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OSCILLATION CRITERIA FOR FOURTH-ORDER NONLINEAR
DELAY DYNAMIC EQUATIONS

YUNSONG QI, JINWEI YU

ABSTRACT. We obtain criteria for the oscillation of all solutions to a fourth-
order nonlinear delay dynamic equation on a time scale that is unbounded
from above. The results obtained are illustrated with examples

1. INTRODUCTION

This article concerns the oscillation of all solutions to the fourth-order nonlinear
delay dynamic equation

22 () + p(t)2" (r(1)) = 0 (1.1)

on a time scale T, where ~ is the ratio of positive odd integers, p is a positive
real-valued rd-continuous function defined on T, 7 € Cy(T,T), 7(¢) < ¢, and
lim; o 7(t) = c0. As we are interested in oscillatory behavior, we assume through-
out this paper that the given time scale T is unbounded above and is a time scale
interval of the form [tg, c0) := [tg,00) N'T with ¢ € T.

By a solution to we mean a nontrivial real-valued function z € C4,[T};, 0o)T,
T, € [to,00)r which satisfies on [T,,00)r. The solutions vanishing in some
neighbourhood of infinity will be excluded from our consideration. A solution x
of is said to be oscillatory if it is neither eventually positive nor eventually
negative, otherwise it is nonoscillatory. Equation is called oscillatory if all its
solutions are oscillatory.

The theory of time scales, which has recently received a lot of attention, was
introduced by Hilger [20] in his PhD thesis in 1988 in order to unify continuous and
discrete analysis. The study of the oscillation of dynamic equations on time scales
is a new area of applied mathematics, and work in this topic is rapidly growing.
Recently, there has been an increasing interest in obtaining sufficient conditions for
oscillation and nonoscillation of solutions of various equations on time scales, we
refer the reader to the books [3, 4, [7, 8 [29] and the articles [T}, 2] 5 6 @} [10) [IT,
12), [13], [14], [15], [16] 17, I8, 19, (20, 211 22] 23] 24} 25] 26], 27 28| 30, B3], and the
references cited therein. Regarding the oscillation of first-order and second-order
dynamic equations, Agarwal and Bohner [I], Bohner et al. [6], Braverman and
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Karpuz [9], Sahiner and Stavroulakis [26] examined a first-order delay dynamic
equation

2 (t) + p(t)z((t)) = 0.
Agarwal et al. [2], Erbe et al. [I3], Sahiner [27], Zhang and Zhu [30] considered a
second-order delay dynamic equation

2
2 (1) + p(t)a(r (1) = 0.
Akin-Bohner et al. [5] investigated a second-order Emden—Fowler dynamic equation
(1) + p(t)7 (0 (1)) = 0.
Saker [28] studied a second-order dynamic equation

(rz®)2(t) + p(t) f(z(a (1)) = 0.
For the oscillation of higher-order dynamic equations on time scales, Erbe et al.
[14] investigated a third-order dynamic equation

22 () + p(t)z(t) = 0.

Hassan [19] and Li et al. [21] considered a third-order nonlinear delay dynamic
equation

(a((ra™)2)) > (&) + (b, 2(7(1)) = 0.

Grace et al. [16] studied a fourth-order dynamic equation
() + p(t)a" (0 (1)) = 0.
Grace et al. [18] examined a fourth-order dynamic equation
zA' (1) + p(t)2" () = 0.

Zhang et al. [3I] investigated a fourth-order dynamic equation

3
(ra®)2(t) + p(t) f(x(o (1)) = 0.
Erbe et al. [I2] considered a higher-order neutral delay dynamic equation
((t) + Az (a())" + Bt)z(5(t) = 0.
Karpuz [23| [24] studied a higher-order neutral delay dynamic equation

((t) + Al)z(a(t)>" + B F(z(5(1))) = o(t).
The Riccati transformation technique plays an important role in obtaining suffi-
cient conditions for oscillation of dynamic equations. For instance, Erbe et al. [13],
Sahiner [27], and Saker [28] applied the Riccati substitution as

A

w:=0—
T
to the second-order dynamic equations, where 2 > 0, 22 > 0, and § is an optional

function. Hassan [I9] used the Riccati transformation
ANANy

L sallrrt)?)
(zoT)

)

where xo7 > 0, (rz®)® > 0, and § is an optional function. Erbe et al. [T4] utilized

the Riccati substitution
A’

wi= 00—
xA’



EJDE-2013/79 OSCILLATION CRITERIA 3
where 22 > 0, A > 0, and ¢ is an optional function.

The aim of this paper is to give some new oscillation theorems for . This
article is organized as follows: In the next section, we present the basic definitions
and the theory of calculus on time scales. In the section 3, we will establish some
oscillation results for by employing some different Riccati substitutions. In
the section 4, we shall give two examples to illustrate our main results.

2. PRELIMINARIES

A time scale T is an arbitrary nonempty closed subset of the real numbers R.
Since we are interested in oscillatory behavior, we suppose that the time scale under
consideration is not bounded above and is a time scale interval of the form [¢tg, 00)T.
On any time scale we define the forward and backward jump operators by

o(t):=inf{s€T:s>t}, and p(t):=sup{s e T|s <t}

where inf () := sup T and sup @ := inf T, # denotes the empty set. A point ¢ € T is
said to be left-dense if p(t) =t and ¢ > inf T, right-dense if o(t) = ¢ and ¢ < sup T,
left-scattered if p(t) < t, and right-scattered if o(t) > ¢. The graininess p of the
time scale is defined by pu(t) := o(t) — t.

For a function f : T — R (the range R of f may actually be replaced by any
Banach space), the (delta) derivative is defined by

fla(t) — f(t)
olt)—t

if f is continuous at ¢ and ¢ is right-scattered. If ¢ is not right-scattered then the
derivative is defined by

o) =

= 1imw

)
s—tt t—s s—tt t—s

provided this limit exists.

A function f : T — R is said to be rd-continuous if it is continuous at each
right-dense point and if there exists a finite left limit in all left-dense points. The
set of rd-continuous functions f : T — R is denoted by C,q(T,R).

A function f is said to be differentiable if its derivative exists. The set of functions
f: T — R that are differentiable and whose derivative is rd-continuous function is
denoted by CL(T,R).

The derivative and the shift operator ¢ are related by the formula

Fo() = fla(t) = ft) + p(t) 2 ().

Let f be a real-valued function defined on an interval [a, bly. We say that f is
increasing, decreasing, nondecreasing, and non-increasing on [a, b|t if t1, to € [a, b]p
and to > ¢y imply f(t2) > f(t1), f(t2) < f(t1), f(t2) = f(t1) and f(t2) < f(t1),
respectively. Let f be a differentiable function on [a,b]y. Then f is increasing,
decreasing, nondecreasing, and non-increasing on [a, bt if f2(t) > 0, f2(t) < 0,
fA(t) >0, and f2(t) <0 for all ¢ € [a,b)T, respectively.

We will use the following product and quotient rules for the derivative of the
product fg and the quotient f/g (where g(t)g(o(t)) # 0) of two differentiable
functions f and g,

(f9)2(t) = f2(g(t) + f(a(t)g™ (1) = F(t)g™ () + 2 (Dg(a (1)),
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(j)ﬂ(t) _ 12 (g() = f(g2 ()
g 9(t)g(o(t))
For a,b € T and a differentiable function f, the Cauchy integral of f* is defined

by

b
‘/fAmAh:ﬂwff@)

The integration by parts formula reads

b b
/ fA(t)g(t)At:f(b)g(b)*f(a)g(a)*/ F7(6)g™ ()AL,

and infinite integrals are defined as
00 t
/ f(s)As = tlim f(s)As.

3. MAIN RESULTS

Below, all occurring functional inequalities are assumed to hold for all sufficiently
large t. We begin with the following lemma.

Lemma 3.1. Assume that there exists T € [tg, 00)T such that
y(t) >0, y*(t) >0, ¥ () <0, 1€ [T o)
Then, for each k € (0,1), there exists a constant Ty, € [T, 00)r such that
yot) T T 7)) T =T ()

y(o(t)) — o(t) =T — o(t) y@) — t=T — ¢
fort € [Ty, 00)T.

Proof. The proof is similar to that of [I1, Lemma 2.4], and so is omitted. g

The Taylor monomials (See [, Section 1.6]) {hy (¢, s)}22, are defined recursively
by

t
%@@thmﬁwz/thMntwemnza

For any time scale, hi(t,s) =t — s, but simple formulas in general do not hold for
n > 2.
Lemma 3.2 (See [14, Lemma 4]). Assume that y satisfies
y(t) >0, ¥y >0, y¥ (1) >0, y¥ () <0
fort € [t1,00)r. Then

. ty(t)
liminf ————~—— > 1.
t—oo ho(t, to)y>(t) —

Lemma 3.3. Assume that x is an eventually positive solution of (L.1)). Then there
are only the following two cases eventually:

) z>0, 28>0, 22" >0, 22’ >0, 22" <o,

or
2 x>0, 28>0, 22" <0, 22" >0, 22 <o.
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Proof. Let = be an eventually positive solution of (L.1). Then there exists a t; €
[to, 00)T such that x(t) > 0 and x(7(¢)) > 0 for ¢ € [t1,00)7r. From (L.1]), we have
22 () = —p(t)z (r(t)) < 0, t€ [tr,00)r. (3.1)

Thus =2, xA27 22% each is of constant sign eventually. We claim that A (t) >0
for t € [t1,00)r. If not, then there exist a constant ¢ < 0 and t3 € [t1,00)7 such
that
A3
= (t) <e<0, tE [ta,00)T.

Integrating the above inequality from t5 to ¢, we obtain
2 2
B (t) — 22 (t2) < et —ta),
which implies that

lim 22 (t) = —o0,

t—o0o

and so there exist a constant ¢; < 0 and ¢3 € [t2, 00)r such that
22 (t)<e1 <0, tets,o0)rT.
Integrating the above inequality from t3 to ¢, we obtain

22 (t) — 2™ (t3) < c(t — t3).

This gives
tlim 22 (t) = —oo,
which yields lim;_,, #(t) = —o0 from 2 < 0 and 2% < 0. This is a contradiction.
Hence
AB
x (t) >0, te [tl, OO)’]I‘.
If
2
2 >0,
then 22 > 0 due to 22" > 0. If
2
& < 0,
then 2 > 0 due to = > 0. The proof is complete. a

Lemma 3.4. Assume that x is an eventually positive bounded solution of (1.1)).
Then x only satisfies Case (2) of Lemma 3.5

Proof. Suppose that z is an eventually positive solution of . Proceeding as
in the proof of Lemma x satisfies Case (1) or Case (2). It is easy to see that
lim;_, o0 2(t) = 0o when Case (1) holds. Thus, x only satisfies Case (2) of Lemma
The proof is complete. O

Next we give the main results. For simplification, we let d$ (t) := max{0,d*(t)}.

Theorem 3.5. Let v > 1. Assume that there exist positive functions o, €
Cly([to,o0)1,R) such that, for some k € (0,1), for all constants M,P € (0,00)
and sufficiently large t1, for to > t1, and for ts > ta, one has 7(t) > to fort > ts,

h?ligp /t: {of’(s)p(s) (k;hg(T(S)7 tQ):(?s)__t;l;EZ;)v

(3.2)

s = 0,

(0R(s)*  (als)\
a 47M'JYF—104"(5)( k(s)) }A
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and

o [ [1257(6(55) 10 - oA Jac- . (39

" ro= [ [ ro(T) aas

is well defined. Then (1.1|) is oscillatory.

Proof. Suppose that has a nonoscillatory solution z on [tg,00)r. We may
assume without loss of generality that there exists a t; € [tg, o0)T such that (t) > 0
and z(7(t)) > 0 for t € [t1,00). Proceeding as in the proof of Lemma we get
and then x satisfies either Case (1) or Case (2).

Assume Case (1) holds. Define

IAS
a(t) = alt) ((tt)))v, t € [, 00)r. (3.4)
Then w(t) > 0 for ¢ € [t1,00)T, and
_ A (1) - AT A
w?(t) = a®(t) @) + (t)((xyﬁ))v) ;

which implies that
(1) )
(@2 () (@2%(a(1)))

By Potzsche chain rule [7, Theorem 1.90], we see that

(@2)M)A(0) = 72" (1) / [ha (o(8)) + (1 — B
> (@ ()2 (1),
Substituting into , we have

22 (t) oo (D)
O SO

(xA3 (t))2 ( e’ (t))) ) ’Y(xAz (t))'y_l.

—_ o t
O
In view of the above inequality, (3.1), and (3.4), we obtain

o V(T
WAy < W G0y — 0o (tp(e) A7)

—oaft) (@2 (a(1)))

wz xA2 vy 2 1
107050 () @ O

wh(t) = a®(t) +a(t)

2

)] "dh

WwA(t) < P (1)

Note that ,
7rl0)__(_stro) o)y .

~ \ZB%(r (1) 257 (a (1))
From z2°(t;) > 0 and 22" (t) < 0, we have

(@2 (a(£)))

3

a2 (t) > /t a:AS(s)As > (t—t)x™ (t).
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Then

( z >A 0 = &= )z (1) — 22 (1)
ha(:,t1) (t —t1)(o(t) —t1)
which implies that 22 /hy (-, t1) is decreasing. Using Taylor’s formula [7, Theorem
1.113] and choosing any t2 € (t1,00)T, we have

n—1 . n=1(t) n
2(t) = hi(t,tz)2® (t2)+/ hn1 (8,0 ()2 (n) A,
k=0

<0,

to

Substituting n = 3 into the above equality and using A > 0,7=0,1,2,3, we
obtain

2(t) > halt,t2)a™ (12) > ha(t,t) 2 Lot (1),

t—11
Hence ; oy
s > r(0). ) (39
Letting y := :L’AQ, we have
y>0, y>>0 v~ <o.
Then from Lemma [3.1} for each k € (0, 1),
yr) Tt
vom) = o M o) = em
That is,
A (r(t) _, 7(0) w2 (1) t
2 (01) > k% and 2 0(1)) > k@. (3.10)
It follows from , , and that
xV(7(t)) to —t1 T(£)\7
(2% (o (1)) — (khQ( ®), t2)T(t) —tlﬁ) (3.11)

for each k € (0,1). On the other hand, there exists a constant M > 0 such that
@2 (1) > Mt (3.12)

due to z2” > 0 and v > 1. From (3.7), (3.10), (3.11), and (3.12), we obtain

—ty T(t)\ b
(D) < —a® [p() (k@(r(t»tg%_t;ag) = et
Y (t) ¥

Thus
A - ty—ty T(t)\"
< — [ S S
WA (1) < —a” (p(0) (ha(r(0), 12) s 75
(a2 (1))? ( a(t) )”
dyMryLao(t)\ kt /
Integrating the above inequality from t3 (7(t) > to when t > t3) to ¢, we obtain

t —t1 T(s)\7 ol (s))? al(s)\”
[ o eapte) (shatrte. e 5T = o O ()

< wlty) — w(t) < wity),
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which contradicts (3.2]).
Assume Case (2) holds. Define the function

N
u(t) := B(t) gﬂ((:)) t € [t1,00)r. (3.13)
Then u(t) > 0 for t € [t,00)T, and
Ay g TN e T a0 (@) A ()
W0 = B8O + O S s - r0d a)

It follows from P6tzsche chain rule [7, Thm. 1.90] that (z7)2 () > a7~ (t)x®(¢).

Hence by (3.13) and (3.14]), we have

_BA) A NEd0 ( a(t
~ B (o(t) T P) \
Since z > 0, z® > 0, and A < 0, we obtain

x(t) Sk t
z(o(t)) — o(t)
due to Lemma From 22 > 0, there exists a constant P > 0 such that 27~1(¢) >
PY~1. Thus, by (3.15)), we see that

u(t) u(t) + 67 (¢)

for each k € (0,1) (3.16)

A B
7 (o(t)) A1)
On the other hand, by (1.1]), we calculate

u(t) — i pr-1 20 (=) w0, @)

u®(t) < B7(t) B2(t) \"o(t)

z

27 (2) — 22 (1) + / p(s)27(7(s))As = 0.

t
Let y := z. By Lemma [3.1] we have

x(7(t))
o oF

for any k € (0,1). Thus, from 2 > 0, we have

(1)
t

z

xAs(z) — (t) + k%ﬂ(t)/ p(s)(—)7A5 <0.

t

Letting z — oo in the above inequality, we obtain

—22 () + ka7 (1) /Oo p(s) (T(S)Y As <0

t

due to lim,_, o A’ (z) > 1 > 0. Therefore,

—a:Az(z) 422 (t) + kY27 (t) /tz /:O p(v) (w)WAUAs <0.

v

Letting z — oo in the last inequality and using lim,_(—22"(2)) > l; > 0, we

have
22 (t) + k727 (t) /too /:0 p(v)(MyyAvAs <0.

v
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Thus by (3.16)), we have
A2
EnlORSEIIEON / / T<v " AvAs
(o (®)) (3.18)

v
< — / / ﬂ AvAs.
v

Substituting ([3.18)) into , we obtain

uB(t) < —k213° (1) / / T(U” )VMAS

B 1 B7E) (T N\
+ 5@) u(t) =k P (@) u3(t),
which implies that
UA() k’z’yﬁ” / / @ AvAs

o"(t )(ﬁ+(
Ayky PY1 o ()

Integrating the last inequality from ¢; to t, we have

t vro [ [ T(v)\7 o7 £(©)?
INGGGIES) [/5 JRECICDEN ‘4%7(12(6%(5()5))@ N

< u(ty) — u(t) < u(ty),

which contradicts (3.3). The proof is complete. a

Combining Theorem with Lemma we obtain the following criterion for
oscillation of all bounded solutions of (|1.1)).

Corollary 3.6. Let v > 1. Assume that there exists a positive function 3 €
CLy([to,0)T,R) such that, for some k € (0,1), for all constants P € (0,00) and
sufficiently large t1, one has (3.3)). Then every bounded solution of (L.1)) is oscil-
latory.

Next, we establish another oscillation result for (1.1]) under the case when v > 1.

Theorem 3.7. Let v > 1. If for all sufficiently large t1, for to > t1, and for
t3 > to, one has 7(t) > ta fort > ts,

[ 0 (a0, = T = e (319)
and
/tOo U({)(Ué)yY [/:O /:O p(v)(T(Uv))vAvAs] A€ = oo, (3.20)
where

/:O /:O p(v)(@)’yAvAs

is well defined, then (1.1|) is oscillatory.
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Proof. Let & be a non-oscillatory solution of (L.1)). Without loss of generality, we
may assume that there exists a 1 € [tg, 00)r such that x(t) > 0 and z(7(¢)) > 0 for
t € [t1,00)T. Proceeding as in the proof of Lemma we obtain and then x
satisfies either Case (1) or Case (2).
Suppose that Case (1) holds. We define the function w by
A%y
w(t) == m t € [t1,00)r. (3.21)

Then w(t) > 0 for ¢ € [t1,00)T, and

WAt) = (22 (1) + o ()2 (1) (22 (o () T+t (@) )2 ()
s — z(T(t)) \7 (3.22)
<o 06 @ 0) 7 = o Or0) (5370,1777)

due to (3.1) and ((z2”)~7)2 < 0 (see Pétzsche chain rule [7, Theorem 1.90]). On
the other hand, by Po6tzsche chain rule [7, Theorem 1.90], we have

(@)A1 = (1 — )2 (t) / [ha (a(1)) + (1 — h)z®"(8)] "dh

< (1) (1) / [0 (o (8)) + (1 — B (o(t)] " dh

= (1—7)2® (1) (@™ (o (1) 7.
Then by , we see that

mM 1—v\A (T v
o0 < o (S50 (323

Similar as in the proof of Theorem we have (3.11)). Hence from (3.23)), we

obtain

wh(t) <

(@) )20 to—t1 7(t)\’
— = —o(t)p(t) | kh t),l2) ————F%

T a(t)p(t) ( kha(T(t), 2)T(t) o)
for each k € (0,1) and t2 € (¢1,00)r. Integrating the last inequality from ¢3
(1(t) > t2 when t > t3) to t, we get

/ o (s)p(s) (kha(r(s), tg)f;“ 7(s) ) as

b (s) —tio(s)
t xAQ 1I-MA(g $A2 —
< _/tS (WA(S) - W>As < wl(ts) + (,Y)_l(tS)»

which contradicts (3.19)).
Assume Case (2) holds. We define the function u by

_ta® ()
u(t) == PRI t € [t1,00)T. (3.24)
Then u(t) > 0 for ¢ € [t1,00)T, and
uB () = (2 (1) + o ()2 (1)a 7 (0 (1)) + ta (1) (272 (1)
2 () (3.25)

A Vo o\l)—=7 7
<z2()x™V(o(t)) + (t);E'Y(O'(t))
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due to (z77)2 < 0 (see Pétzsche chain rule [7, Theorem 1.90]). On the other hand,
by Poétzsche chain rule [7, Theorem 1.90], we get

1
(@2 = (1~ ’V)xA(t)/O [ha(o () + (1= h)a(t)] " dh

< (1 -2 (t) / [ha(o () + (1 - hye(o(t))] "dh

0
= (1 =7z (#)(x(o(t) .
Then from ([3.25)), we obtain
1-v\A t A2 t
11—~ 27 (o (1))
As in the proof of Theorem we obtain (3.18)). It follows from (3.18]) and (|3.26))

that
u®(t) < w - kzn’a(t)(%)v /too /:O p(v)(#)vAvAs

L=~
for each k € (0,1). Integrating the last inequality from ¢; to ¢, we have

/tl k%(j(@(o'(gﬁ))w[/gOo /:op(v)(T(:))WAvAs} N
< _/tf (w(s) - W)AS < ufty) + P00

1 y—-1
which contradicts (3.20[). This completes the proof. [

Combining Theorem with Lemma we obtain the following result for
oscillation of all bounded solutions of (|1.1)).

Corollary 3.8. Let v > 1. Suppose that (3.20) holds for all sufficiently large t;.
Then every bounded solution of (L.1) is oscillatory.

(3.26)

i

Next, we give a new oscillation criterion for (1.1) by using a different class of
Riccati substitution.

Theorem 3.9. Let v > 1. Suppose that 7 € CLi([to,00)7,T), 7& > 0, and
T([to,00)1) := [7(t0), 00)T. Assume also that there exist positive functions a, 3 €
CLy([to, o), R) such that, for some k € (0,1), for all constants M, P € (0,00) and
sufficiently large t1, for to > t1, one has (3.3) and

. K o(s)(af(s))?
fim sup /t [ (s(s) - 4k‘2’yM7—17'A(s)a(-;)h2(T(s),to)T(s)}AS = oo (3.27)

Then (1.1) is oscillatory.

Proof. Suppose that has a nonoscillatory solution  on [tg,00)r. We may
assume without loss of generality that there exists a t; € [to, c0)r such that x(t) > 0
and z(7(t)) > 0 for t € [t1,00). Proceeding as in the proof of Lemma we get
and then x satisfies either Case (1) or Case (2).

Assume Case (1) holds. Define the function

=) A¢ (t), tE€E[ty,00)T. (3.28)
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Clearly, w(t) > 0 for ¢ € [t1,00)T, and

sy (o) N v aft)  as
0= () =0+ S 0

which yields

NZAPN
wA(t) — ,ya t) ,’EA4(?§)+ «@ ,yt)w ( (t))

Oy #(ro(®) 3.29)

a2 ) )

2(r(t)27(1(o(t))) -

From chain rules [7, Theorem 1.90 and Theorem 1.93], we have
1

@0 =)0 [ [helro®) + 0= RarO) ah

> (@ (r(1)) " 2 (7 ()T (1),
Substituting into 7 we find that
a® ()2 (o (1)

oA a(t) A PN 22 (o (1) (r(1) T2 (1)
O<mem)”™ O o) O o)
In view of , , and the above inequality, we obtain
W) < —altpt) + = Doer)
b (rtott)) 200 (331
A o 7 (7(o T .
T O or 2t m e O
Let y := z®. Then from Lemma we see that
o2 (t) ha(t, to)
oy 2
for each k € (0,1). Since
27 >0, 22°#) >0, 22°(H) <0, te[t,o0)r,
we have
227 (1) > (t— )™ (t) > kta® (1)
Thus
B (¢ B (¢ xA2 t 9
Z‘A3((t)) mAQ(( )) $A3 Eti Z k hQ(tatO)'
Then
pAr(t) _ wA(r(t) 22 (7)) aha(T(t),to)T (1)
So) B0 @) S e (3.52)
due to
AP (NA (1) — 22 (1)
( t ) N to(t) <0
On the other hand, from z® > 0 and 72 > 0, we have
2r@e®)) 5 (3.33)

a(r(t)) ~
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and there exists a constant M > 0 such that
xW_l(T(U(t))) > M7 (3.34)
Substituting (3.32] -, and ( into -, we obtain

WA (t) < —a(t)p(t) Zjéf)) 7(t) — K2y MY LA () a(t) ha(r(t),te)7(t) (@7 (D)2

Therefore,

o(t) (e (1))?
APy M= A (o ()hz( (£), to)7(t)
)

wh(t) < —a(t)p(t) +

Integrating the above inequality from ¢y (o2 > t1) to t, we have

' o(s) (e (s))
— As < w(ts) —w(t) <wl(t
], [0~ e G i T A S ) w0 <
which contradicts (3.27). The proof of Case (2) is the same as that of Case (2) in
Theorem and so is omitted. This finishes the proof. O

In the following, we will establish some oscillation results for (|1.1)) in the case
when v < 1.

Theorem 3.10. Let v < 1. Assume that there exist positive functions o, 3 €
CLy([to, o0)t, R) such that, for some k € (0,1), for all constants M, P € (0,00) and
sufficiently large t1, for to > t1, and for t3 > ta, one has 7(t) >ty fort > t3,

lim sup /t [a"(s)p(s)(khg(T(s)Jz)ﬂ@)v

t—o00 ts T(S) —t U<5)

N (3.35)
B (@2(s)) (U(S))V}AS s
dy(Mo(s))7tao(s) \ ks
and
, T2y go £ \” a7 (€)(BE(8)° _
i [ (12576 (5g5) 16~ Ftmatyre e 46— 40
where

T (T
o=[ [ ro (7)) avas
is well defined. Then is oscillatory.

Proof. Suppose that has a nonoscillatory solution z on [tp,00)r. We may
assume without loss of generality that there exists a ¢t; € [tg, 00)r such that z(¢) > 0
and z(7(t)) > 0 for t € [t;, 00)r. Proceeding as in the proof of Lemmal3.3] we obtain
and then x satisfies either Case (1) or Case (2).

Assume Case (1) holds. Define a Riccati substitution as in (3.4). Then we have
(3.5). From Potzsche chain rule [7, Theorem 1.90], we find that

-1

1
(@ M2 () = 722 (1) / [ha (o () + (1 — R)2® (1)) ' dn

> (2 (a(1)))7 12 (1),

(3.37)
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Substituting (3.37)) into (3.5), we have

22’ (1) A (1)

E O PO
oo @O @O \T Az
— a7 (1) ( ) @ )

wA(t) < a®(t)

(@2%(8)> \a2* (o (t
By (3.1), (3:4), and the above inequality, we obtain
1) < 00— ar (et T
o) (@ (o)
2(¢) A2 (t) (3.38)
oW X Y, A2 Y1
~ a7 () a2(t) (xN (a(t))) (= (a(t))) .

As in the proof of Theorem we have (3.10) and (3.11)) for each k € (0,1). On
the other hand, there exists a constant M > 0 such that

22 (t) = 22 (t1) + /t :vAB(s)AS < Mt. (3.39)

It follows from (3.10)), (3.11)), (3.38)), and (3.39) that

WA () < —a” (Bp(1) <kh2(7(t)at2)

() T (Y .

a? (t) o'(t)
Then
200 < o 00 (ka0 1 T0)’
+ (aﬁ (t) )_21 (iﬁ)) ¥

4y (Ma(t))7 as (1)

Integrating the last inequality from t3 (7(t) > t2 when ¢t > ¢3) to t, we obtain

¢ —t1 T(s)\7 a’(s))? a(s)\7
/t3 {a”(s)p(s)(khg(T(s),tg)Tt(i) —ttl Ués;) a 4’}/(M(U(JSF)()'Y))IOCU(S) ( lis)) }AS

<w(ts) —w(t) < wl(ts),

which contradicts (3.35]).
If Case (2) holds, we define the function w by (3.13)). Then, we have (3.14). By
Pétzsche chain rule [7, Theorem 1.90], (27)2(t) > 27~ (o(t))x?(t). Hence from

(3.13)) and (3.14]), we have

BA(t) oo B BT )\
wA(0) < sult) + 570 s = ﬁQ(t)(x(U(t))) o) (1) (3.40)

Note that there exists a constant P > 0 such that

x(t) = x(ty) + /tt 22 (s)As < Pt. (3.41)
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Thus, by (3.40) and (3.41)), we see that
A? A o
A o T2 (1) BE(t) S B7() x(t) \Y o
u=(t) < Bt + u(t) — v(Pao(t))” u-(t). (3.42
0= 055+ Fw OO G (o) O @42
The rest of the proof is similar to that of Case (2) in Theorem and we can
obtain a contradiction to (3.36]). This completes the proof. ]

Combining Theorem with Lemma we give the following criterion for
oscillation of all bounded solutions of (|1.1)).

Corollary 3.11. Let v < 1. Assume that there exists a positive function 3 €
CLy([to,o0)1,R) such that, for some k € (0,1), for all constants P € (0,00) and
sufficiently large t1, one has (3.36). Then every bounded solution of (1.1 is oscil-
latory.

4. EXAMPLES

In this section, we shall give two examples to illustrate the main results. Here we
set T := 22 := 22U {0} := {2* : k € Z} U{0}. To get the conditions for oscillation,
we will use the following facts; see [7, Example 1.104])

t—s)(t—2 t—s)(t—2s)(t—4
ha(t,s) = —( s)( ) and hg(t,s) = (t = s)( ) S).
3 21
Example 4.1. Consider a fourth-order super-linear delay dynamic equation
4 A
A —k
t T(27E) =0, t€E [tg,00 4.1
x ( )+h3(t7t0)x ( ) ) € [07 )227 ( )

where tg > 0, v > 1, A > 0, and k; is a positive integer. Let p(t) = A/hs(t,to) and
7(t) = 27F1¢. Then

/:o p(v)(@ym = 2’“%/:0 r(; to)m

& 1
> 21\ x 2*’“17/ — Av
s (’U - to)g
21\ x 2~ (kiv+1)
>

- (s —t0)?

00 oo —(k1y+1)
/ / p(v)(ﬂ)gmszw,
I3 s

v f — 1o
It is easy to see that all assumptions of Theorem hold. Thus equation (4.1)) is
oscillatory.

and

Example 4.2. Consider a fourth-order linear delay dynamic equation
Aha(t, to)
hs(t, to)hs(2t,tg)
where ty > 0, A > 0, and k; is a positive integer. We now let

p(t) = Aha(t, to)/ (hs(t, to)hs(2t, o))
and 7(t) = 27%1¢. Then

[T = [

2 (t) +

x(27M) =0, t€ [ty,00)57, (4.2)
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A
_ 2—k1 A
A/  ha(v to)) Y
B h3(8,t0)
and (s
[ T(v)\" 21\ x 2=kt
—2) AvAs> —/——————
o o (RR) > 255
Note that
p(t) = ha(t, to) S 147\

(hs(t, to)hs(2t,t9)) — 8t~

Let v =1, a(t) = t3, and B(t) = t. If A > 26F4%0) /(7k2) for some k € (0,1), then
. K B a(s)((@®(s))4)? ~ e
imswp [ [a(s)n) - M'v—er<s>a<s>h2<r<s>,tows)]“ -

IfA>2 kl’”/(?lks) for some k € (0,1), then ) holds. Hence by Theorem
equation oscillates if A > max{2(3"’4’“)/(7162)7 2(k1=1) /(21k3)} for some
ke (0,1).

The results obtained can be extended to a fourth-order neutral delay dynamic
equation

A4
[2(t) + p()2(8(t)] ™ (8) +q(t)2” (7(t)) = 0.
Moreover, similar methods can be applied to a fourth-order quasi-linear neutral
delay dynamic equation

3\ 114
[(@® +pE0)*") @) + a2 (1) = 0.
The details are left to the reader.
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