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OSCILLATION OF SOLUTIONS TO SECOND-ORDER
NONLINEAR DIFFERENTIAL EQUATIONS OF GENERALIZED
EULER TYPE

ASADOLLAH AGHAJANI, DONAL O’REGAN, VAHID ROOMI

ABSTRACT. We are concerned with the oscillatory behavior of the solutions
of a generalized Euler differential equation where the nonlinearities satisfy
smoothness conditions which guarantee the uniqueness of solutions of initial
value problems, however, no conditions of sub(super) linearity are assumed.
Some implicit necessary and sufficient conditions and some explicit sufficient
conditions are given for all nontrivial solutions of this equation to be oscillatory
or nonoscillatory. Also, it is proved that solutions of the equation are all
oscillatory or all nonoscillatory and cannot be both.

1. INTRODUCTION

The Euler equation arises in some practical problems in physics and engineering.
In particular there are many results in the literature on the existence of oscillatory,
periodic and almost periodic solutions of Euler equation.

The oscillation problem for second-order nonlinear differential equations has been
studied in many papers; see the references in this article. In this article, we consider
the second-order nonlinear differential equation of generalized Fuler type

t2ii 4 f(u)ti + g(u) =0 >0, (1.1)

and give some implicit necessary and sufficient conditions and some explicit suffi-
cient conditions for all nontrivial solutions of this equation to be oscillatory. Here,
f(u) and g(u) satisfy smoothness conditions which guarantee the uniqueness of
solutions of initial value problems and

ug(u) >0 if u#0. (1.2)

We suppose that all solutions of are continuable in the future. A nontrivial
solution of is said to be oscillatory if it has arbitrarily large zeros. Other-
wise, the solution is said to be nonoscillatory. For brevity, equation is called
oscillatory (respectively nonoscillatory) if all nontrivial solutions are oscillatory (re-
spectively nonoscillatory). Because of Sturm’s separation theorem, the solutions of
second order linear differential equations are either all oscillatory or all nonoscilla-
tory, but not both. Thus, we can classify second order linear differential equations
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into two types. However, the oscillation problem for is not easy, because g(u)
and f(u) are nonlinear.

If we let f(u) =0 and g(u) = Au, then is called Euler differential equation.
In this case, the number 1/4 is called the oscillation constant and it is the lower
bound for all nontrivial solutions of to be oscillatory. In fact, it is well known
that if A > 1/4, then all nontrivial solutions of are oscillatory and otherwise
they are nonoscillatory. Other results on the oscillation constant for linear differ-
ential equations can be found in [12] 13, 14} [I5] 17, 19] and the references cited
therein.

Several authors consider oscillation of solutions of second-order ordinary differ-
ential equations and some results can be found in [I1| 12} 18| 20, 27]. Wong [27]
studied the equation

u’ +a(t)g(u) =0, t>0, (1.3)
which includes the Emden Fowler differential equation. He used Sturm’s comparison
theorem and proved the following two theorems:

Theorem 1.1. Assume that a(t) is continuously differentiable and satisfies

t2a(t) > 1, (1.4)
for t sufficiently large, and that there exists a A with X > 1/4 such that
1
g(u) A (1.5)

w =17 oglu?
for |u| sufficiently large. Then all nontrivial solutions of (L.3)) are oscillatory.

Theorem 1.2. Assume that a(t) is continuously differentiable and satisfies

0 <t?a(t) <1, (1.6)
for t sufficiently large and
A(t) := al3<t) +1=0(t) ast— co. (1.7)
2a2 (t)
If, in addition, A(t) <0 and there exists a X\ with 0 < A < 1/16 such that
g(w) 1 A (1.8)

u ~ 4 (loguf)?’
foru >0 oru <0, |u| sufficiently large, then all nontrivial solutions of (1.3) are
nonoscillatory.

The oscillation problem for (1.1)) (when f(u) = 0) has been solved when

1 1
limsup@ < 7o liminfM > —

In [7] the authors gave sufficient conditions for all nontrivial solutions of (1.1)
to be oscillatory (when f(u) = 0) which can be applied in the case:
9(w) g(w)

1
liminf =— < = < limsup =——=.

In the next section, we will introduce a Liénard system which is equivalent to .
To study the oscillation problem for the significant point is to find conditions
for deciding whether all orbits intersect the vertical isocline y = F'(u) and the y-axis
in the equivalent Liénard system.
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2. EQUIVALENT LIENARD SYSTEM AND PROPERTY OF (XT)
The change of variable ¢t = e® reduces (|1.1)) to the equation
d+a(f(u) —1)+gu) =0, seR, (2.1)

where * = %. Equation ([2.1) is usually studied by means of an equivalent plane

differential system. The most common one is
u=y—F(u
Syt (22)
y=—g(u),

where F(u) = fou f(n)dn — u. This system is of Liénard type. Hereafter we denote
s by t again.

Definition 2.1. System has property (X ) in the right half plane (resp. in
the left half plane), if for every point P = (ug,yo) with yo > F(ug) and ug > 0
(resp. yo < F(ug) and ug < 0), the positive semitrajectory of passing through
P denoted by v (P) := {(u(t), y(t))|t > to, (u(to),y(to)) = P} crosses the vertical
isocline y = F'(u).

Several interesting sufficient conditions for property (XT) have been presented
in [2, (5] [6, [7, T3], 14} [15] 25]. To study the oscillation problem for we must find
conditions for deciding whether all orbits intersect the vertical isocline y = F'(u) in
the equivalent Liénard system or not. Let

Glu) = / " g(e)de.

Recently, in [6] the authors presented some sufficient conditions for property
(X ™) in the right and left half-plane for system (2.2)).

Theorem 2.2 (|2 Theorem 2.3]). Assume that G(+o00) = +oo. Then, system
(2.2) has property (XT) in the right half-plane if

imsup ([ (éc(;%gn/) G )an Zg<)u>) T @Y

for some b > 0.

Theorem 2.3 (|2 Theorem 4.3]). Assume that G(—o0) = +oo. Then, system
(2.2) has property (X ) in the left half-plane if

L F(ng(n) | g(n) Flu)
fim inf /u (- ezt G(n))‘i”+ KW (24)

for some b < 0.

The following theorem, which is a modification of Theorem [2.4] in [5], gives a
necessary and sufficient condition for system (2.2]) to have property (XT) in the
right half-plane.

Theorem 2.4 ([14]). System (2.2) fails to have property (XT) in the right half-
plane if and only if there exist a constant b > 0 and a function ¢ € C*([b, +o0))
such that o(u) >0 for u > b and

g(u) < —p(u)(F'(u) + ¢'(u),  foru=b. (2.5)
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Similarly, the following analogous result is obtained with respect to property
(X ™) in the left half-plane for system (2.2)).

Theorem 2.5. System fails to have property (XT) in the left half-plane if
and only if there exist a constant b < 0 and a function ¢ € C1((—o0,b]) such that
o(u) >0, foru<b and

g(u) = —p(u)(=F'(u) + ¢'(v)), foru <b. (2.6)

Definition 2.6. Equation (1.1)) has property (X*) in the right half plane (resp.
in the left half plane), if system (2.2)), which is equivalent with (1.1]), has property
(X ™) in the right half plane (resp. in the left half plane).

Thus we have the following two theorems.

Theorem 2.7. Equation (1.1)) fails to have property (XT) in the right half-plane
if and only if there exist a constant b > 0 and a function ¢ € C1([b, +00)) such that
w(u) >0 foru>b and

g(u) < —p(u)(f(u) =1+ ¢'(u)), foru=>b. (2.7)

Theorem 2.8. Equation (1.1) fails to have property (X™*) in the left half-plane if
and only if there exist a constant b < 0 and a function ¢ € C*((—o0,b]) such that
o(u) >0, foru<b and

g9(u) = —p(u)(1 = f(u) + ¢'(u)),  for u<b. (2.8)
3. ExpriciT CONDITIONS FOR PROPERTY OF (X ™)

In this section we present some explicit sufficient conditions for equation (|1.1))
having property (XT) in the right half-plane.

Corollary 3.1. Suppose that G(+00) = +oo and liminf, . f(u) > 1. Then
equation (1.1) has property (XT) in the right half-plane.

Proof. By way of contradiction, we suppose that equation (1.1]) fails to have prop-
erty (XT) in the right half-plane. Therefore by Theorem [2.7| there exist a constant
b >0 and a function ¢ € C1([b, +00)) such that ¢(u) > 0 for u > b and

g9(u) < —p(u)(f(u) = 1+ ¢'(u)). (3.1)
However, since liminf, o f(u) > 1 there exists b > 0 such that f(u) > 1 for
u>b. Now from (3.1) for u > maxz{b,b'} = V" we have

—g(u) > @(u)¢' (u).

By integration we have

—G(u)+GO") >

for u sufficiently large. This is a contradiction since G(400) = +oo and the proof
is complete. ([

Corollary 3.2. Suppose that limsup,,_,., f(u) =X < 1. Then equation (1.1)) fails
to have property (X) in the right half-plane if
1—))2
lim sup g(u) < Q (3.2)

U— 00 u 4
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Proof. By (3.2)) there exist § with A < 8 < 1 and b > 0 such that
_ A2
ow) _(1-5)
U 4
However, since limsup,, ., f(u) = A there exists a b’ > 0 such that f(u) < g for

u>b". Now let p(u) = (%)u For u > max{b,b’'} we have

for u > b.

— -1 / 1-— 1-—
U 1) _ (=8, 1By
u 2 2
(1-9) 1-4
> _ _ -~
> 5 (-1+8+ 5 )
_ A2
0= g
4 U
From Theorem this equation fails to have property (X7T) in the right half-
plane. O

Example 3.3. Consider (1.1 with

flu) = Bsinu+ ——, B<1,

u? + 1
glu) =uwtantu+au, a< ﬁ, 0<vy<1.
Since limsup,,_, ., f(u) = < 1 and
fim sup % = lim sup t?ﬁ:u +ta=ac< ﬁ,

by Corollary this equation does not have property (X ') in the right half-plane.

Corollary 3.4. Suppose that limsup,,_, ., f(u) < 8 < 1. Then (1.1) fails to have
property (XT) in the right half-plane, if there exist X with 0 < X\ < (1—3)2/16 and

a k>0 such )
gw) _ (1-7) A
u = VR (log(ku))2’

(3.3)
for u sufficiently large.

Proof. Define p(u) = %u + oy where k> 0 and « is a constant such that

1-p)? o 1-8 2 (1-p)*
—a’) = )

A< %a —-a? < 15— (notice that max,ecr(—5~a “46—). For u

sufficiently large we have

—p(u)(f(u) =1+ ¢'(u))

_(1-p « 1-8 «alog(ku) — «

- (T + log k‘u)) (1 2 (log(kw)? f(u))
1- ! 1-4 alog(ku) — «

= (T * log(kzu)) (1 2 (log(ku)? ﬂ)

(1-p)2 %a —a? o?

T Qoglhu))? T (loglku))?
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From Theorem this equation fails to have property (X*) in the right half-
plane. ([

Corollary 3.5. Suppose that limsup,,_, ., f(u) =0. Then (1.1)) fails to have prop-
erty (X 1) in the right half-plane, if there exist X\ with 0 < A\ < 1/16, and a k > 0

such that
A

(log(ku))?’

1
<t (3.4)

for u sufficiently large.

Corollary 3.6. Suppose that there exists a constant b > 0 such that g(u) is in
CL([b,+00)). Then (1.1)) fails to have property (XT) in the right half-plane, if

g/(u) < _f(u)a
for u sufficiently large.
Proof. For u sufficiently large let ¢(u) = g(u). Note that from (1.2), ¢'(u) < —f(u)
implies g(u) < —g(u)(f(u) =1+ g'(u)), so
g9(u) < —p(u)(f(u) — 1+ ¢'(u)),
for u sufficiently large. Thus, if ¢’(u) < —f(u) by Theorem this equation fails
to have property (XT) in the right half-plane. O

In [5] the authors proved the following lemma.

Lemma 3.7. Let A > 1/16 and k > 0. Then there does not exist a function o(u)
such that ¢ € C*(R), p(u) > 0 for u sufficiently large, and

p)(1— o (w) > Lut : Au

4 log(ku))2’ (3:5)

for u sufficiently large.
From the above lemma, immediately we have the following result.

Lemma 3.8. Let A > 1/16, k > 0 and f(u) > 0 for u sufficiently large. Then there
does not ezist a function p(u) such that ¢ € C1(R), @(u) > 0 for u sufficiently large,
and

, 1 A\u
pu)(L— f(u) = ¢'(u) = Ju+ Tog (ea))2" (3.6)

for u sufficiently large.
Corollary 3.9. Let A > = k > 0 and f(u) > 0 for u sufficiently large. Then

167
equation (L.1)) has property (XT) in the right half-plane if
gu) _ 1 A
>4~ 3.7
u 4 + (log(ku))?’ (3.7)

for u sufficiently large.

Remark 3.10. Corollaries and can be formulated for
property (X) in the left half-plan.

We say that system has property (Z;") (vesp., (Z3)) if there exists a point
P(up,yo) with yo = F(up) and ug > 0 (resp., ug < 0) such that the positive semi-
trajectory of starting at P approaches the origin through only the first (resp.,
third) quadrant. Now we consider the following theorem and corollary concerning
property (Z;") which was established in [4].
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Theorem 3.11 ([4]). Suppose that there exists a 6 > 0 such that F(u) > 0 for
0 <wu<d. If for every k € [0,1] there exists a constant vy, > 0 such that

Jo' #yen
lim inf ) > 1, 3.8
e ((1 —k+%)(k+%)F(u)) (38)

then [2.2) fails to have property (Z;).

Corollary 3.12 ([]). Suppose that there exists a 6 > 0 such that F(u) > 0 for
0 <u<d. If there exists a & with 1 < & < 2 such that

v g(m) g
Tim inf (W) > 1, (3.9)

u—0+ \ EF(u)
then the system ([2.2) fails to have property (Zi).
Using Theorem we prove the following lemma about the asymptotic behav-

ior of system ([2.2)).

Lemma 3.13. For each point P(p, F(p)) with p > 0, the positive semitrajectory
of (2.2) starting at P crosses the negative y-azxis if one of the following conditions
hold.

(i) There exists a § > 0 such that F'(u) < 0 for 0 < w < § or F(u) has an
infinite number of positive zeroes clustering at u = 0.
(i) If there exists a 6 > 0 such that F(u) > 0 for 0 < u < § and the conditions

of Theorem hold.

Proof. Suppose that there exists a point P(p, F(p)) with p > 0 such that the
positive semitrajectory of starting at P does not intersect the negative y-
axis. Let (u(t),y(t)) be a solution of defined on an interval [tg,00) with
(u(to), y(to)) = P. Then the solution (u(t),y(t)) corresponds to the positive semi-
trajectory of starting at P. At t =ty we have

u(to) =0, 5(to) = —g(p) <O.

So, this positive trajectory enters the region D := {(u,y) : y < F(u), u > 0}.
Taking into account the vector field of (2.2]) we have

<0 in D.

Thus, by the assumption that this trajectory does not intersect the negative y-axis
we have

0 < u(t) <u(ty) fort>to.

On the other hand, § < 0 in D. So, if y(t) does not approach —oo it must tends to
0 (note that the origin is the only equilibrium point of (2.2])), which is impossible
in both cases (i) and (ii). Therefore,

y(t) —» —oo ast — +oo.
Hence, it follows from the first equation of that

u(t) = —oco ast — oo,
and therefore, there exists a t; > ty such that

u(t) < =1 fort > t;.
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Integration leads to
—u(ty) <u(t) —u(t;) <t;1—t — —oc0 ast— oo.
This is a contradiction, the proof is complete. (Il

Turning our attention to the left half-plane and using the change of variables

(u,y) — (—u, —y), we can formulate Theorem and Corollary for property
(Z3) as follows.

Theorem 3.14. Suppose that there exists a § > 0 such that F(u) < 0 for =6 <
u < 0. If for every k € [0,1] there exists a constant vy, > 0 such that

Iy e ) 1
1=k +y)(k + ve) F(u) 7
then the system ([2.2) fails to have property (Z3).

Corollary 3.15. Suppose that there exists a 6 > 0 such that F(u) < 0 for —§ <
u < 0. If there exists a & with 1 < & < 2 such that

u g(n)

liminf (22 E0 7Y - g 11
mint (Tgpty) > @11

lim inf ( (

u—0—

(3.10)

then ([2.2) fails to have property (Z).

Lemma 3.16. For each point P(—p, F'(—p)) with p > 0, the positive semitrajectory
of (2.2)) starting at P crosses the positive y-azis if one of the following conditions
hold.

(i) There exists a § > 0 such that F(u) > 0 for =6 < u < 0 or F(u) has
infinite number of negative zeroes clustering at u = 0.
(ii) If there exists a § > 0 such that F(u) < 0 for =6 < u < 0 and the conditions

of Theorem hold.
4. OSCILLATION THEOREMS

In this section we present implicit necessary and sufficient condition for all non-
trivial solutions of this system to be oscillatory or nonoscillatory. To do this, we
need the following two lemmas. In the proof of these lemmas we follow the ideas
used in [22] Lemmas 4.1 and 4.2].

Lemma 4.1. Every solution of (2.2)) is unbounded, except the zero solution, if
uF(u) <0.

Proof. By way of contradiction, we suppose that there exists a bounded solution
(u(€),y(C)) of (2.2) initiating at ¢ = o > 0; that is,
[u(@)] +ly(Q) < A for ¢ > o, (4.1)

with A > 0. Then the solution (u(¢),y(¢)) circles clockwise around the origin. Let
(; > o and b; > 0 with

Define a Liapunov function

Vi(,y) = 34° + Glu).
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From vF'(u) < 0 and (1.2, we have

V(u, y) = —F(u)g(u) >0 ifu##0.
If {1 < (s, then b; < bs. In fact, we have

SR = V(G u(Gr) < V(@) y(G) = 15

Thus, if this solution starts at a point (0,b1) on the y-axis, it circles clockwise
around the origin and intersects the y-axis again at a point (0,bs) with by > by.
Thus, it can not tend to the origin. Now by Poincare-Bendixson theorem [10] its
w-limit set is a periodic orbit. Therefore, we can conclude that, there exists a simple
closed curve C' surrounding the origin such that

dist {(u(¢),y(¢)),C} =0 as { — oo. (4.2)
Let dg > 0 be sufficiently small and define
M:max{g(u) 0 <u< A}, m:min{ — F(u)g(u) : 6o < ugA}.

By the solution (u(¢),y(¢)) does not stay in {(u,y) : |u| < dy}. Hence, using
the fact that (u(¢),y(C)) circles clockwise around the origin and tends to C, there
exist sequences {t,} and {t/,} with (o < t, < t|, < t,41 and t, — 00 as n — ©
such that

u(tn) = u(ty) = do, y(tn) > do,y(t,) < —do
and u(¢) > dg for ¢, < ¢ < t,,. We have

+

n

280 > y(tl) — y(tn) = — / g(u(Q))dC > —M(t, — t,),

tn

and therefore, for ¢ >t/ ,

¢
Q) 9(6) = V(). 1) = = [ Flatm)au(a)in
n th,
> > [ -Pa(Otucds
k=1"1k
>m 3t — ) > 220,
k=1
which tends to oo as n — oco. Thus, V(u((),y({)) — +o0 as { — +oo. This
contradicts and completes the proof. (I

Consider the Liapunov function

1
Vi(uwy) = 5y° + G(u)
and consider the curve
V(U, y) = V(UOa Z/O)a
where ug > 0.
It is obvious that if uF(u) < 0, F'(u) < 0 and from (1.2)) that V(u, F(u)) is
increasing for u > 0 and decreasing for u < 0, and V' (0,0) = 0. Thus, the equation

Vi(u, F(u)) = V(uo, o)
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has exactly two roots. Therefore, there exist two points of intersection of this curve
with the curve y = F'(u).

Let (—a, F(—a)) and (—b, F(—b)) be the intersection points, where a > 0 and
b > 0. Define

§ = {(wy) : —a <u<e,V(uy) < Vv o)}
in which ¢ = max{b,up}. Then it is clear that S is a bounded set. Lemma
shows that every solution of starting in S\ {0} does not remain in S. Note
that
Vs (u, F(u) = —F(u)g(u) >0 if u #0.

Then we also see that every solution of starting in S€¢, the complement of S
in R2, stays in S¢ for all future time. Therefore, we have the following lemma.

Lemma 4.2. Suppose

uF(u) <0, F'(u)<0. (4.3)
Then every solution of (2.2) starting in S\ {0} enters S¢ which is a positive in-
variant set with respect to (2.2)).

Remark 4.3. Lemma holds even if the condition F'(u) < 0 is replaced by

F'(u) < 5.

The main theorem of this section is as follows.

Theorem 4.4. Suppose (3.8) holds. All nontrivial solutions of (2.2) are nonoscil-
latory if there exist a constant R > 0 and a function ¢ € C*(R — (=R, R)) such
that
_ o /
e >0, and 900 ¢ QD)+ ) )
u u

foru> R or u < —R. Otherwise, all nontrivial solutions of (2.2)) are oscillatory.
Therefore, the solutions of second-order nonlinear differential equation (1.1) are all
oscillatory or all nonoscillatory and cannot be both.

Proof. First suppose that does not hold. Then which is equivalent to
has property (X) in the right and left half-plan. Thus, it follows from Lem-
mas and that every solution of keeps on rotating around the origin
except the zero solution. Hence, all nontrivial solutions of ([1.1]) are oscillatory.

Now suppose that holds. Then by Theorems or 2.5 system fails
to have property (XT) in the right or left half-plane. We consider only the case
that fails to have property (XT) in the right half-plane, because the proof
in the other case is similar. Hence, there exists a point Py(ug,yo) with ug > 0
and yo > F(ug) such that positive semitrajectory of runs to infinity without
intersecting the curve y = F(u).

Suppose has an oscillatory solution. Let v7(Q) be the positive semitrajec-
tory which corresponds to the oscillatory solution of starting from point Q.
By virtue of Lemma we see that 77 (Q) eventually goes around the set S infin-
itely many times. Therefore, it crosses the half-line {(u,y) : © = ug and y > yo}
at a point P (ug,y1) with y; > yo. From the uniqueness of solution for the initial
value problem, it turns out that

(i) v7(Q) coincides with v*(Py) except for the arc QP
(ii) v (Py) lies above v ()
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Hence, v (Q) runs to infinity without crossing the curve y = F(u). This contradicts
the fact that v (Q) circles the set S and completes the proof. (]

Example 4.5. Consider (2.2]) with
F(u) = —u® —usin®u, g(u) = alu|™sgn(u) + sinu,

for |u| sufficiently large with o > 1 and m € R. It is obvious that F'(u) satisfies

(4.3) and for u > 0,
g(u) — 1 4 S
u u

On the other hand, for u > 0 by choosing ¢(u) = u® with 3 < 3 we have
—sp([ul) (F"(w) + ¢'(Ju]))

|ul

= 3% + uP sin? u + P sin 2u — BuP 2.

Therefore, if m < f+2 or if m = 8+ 2 and a < 3, then there exist a constant
R > 0 such that for u > R condition (4.4)) holds. Thus by Theoremall nontrivial
solutions of this system are nonoscillatory.

Remark 4.6. Theorem holds even if the condition F’(u) < 0 replaced by
Fl(u) < —g(u)/F(u).

The following result follows from the above theorem.

Theorem 4.7. All nontrivial solutions of (L.1)) are nonoscillatory if there exist a
constant R > 0 and a function ¢ € C1(R — (=R, R)) such that

g 90 < —p(uD((f @) = 1)+ ¢/ (ful)
u = u]

o(ful) >0 : (4.5)

for u > R or u < —R. Otherwise, all nontrivial solutions of (L.1|) are oscillatory.
Therefore, the solutions of second-order nonlinear differential equation (1.1) are all
oscillatory or all nonoscillatory and cannot be both.

Remark 4.8. Corollaries 3.1, 3.2, 3.3, 3.4, 3.5 and 3.6 can be formulated for the
solutions of equation ([1.1]) to be nonoscillatory or oscillatory.

The following corollaries of Theorems [£.4] and [{.7] are very useful in applications.

Corollary 4.9. Suppose that all nontrivial solutions of (L.1)) with g1 are oscillatory
(resp. nonoscillatory). If

<

92(v) > 791(1&), (resp.
m U U

for |u| > R with a sufficiently large R, then all nontrivial solutions of (1.1]) with go
are oscillatory (resp. nonoscillatory).

92(v) _ g1(u) )

Corollary 4.10. Suppose that all nontrivial solutions of (1.1} with f1 are oscilla-
tory (resp. nonoscillatory). If

fi(w) > fa(u), (resp. fi(u) < fa(u),)

for |u| > R with a sufficiently large R, then all nontrivial solutions of (1.1)) with fo
are oscillatory (resp. nonoscillatory).
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