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POSITIVE SOLUTIONS TO A NONLINEAR FRACTIONAL
DIRICHLET PROBLEM ON THE HALF-LINE

HABIB MAAGLI, ABDELWAHEB DHIFLI

ABSTRACT. This concerns the existence of infinitely many positive solutions
to the fractional differential equation

D%u(z) + f(x,u, D> tu) =0, = >0,

lim u(xz) =0,
Jim, ()

where a € (1,2] and f is a Borel measurable function in R x Rt x Rt
satisfying some appropriate conditions.

1. INTRODUCTION

Recently, many papers on fractional differential equations have been published.
The motivation for those works stems from the fact that fractional equations serve
as an excellent tool to describe many phenomena in various fields of science and
engineering such as control, porous media, electrochemistry, viscoelasticity, electro-
magnetic, etc (see [8, [0, [IT], 19]). Therefore, the theory of fractional differential
equations has been developed very quickly and the investigation for the existence
of solutions of fractional differential equations has recently attracted a consider-
able attention (see [I1 2] [3, [ (5] @, [7, O 12) T3] 14} 05, 17, 08| 20, 21l 22] and the
references therein. For instance, in [I8], the first author considered the following
nonlinear fractional differential problem in the half-line R* = (0, 0o):

D%+ f(z,u) =0, u>0
lim u(x) =0, (1.1)

z—0

where 1 < a < 2 and f be a measurable function in RT x RT satisfying an appro-
priate condition. Then, he established the existence of infinitely many solutions of

().

In this paper, we extend this result to the fractional problem
D%+ f(z,u, D* 'u) =0, wu>0inRY,

lim u(x) =0,

z—0

(1.2)
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where f is a Borel measurable function in RT x RT x RT satisfying the following
assumptions.
(H1) f is continuous with respect to the second and third variable.
(H2) There exist hy and hs two nonnegative measurable functions on Rt xRT x
RT such that
(1) ‘f(xa Y, Z)| < h(’l}, Y, Z) = yh1($, Y, Z) +Zh2(f£, Y, Z) for all T,Y,2 € RJr'
(ii) The function h; is nondecreasing with respect to the second and the
third variables and satisfying lim, .y_(0,0) 2j(2,y,2) = 0 for j = 1,2.
(iii) The integral [° h(t,wa(t),1)dt converges, where wq (t) := t;(—;;
We recall that for a measurable function v, the Riemann-Liouville fractional integral
Iy and the Riemann-Liouville derivative D%v of order 3 > 0 are defined by

Po(z) = ﬁ /Ox(x — P Ly()dt
and
DPy(z) = F(nl—ﬂ)(;xyl /Oz(x — )" P Ly(t)dt = (%)HI”_BU@),

provided that the right-hand sides are pointwise defined on R*. Here n = [§] + 1
and [3] means the integer part of the number 8 and T is the Euler Gamma function.
Moreover, we have the following well-known properties (see [11] 20]).

I°Do(x) = I°PPo(z) for x € RT, ve LY ([0,00)), B+~ > 1. (1.3)
DP1Py(x) = v(x), aeinRT, ve Ll ([0,00)), 3> 0. (1.4)
DPy(x) =0 if and only if wv(z) = chxﬂ*j, (1.5)
j=1
where n is the smallest integer greater than or equal to 8 and (c1,¢a,...,¢,) € R™.

Remark 1.1. Let 1 < a < 2. Then a simple calculus, gives for z > 0,
I°7H1) (2) = wa(x). (1.6)
Our main result is the following.

Theorem 1.2. Assume (H1) and (H2). Then problem (1.2)) has infinitely many
solutions. More precisely, there exists a number b > 0 such that for each ¢ € (0,b],
problem (1.2)) has a continuous solution u satisfying

u(x) = cwa () + wa () /OO (1 —((1- %)ﬂafl)f(t,u(t),Do‘flu(t))dt.

0
and
lim u(@) = lim D 'u(z) =c.
T—00 Wy (aj) T—00

Note that Theorem generalizes a result established by Maagli and Masmoudi
[16] in the case o = 2.

In the sequel, for A € R, we put AT = max(),0) and we denote by C([0, cc])
the set of continuous functions v on R* such that lim,_ o+ v(z) and limg . v(z)
exist. It is easy to see that C([0,00]) is a Banach space with the norm ||v]je =
D, 20 [0(a)]. Let

E ={v e C([0,00)) : D"} (wav) € C([0,00])}
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endowed with the norm |[v|| = [|[D* ! (wav)||ss- Then the map
(&, 111D = (C([0,00]), ]| - lloo)
V Dail(woﬂ))

is an isometry. It follows that (E, || - ||) is a Banach space. Next we quote some
results in the following lemmas that will be used later.

Lemma 1.3 ([6]). Let f be a function in C([0,00)) such that f(0) =0 and D~ f
belongs to C([0,00)). Then for z >0,
[*7'D* " f(a) = f(2).
Lemma 1.4. Let mq, mo € R such that m; < mg and let v € C([0,00)) such that
D L(wav) € C([0,00)) and my < D Hwav)(t) < mg for all t > 0. Then for
each t >0,
my < v(t) < ma.
In particular, ||v]|c < [[D¥ Y (wav)||oo and E C C([0,00]).
Proof. Let v € C([0,00)) such that D* 1 (w,v) € C([0,0)) and
my < D Hwaw) < my. (1.7)
Using Lemma and (|1.6]), we obtain
Miwe < I D Hwav) = wav < mywe.
This implies that for each ¢ > 0,
my < v(t) < mo.

Let F ={v e E:0< D !(w,v) <1}. Then we have the following result.
Lemma 1.5. Assume (H2). Then the family of functions
¢ 4
{om / (1= =) f(twa(Do(t), D (wav)(H)dt, v € F}
0
is relatively compact in C ([0, o0)).

Proof. For v € F and = > 0, put
Soe) = [ 0= D 000, D7 war) )
0 T

By (H2) and Lemma[1.4] we have for v € F and a > 0,

|Sv(z)| < /OOO |f(t,wa(t)o(t), DY wav)(t))|dt
< / Rt wo(B)o(t), D (waw)(E)dt

—Jo
g/ h(t, wa (1), 1)t < oo.
0

Thus the family S(F) is uniformly bounded.
Now, we prove the equicontinuity of S(F) in [0,00]. Let x,2’ € RT and v € F,
then we have

t t

S0() — S0l < 11 5= (= DyHe it wa (0, Vi
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|Sv(x)|§/0 Bt wa (£), 1)dt,
|Sv(z) - /O £t wa(t)u(), DN (wav) (1)) d]
< /Oo (1= (1= 5" ) h(t, walt), 1)dt.
0 X

Using Lebesgue’s theorem, we deduce from the above inequalities that S(F) is
equicontinuous in [0,00]. Hence, by Ascoli’s theorem, we conclude that S(F) is
relatively compact in C([0, o0]). O

2. PROOF OF THEOREM [L.2]
In the sequel, we denote
g(z,y, 2) = wa(2)hi(2,y, 2) + ho(z,y,2), for z,y,z € RT.
By (H2) and Lebesgue’s theorem,
i [ " gt Boalt), Bt = 0.

Hence we can fix a number 0 < 3 < 1 such that

/0 " gt Busa(t), Bt <

Let b =243/3 and ¢ € (0,b]. To apply a fixed point argument, set

W =

A={veE: g < D Nwav) < %}.

Then A is a nonempty closed bounded and convex set in E. Now, we define the
operator T on A by

To(z) = ¢+ /OOO (1 —((1- £)+)a_l)f(t7wa(t)v(t),D"‘_l(wav)(t))dt, x> 0.

First, we shall prove that the operator T' maps A into itself. Let v € A. Using
Lemma we deduce that the function Tv is in C(]0,00]). On the other hand,
for x > 0 we have

wa(x)Tv(z) = wa(:z:)(c+ /OOO f(t,wa(t)v(t),Do‘fl(wav)(t))dt)

—-1I° (f(.,wav, Da_l(wav)))(x).

Hence, applying D*~! on both sides of this equality, we conclude by (1.6 and (1.4)
that for each = > 0,

DO (o To)(z) = ¢ + / " Ft wa (H)0(t), D (wa) (£))dt.

This implies that D! (w,T) is in C(]0,00]) and TA C E. Furthermore, we have
forve A and z > 0,

D waTw) (@) — | < /ODQ £t wa(t)u(t), D (wav) (1))t

g/o h(t,wa (t)v(t), D™ (wav)(t))dt
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e 3c 3c
< o o=
> /0 h(ta D) wa(t)’ 2 )dt

> 3c 3c

It follows that for each z > 0,
g < D W, Tw)(z) < %

So, we conclude that A is invariant under 7.
Next, we prove that TA is relatively compact in (E,|| - ||). For any v € A and
x>0,
d

%Da_l(waTv)(x) = —f(z,wa(z)v(z), D* Hwav)(z)) a.e. in R,

Since

2 D a0 @) < B, wal@)o(e), DO (wav) () < h(a, (), 1)

and [ h(z,wa(z),1)de < oo, it follows that the family {D*~(w,Tv), v € A} is
equicontinuous on [0, c0]. Moreover, {D*!(w,Tv), v € A} is uniformly bounded.
Then from Ascoli’s theorem, { D*~!(w,v), v € A} is relatively compact in the space
(C([0,00)), |l - lloo)- This implies that TA is relatively compact in (E, || - ||).

Now, we prove the continuity of 7" in A. Let (vx) be a sequence in A such that

log — v|| = || D Hwavr) — D* Hwav)|loo — 0 as k — oo.
Then by Lemma [1.4] [|vx — v[|oc — 0 as k — oo and for any = € [0, co], we have
| D" (waTvg) (2) — D HwaTw)(2)]

|/ Ft, wa (v (t), D* Hwavr)(t) — f(t,wa(t)v(t), D*Hwav)(t))] dt|
_/ | f(t, wa (v (t), DY Hwave) (1) = f(t, wa(t)v(t), D*Hwav)(t))]dt

0
and

|f(t, wa(t)vk(t), D wavr) (1)) — f(twa(t)v(t), D wav)(t))] < 2h(t wal(t), 1).
So, by (H1) and Lebesgue’s theorem,
|Tvx, — To|| = || D H(waTvr) — D* M waTv)||oo — 0 as k — oc.

It follows by the Schauder fixed point theorem that there exists v € A such that
Tv =v. That is,

v(z) =c+ /00(1 —((1 - 3)*)‘l Dt wa(t)v(t), DY wav)(t))dt, for z > 0.
We put u(x) = wq(x)v(z). Then for any = > 0, we have

u() = cwa(z) + wala /:o (0= Ly 1) 7w (1)0(0), D ) ()
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Moreover, for z > 0, we have

c 3c
iwa(fﬂ) < u(z) < ?wa(az),
P ) e D M) =

It remains to show that u is a solution of problem (1.2)). Indeed, applying D on
both sides of (2.1)) we obtain by (1.5) and (1.4)), that

Du(z) = —f(x,u, D* 'u), a.e. in RT.
This completes the proof.

Example 2.1. Let p,q > 0 such that max(p,q) > 1 and let k& be a measurable
function satisfying

/iwm%@W<m
0

Then there exists a constant b > 0 such that for each ¢ € (0, ], the problem
D%+ k(z)u?(D* 'u)?=0, u>0 inR",

lim u(x) =0,

x—0

has a continuous solution u in RT satisfying lim,_,o+ w“(a)) = limg, oo D tu(x) =

C.

Example 2.2. Let p > 1 and ¢ > 1. Let k; and k2 be two measurable functions
such that

/ ey (6) 7Dt < oo, /|bWﬁ<m

0 0

Then there exists a constant b > 0 such that for each ¢ € (0,0], the problem
D%+ ky (2)uP + ko (2)(D* )2 =0, u>0 inR",

mll%h u(z) =0

has a continuous solution u in R satisfying

u(@) = lim D 'u(z) =c.
20t we(x) z—o0
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