Vug, Vo) + (g, v) + k(u, v)
+/0 ((uyv) + (f(u),v))dr (2.1)
= ((=2) 72, (=2)7120) + (Vur, Vo) + k(uo, v).

(i) There holds u(z,0) = ug(x) in H* and

ug(x,0) = ug(z) in H. (2.2)
(iii) for all t € [0,T),

t
B0 +k [ Ju|dr < E(0) (2.3)
0
where

B) = glully + gl +2 [ Fds, F@) = [ s

We present the following theorem about local existence [6] [4].
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Theorem 2.2. Suppose that f(x) satisfies (A1) and ug(x),us(z) € H. Then (L.1)-
(1.2) admits a unique local solution u(x,t) € H.

Let up € H', uy € H, {w; }321 be a basis function system in H. We construct
the approximate solutions of problem ([1.1)), (1.2)

U (2, ) = Zgjm(t)wj(x), m=1,2,..., (2.4)
j=1
satisfying
(=) 2, (—8) 7120, ) + (1t 0,) + (e, w5) 05
+ (vumtt7 vws) + k(umhws) + (f(um)a ws) = 07 s = ]-7 21 ceey 1,
U (2,0) = Zajmwj (z) — up(z) in HY, (2.6)
j=1
Ut (2,0) =D bjmw;(x) — ui(z) in H. (2.7)
j=1
Multiplying (2.5) by g~,,(t) and summing for s we obtain
d
3 Em(®) + klluml|* = 0
and .
En(t) + k / s |27 = Eon(0), (2.8)
0
where

n

En(®) = il + lenll? + [ Flun)de, £ = [“fas. (29

Lemma 2.3. Let f(u) satisfy (A1) and w € H'. We have
(i) limy_o J(Au) =0.
(i) I(Au) = AL J(M), V A > 0. Furthermore if [, uf(u)dz < 0 and p(X) =
—3 fgn uf (Aw)dz, then I(Au) >0 for VA > 0.
) limy—to0 J(Au) = —00.
) @(N) is increasing on 0 < A < o0.
v) limy—0 @A) =0, imy_ 40 ©(A) = +00.
) In the interval 0 < A < oo, there exists a unique \* = \*(u) such that

d
aj()\u) N =0.
(vii) J(Au) is increasing on 0 < X < X*, decreasing on A\* < A < oo and takes
the mazimum at A = \*.

(vili) I(Au) >0 for 0 < X < X, I(Au) <0 for \* < XA < oo and I(X\*u) = 0.
Proof. Parts (i)—(iii) are obvious. Part (iv) and Part (v) follow from
1
oA\ = fx/ uf(Au)de = 7}\1;71/ wf(u)dx.
n R?’L
Note that [o, uf(u)dz # 0 implies [|u| # 0 and
d

o ) = A ([lull* = () , (2.10)
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which together with Part (iv) and Part (v) give Part (vi) and Part (vii).
Part (viii) follows from Part (ii) and (2.10]). O

Lemma 2.4. Let f(u) satisfy (A1) and w € H'. We obtain

(1) If 0 < ||ul|| < 7o, then I(u) > 0;
(ii) If I(u) < 0, then ||lul| > ro;
(ii) If I(u) = 0 and ||u|| #0, i.e. uw € N, then ||u|| > ro, where

L\ [[wllp+1
ro = (7) Cy= sup .
aCPt ’ T wertuzo  lull

Proof. (i) If 0 < ||lu|| < 79, then I(u) > 0 follows from

- / uf (u)de < / fuf (w)|dz = alful2TE < aCPH [ufP
Rn R"

= aC2 lullP~H flul* < ful®.

(ii) If I(u) < 0, then ||u|| > ro follows from
lull* < - /Rn uf(u)de < aC ulP~ ul®.
(iii) If I(u) = 0 and |lul| # 0, then we have
ol = = [ uftu)de < €2 ul
which together with |lul| # 0 gives ||u|| > ro. O

Lemma 2.5. Let f(u) satisfy (Al), we have

(i)

p—1 1 =T
> = _— . .
¢ 2 do 2p+ 1) (acf“) (2.11)

(ii) Ifu € H' and I(u) <0, then
Iu) < (p+1) (J(u) —d). (2.12)

Proof. (i) For any u € N, by Lemma[2.4 we have |[u| > ry and

T = gl + [ Pla)ds = lul? + uf ()

p+1 Jgn

1 1 1 p—1 p—1
= (5 = P+ = T(w) = ] > 3,
2 ptl Pt 2(p+1) 2(p+1)

which gives ([2.11)).
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(i) Let w € H' and I(u) < 0, then from Lemma [2.3it follows that there exists
a A* such that 0 < A* < 1 and I(A\*u) = 0. From the definition of d we have

1
4.< TOu) = |3l +/R PO u)de

1 1
= §||)\*u||2 + 7/ N uf (AN u)dx
]R'n.

1 , 1
= (- — I 2.1
(5 pﬂ)u ul? + ——=I(\"w) (2.13)
D — * *2 p 2
= P70 2= A
sy INull = X2l
p—1 2
< .
syl
From (2.13)) and
T = gl + = 1w,
we obtain ) )
p—
= J(u) — ——I(u),
2ol =7 = i
which gives (2.12)). O

Lemma 2.6. Let f(u) satisfy (A1), ug € H* and vy € H. We conclude that
F(ug) € L. And for the approzimate solutions u,, defined by ([2.4)-([2.7), there
holds E,,(0) — E(0) as m — oo, where

1
B0) = 5 (lnlfy + o)) + [ Fluo)d.

Proof. First from the assumptions we have

|F(u)] < ]%Mpﬂ’ Yu € R,

where 2282 < p 41 < 2% forp >3 or 2 <p+1 < oo for n=1,2. It is obvious
that F(uo) e L.
From (2.6)) and (2.7) we obtain that as m — oo

(=) 2uni (O + [ (0% + [[wne (0) | + [ Vet (0)]]?
= [(=2)72ur | + Jluol® + [ l|* + Ve |* = [[uaf-
Next we prove that
/ F(um(0))dz — F(ug)dx as m — oo.
n ]:R’VL
In fact we have

Flun ) = [ Pluo)da] < [ 1)l 0) = wolde

' R‘!L R‘!L
< (em)ll[um(0) = uollg,

where 1 < ¢, r < o0, 1+l—17g0m:u0+9(um( ) —up), 0 <6< 1.

(i) If n > 3. Chooseqf— r*m We have

[ (0) = uollg < Cllum(0) = uoll =0 as m — oo,
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1f (em)ll; =/R (alom[")" dz = Allgm|;

From the conditions we have 2 < pr < 22 hence || f(¢m)|» < C.

n—2"

(ii) If n = 1,2. Choose ¢ = r = 2, then we have

[ (0) = wollg < [um(0) = uoll — 0 as m — oo

1 (eIl = I1F (em)l* < Allpmllzp

Since 2 < 2p < oo, we obtain || f(@m)|» < C.
Thus for two cases above we always have

/ F(um(0))dz — F(ug)dx as m — oo
n RTL

and E,,(0) — E(0) as m — oo. O

Lemma 2.7. Let f(u) satisfy (A), up € H' and uy € H, E(0) < d. Assume
that I(ug) > 0 or |lug|| = 0, i.e ug € W’'. Then for the approzimate solutions
defined by . . ) there holds u, € W' for 0 <t < oo and sufficiently large m.
Furthermore we have

2(p+1
o ? < 20D

— d,  |umel|? <2d, 0<t< oo, (2.14)

for sufficiently large m.

Proof. Arguing by contradiction, we assume that there exists a ¢ > 0 such that
U (t) ¢ W' for some sufficiently large m. Then by the continuity of I(u,,) with
respect to ¢ it follows that there exists a to > 0 such that w,,(tg) € OW’. On the
other hand, from the definition of W’ we have 0 ¢ OW’. Hence I(un(t)) = 0
and ||um, (to)|| # 0 for some sufficiently large m. From the definition of d we obtain
J(um(to)) > d, which contradicts (by (2.8))

1
En(t) = 5lltmlfr + J(um) < En(0) <d, 0<t<o0 (2.15)

for sufficiently large m.
On the other hand, from (2.15]) we obtain that for sufficiently large m there holds

2 p—1 2 1
— ||, + Um||” + Ium) < En0)<d 0<t<oo,
sl + 505 ol + = ) < B0
which together with w,,(t) € W’ gives (2.14)). O

3. EXISTENCE AND NONEXISTENCE OF GLOBAL SOLUTIONS

We first give the invariance of both subsets W and V of H'(R™) under the flow
of (1), (T2)

Theorem 3.1 (Invariant sets). Let f(u) satisfy (A1), ug € H' and u; € H.
Assume that E(0) < d. Then both sets W' and V' are invariant under the flow of

problem (1.1 . Furthermore

(i) All weak solutions of problem (1.1)), (1.2)) belong to W provided ug € W”.
(ii) All weak solutions of problem (L.1] , (1.2) belong to V' provided ug € V.



8 Y. NIU, X. PENG, M. ZHANG EJDE-2015/117

Proof. We only prove the invariance of W', the proof for the invariance of V' is
similar. Let u(t) be any weak solution of , with uwg € W', T be the
maximal existence time of u(t). Next we prove that u(t) € W' for 0 < ¢t < T.
Arguing by contradiction we assume there is a ¢t € (0,7) such that u(t) ¢ W’
According to the continuity of I(u(t)) with respect to ¢, there is a to € (0,7)
such that u(tp) € OW’. From the definition of W’ and (i) of Lemma we have
By, CW' By, ={u€ H': ||u]| < ro}. Hence we know 0 ¢ OW’. So u(tg) € OW
reads I(u(tp)) = 0 with |Ju(to)|| # 0. The definition of d tells J(u(ty)) > d, which
contradicts

1 t
el + k/ s |2d7 + J(u) < BE(O) <d, 0<t<T. (3.1)
0

So the prove can be completed. ([l

Next we show the existence of global solution for (L.1), (L.2). And we give some
sufficient conditions for global well-posedness and finite time blow up. What is
more, these results are independent of the local existence theory, so they are not
restricted by the conditions for the local solution.

Theorem 3.2. Let f(u) satisfy (Al), ug € H', uy € H and E(0) < d. Then
problem (L.1), (1.2) admits a global weak solution u(t) € L°(0,00; H') with u,(t) €
L>(0,00; H) and u(t) € W for 0 <t < oo provided ug € W'.

Proof. First let us turn to the existence of global solution for problem (1.1}, (1.2).

For problem , (1.2), construct the approximate solutions ., (z,t) by (2.4])-
(2.7). From Lemma it follows that {u,,} in L>®(0,00; H!) and {Vu,:} in
L>°(0,00; H) are bounded respectively. Moreover by an argument similar to that
in the proof of Lemma[2.6| we can get { f(u,)} are bounded in L>(0, 00; L"), where
7 is defined in the proof of Lemma [2.6 Hence there exists a u and a subsequence
{u,} of {un,} such that as v — co; u, — u in L* (0,00; H') weakly star and a.e.
in Q@ =R" x [0,00); Vu,: — Vuy in L™ (0, 00; H) weakly star; f(u,) — x = f(u)
in L (0, 00; L") weakly star.
Integrating with respect to ¢t from 0 to t we obtain

((_A)_I/QUWHH (_A)_l/Zws) + (vumt7 vws) + (umtyws)

+ k(um,ws) +/0 ((Umaws) + (f(um)7wb)) dr

= ((=2) 72ty (0), (—2) 72w, ) + (Vitgu(0), Vo)
+ (umt(o)vws) + k(um(o)aws)
Let m=v — 00 in we obtain

((=2)7 2w, (—8) 72w, ) + (Vur, V) + (s, w,)
+ k(u,wy) + / (uyws) + (F (), ws)) dr

= ((—A)*l/Qul, (—A)*lmws) + (Vug, Vwg) + (u1,ws) + k(uo, ws), Vs
and
(<_A)—1/2ut, (_A)—l/%) + (Vag, Vo) + (g, v)
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k) + [ () + ()0 dr
0
= ((7A)*1/2u1, (fA)*l/zv) + (Vuy, Vo) + (u1,v) + k(ug, v),

for all v € H and all ¢ € [0,00). On the other hand, from (2.6)), (2.7) we obtain

u(z,0) = ug(z) in H,
ug(x,0) = ug(z) in H.

Next we prove that above u satisfies (2.3]). Note that the embedding H* «— LPT!
is compact under the condition 2 (1 + iﬁp—i—l < % forn>3o0r2<p+1< oo
for n = 1,2. Thus from {u,,} is bounded in L>°(0,00; H!) it follows that there
exists a subsequence {u,} of {u,,} such that as v — oo u, — u in LP*! strongly
for each ¢t > 0. Hence

| [ P [ Fde] < [ 7@l — ulde < £l = all
R™ R Rn

Whereq:p—i—l,F:ﬁ#,uyzu+9(ul,—u),0<9<1. From ||u, — ul|lg — 0 as
v — oo and

I1f ()]

_ . piL
P [ Gy do=a iz < c

we obtain

F(uy)dz — F(u)dz asv — oo.
R™ R™
Hence from ({2.8]) we obtain
1 B t
3 (1) 20l 19l + el + ) + & [ e
1
< i(liminf [[(=A) 120,12 + liminf | Va,||? + liminf |u,]|? + lim inf Hul,||2)
¢
+ kliminf [ |ju,|?dr
V—00 0

V— 00

o1 _ 1 1 1 !
< timint (512 2l + IVt 2+ 5 a2+ o+ [ )

= lim nf (EV(O) -/ F(u,)dx)
= lim. (EV(O) - / ) F(ul,)dzzz)

= E(0) — / F(uyd,

which gives E(t) < E(0) for 0 < ¢ < oco. Therefore u(z) is a global weak solution
of problem (I.1), (1.2). Finally from Theorem [3.1| we obtain u(t) € W for 0 < t <
0. u

Theorem 3.3. Let f(u) satisfy (A1), ug € H', uy € H, (—=A)"?uy € L? and
E(0) < d. Then the solutionu(t) of (1.1)), (1.2) belongs to L>(0,00; H'), with
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ug(t) € L>=(0,00; H) blows up in finite time when I(ug) < 0, and k satisfies
O<k<p—1, ifE(0)<0;

E(0 (3.3)
0<k<(p—-1) 1—#, if 0 < E(0) < do,
0
where ) Il
p—1 1 =T U pr1
do = —_ , Cy= su .
0 2(p+1) (aC’f+1) u€H17pu750 [ ]

Proof. Let u(t) € L>(0, 00; H) with u;(t) € L*°(0, 00; H) be any weak solution of
(1.1)), (1.2)), T be the maximal existence time of u(t). Now we need to show T' < oo.
Arguing by contradiction, we suppose that 7' = +oc0. Let ¢(t) = |lu|%, then

d(t) = 2((=A) "2y, (—A)"V20) 4+ 2(Vuy, V) + 2(uy, w).
From Schwartz inequality we obtain

(82, (~8)70) + (Vue, V) + o, w))

= ((—=A) " 2uy, (=A)20)? + (Vuy, Vu)? + (ug, u)?
+ 2((—A) Y20y, (= A) 7V 20) (Vg V) 4 2(Vu, Vag) (u, uy)
+ ((=A) Py, (=A) 7 Pu) (uy, w)

< N(=2) T 2u P (=2) 720 + Ve P Vel 4 )|
(=22 P Va4 (=) 72 P Vg |? + [V |
Vel Pllull® + 11(=2) 72w Pl + 1(=2) 2wl [Ju|?

= (=) 2ul el + Vel el 7 + el el G-

we have . )
(6(1))” < 4o(t)||luel| %, (3.4)
and
o(t) = 2/|(—A) 7 2uy|? + 2| Vue||* + 2/ )2
+ 2((=A) VU, (—A)V20) 4 2(Vug, Vi) + 2(u, ugy)
= 2/|ug|l3 — 2((=A) Mg, u) — 2(Aug, u) + 2(uyy, )
= 2|ue |7 — 2(u,w) — 2(f (u), u) — 2k(ue, u) (3.5)
= 2fluel|F — 2(u,u) — 2(f (), u) — 2k(ug, u)
=2l = 2(Jul + [ wr)de) = 2k,
= 2wy ||% — 21 (w) — 2k (uy, w).
From we have
1 1
§||ut||%; f Y [Jul|* + i< §I|ut||%1 +J(u) < E(0) < d,

—2I(u) = (p+1)HutHH (p = Dllull® = 2(p + 1) E(0).
Hence we have
o(t) = (p+ 3)uelFr + (0 — Dllull® = 2k(ue, u) — 2(p + 1) E(0). (3.6)
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Next we consider the following three cases:

(i) We consider E(0) < 0. In this case from 0 < k < p — 1 it follows that there
exists a ¢ such that 0 <e <p—1land k? < (p—1—¢)(p—1). And (3.6) gives

B(t) = (&) ully + (0= 1= ) (I(=2) 2wl + |Vu|?)

3.7
+ (0= 1= e)lluel® + (p = Dllull® = 2k(uz, w) = 2(p + 1) E(0). 0

And from

12
2K (w1, 0)| < (0 =1 = )+~ Jul?
< (p—1=)fwl®+ (p = Dllul®,
we have

O(t) > (44 2)|lus| 7 — 2(p + 1) E(0). (3.8)

(ii) Suppose E(0) = 0. In this case from 0 < k < p—1 it follows that there exists
acsuchthat 0 <e<p—1land k<p—1—e. And (3.6) gives

() = (4+ lluellfy + (0= 1= 2) (I(=2) 72w + [V |)

3.9

+ (=1 =)wl®+ (-1 —&)lul® + ellul® — 2k(ur, u), o
and from

2h) ot )] < (p— 1 — w2+~
p—1—¢
<(p—1-8)|wl?*+(p-1-e)ul?

we have

o(t) > (4+e)|Jullzr +ellull® > (4 + e)lluellF + erg. (3.10)

(iii) We consider 0 < E(0) < dy. In this case from 0 < k < (p — 1)4/1 — %00),
it follows that there exists a € such that 0 < ¢ < (p — 1)(1 — %:)) and k? <
p—1-¢)((p—1)(1 - %(?)) —¢). And (3.6) gives

B(t) = (44 &) uilly + (0 = 1= ) (1 (=2)2ual? + Ve + e

(=00 =52 - ) full + <fl? )
+ 0= D52 Jull? — 2k, 0) — 265 + D EO)

And from Theorem [3.1] we have u(t) € V for 0 < ¢ < co. By Lemma [2.4] we obtain
|lul| > 7o. From dy = 2{%_:1)7"8, we obtain
E0 E(0
o= DBl 2 -0 (ED)E 2+ vBO). @1

We can derive

3#) > (44 )uall? + (0 — 1 =€) (1(~4) 2] + V)
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+ (= 1=+ (p-1)(1- %?)) — &) lull® + fjull®
+ 0= 1) (B2) ful? — 2k, w) — 20+ D EO)
On the other hand,
2 k2 2
2k|(ug, u)| < (p— 1 —&)flwe]|” + m”““

<=1l + (-1 (1= Z2) - <) ful?”

Hence we have

o(t) = (4+ &)luellfr + ellull® > (4 + &)l +erf. (3.13)
From (3.8), (3.10) and (3.13)), it follows that there exists a dy such that for all

above cases there holds

6(t) = (4+ ) Juelf + bo. (3.14)
Hence
HOFE) — =T (D) > dolluely > 0. (315)
and
(670" = ggar (4030 — (@ + D (E0)*) <o, (3.16)
o= Z, 0<t<oo.

On the other hand, from we obtain
b(t) > dot + ¢(0), 0 <t < oco.
Hence there exists a to > 0 such that ¢(t) > ¢(to) > 0 for ¢ >ty and
B(t) > d(to)(t — to) + p(to) > Blto)(t — to), to <t < oo.

Therefore there exits a t; > 0 such that ¢(t1) > 0 and ¢(¢1) > 0. From this and
(3.16]) it follows that there exists a Ty > 0 such that

tlg% o8 =0,

and
lim ¢(t) = +o0, (3.17)
t—T,

which contradicts T = +00. So we prove the nonexistence of global weak solutions.
|
4. REMARKS

In this section, we give some remarks on the main results of this paper. First
Theorem [3.3] can be written as follows

Theorem 4.1. Let f(u), ug and uy be same as those in Theorem and [3.3
Assume that E(0) < dy, where do is defined in Lemma i.e.
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Then when ||Jug|| < ro problem (1.1), (1.2) admits a global weak solution; and when
lluol| > 7o, and k satisfies

0<k<p-—1, if E(0)<O0;
E(0) (4.1)

0

Then problem (1.1)), (1.2) does not admit any global weak solution, where rq is
defined in Lemma[2.) i.e.,

1 == [[ullp+1
ro = (7) Cy= sup .
aC?™ )T ez ]

Proof. We will complete this proof by considering case ||ug|| < ro and case ||ug|| > 70
separately.

(i) Since ||up|| < ro implies 0 < lug|| < ro or |Jugl] = 0. If 0 < |lug|| < o, from
Lemma we can derive I(ug) > 0. Hence the weak solution exists globally.

(ii) If ||uo|| > ro, then from

1
- k d P —— L —
gl 4 [ oo + 2l 4 1)

p—1 1 \i&x p-1
<FEFO)<dy=——"-— =5
< B(0) <do (p+)<c”+1> 2(p+1) "

we obtain I( uo < 0. Then Theorem [3.3 - gives that there is no global weak solution

for problem (1.1] . (I

So the results of Theorem [4.1{ show that the space H = {u € H' | (=A)"2u €
L?} is divided into two subspaces: |ju|| < ro and ||ul| > 7o by the surface ||uH =ro.
Furthermore, we have all weak solutions u(t) of problem 1 1.2)) with E(0) < do
belong to By, = {u € H | ||ul]| < ro}, and problem does not admlt any
global weak solutions if ug € B, = {u € H | ||lul| > 7‘0} and k satisfies

In the case F(0) < 0, which is a special case of the energy restriction E(O) <d.
We have the following result.

Theorem 4.2. Let f(u) satisfy (Al) and ug,u1 € H. Assume that E(0) < 0 or
E(0) =0, ||uo|| # 0. Then all weak solutions of problem (L.1)-(1.2)) belong to V.

Proof. Let u(t) be any weak solution of problem (1.1)-(1.2) with E(0) < 0 or
E(0) =0, ||uo|| # 0, T be the maximal existence time of u(t). From

1
= k *d ’+ I(ug) < E(0
Sl 4 [ P+ 2ol + 1) < B(O),
we see that if F(0) < 0 or E(0) = 0 with ||ug| # 0, then I(ug) < 0. Hence from
Theorem [3.1) we obtain u(t) € V for 0 <t < T. O

Furthermore from Theorem [3.3] and Theorem [4.2] we can conclude the following
corollary.

Corollary 4.3. Let f(u) satisfy (Al) and up,u; € H. Assume that E(0) < 0 or
E(0) =0, ||ugl| # 0 and k satisfies

O0<k<p-—1, if E(0) <O0;



14 Y. NIU, X. PENG, M. ZHANG EJDE-2015/117

E(0)
do

Then problem (1.1), (1.2]) does not admit any global weak solution.
Corollary 4.4. Under the conditions of Theorem[3.3, for the global weak solution

of problem (L.1)-(1.2]) given in Theorem we further have
u(t) € L>(0,T; H), VT >0.

O<k<(p—1)4/1—

sz < E(O) < dp.

Proof. From
t
(—A)"V2y = / (—=A) " Purdr + (=A) " Pug, 0<t <o,
0
we obtain

t
(=) 2ul| < /0 1(=2) " 2urf|dr + [ (=2) " 2uo|

<7 max (1(=8)7"2u]) + (=8)"2uol, 0<t<T,

0<t<T
which gives
(=A)"Y2y e L=(0,T; L?), VT >0,
u(t) € L>*(0,T; H), VT > 0.
O
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