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EXISTENCE OF SOLUTIONS FOR QUASILINEAR ELLIPTIC
DEGENERATE SYSTEMS WITH L! DATA AND
NONLINEARITY IN THE GRADIENT

ABDELHAQ MOUIDA, NOUREDDINE ALAA, SALIM MESBAHI, WALID BOUARIFI

ABSTRACT. In this article we show the existence of weak solutions for some
quasilinear degenerate elliptic systems arising in modeling chemotaxis and an-
giogenesis. The nonlinearity we consider has critical growth with respect to
the gradient and the data are in L.

1. INTRODUCTION

Reaction-diffusion systems are important for a wide range of applied areas such
as cell processes, drug release, ecology, spread of diseases, industrial catalytic pro-
cesses, transport of contaminants in the environment, chemistry in interstellar me-
dia, to mention a few. Some of these applications, especially in chemistry and
biology, are explained in books by Murray [26] 27] and Baker [I0]. While a general
theory of reaction-diffusion systems is detailed in the books of Rothe [34] and Grzy-
bowski [2I]. Various forms of this problems have been proposed in the literature.
Most discussions in the current literature are for linear or nonlinear systems and
different methods for the existence problem have been used, see Alaa et al [1]-[9],
Baras [111 [12], Boccardo et al [I5], Boudiba [I6] and Pierre et al [29]-[32]. This is
a relatively recent subject of mathematical and applied research. Most of the work
that has been done so far is concerned with the exploration of particular aspects
of very specific systems and equations. This is because these systems are usually
very complex and display a wide range of phenomena remain poorly understood.
Consequently, there is no established program for solving a large class of systems.
For example a system of Chemotaxis, which is a biological phenomenon describ-
ing the change of motion of a population densities or of single particles (such as
amoebae, bacteria, endothelial cells, any cell, animals, etc.) in response (taxis) to
an external chemical stimulus spread in the environment where they reside see for
example [2§]. The simple mathematical model which describes such a phenomenon

2000 Mathematics Subject Classification. 35J55, 35J60, 35J70.

Key words and phrases. Degenerate elliptic systems; auasilinear; chemotaxis;
angiogenesis; weak solutions.

(©2013 Texas State University - San Marcos.

Submitted December 7, 2012. Published June 22, 2013.

1



2 A. MOUIDA, N. ALAA, S. MESBAHI, W. BOUARIFI EJDE-2013/142

reads as follows

%; — DyAu+ V(k(u)Vu+ x(v)Vv) =0 in Q x (0,T)
O DAY+ V(Tu+ ) V) =0 max 1) 0D

u(0) = uo, vo(0) = vo
here u and v are the population densities. For a simple expansion, we include

f==(kw)hAu+x(@)A), g=—(C(u)Au+n(v)Av).

Then the system can be written as

% — Do+ a(@)|[Vul2 + b(@)[Vol2 = £ in Q x (0,T)
O DA+ e(w) VUl +d@[of =g max 1) (12

u(0) = ug, vp(0) =vp.
In this work we are interested in the quasilinear elliplic degenerate problem
u — Dy Au+ a(z)|Vul> + b(z)|[Vv|* = f(x) in Q
v — DaAv + ¢(x)|Vul? + d(x)|[Vo]? = g(z) inQ (1.3)
u=v=0 on dN

where € is an open bounded set of RN, N > 1, with smooth boundary 2, the
diffusion coefficients Dy and Dy are positive constants, a,b, ¢, d, f,g : Q@ — [0,400)
are a non-negative integrable functions and 1 < «, 3 < 2.

We are interested in the case where the data are non-regular and where the
growth of the nonlinear terms is arbitrary with respect to the gradient. To help
understanding the situation, let us mention some previous works concerning the
problem when a,b,¢,d € L (Q).

e if f, g are regular enough (f,g € W1>°(Q)) and for all o, 8 > 1, the method of
sub- and super-solution can be used to prove the existence of solutions to . For
instance (0,0) is a subsolution and a solution, w = (wy, ws), of the linear problem

w1 — D1Awy = f(z) in
w1 — D1Awy = g(x) in Q (1.4)

wy =wg =0 on 9N,

is a supersolution. Then has a solution (u,v) € Wy > (Q2)NW?2P(Q); see Lions
23].

e If f,g € L?(Q) and 1 < «, B < 2, then |Vu|®, |Vv|® € L}(Q). Many authors
have studied this problem and showed that has a solution (u,v) € H} () x
H}(9), see Bensoussan et al [14], Boccardo et al [15] and the references there in.

oIf f,ge L) and 1 < «, 8 < 2, Alaa and Mesbahi [I] proved that has
a non negative solution (u,v) € Wy (Q) x W, ().

e The case where f,g € M} (Q) (f,g are a finite non negative measures on Q)
has treated by Alaa and Pierre [9]. They proved that if 1 < «a,8 < 2 and the
supersolution w = (w1, ws) € HE(Q) x Hg(£2), then the problem has a non
negative solution (u,v) € H}(Q) x H ().
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We are particularly interested in the case of a system (1.3) when a,b,c,d, f, g
are not regular, more precisely, a, b, c,d, f, g are in L'(Q).
Let us make some specifications on the model problem

u—D1Au+b(r)|Vo|*=f inB

v — DoAv +¢(r)|[Vul’ =g in B (1.5)
u=v=0 ondB

where B is the unit ball in RY, 7 = ||z|| and

—Inr i N=2
b(r) = clr) = {N P (1.6)

In this case, b(r),c(r) are in L (B) but not in L>(B). As a consequence the

techniques usually used to prove existence and based on a priori L*°-estimates on
u and Vu fail. To overcome this difficulty, we will develop a new method which
differ completely of the previous approach.

We have organized this article as follows. In section [2] we give the precise setting
of the problem and state the main result. In section [3] we present an approximate
problem and we give suitable estimates to prove that has a solution in the
case where the growth of the nonlinearity with respect to the gradient is arbitrary.

2. ASSUMPTIONS AND STATEMENT OF MAIN RESULTS
Let f,g,a,b,c,d are functions that satisfies the following assumptions

f9e L' (), fg=0 (2.1)
a,b,c,d € L, (), a,b,c,d>0 (2.2)

First, we have to clarify in which sense we want to solved problem (|1.3)).
Definition 2.1. We say that (u,v) is a weak solution of (1.3)) if
u,v € Wyt (Q)
a(@)|Vul,  b(@)[Vol*,  c(@)|Vul?,  d(@)|Vo® € Li,(Q)
u — Dy Au+ a(z)|Vul> + b(z)|[Vo|* = f(x) in D'(Q)
v — DaAv + ¢(x)|Vu|? + d(x)|Vo]? = g(z) in D'(Q)

(2.3)

We are interested to proving the existence of weak positive solutions of the
problem (1.3). For this, we define the truncation function T} € C?, such that

Ti(r)=r if0<r<k
Te(r) <k+1 ifr>k
0<TL(r)<1 ifr>0 (2.4)

Tp(r)=0 ifr>k+1
0<-Ty(r) < C(k).
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For example, the function T} can be defined as
Ti(r) =7 in[0,k]

Tulr) = 5(r =K = (r = ) v i [k k4 1] (2.5)

Ti(r) = %(kj—&—l) forr>k+1.
Then we define the the space
2(Q) = {w : Q — R measurable, such that T},(w) € H'(Q) for all k > 0}
This enables us to state the main result of this paper.

Theorem 2.2. Assume that (2.1)) and (2.2) hold, and 1 < «, 8 < 2. If there exists
a function 0 € 712(Q) and a sequence 6,, € L>(2) such that

0<a,bc,d<0 in

0, —0 ae Q
VTi(6n) — VTi(0 stmngly in L*() (2.6)
hm sup / VT (6, =0

Then the problem (1.3) has a non negative weak solution.

Remark 2.3. (i) If a,b,¢,d € L*°(Q), then (2.6]) is satisfied. Indeed, 8 can take
the value of any non negative constant C, such that
C > max {||al|zo, [[b]l e, [lel[ 2o, || = } (2.7)

(ii) Hypothesis (2.6 holds for the functions & = b or ¢ given in (1.6). Indeed
—A¢ = )\ is in this case the measure of Dirac which is a finite non negative measure
on 2. By consequent, we take 8 = & and 6,, solution of

—Af, =X, inQ
0, =0 on 09,

where )\, € C5°(Q), A, — A in LY(Q) and \,, < A\. Then, we can applied Theorem
[2:2] and conclude the existence of the non negative weak solution for our model

problem (2.1).

(2.8)

3. PROOF OF THEOREM

3.1. An approximation scheme. In this paragraph, we define an approximated
system of ([L1.3)). For this, we truncate the functions a, b, ¢, d, f, g by introducing the
sequence G, by, Cn, dy, fn, gn defined as follows

an, = min{a,0,}, b, =min{b,0,}, ¢, =min{c0,}, d, =min{d,0,}

and

fn € C2(Q), fr — fin LNQ), fu < f
gn € C5°(Q), gn — g in LN(Q), g0 < g
Then the approximate problem is
Uy, Uy € Wol’oo(ﬂ)
Uy, — D1 AUy, + 0y ()| Vg |? + by (2)|[VU,|® = fa(z) in D'(Q) (3.2)
Vp — DoAvy, + ¢ (2)|Vu,|? + dn(2) |V, |? = gu(z) in D'(Q).

(3.1)
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One can see that ay,, b, ¢,,d, are in L (). On the other hand, (0,0) is a subso-
lution of (3.2)) and (U,,V},) a solution of the linear problem

U, — DiAU, = f, inQ
Un, Vi € W™ (Q)

is a supersolution, then by the classical results in Amann and Grandall [13] and
Lions [23], 24], there exists (uy,v,) solution of (3.2 such that

0<u, <U, foralln
0<v, <V, foralln

3.2. A priori estimates. To prove theorem we propose to send n to infinity
in (3.2). For this we will need some estimates passing to the limit.

Lemma 3.1. Let uy, vy, Gn, by, Cn, dy be sequences defined as above. Then (i)
9T < Kl
9T < Flglero
and (ii)
[ b VTl < o

/Q en |V Ti(un)l® < Ellgllr (@

Proof. (i) By multiplying the first equation of (3.2) by Tk(u,) and the second
equation by Ty (v,) and integrating over {2, we have

/Q T (un) + D /Q VT 1) 2

+ /Q T (1) [V T 11| + /Q b T (1) |V T (1) < /Q fuTi(u)

al

d
/Q Te (o) + Ds / IV T (0) 2

+ /Q en T (0) [V T ()| + /Q AT (va) VT (00 < /Q 9 Te(vn)

Thanks to the positivity of a,, by, ¢,, d,, the assumptions on f,, and g,, the defini-
tion of the function T}, we deduce the result.
(ii) Integrating the first equation of (3.2)) over 2, we obtain

/Qun—Dl/QAun+/Qan(x)|Vun\2+/an(x)\wn|a:/an(x) (3.4)

On the other hand, it is well know that for every function y in I/VO1 1((2) such that
~Ay=H, He LYQ)
y=>0
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there exists a sequence y, in C?(2) N Cy(Q) which satisfies
yn — y strongly in Wol’l(ﬂ)
Ay, — Ay strongly in L'(Q)

The regularity of y,, allows us to write

/ Ayo= [ Do,
Q 0 ov

but y, > 0 on Q and y,, = 0 in 92. Then % < 0. We deduce by passing to the
limit that [, Ay < 0. Therefore
/ Au, <0
Q
The relation (3.4)) yields
/ Up, +/ an ()| V|2 +/ by ()| Vv, |* < / falz).
Q Q Q Q
By (3.1)); we conclude that

[t [ @I Vel + [ 0,0l < 5l
Q Q Q

In the same way, if we integrate the second equation of (3.2) over £2, we obtain

/ on + / (@) Vaun]® + / (@) V0l < N9l 22,
Q Q Q

hence the result follows. O
Remark 3.2. (1) Using the assertion (ii) of lemma and the compactness of
the operator
L'(2) — Wy (Q)
G~

N

where 1 < ¢ < 7,

and 9 is the solution of the problem
0 e W(Q)
ad —AY =G in D'(Q)
we conclude the existence of u, up to a subsequence, still denoted by u, for sim-

plicity, such that

N
u, — u strongly in Wy 9(Q), 1<g¢< VT
(tn, V) — (v, Vu) a.e. in Q

see Brezis [I7]
(2) Assertion (i) implies that

(Ti(un), Te(vn)) — (Th(w), Tr(v))  weakly in H(Q) x Hg(Q)
Lemma 3.3. Let (uy,v,) be a solution of , then

1 1
Jim_sup (3 [ (VI (u)Pde) = tim_sup (5 [ [Vt Pd) =0
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Proof. We first remark that u,, satisfies
—Au, < fp, in D'(Q)

If we multiply this inequality by Tj(u,) and integrate on 2, we obtain for every
0< M <h,

/ VT ()| < / ST () + / ST ()
Q QN {u, <M} QN{u,>M}

< M/ f+h/ FXfuoar)
Q Q

hence

F [om <3 [+ [ e
{u, > M}| :/ c

0z < = fun|l <
'S —||Un S —
{un>M?} M M

Then limp/— o0 (sup,, [{u, > M}|) =0
On other hand, since f € L1(2), we have for each & > 0 there exists § such that

for for all £ C Q,
Bl<s [ If1<5.
E 2

Taking into account the above limit, we obtain that for each € > 0, there exists M.

such that for all M > M.,
€
< Z
Slrtp(\/QfX[u">M]) =9

Taking M = M, and letting h tend to infinity, we obtain

1
lim sup (ﬁ/ |VTh(un)|2) =0.
Q

h—oo pn

O

Lemma 3.4. Let 1, be sequence such that n, — 1, a.e. in Q and fQ Innl? < C
then 1y, — 1 in L*(Q) for all1 < a < 2.

Proof. We show that 7, is equi-integrable in L*(2). Let E be a measurable subset
of ©; we have

a/2
[l < 1B ( [ np)™ < cme-r
E E

Since 1 < o < 2 then 0 < 2 — o < 1. We choose |E| = (%)2/(2_‘*), we obtain
fE |77n|a <e. U

3.3. Convergence. The aim of this paragraph is to prove that (u,v) (obtained in
the previous section) is in fact a solution of problem (1.3]). According to definition
[2:1] we have to show only that

u — D1 Au+ a(z)|Vul? + b(x)|Vu|* = f(z) in D'(Q)
v — DaAv + ¢(x)|Vul|? + d(z)| Vo> = g(z) in D'(Q)
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By lemma 3.1} we know that a,,(2)|Vu,|?, dp(2)| V|2, ba(2)|Vou|®, cn ()| Vi, |?

are uniformly bounded in L!(£2). Moreover

an(2)|Vun|> >0,  dp(2)|Vua|?> >0, bp(z)|Vu,|* >0, cn(x)|Vu,|® >0

and for almost every x in 2, we have
an(2)[Vun (z)]
dy ()| Vo, (2)[?
bn ()| Vo ()" — b(x
cn(2)|Vun ()7 — c(z

2 = a(2)|Vu(r)

()| Vo(z)[?
Vo(x)
Vu(a)|”

)| h
)|
Then there exists u1, 2 non negative measures, see Schwartz [35], such that

lim (u, — D1Auy, + an(2)| Vg, [* + b, (2)| Vo, |®)

n—-+o0o
=u — D1 Au+ a(x)|Vul|® + b(x)|Vo|* + 1 in D'(Q)
lirJrr1 (vp, — Do Av, + cn(x)|Vun|ﬁ + dn(2)|Vun]?)

=0 — DoAv + ¢(z)|Vul? + d(z)|Vv|? + pz  in D'(Q)
Consequently,
u— Dy Au+ a(z)|Vul? + b(x)|[Vo|* < f in D'(Q)
v — DaAv + ¢(x)|Vul|? + d(z)|[Vv]* < g in D'(Q)

Therefore, to conclude the proof of Theorem [2.2] we must establish the opposite
inequality. For this, Let H be a function in C*(R), such that

0<H(s)<1
0 if|s|>1
s =0 Hk=t
To this end, we introduce the test functions
0, 0, U,
D = ——u,|H(—)H(—),
1 l/fleXp[ Dlu} (k) (k)
@5 = by expl— 2o, 1P (L)
2 = Y2 €Xp D2Un L k

where H denotes the function defined above and 11, 1y < 0, 91, 2 € H(Q2) N
L (). We multiply the first equation in (3.2) by ®; and we integrate on ), we

obtain
/fnq)l = Z Ijv
Q

1<5<7

I, :/unq)la
Q

L=D /Q Vi Viin exp{—%’;unm(—)m—)

where

13 = —/ unVunV9n<I>1
Q
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_ D]_ Hn ! Hn u’I’L
I = /(an 0, Vun 2P,
Q
o D1 2 en 977, ! Unp
o= 2 [ [Funlr expl= gl HEDH' )
I = / b |V, |2 ®,
Q
Next we study each term. For the first term, we have
. . On On\ p Un
nEr_‘r_loc I = nEI-ll:loo A T (un)t1 eXp[—D—lun]H(?)H(?)
0 0 U
- W H(DHE
[ v expl=g-um Q)
since 0 0
n n un
(0 eXP[—Dflun]H(?)H(?)
converges strongly in L?(Q) to
vrexpl- S HEOH(E) in (@)

and VT (u,) converges weakly to VT (u) in L2(€), (see [24, lemma 1.3, p 12]).
Concerning the second term, we get

. . 0” GTL n
nEToo I, = nll&loo Dy /Q VT (un) Vi exp[—D—lun]H(?)H(%)
0 0 U
=D /Q VuViy exp[—D—lu]H(E)H(E)
since 0 p
n n un
Vipy GXP[—D*lUn}H(?)H(?)
converges strongly in L%(Q) to
0 0 U
Vipy GXP[—EU]H(E)H(E) :
For I3, we first remark that
. . 971 071 un
ngrfoo I; = — nEr-‘,I-loo A T (un) VT () VT (05)11 exp[—D—lun]H(?)H(?)

—— [ D) VI L) expl- 5 HGDH()
since
Ti(un) — Ti(u)  weakly in Hj ()
Ty (0,) — Ti(#) strongly in Hj(Q)
To study Iy and Is we use Lemma [3.3] For Iy, we have

1 s , On
I, <Dy [E/Q|VT1<(Un)|21/J1 GXP[—D*lun}H (?)H(*)
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1 971 ! 071 n
<[ [ VB0 ool Frunl (2

1 1
< Dalllzme g | (VTG P2 o [ 190012

since exp[—%”l'un] <1, thus

Iy < Dufl[ya]lz=6k]" 2 [ 1 ]| o= pi]'/?
Where ) 1
e =sup(y [ [VTwn)?) and g =sup(y. [ VIO
n Q n Q
By Lemma we have
lim 0 =0, lim pp=0
k—o0 k— o0

Then

Similarly, for I, we have
Is < D1l[¢h1]| oo 0k
Then
lim sup(ls) =0

k—oo p
Now we investigate the remaining term [I5. Since a, < 6,, and 17 < 0, we have
0”74 07’7, n .
(an — 0,)| V|2 exp[fD—lu]H(?)H(%) >0 inQ

Therefore, by Fatou’s lemma, we obtain

0 0 u
] > — \ 2 - — —
nhm IS /(a 9)| U| eXp[ 1U]H(k)H(k')

For I7, we obtain
: : 0r, Un,
lim I; = lim T3 (b)) VT (v5) | %91 exp|— — }H(Z)H(?)

(7
n—-+o0o n—-—+00 Q Dl "

By a direct application of Lemma[3.3] we have VT (v,)|* — [VTk(v)|“strongly in
LY(£2), then

Jim = [ e expl— -l H(H(})
We have shown that
o)+ [ wresol- Sl HHG) + D1 [ Ui expl- -l HOHE)
— [ auTos el B + [ (0= 0)Fuf expl- ol () H(E)
+ [l expl- g HGOHG)

0 0 u
< /Qf% eXP[—Dflu]H(E)H(%)

where w(e) denotes a quantity that tends to 0 when ¢ tends to 0. Now we choose

v1 = e expl -l H(DH(E)
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where 1 > 0, 1 € D(Q2) and we replace 1; by this value in the previous inequality
to obtain

w(p) = [ B OH) = Dy [ Vuva B (OH)
0 u 0 u
- [ ervavorr () - [ e valorrmA)
- [ evewen Qur G - 2 [ v RO G)
+ [ uvavsa OHH) ~ [ Vel e OH )
- [ avape QG + [ 0Vl )

u

2 g 2
< [t

By developing calculations and remarking that the sixth and seventh terms are
equivalent to w(4), we can write

- [ wnr Q) = Dy [ Guve (R

- IV + Ul B H ) + ()

u

0
< - H?*(-)H?
< [ st E)
Finally passing to the limit as k tends to infinity, we use the fact that
. 0 ) U
Jm H(p) =1 m G =1
to conclude that for every @1 > 0, ¢1 € D(Q),

[lu=Diuta@[Va + b Voller = [ fin
Q Q

In the same way, we multiply the second equation in (3.2)) by ®5 and we integrate
on (). By studying separately each term as in the previous case still using Lemmas

and we choose

vz = —paexpl gl H(H(G)

where w2 > 0, po € D(£2) and we replace ¥ by this value in the inequality obtained
to conclude that for every ¢q > 0, p3 € D(Q) that

/ [v — D2 Av + c(x)|Vul? + d(x)|Vo|*|pe > / g2
Q Q
This completes the proof of theorem [2.2

Acknowledgments. We are grateful to the anonymous referee for the corrections
and useful suggestions that have improved this article.



12

(1]
2]
(3]

[10]
[11]
2]
13]

(14]

(15]
(16]
(17)
(18]
(19]
[20]
(21]
(22]
23]
24]
[25]
[26]

27)

A. MOUIDA, N. ALAA, S. MESBAHI, W. BOUARIFI EJDE-2013/142

REFERENCES

N. Alaa, S. Mosbahi; Ezistence result for triangular Reaction-Diffusion systems with L' data
and critical growth with respect to the gradient, to appear in Med. J. Math. (2013).

N. Alaa, N. Idrissi, M. Pierre; Quasilinear elliptic degenerate equations with nonlinearity in
the gradient and L' data, Int. Nat. J. of Math. and Stat. Winter 2010, Vol 7, N W10.

N. Alaa, N. Idrissi, J. R. Roche, A. Tounsi; Mathematical analysis for a model of Nickel-Iron
alloy electrodeposition on rotating disk electrode : parabolic case, Int. J. Math. Stat. 2 (2008),
S08, 30-48.

N. Alaa, F. Maach, I. Mounir; Ezistence for some quasilinear elliptic systems with critical
growth nonlinearity and L' data, J. of App. Anal. Vol. 11, No. 1 (2005), 81-94.

N. Alaa, M. Iguernane; Weak Periodic Solutions of Some Quasilinear Elliptic Equations with
data measures, Issue 3, Article 46, JIPAM, 3, 2002.

N. Alaa, I. Mounir; Weak solutions for some reaction-diffusion systems with balance law and
critical growth with respect to the gradient, Ann. Math. Blaise Pascal 8(2). (2001), 1-19.

N. Alaa, I. Mounir; Global ezistence for reaction-diffusion systems with mass control and
critical growth with respect to the gradient, J. Math. Anal. Appl. 253 (2001), 532-557.

N. Alaa; Solutions faibles d’ equations paraboliques quasi-linéaires avec données initiales
mesures, Ann. Math. Blaise Pascal 3(2) (1996), 1-15.

N. Alaa, M. Pierre; Weak solution of some quasilinear elliptic equations with measures, STAM
J. Math. Anal. 24(1) (1993), 23-35.

R. E. Baker; Mathematical Biology and Ecology Lecture Notes. 2011.

P. Baras; Semi linear Problem With Convexr Non linearity, In Recent Advances in Nonlinear
Elliptic and Parabolic Problems, Proc. Nancy 88, Ph. Bénilan, M. Chipot, L.C. Evans, M.
Pierre ed. Pitman Res. Notes in Math. 1989.

P. Baras, M. Pierre; Problémes Paraboliques Semi-Lin éaires Avec Données Mesures, Appli-
cable Analysis, 18 (1984), pp. 11-49.

H. Amann, M. C. Crandall; On some ezistence theorems for semi linear equations, Indiana
Univ. Math. J. 27 (1978), 779-790.

A. Bensoussan, L. Boccardo, F. Murat; On a non linear partial differential equation having
natural growth terms and unbounded solution, Ann. Inst. H. Poincar e Anal. Non Linéaire
5(4) (1988), 347-364.

L. Boccardo, F. Murat, J. P. Puel; Ezxistence de solutions non bornées pour certaines equa-
tions quasi-linéaires, Portugal. Math. 41 (1982), 507-534.

N. Boudiba; Euxistence globale pour des systémes de r éaction-diffusion avec controle de
masse, Ph.D. thesis, Université de Rennes I, France, 1999.

H. Brezis, W. Strauss; Semilinear elliptic equation in L', J. Math. Soc. Japan 25 (1973),
565-590.

Y. Choquet-Bruhat, J. Leray; Sur le probléme de Dirichlet quasilinéaire d’ordre deux, C. R.
Acad. Sci. Paris Ser. I Math. 274 (1972), 81-85.

W. E. Fitzgibbon, J. Morgan; Ezistence of solutions for a class of weakly coupled semilinear
elliptic systems, J. Differential Equations 77 (1989), 351-368.

W. E. Fitzgibbon, J. Morgan, R. Sanders; Global existence and boundedness for class of
inhomogeneous semilinear parabolic systems, Nonlinear Anal. 19(9) (1992), 885-899.

B. A. Grzybowski; Chemistry in Motion: Reaction—Diffusion Systems for Micro- and Nan-
otechnology, Wiley, (2009).

S. L. Hollis, R. H. Martin, M. Pierre; Global existence and boundeness in reaction diffusion
systems, STAM. J. Math. Anal. 18 (1987), 744-761.

P. L. Lions; Résolution de problémes elliptiques quasilinéaires, Arch. Rational Mech. Anal.
74 (1980), 335-353.

J. L. Lions; Quelques méthodes de résolutions des problemes aux limites non linéaires, Dunod;
Gauthier Villars, Paris, 1969.

F. Maach; Existence pour des systéemes de ré action-diffusion quasi-linéaires avec loi de
balance, Ph.D. thesis, Universit e Henri Poincaré, Nancy I, France, 1994.

J. D. Murray; Mathematical Biology I: An Introduction, volume 1. Springer-Verlag, 3rd edi-
tion, 2003.

J. D. Murray; Mathematical Biology 11: Spatial Models and Biochemical Applications, volume
II. Springer-Verlag, 3rd edition, 2003.



EJDE-2013/142 EXISTENCE OF SOLUTIONS 13

[28] H. G. Othmer, S. R. Dunbar, W. Alt; Models of dispersal in biological systems. J. Math.
Biol., 26, (1988) 263-298.

[29] M. Pierre; Global existence in reaction-diffusion systems with dissipation of mass: a survey,
to appear in Milan Journal of Mathematics.

[30] M. Pierre; An L'-method to prove global existence in some reaction-diffusion systems, in
7 Contribution to Nonlinear Partial Differential Equations”, Vol. II (Paris, 1985), Pitman
Res. Notes Math. Ser. 155 (1987), 220-231.

[31] M. Pierre, D. Schmitt; Blow up in reaction-diffusion systems with dissipation of mass, STAM
J. Math. Anal. 28(2) (1987), 259-269.

[32] M. Pierre, D. Schmitt; Blow up in reaction-diffusion systems with dissipation of mass, STAM
Rev. 42(1) (2000), 93-106.

[33] A. Porretta; FEzistence for elliptic equations in L' having lower order terms with natural
growth, Portugal. Math. 57(2) (2000), 179-190.

[34] F. Rothe; Global Solutions of Reaction-Diffusion Systems, Lectures Notes in Math. 1072
(1984), Springer, New York.

[35] J. T. Schwartz; Nonlinear Functional Analysis, Gordon and Breach Science Publishers, New
York-London, Paris, 1969.

ABDELHAQ MOUIDA
LABORATORY LAMAI, FACULTY OF SCIENCE AND TECHNOLOGY OF MARRAKECH, UNIVERSITY CADI
AYYAD, B.P. 549, STREET ABDELKARIM ELKHATTABI, MARRAKECH - 40000, MOROCCO

E-mail address: abdhaq.mouida@gmail.com

NOUREDDINE ALAA
LABORATORY LAMAI, FACULTY OF SCIENCE AND TECHNOLOGY OF MARRAKECH, UNIVERSITY CADI
AYYAD, B.P. 549, STREET ABDELKARIM ELKHATTABI, MARRAKECH - 40000, MOROCCO

E-mail address: n.alaa@uca.ma

SALIM MESBAHI
DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCE, UNIVERSITY FERHAT ABBAS, SETIF I, POLE
2 - ELBEZ, SETIF - 19000, ALGERIA

E-mail address: salimbra@gmail.com

WALID BOUARIFI
DEPARTMENT OF COMPUTER SCIENCE, NATIONAL SCHOOL OF APPLIED SCIENCES OF SAFI, CADI
AYYAD UNIVERSITY, SIDI Bouzip, BP 63, SAFI - 46000, MOROCCO

E-mail address: w.bouarifi@uca.ma



	1. Introduction
	2. Assumptions and statement of main results
	3. Proof of theorem 2.2
	3.1. An approximation scheme
	3.2. A priori estimates
	3.3. Convergence
	Acknowledgments

	References

