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EXISTENCE OF SOLUTIONS FOR EIGENVALUE PROBLEMS
WITH NONSTANDARD GROWTH CONDITIONS

SAMI AOUAOUI

ABSTRACT. We prove the existence of weak solutions for some eigenvalue prob-
lems involving variable exponents. Our main tool is critical point theory.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS
In this article, we are concerned with the quasilinear problem
— div(|VuP™2Vu) + |ulP® "2y = Mp(x) [u|*D " 2u 4+ h, in RY, (1.1)

where N > 3, p and a € {v € C(RY,R) N L®(RY),inf,cpv v(z) > 1}, ¢ €
C(RM,R), ¢(x) > 0 for all z € RN, ) is a positive parameter and h is a function
which belongs to the dual of the Sobolev space with variable exponent W 2(") (RM).

The study of eigenvalue problems involving variable exponents growth conditions
has been an interesting topic of research in last years. We can for example refer to
[, @), 12| 13| 141 15l [16]. A first contribution in this sense is due to Fan, Zhand and
Zhao [9] who studied the problem

— div(|Vu/P®72Vu) = Aju/P® 24 in Q

1.2
u=0 on 01, (12)

where @ C RY is a bounded domain with smooth boundary,p : Q@ — (1,00) is
a continuous function and A is a real number. In [9], the authors established the
existence of infinitely many eigenvalues for problem (1.2)). Denoting A the set of
all nonnegative eigenvalues, it was proved in [9] that sup(A) = 4o0o0. It was also
proved that only under special conditions concerning the monotony of the variable
exponent p(-), we have inf(A) > 0 which is in contrast with the case when p is a
constant. Mihailescu and Radulescu [I3] studied the problem

— div(|Vu/P®2Vu) = Au|?™@ "2y in Q

1.3
u=0 on 0f, (13)

where 2 C RY is a bounded domain with smooth boundary,p,q : Q@ — (1, +0o0)
are two continuous functions and A is a real number. Using Ekeland’s variational
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principle, they proved that under the assumption

N _
ming(z) < ming(z) < maxq(z), maxq(z) <N, qz)< Npln) -y, Q,

z€Q z€Q z€Q z€Q N —p(z)
there exists a continuous family of eigenvalues which lies in a neighborhood of the
origin. The case when max_ 5 p(z) < min g q(r) was treated by Fan and Zhang
[8] using the Mountain-Pass Theorem. Finally, in the case when max g p(z) <
min, g q(z) and by combining results of [§] and [14], it is easy to see that there
exists two positive constants A* and A** such that any A € (0, \*) U (\**, +00) is an
eigenvalue of the problem. Another important eigenvalue problem is the following

— div((|Vu|P*@ =2 4 |Vu|P2 @) =2 Ty) = Nu|?® "2y in Q

1.4
u=0 on 0f, (14)

where (2 C RY is a bounded domain with smooth boundary. Provided that py, p2, ¢ :
2 — (1,400) are continuous functions such that ¢ has a sub-critical growth with
respect to py and the following condition is verified

1 < pa(x) < ming < maxq < p1(z) Vz € Q,
Q Q

problem was discussed in [I5] and it was shown that there exist two positive
constants A\g and A; with A\g < Ay such that any A € [\;,+00) is an eigenvalue
of the problem while for any A € (0, Ag), problem does not admit any
nontrivial solution. The novelty in this article lies in the fact that we divide RY
into three parts

O ={zcRY :a(x) <p(x)}, Q={zcRY: al)>pk)l,
Q3 = {z e RY : a(z) = p(z)}.

We assume that meas(£23) = 0 where “meas” denotes the Lebesgue measure in RV,
In this work, we are interested in the case when meas(€2;) > 0 and meas(22) > 0.
Thus, possibly we could have meas(€;) = 400 and meas(€23) = +o0o. We have
to notice that this possibility to divide RY into €;,Qs and 3 is so related to
quasilinear equations involving variable exponents because we cannot find such a
phenomenon when treating quasilinear equations with constant exponents. On the
other hand, in the majority of works dealing with nonlinear equations involving
variable exponents, a precise comparison between the extrema of involved variable
exponents is provided. So, the situation that we are treating is rather new.
Throughout this paper, we denote

ag, = inf a(z), ag, = inf a(z),

TEN TENS
- _ +
Pa, = zggl p(z), phH, = félslzol p(z),
- +
PR = P, P, = s i)

pt =sup,cgn p(z), ||h]|—1 is the norm of h in the dual of W1P()(RY). Set
E={ue Wl’p(')(RN),/ o(x)|u|*@dr < 400}
RN
We equip the functional space F with the norm

_1
lulle = l[ullwree @y + 1(0() O Ul Lac) @y
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Definition A function u € F is said to be a weak solution of the problem (1.1]) if
it satisfies

/ |Vu|p(‘”)72Vqudx+/ [u[P@ = 2ypda
RN RN

:A/ 90(53)|U|Q(I)72uvdw+/ hvdx, Yv € E.
]RN ]RN

This article is divided into two parts. In the first part, we will study problem
(1.1) under the following hypotheses:

(HL) o, (p(@) 7@ da < +oo;
(H2) p(z) < N for all z € Qq, and there exists 7 € C;(Q2) such that ¢ €
L") (Qy) and
oy < ) Nofa)
r(z) -1 N = p()
(H3) There exists 1 € WO (RY) such that [, h(z)y(z) > 0.

The main result of this first part is given by the following theorem.

p*(x) Va € Qy, where p*(z) =

Theorem 1.1. Assume that (H1), (H2) hold. Assume also that ag, > p&. Then,
we have: if (H3) holds, or h =0, then there exists A\, > 0 such that for all0 < XA <
A«, there exists ny > verifying that: if ||h]|—1 < nx, then problem admits at
least one nontrivial weak solution ug . Moreover, if h =0, then ugx — 0 strongly
in WHPO(RN) when X\ — 0.

In the second part of this article, we will remove the assumptions (H1) and (H2)
and we will study (|1.1)) under the following hypotheses:

(H4) The exponent p(-) is log-Hélder continuous; i.e., there exists a positive
constant D > 0 such that

D
Ip(z) — p(y)| < e —

(H5) inf ey ax) =a™ > 2.

for every z,y € RY with |z —y| < 1/2;

Theorem 1.2. Assume that (H4), (H5) hold. If h = 0, then there exists 0 < Aux
such that for every 0 < X\ < A, then problem (1.1) admits at least one nontrivial
weak solution.

Remark 1.3. The importance of the hypothesis (H4) lies in the fact that if p
verifies the logarithmic Holder continuity condition (also called the Dini-Lipschitz
condition), the space C§°(RY) is dense in WP()(RN) (see [4, [19]).

2. PRELIMINARIES

First, we give some background facts from the variable exponent Lebesgue and
Sobolev spaces. For details, we refer to the books [2,[17] and the papers [3} [7, 1T} 20].
Assume Q C RY is a (bounded or unbounded) open domain. Set C(Q) = {h €
C(Q)NL>®(Q), h(z) > 1, Vo € Q}. For any p € C(9Q), we define

+

p" =supp(z) and p~ = inf p(x).
zeQ e
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For each p € Oy (Q), we define the variable exponent Lebesgue space
LP(Q) = {u; u: Q — R measurable such that /Q Ju(z)|P@dx < 400}
This space becomes a Banach space with respect to the Luxemburg norm,
lsriry =it >0 [ M ped <1y,

Moreover, LP()(Q) is a reflexive space provided that 1 < p~ < pt < +o0. De-
noting by L? ()(Q) the conjugate space of LP()(£2) where ﬁ + ﬁ = 1; for any
uwe LPO(Q) and v € LP'O)(Q) we have the following Holder type inequality

\Awmmmmﬂmwmw@. (2.1)

Now, we introduce the modular of the Lebesgue-Sobolev space LP()(Q) as the
mapping pp.) : LP)(Q) — R defined by

Pp(y(u) = / luP@dz,  we LPY(Q).
Q

Here, we give some relations which could be established between the Luxemburg
norm and the modular. If (u,),,u € LPC)(Q) and 1 < p~ < pt < +oo0, then the
following relations hold:

- +
[ul oy o) > 1= |u‘ip(~)(Q) < pp(y(u) < |U\ip<~>(g)» (2.2)
N _
lul ooy @) < 1= [ulf,0 ) < Ppe) (W) < ul],0 ) (2.3)

[un — Ul ey () = 0 € pp(y(un —u) — 0. (2.4)

Next, we define W1P()(Q) as the space
WhPO(Q) = {u e LPO(Q) : |Vu| € LPO(Q)}
and it can be equipped with the norm [[ul|1 () = [u[Ls0) (@) +|Vul o) (o). The space

Wl’p(')(Q) is a Banach space which is reflexive under condition 1 < p~ < p* < +oc0.
Let p,q € C(Q). If we have p(z) < q(z) < p*(z) for all 2 € Q, where

Np(x .
(p*(z) = {NiE(Z) if p(z) < N,

00 if p(z) = N;
then there is a continuous embedding W1 2()(Q) «— L)(Q). This last embedding
is compact provided that 2 is bounded in R and that ¢(z) < p*(z) for all x € Q.
3. PrROOF OF THEOREM [

Here, we notice that since «(-) satisfies the conditions (H1) and (H2), it is easy
to see that £ = W1HP(O)(RN). In this first part, we will equip F with the norm
[ull = llullwroor o) + lullwree @)
which is clearly equivalent to the norm [ - | or || - [[y1.p0) )
Let Jy : WHPO(RYN) — R be the energy functional given by

p(z) p(z)
Iy (u) :/ VPt + Jul dx — )\/ M|u|“(z)d;ﬂ —/ hudz.
RN p(x) ry () RN
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Using inequality (2.1) and hypotheses (H1) and (H2), it is easy to see that the
functional Jy is well defined on W1?() (RN ). Moreover, by classical arguments we
have that J, € C*(W'PO)(RN) R) and

(J;\(u)7v>=/ |Vu|p(I)_2Vqud$+/ [P~ 2yuda
RN RN

—)\/ go(x)\u|o‘(x)_2uvd:v—/ hvdz, Yu,v € E.
RN RN

Hence, in order to obtain weak solutions of the problem we will look for critical
points of the functional Jy. Now, we have to note that since meas({22) # 0, then
one cannot show that the functional J) is coercive and consequently we cannot find
a global minimum of the functional Jy. The existence of a first critical point should
be established using the Ekeland’s variational principle.

Lemma 3.1. Under the assumptions of Theorem[I.1} there exists A, > 0 such that
for any 0 < X < Ay, there exists vy > 0 and nx > 0 such that

1
Ix(w) > v for |lul| = 3 provided that ||h]|—1 < 1.

Proof. Let u € WHPO(RYN) be such that ||u|| < 1. By @.1), 2.2) and [2.3) we

have
/91 zggma(z)dx < 2|¢(.)|Lp(‘§,£_2w(Ql)||u|a<.>|L%(Ql)
< C1(|U|Lp< @ T \U|Lp< (o)) (3.1)
< C2||u||vyll,p(v>(gzl)’
and
/92 zgz;wa(m)dﬂﬁ < 2|</7(')|LT<-)(QZ)||U|&(')|LT{.(>'31 (Q2) = C3||u||CI:V§12,p<-)(QQ)' (3-2)

Using again ([2.2) and (2.3, and taking (3.1)) and (3.2)) into account, we obtain

J > 1 p:z—l Pa,
502 (o, + 1400 @)

) muunwl oy = Aslulg, 0y = IBl-a ] -
3.3
1 -,
> ||u||W1 :D()(Qz)( /\C3||“||W1 p(- >Sz5222))
1 pd
el o, = Acelullyac o,y — A1)l
For A < 2p+c , we have
1 ag, —pg 1 1
pTr - >\C3||u||wf,p<~)(?22) = pTr —Aez > Zl,ﬁ
Putting that inequality in (3.3]), it yields
+ ~
Ia(u) > eq[ul PR Pa2) — e Mluf| 0 — (|| 1 [lul]. (3-4)

Set
1 04 1

SuP(pnl, Ps12) "‘Ql)
2ptes’ co 2

Ay = inf(———
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For 0 < A < A, set
1 su 1.,- h|-
vy = 04(5) p(ph, s P,) —02)\(5) o1 _ I ! 1’

1.4 1.0-
= 2(64(§)sup(17$1 7p$2) _ CQA(?)QQl)'
The claimed result can be deduced from ([3.4)). [l

Lemma 3.2. Let (u,), C WHPO(RN) be a bounded sequence such that J} (u,) —
0. Then, (uy), is relatively compact.

Proof. Let u be the weak limit of (uy), in WHPO)(RY). We claim that, up to a
subsequence, (uy, ), is strongly convergent to u in W1P()(RN). For ¢t > 0, denote
By = {z € RY : |z| < t}. We have

/ o(@)|un — ul*Ddz < 2[jup —u[*O] ) () ro @By (35)
Q2\B; L= (RN)

Now, since ¢ € L") (€y), it follows that lo() L) \B,) — 0 as t — +oo. Taking
into account that (u,), is bounded in W1HP()(RN), it follows from (3.5) that for
all € > 0 there exists t. > 0 large enough such that

/ ol — ul* @z < 5. (3.6)
Q\ B,
On the other hand, we have
/ o(x)|un — u|a(x)dx < sup |p(z)] |ty — u|a(x)dx. (3.7)
Q2N By, z€By, Q2NBy,

Since a(x) < ar(é){g)

of Q5, we obtain

< p*(z) for all z € Qy and (Q2 N By,) is a bounded open set

lim |t — u|*®dz = 0.
n—-+oo QzﬁBtE

Having in mind that ¢ is continuous, then sup,p, [¢(x)| < +o00 and consequently
we deduce from (3.7) that

lim ()| up — u|*®dz = 0.
n—+oo Q2th5

This implies that there exists ng(e) > 1 such that for all n > ng(e), we have
, €
/ ()| up — u|*@dz < - (3.8)

Q2N B, 2

Combining (3.6 and (3.8)), it yields
/ ()| — u|*@dx < e Yn > ng(e).
Qo

Hence,

lim () |ty — u|*®dz = 0. (3.9)

n—-+oo Qs
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Next, if we replace 7(-) by p(.ffi(.) and T(r_g'll by p(-), proceeding as previously (i.e.
for the open set Q3), we can so easily infer
lim ()|t — u|*®dz = 0. (3.10)

n—-+4oo o

On the other hand, since J4(u,,) — 0, we have

/ [Vt [P 2V, V (uy, — u)da + / |1 |P® =20y, (g, — u)da
BY B (3.11)

- / () un] @ 20y, (uy, — u)da — h(u, — u)dx — 0,
RN RN

as n — 4oo. Having in mind that u,, — u weakly in WP()(RY), we deduce from

(LD, (10) and G3) that

0< / (IVun [P =2V, — [VulP @ =2Vu)V (1, — u)dz

- (3.12)

+/ (Jtin [P 20, — |uP@ =20 (uy, — u)dz — 0, as n — +oc.
RN

Observe now that (see [I 8, [10]), we have the following relations satisfied for £ and
nin RV,
_ _ » 2-p
(€2 = nP~2n) (€ =mIE (€7 + ) =" = (p—1)IE =l (3.13)
for 1 <p<2and
(1€~ =P =2m) (€ =) = 27| =", p=>2. (3.14)
Divide RY into two parts:
Dy ={zeRY, p(x) <2}, D»={zeRY, p(x)>2}.
By B12), (B-14) and (23), it yields

lim IV, — VulP® + |u, — u[P®)dz = 0. (3.15)

n—-+00 Do
On the other hand, by (3.13) we have
/ |Vu, — Vu|p($)dx
D,
1

< (=) [ 0l = DIV, - Vups

< (—
p-—1
5 (|Vtun [P®) + |VufP®)) 5 gy
Using (3.12) and (2.4) and having in mind that (u,), is bounded in E, we deduce

p(x)

) / (|Vn PP 2V, — |VulP®~2V0) (Vu, — Vu)) >
Dy

/ Vi, — VulP@de — 0, asn — +oo.
Dy
Similarly, we obtain

/ [y, — u|P@dz — 0, asn — 4oo.
Dy
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Thus,
/ (IVu, — VulP® 4 |u, — u[P™)dz — 0, asn — +oo. (3.16)
Dy

From (3.15)), (3.16) and (2.4), we conclude that u,, — u strongly in W PO(RN). O

Completion of the proof of Theorem Let
mx = f{Ja(w), u € WORY) and u] < 7).
The set
B TE00) = fu e WHO®Y), Jul < 1)
is a complete metric space with respect to the distance
dist(u,v) = lu — |, u, v e WHPORN),
The functional J, is lower semi-continuous and bounded from below in the set
By}, ®(0). Note, that infy, <1 /2 Ja(v) < JA(0) = 0 and infy,y_y /s Ja(v) >
x> 0 (provided that ||h||—1 < ny). Let

0<e< inf Jy(v)— inf Jy(v).
llvll=1/2 llvll<1/2

Applying Ekeland’s variational principle (see [5]), we can find u, € ny;pw(RN)(O)
such that
In(ue) <mx+e€  Ia(ue) < In(w) +ellw—uell, Yw # ue.

Since, Jx(ue) < mx + € < infjy<1/2 Ia(v) 4+ € < infjjy =1 /2 Ia(v), it follows that

wipC) (RN . 1
ue € By, E0) = fu e WHO®N), Jul| < 3}
Define I§ : BF//;M‘)(RN)(O) — R by I§(u) = Ja(u) + €||lu — uc||. Obviously, u, is a

minimum of /5. Then

I (ue + trt)| — I (ue) >0,

b,

VO<\7§|<1amdv€Bl/2

which implies
Ix(ue +tv) — Jx(ue)
2|
Let t — 0T, it follows that (J}(ue),v) + €|lv]| > 0. Next, let t — 07; it follows that

—(J5(ue),v) + €||v]| > 0. Consequently, we obtain that ||.J}(u.)|| < e. Hence, there

1,p() (N
exists a sequence (Up)n C BP//z TR )(0) such that

+ €ljv]| > 0.

Ia(un) — my, J5(un) — 0.

Observing that (u,), is bounded in W1?()(RN) and using Lemma we have
that (uy)n is strongly convergent to its weak limit denoted, for example, by ug » €
WPC)(RN). Moreover, since Jy € CHWHPO(RN) R), it yields Jy(ugy) = my
and J{(up,x) = 0. Hence, ug ) is a weak solution of the problem . Now, we
claim that my < 0. We distinguish two cases.

* If (H3) holds. Let 9 be as in (H3). For 0 < t < 1, we have

n(t) < £ Py) / (VP 4 [P )dz — ¢ / By (x)d.

RN RN
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Since inf(pg, ,pg,) > 1, we deduce that there exists 0 < to < inf(1

that Jy(tp)) < 0. Taking into account that tg¢ € BIM//;MO(RN)

my < 0.

* Assume that h = 0. Let ap € Q1 and r9 > 0 small enough be such that
Bro(ao) C €y and Po = infzemp(x) > g = supzema(x). Consider
€ € C§°(Bry(ap)), & #0. For 0 <t < 1, we have

IA(t€) < 1P /Q (|V£\P(ﬂ”>+|£Ip(m>)d:c—xtao /Q D) o) g

, ()

1
» a7gy) such

(0), it follows that

S Cgtpo — Cg)\tao
S to (c8tpo—(¥0 — Cg/\).

Since, pg — ap > 0, there exists 0 < ¢;(A) < inf(1, %E\) such that Jy(t1(A)€) < 0.
“

Hence, my < Jx(t1(M\)€) < 0. In this last case, by (3.1)) and (3.2]), we have
/N(|VU0,A|p(”) + Juo AP da = )\(/ @($)|UO,A|“(”)d$+/
R Q

Q2
g, qy,
< >\<010Hu0,)\”W1,p(-)(Ql) + CllHuo,)\le,p(-)(Qz))
1. .- 1. .-
< A(clo(ﬁ)%l + 611(§)a92>.

Using this inequality, it follows that limy_,q ||ug ]| = 0. This completes the proof
of Theorem [[.11

(@) o | dr

1

4. PROOF OF THEOREM [[.2]

Here, clearly E # WP()(RN). Moreover, the arguments used in the proof of
Theorem are no longer valid. In fact, we cannot establish the existence of weak
solution as a global neither a local minimum for the energy functional corresponding
to the problem and the Mountain-Pass is not useful as well. Hence, some new
ideas have to be introduced and some new tools have to be employed. We shall
adapt arguments used in [21].

Lemma 4.1. There is Ay > 0 su@ that if 0 < A < A4, then there exists a
nonnegative and nontrivial function Uy € E N L= (RY) satisfying

/N VUL P® 2V T,V d —|—/ (U0)P@ Yy da > )\/ () (TUx)* @~y da,
R R

N RN

for every w € E with w > 0. (Uy, is called a weak super-solution of (1.1])).
Proof. For A > 0, define Uy : RY — R by

1 if 2] < 1
Un(@) =2 Jal if1<|o] <2
0 if |z| > 2.

For 1 < j < N, we have

aﬁx— 0 if || < 1or |z]>2
Ox; ' | —wy/lal 1< 2] <2,



10 S. AOUAOUI EJDE-2013/176

where = (z1,- -+ ,2n). Thus,
— 0 if|x|<1lor|x|>2
VOr(a)| = {9 el < Lor
1 if2<|z) <2,
Hence,
S oUy
& 7L [P =297, — Y (vrcp@—22Y X
div(|VO, ") 2VT5) E:: o -(IVT5 axj)

<.

B if |z <1lor|z|>2
|\ i<l <2

ZO

Set

1 N -1 )
max| <1 ©(z) " max; < |, <2 (24 p(z))
Then, for every 0 < A < A,., we have

1> Xp(z) ifjz| <1

Asx = min (

o 2 el@) 2= e < e <2
Therefore,
— div(|VO PP 2VTL) + (U077 > Ap(a) (T3>
This completes the proof. ([l
Completion of the proof of Theorem For 0 < A < Ay, set
falz,s) = X o(x)|s|*®2s, zeRY, seR.

Note that there exists Ly > 0 such that, for every s € [—1,1] and z € B(0,2) =
{z e RN, |z| < 2}, we have
f* 5o (@:8)] < La.

Thus, (z,s) — fa(z,s) is Lyx— Llpschltz continuous with respect to s € [—1,1]

uniformly for z € B(0,2); i.e., we have
Ia(z, s1) = fa(w, s2) < La(s2 — s1), (4.1)
for any s1,s9 € [—1,1] with 57 < s5 and = € B(0,2). Now, define
~ 7@ U) - LT3 ) s < —Thle)
Iz, 8) =< falx,s) + Lys if —Ux(z) <s<Ux(x)
(@, Ux(z)) + LaUx(x) if s > Ux(2),
and Fy(z,s) = [ fi(z,t)dt. If s < —Ux(x), we have
FA(UU 8) (=3)(fa(z, Ux()) + LrUx(2)).

If 0 < s < Uy(z), using and the fact that ||Uy||oc = sup,ern |Ux(z)] = 1, we
have

Fy(z,8) < (fa(@,s) + Las)s < (fa(@, Ux(2)) + LaUx(@))s.
If —Uy(x) < s <0, we have

Ex(z,8) < (fa(@,s) + Las)s < (fa(x, —Ua(x)) — LrUx(2))s
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< (fa(@,Ux(2)) + LaUx(2)) (=)
If s > Uy(z), we have

Ux () _ .
Fy(x,s) = / (r(.1) + Lat)dt + / (r(2. () + LaTx(x))dt

0 Ux(z)
(fa(@, Ux(@)) + LaUx(2))Ux(2) + (fa(z, Ux(x)) + LraOx(2)) (s — Ua())
< (fa(z, Ux()) + LAUx(x))s.
Therefore, for all (z,s) € RY x R,
Ex(z,5) < (fa(z,Ux(2)) + LrUx(2))[s]. (4.2)

Next, we introduce the functional space X = W1PO)(RN) N L?(RY) equipped with
the norm

IN

a, Ux
z, Uy

lullx = llullwoe @y + [ulz2 @)

For any u € X, we define

- VulP@E) f |y|p@)
A - [ T

Ly 9 / ~
dr + — u“dxr — Fy\(z,u)dx.
p(z) 2 Jrw RN (z.u)

Set ¥x(z) = (falz, Ux(x)) + LaUx(x)). Clearly, ¢y € L*(RY) and it becomes easy
to verify that Jy € C'(X,R). By (4.2)), for € > 0, there exists ¢, > 0 such that

N p(z) p(x)
Iy (u) 2/ [Vl + Jul dac+g/ u2dx—e/ UQde'_ce/ (Ya(2))*da.
RN p() 2 Jry RN RN

Choosing € > 0 such that £ — € > 0, we infer that Jy is coercive. Let (uy), be
a minimizing sequence of J~>\, ie. (un)n C X and jA(un) — inf,ex j,\(v) > —00.
Since J. A is coercive, then (u,,), is bounded and there exists u € E such that u,, — u
weakly in X. By the mean value theorem, there exists some 6,, between 0 and 1
such that

| [ (Fx(w,up) = Fa(,u))de| = |/ Fa(@, On(un = w)) (un — u)da]
RN RN

(4.3)
< /R (@) un — uld.

Let A be a measurable subset of RY. Using Hélder’s inequality we have
/A¢,\(x)|un —uldz < 2[pA(-)|L2(a)lun — Ul L2 @)
Since (u, —u), is bounded in L2(RY) and ¢, € L?(RY), it follows that the integral

J 4 a(x)|uy — uldx is small uniformly in n when the measure of A is small.
On the other hand, for R > 0, we have

/N\ 1/})\(:L')|un — u\da: S Z‘Un - U|L2(RN)|w)\(‘)|L2(]RN\BR).
RN\BRr

Since 1, (+) € L2(RYN),

Lm0z @By = 0.
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This fact together with the boundedness of the sequence (|u,, — u|p2®~))n implies
that for every € > 0, there exists R, > 0 large enough such that

/ Ya(z)|un — ulde < e.
RN\Bg,

Therefore, we get the equi-integrability of the sequence (¥ (:)|un, — u|),. By the
virtue of Vitali’s Theorem, we obtain

lim / () |y — u|dz = 0.
RN

n—-+oo

By (4.3), we deduce that

lim Fy\(up)dz = Fi(u)dz.

n—+00 JpN RN
This implies
in& J)\(U) S J)\(u) S lim inf J)\(un)
ve

n—-+o0o

Consequently, Jy(u) = inf,cx Jx(v) and we have

/ |Vu|p(m)_2Vqudx+/ |u|p($)_2uwdx+LA/ uw dx

= iz, w)wdz, Yw € X.
RN

Now take w = (u — Uy)* = max(u — U,,0) in (4.4), and having in mind the
definition of Uy, we get

/ |VUL|P@=2VULV (u — Uyx)Fda + / (U)P@ =Yy — Tyt da
RN

RN

L Uxs(u—Ux)"d

+ /\/RN A(U ,\) X

> / (Fa(.T) + LaT) (u — T) da
RN

> [ e u)u—Th)tde

_RN

2/ |Vu|p(m)72VuV(u7U7>\)+dx+/ Ju[P@ =2y (u — Ty) T dz
RN R

+ Ly / u(u —Uy) T da.
RN
Thus,
/ ([VulP® =29y — VT PO-2VT3)V (u — Tr)*da
RN

+ / (ufP@ 2 — [TRP@~2T3) (u — T)*da
RN

+ LA/ (u — Ty)H)2da < 0.
RN
Taking into account that the terms

/ (|VuP@ =2y — |VUL P& =2VTL)V (u — Uy) T dz
RN



EJDE-2013/176 EXISTENCE OF SOLUTIONS 13

and
/ (P = [T P20 (u — Uy) *de
R

are nonnegative, then u < Uy a.e. in RV. On the other hand, define —Uy = Vj,
and take w = (V) — )" = max(Vy — «,0) in (4.4), we obtain

/ |V7A|P(w)*2vv)\v(v>\ _ u)+dx + / |W|P(w)*2?}\(7}\ _ u)+d:r
RN RN

+ Ly VA(VA —u)tda
RN

< / (fk(xavA) + L)\v)\)(v,\ — u)+dx
RN

< fA(xvu)(vA_u)erx
RN

S/ |Vu|p(x)_2VuV(v,\—u)+da:+/ [u[P@=2q(Vy — u)tda
RN RN

+ Ly / u(Vy —u)Tdr.
RN
Thus,

/ (IVVAP@ 2TV, — [VulP D 2Tu)V (Vs — u)Tda
]RN
+ / (VA P@=2T5 — o) ~20) (Vs — u)*dar

]RN

+ Ly /RN((W —u)t)2dz < 0.

Hence, (Vx —u)™ = 0, which implies —Uy < u a.e. in RN. Therefore, fi(z,u) =
falz,u) + Lyu and by (4.4)), for all w € X we have

/ |Vul[P =2V uVw de + / JulP®) =2y do = falz, w)wde.

RN RN RN

Now, without loss of generality, we could assume that 0 € £2;. Taking into account
that £ is an open set, one can find 0 < r < 1 small enough such that B,.(0) C O
and p; = infwemp(x) > 1 = Sup, gy a(x). Let ¥ € C§°(B,(0)) be such that
¥ #£ 0 and ¥ > 0. Take 0 < t < 1 such that td(z) < 1, for all x € B,.(0). We have
Fu(z,t0(x)) = [I" f\(x,s)ds. For = ¢ B,(0), F\(z,t9(z)) = 0. For z € B,(0),
0 < t9(x) < Ux(x) and Fi(z, td(x)) = AEEH@[9(2)|*() + Lrt2(9(x))?. Thus,

we have
Ja(t9) < P /
B.-(0)
S tal (Clgtpl_al — /\613).

(‘Vmp(x) + |19‘p(x))d$ e / @(x) Wloe(ac)daj
B,.(0) ()

Since p; — a3 > 0, then there exists 0 < #(A) < 1 small enough such that
Jr(t(N)9) < 0. Therefore, Jy(u) = infyex JA(v) < 0 and v # 0. Now, note
that u satisfies

/ |Vu|p(w)_2Vqudm+/ JulP@ =2y de = iz, u)wdz,
RN RN RN
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for all w € C§°(RY). On the other hand, since |u| < Uy, then u € E. Having
in mind that p(-) satisfies the logarithmic Hélder inequality, we could immediately
deduce that C§°(RY) is dense in F and we infer

/ |Vu|p("”)*2Vqud:c+/ \u|p(‘”)*2uwd:c:)\/ o) |ulP® 2w da,
RN RN

RN

for all w € E. This competes the proof of Theorem
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CORRIGENDUM POSTED ON SEPTEMBER 12, 2013

The author would like to make the following corrections to the proof of Theorem
L2l The choice of the function

1 if 2] < 1
Un(w) =2 [a| if1<|o] <2
0 if |x| > 2

as a super-solution of the problem (1.1)) is not appropriate since the identity

— — 0 if |z] <1or |z] > 2
—div (VTP =2VT,) =
v (VO y N3] < Jaf <2
is wrong. Some Dirac measures appear when computing — div (\VUi,\V’(”:)_QVUi,\),
in the sense of distributions. Thus, we have to change the choice of this function.

For this purpose, we add the following assumption to Theorem [1.2]

(H6) There exists a nonnegative and nontrivial function e in the space L>(RY)N
W12 () (RN) (where W12 () (RN) is the dual space of W12()(RN)) such
that

e(r) > ¢(x), VreRN.
Concerning the construction of a super-solution of problem (L.1]), we note that the
problem
—div (|VulP®=2Vu) + [uff® 2y = e

has a nontrivial and nonnegative weak solution U, € WP (RN); i.e., U, satisfies

/ \VUe|p(w)72VU@dex+/ (Ue)p(x)flwdm :/ e(z)w(z)dx,
RN RN RN
for all w € WHPO)(RN). Moreover, it is easy to see that U, € L>°(RN) and that
U. € E. Let .
Asxe = —.
Ueliss ™ + Uell%

If 0 < A < A, we have e(z) > o(2) > Ap(z) (U.)*® 1. By the definition of UL,
it follows immediately that U, is a super-solution of the problem provided
that h = 0 and 0 < A < A,.. Therefore, in the proof of Theorem @ we can take
Uy = U,, for all 0 < A < \,,. Consequently, we can easily find a constant Ly
such that fi(z,s) is Lx-Lipschitz continuous with respect to s € [—||Uellco; |Uell o)
uniformly for € RV,

End of corrigendum.
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