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DIRECT AND INVERSE BIFURCATION PROBLEMS FOR
NON-AUTONOMOUS LOGISTIC EQUATIONS

TETSUTARO SHIBATA

ABSTRACT. We consider the semilinear eigenvalue problem
—u"(t) + k()u(t)? = du(t), u(t) >0, tel:=(-1/2,1/2),
u(—1/2) =u(1/2) =0,
where p > 1 is a constant, and A > 0 is a parameter. We propose a new
inverse bifurcation problem. Assume that k(¢) is an unknown function. Then
can we determine k(t) from the asymptotic behavior of the bifurcation curve?
The purpose of this paper is to answer this question affirmatively. The key
ingredient is the precise asymptotic formula for the L?-bifurcation curve A =
(g, @) as a — oo (1 < g < 00), where a := ||k1/ P~ Dy, ||,

1. INTRODUCTION

We consider the semilinear non-autonomous logistic equation of population dy-
namics

—u"(t) + k(t)u(t)? = u(t), tel:=(-1/2,1/2), (1.1)
u(t) >0 tel, (1.2)
u(—1/2) =u(1/2) =0, (1.3)

where p > 1 is a given constant, and A > 0 is a parameter. We assume that
k(t) € C?(I) satisfies the following conditions.

k(t) >0, k(t)=k(-t), tel, (1.4)
K'(t)>0, 0<t<1/2. (1.5)

The local and global structure of the bifurcation diagrams of (|1.1)—(1.3)) have been
investigated by many authors in L*°-framework. We refer to [I} [6, [7, 10, 1], [12].
In particular, the following basic properties are well known from [IL [9].

(a) For each A\ > 72, there exists a unique solution uy € C?(I) such that (\,uy)
satisfies f.

(b) The set {(A\,ur) : A > 72} gives all the solutions of (L.1)-(L.3) and is a
continuous unbounded curve in Ry x C(I) emanating from (72, 0).

(c) m® < pu < X holds if and only if u, < uy in I.
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We also emphasize that (1.1)—(L.3)) is the model equation of population density
for some species when p = 2. Here, A and k are regarded as the reciprocal number of
its diffusion rate and the effect of crowd for the species, respectively. Furthermore,
the L'-norm of the solution represents the total number of the species. From
this biological background, it is significant to study the global structure of the
bifurcation diagram in L?-framework (1 < ¢ < oo); we refer to [2l, [3, [4, Bl O] [14]
15, 16, [I7]. In this article, we parameterize the solution set as follows. For a given
a > 0, we denote by (A(g,a),ua) € {\ > 72} x C*(I) the solution pair of (L.I))-
([T3) with ||k~ Du,|, = «, which uniquely exists by (c) above. We call the
graph A = A(g,a) (a > 0) the L%bifurcation diagram of (L.I))-(L.3). From [I, O]
we see that

(d) Mg, @) is increasing for a > 0 and A(g,a) — o0 as a — 0.

From this asymptotic property, we propose a new inverse bifurcation problem
(NIBP) for (1.1))—(1.3]), under the following condition on k(t): hypothesis

(H1) Assume that k(t) satisfies and (L5). Furthermore, K'(t)/K(t) and
K"(t)/K (t) are non-increasing for 0 < ¢t < 1/2, where K (t) := k(t)~"/(®=1),
Typical examples of k(t) satisfying (H1) are as follows.
k(t) = (1 -1,
E(t) = ky(t) = cos' P(bt) (0 <b <, with b constant).

Now, the new inverse bifurcation problem is stated as follows.

(NIBP) Assume that the unknown function k(t) satisfies (H1). Let Ao(gq,«) be
the L4-bifurcation diagram of (|1.1)—(1.3) with k(¢) = 1. Suppose that as

a — 00,
Mg, ) — Ao(gq, ) = o(1). (1.6)
Then can we determine k(t)?

Inverse problems such as the one above seem to be new for nonlinear problems
and it corresponds to the linear inverse eigenvalue problems, which determine un-
known potential from the information about eigenvalues. Therefore, it seems worth
considering.

The main purpose here is to answer the inverse bifurcation problem (NIBP)
affirmatively. To do this, we first consider the direct problem of 7, namely,
we establish the precise asymptotic formula for A(¢q,«) as @ — oco. Comparing to
the autonomous case, however, there are no works which obtain precise asymptotic
formula in non-autonomous case. We refer to [14] [15, [I7]. By the terms which
come from k, k', k" and v/, the tools for autonomous case are not useful any more
in non-autonomous problems.

To overcome this difficulty, we adopt a new parameter [|k'/P~VDu,|, = a to
parameterize the bifurcation curve A(q, ). Indeed, in [14] [15], A(¢, &) was param-
eterized by |Juqll2 = @ (¢ = 2) and the calculation there became too complicated,
and the optimal estimate for the third term of A(¢,«) as & — oo has not been
obtained there. By the new idea above, the tools for autonomous problems can be
available to our non-autonomous case.

Before stating the results for (NIBP), we first state the result for the direct
problem.

Theorem 1.1. Let p > 1 and ¢ > 1 be fized constants.
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(i) Assume that k is a given function which satisfies (H1). Then, as « — 0o,

Mg, ) > aP~ 4+ C1aP V"2 4 ag 4+ mg — 1y g + 0(1), (1.7)
Mg, ) < aP™t 4+ CLaP™V/2 4ag + My + o(1), (1.8)
where
-1
Cr = pTC’(q), (1.9)
14
C(q):=2 1—s ds, (1.10)
0 /S(s)
2
=1—52— ——(1—sPt! 1.11
S(6) = 1= = —Zo1- ), (111)
p—1 2
=— 1.12
00 =20, (112)
K// K// 1/2)
My = = 1.1
0 0<t<1/2’ | | 1/2 ; (1.13)
K// K/I
= min = 1.14
o= i[5 < 0 gr
— 1
Tpg = TCQ7 (1.15)
C2 = 4M1wp qs (116)
K'(1/2)
M _O<t<1/2| | ‘ 1/2 ’ (1.17)
w,, = [ L5 f VSmydn (1.18)
"o S(s )3/2 '
(ii) Let k(t) = ky(t) = cos’ P bt with 0 < b < 7. Then, as a — oo,

b
wp gbtan = + o(1). (1.19)

4p—1
Mg, @) = o™t + Cral?™ D7 4 ag +° - (Z) 2

As a corollary of Theorem we obtain the following result.

Corollary 1.2. Assume that k is a given function satisfying (H1). Then, as o —
00,

Mg, @) = aP~ 1 4+ C1aP~V/2 £ 0(1). (1.20)

From (1.7 and (L.8]), we see that the information about k() is contained in the

third term of A(g, o). We also remark that the estimate of the third order in (|1.20))

is optimal by ([1.7]) and (L.8]).

To solve (NIBP), we introduce the condition
(H2) k(t) satisfies (H1) and k(0) = 1. Furthermore,
(i) k(t()=1on I, or
(i) If k(t) # 1, then k(¢) satisfies
1 |K”(O)| |K/(1/2
Ry —'KWO)" "K(1/2)

where R;, Ry > 0 are given constants.

| < Ro, (1.21)
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The typical examples of k(t) satisfying (H2) are as follows:
k() = (1— £2)1°7,
k(t) = ky(t) = cos' P bt (0 < b< 7, with b a constant).

Theorem 1.3. Assume that the unknown function k satisfies (H2). Suppose that
(1.6)) holds for a constant ¢ > qp.r > 1, where qp g is a constant that depends only
onp and Ry, Ry. Then k(t) =1

Roughly speaking, if k(t) is nearly flat at ¢t = £1/2, then ¢, g = 1. Now, let
k(t) = kp(t) = cos' P bt (0 < b < 7). Then we have the following simple result.

Theorem 1.4. Let ¢ > 1 be fized. Further, let k(t) = ky(t) = cos'~P(bt) with
the unknown constant 0 < b # b, o, where 0 < b, o < 7 is a constant determined
explicitly by p and q. Assume (1.6) holds with fized q. Then b = 0, namely,
kb(t) =1

Remark 1.5. (i) Assume that k(t) = 1 in Theorem [L.1] (i). Then and (1.8)
imply that, as o — oo,

Ao(g, @) = o=t + C1a'P~V/2 4 gy + o(1). (1.22)

We note that a more precise asymptotic formula for Ag(g, o) as a — oo has been
obtamed in

(ii) By ., and Theorem [L1] (i), we obtain

b 2(p-1) b
5 — Twp,q tan 5) =0. (123)

b2 — 4wp,qbtang - 2b(
Therefore, if ¢/(2(p — 1)) < wpq, then b, , = 7. For example, let (p,q) = (3,2).
Then since S(s) = 3(1 — s?)2, by direct calculation, w3y = 2(1/2 + log2)/3 >
q/(2(p — 1)) = 1/2. Therefore, bg o = 7.

If wy 4 < q/(2(p—1)), then there exists a unique constant 0 < b, , < 7 such that
bp.q/2 = 2(p(1_1)wp,q tan b”2"’. So if b # by, 4, then fails. Therefore, b = 0 if
is valid.

(iii) If k(t) = cos'~P bt, then by direct calculation, we obtain My = mg = b?,
M; = btan(b/2). Then by the same argument as that to obtain Theorem (1),
we obtain Theorem (ii).

The remainder of this article is organized as follows. In Section 2, we prove
Theorems (i) and by accepting the key Proposition without proof. In
Section 3, we prove Proposition by using the tools which are developed in [I7].
For completeness, we give the proofs of the basic properties of the solutions in
Section 4 (Appendix).

2. ProoF or THEOREMS [I.1] AND [I.3]

In what follows, C' denotes various positive constants independent of A > 1. We
put vx(t) := vx(g.a)(t) = K () 'ua(t). Then by (1.1)), we have
K'(t) K"(t)
o . / P _
R (8) = 27 A0+ oa ) <)\ 0 )UA(t), tel, (2.1)
ur(t) >0, tel, (2.2)
uA(£1/2) = 0.
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We begin With the fundamental properties of vy. Let V) a, (t) be the unique solution
of ( . with k(t) = 1 and A replaced by A — Mj. Then we see that Vmo( )=
(A—mg)?! 1) and V,\ Mo ) are super-solution and sub-solution of (2.1 . 2.3) with

Var, () < A =mo)/P~V ter.

Then by [13],
Vaaz, (1) < ua(t) < (A —mg)/ =1, (2.4)
In particular, from [I6] for A > 1, we obtain
(A = Mo) /=1 — o(1) < [V molloo < J[oalloe < (A= mo) /@71, (2.5)
By [14], we see that uq(t) is symmetric with respect to t = 0. By this and (L.4)),
va(t) = va(—t) fortel. (2.6)
It is easy to see that
[valloe = vA(0). (2.7)

Further, for 0 <t¢ <1/2,

vi(t) <0. (2.8)
For completeness, the proof of and will be given in the Appendix. By
[14, Theorem 1.2] and (2.5)), as A — oo,

}||”UA||
uniformly on any compact interval in I. Multiply (2.1)) by v} (¢), we have
K, K@),
2 t) — t)P A t t) =0.
[o4(0) + 25 ) = (0 + (A T ) on(B]h(0) = 0

By 2.7), for 0 <t < 1/2,

1| = 00D (2.9)

1, e i 2K'(s) , 2 1 pt1 1 2
21))\(15) + . K(s) vi(s)=ds p—|—lv)‘(t) —|—2>\v)\(t)
t K//(S)
+ / va(s)v}(s)ds = constant (2.10)
o Kis) PO
1
= Ploall =l e e =0).
This implies
v (t)* = Ax(va(t)) + Ba(t) + Da(t). (2.11)
Here,
2
An(9) = M|loall3 — 67) — m(HUAll’&Tl -7, (2.12)
t K/(S /
_ > :
1] T )2ds > 0, (2.13)
K//
—2/ (S) vl (s)ds < 0 (2.14)

for 0 <1 < 1/2. Then inequalities -) and (2.14) follow from (H1).
Let pu:= A —mg. By (1.4), (2.8), (2.10) and (2.14)), for 0 < ¢ < 1/2,

—7))\ \/A)\ 7})\ )+B)\ + Dy (t \/Ao)\ 1})\ +B)\( ) (2.15)
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where
2
Apa(0) = -0 - — prL_grtt), 2.16
02(0) = pllallse = %) = Z== (loallss ) (2.16)
We know that Ag (6) > 0 for 0 < 0 < ||ua|leo- Therefore, Ag x(va(t)) + Ba(t) >0

for 0 <t <1/2. By (2.15),

[loalld = llvalld
1/2 — (t)
_ nlld — o q A
- 2/0 R S NN GIES N OEw O
1/2 — (t)
4 _y q A
>2 [ (ol = oa0)) NENCUESNG -
1/2 ! '
= <||w|zo—w<t>q>140;(§i>(t))dt
1/2 —v) (1) vi (1)
o] —wv A 2
#2 [ (Il = o " T80 T VAnmo) "
=1+1I.
We put
Ry(s) := l—sz—pilw&(l—s“l), (2.18)
(1- 8‘1)(5(8) — Rx(s))
=2 ds. 2.19
/ \/R)\ S (\/R)\(S)-i-\/S(S)) ( )
Lemma 2.1. For A > 1,
1= ”“\)'ﬁ& (Cla) + Uy, (2.20)
|Ux| < CA " tlog A (2.21)

The proof of the above lemma is the variant of [16, Lemmas 3.1 and 3.2]. For
completeness, it will be given in Appendix.

Proposition 2.2. For A > 1, the integral 11 defined by (2.17) satisfies
IT = —Co|va | P(1 + o(1)). (2.22)

The proof of this proposition will be given in Section 3. Meanwhile, we use for
proving Theorem

Proof of Theorem[1.1. We first prove (L.§). By (1.22) and (2.4)), for A > 1, we

obtain
A= Mo = |[Vas 57 + C1l| Vi 1572 + ag + o(1)
< ||11,\||§71 + C1||v,\||((1p*1)/2 + ao + o(1).

Therefore, we obtain (1.8]).
Next we show (1.7). By (2.5) and (2.21]), we see that for A > 1,

|Ux| < CA " og A = of[|ua || L7P)72). (2.23)
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By (2.17), (2.23)), Lemma [2.1] and Proposition we obtain

loalld = lloallg = oall& (C(g) = ColloallE™72(1 + o(1))).-
\/ﬁ7
That is,

q 1 1-p)/2 q
loale (1 = 2 (C@) = Callo &2 (1 +0(1)))) = o

By this inequality, (1.8)), (2.5) and the Taylor expansion, we obtain
p=Xx—mo > [loall5"
1 (1-p)/2
7 (C@ = Gl [0+ 0(1)))

= 1+ 2 S +ol1)

— o1 4 P2 o(g)at-r2 4 o(ate-1r2),
q

> ar-1 (1 B —(p—1)/q

By this equality and (1.8]), for o > 1, we have
p=aP"t + CraP1/2 4 O(Q(p—l)/2).
By (2.5), (2.25) and the Taylor expansion, for A > 1, we have

A —mg > [va]|5

Lt ;ﬁw(q) = Calloal| P (1 o)}

-1 1
q a®=1/2(1 4 C1a1-P)/2 4 o(a(1-P)/2))1/2
x (C(q) — Coa1P)/2 4 O(a(lfp)/2))
P-1Dp+q-1) 1
2¢2 aP=1(1 4+ Ca(1=P)/2 4 o(a(1-P)/2))

X (C(q) = Ca(1 +0(1))al /2 4 o(al=1/2))2(1 4 o(1)) }

zap—1{1+p

+

—oartp P e %Claufp)/z + o(al1-P)/2y)
q

x (C(q) — Cat7P)/2 4 o(a(1~P)/2))

(P—Dp+q-1)
2q?
—20(q)Coat7P)/2 4 o(a(17P)/2Y)

+ (C(q)? — C1C(q)*at—P)/2

-1 -1 -1 -1
_ Oépfl + p O(q)a(pfl)/Q o p ClC(q) + (p )(p+ q )

2¢q 2¢?

p—1

Cy + 0(1)

p—1

=Pt 4 CaPV/2 gy — Cy + o(1).

Thus we obtain (|1.7)). The proof of Theorem is complete.

(2.24)

(2.25)

(2.26)

C(q)?
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Proof of Theorem[I.3 By (L.6) and (L.7), we have
my < Tpq- (2.27)

We assume that (H2) (ii) is valid, and obtain a contradiction. Since 7,4 = 4(p —
1wy qMi/gq, for 0 < e < 1, by (1.21) and (2.27)), we have
L _mo 4=l

RiRy = My — ¢ P
_ A1) /16 (=59 [, V/S(mdn
q 0 S(s)3/2 (2.28)
R /1 (1= %) J, /Stoydn
¢ Jie S(s)3/?
= Ly + Lo.
We have to consider only the case where g > 1. If ¢ > 1, then we have
L < % < 1. (2.29)
Furthermore, for 1 —e <7 <1 and 0 < § < 1, by Taylor expansion,
Sx(n) < (p—1)(1 =), (2.30)
Sx(n) = (p—1=6)(1 —n)*. (2.31)

By (2.30) and (2.31)), for ¢ > 1,

U(1-s9) [1(1=n)d LIS QP
L2S€ ( S)L( 77)77d5<0/ 1=
1

ds < Cq 'logq < 1. (2.32)

q Ji-e (1-s)° T q i 1=
This inequality and (2.29) contradict (2.28]). Therefore, (H2) (i) holds. Thus the
proof is complete. O

3. PROOF OF PROPOSITION

Let an arbitrary 0 < € < 1 be fixed. The integral II defined by (2.17) satisfies

R Ba(t)v4 (1)
=2 / (el = ea(0) ot D
1
oD (VAo @) T B + Ao G
1/2—¢ 1/2
:2(/0 +/1/26) = II, + IL.
Lemma 3.1. For0<t<1/2,
B(t) < Clua |2 V/2([ox oo — va(1)). (3.2)

Proof. There exists 0 < ¢ty < 1/2 such that maxg<;<1 2 [V} ()] = [v}(tx)|. We first
show that
vi (£2)?
loall5™

(3.3)
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To prove this, we assume that there exists a subsequence of {\}, which is denoted
by {\} again, such that, as A — oo,
v (tr)?

loalld™

(3.4)
and derive a contradiction. Since

t K"(s) . t ,
‘/0 K(s) va(s)v4 (s)ds| SC‘/O A (s)v)(s)ds] (3.5)
- C(l|m|\2 —ox(t)?) < ClluallZ,

by putting ¢t = ¢ in , we obtain from (3.4]) and (| . ) that

1 R t* K'(s) 2
5(1 —o(1)vy(tr)* = —2/0 K(s) vi(s)*ds

tx
< Clol (1) / vl (s)ds
0

< Cloy(E)lvallso-
This inequality implies |v>\(t>\)\ < C||v)\\|oo, which contradicts (3.4]). Therefore, we

obtain Thenby. and. for 0 <t <1,

t) < C/o vh (s)?ds

1/2
< Cluh(ty) / (—th(s))ds

< Olloal B2 (loalloo — va(t)).-

Thus the proof is complete. O
Lemma 3.2. For 0 <t <1/2,
B(t) < Clloall B (J[valloe — va(1))*2. (3.6)

Proof. Recall that B(t) is increasing for 0 < ¢ < 1/2 by (H1) and (2.13). By (2.5),
(2.13), (2.15) and Lemma 3.1}

By(t) = —4/0 [;((j)) \/Ao,,\(w\(s)) + By(s)(—vA\(s))ds

<, [ t (VAar(@o) + VB ) (-sh(o)ds

llvalleo t
< 4M1/ o \/ Ao (0 d9—|—4M1 Jnax, \/BA / (—v\(s))ds
=< C\/ﬁHUAHio/ V Rx(s)ds + C/Ba(t)([lualleo — va(t)).

uA(®)/lloalloo

ZC\/ﬁIIUAHio/ V1= s%ds + C/BA(t)([[oalleo — va(t))

vA(t)/lloalleo

\(£) \3/2
< OVl (1= T2E) " ol o e — (02

< CllualB2(loallse — va()*2.
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Thus the proof is complete. O
Lemma 3.3. For A > 1,
I = o([|lua|E3177). (3.7)
Proof. By (2.9), (2.31)), (3.1), Lemma [3.2] and putting s = vx(t)/||va|sc, for A > 1,
we have
s [ Ul DRG0,
—Jo 2(Ao,a(va(1))?/2
ccf oallg - (1= s)llun |82 (1 = 522
T Jua(1/2-9/lloalle 1372 [[va 15,9 (5)3/2
1
<Clufit | (1 - 9)7/2ds
va(1/2=¢€)/|lvalles
ua(1/2 — e)\'/?
—Cloalr (1= 2LEZD) T oo 1r77)
Thus the proof is complete. [l

Now we estimate I15.

Lemma 3.4. For A > 1,

— 115 < Cy(1+ o(1))uallF' 7. (3.8)
Proof. Let 1/2 —e <t < 1/2 Then by (L.17), (2.15), Lemmas [3.1] and [3.2]

KI

t
)2ds < 4M1/ L (s)%ds
0

<4, / (\/Aox(0r(5) + v/Ba(s))(—vh ())ds

1

< AMy iloa % / VB (s)ds

oA (®)/lloalloo

t
+ClAIZ [ (foalle = va(9)2(~05 ()
0
< M1+ o)Vl
1
<[ VB + Clloa| 8 4o — 0a)*,

NGOV
By this inequality, (2.9) and (3.1)), we have
—I1y < 4Mi(1+ o(1)y/pllval%

1
x /1/2 Jors /1 VX1

(oall&e = oa(®)?) (—ua(®))dt

1/2—¢ Ao, (va (t))g/z
+C|v (p+1)/4/ Alloo — A Alloo — A —v\(t))dt
H )\Hoo 1 j2—e 10)\(@)\( ))3/2 ( A( ))

A1/2-9/ Il (1 — 59y [ /Sx@ndn |

= aan o)l [ ENEEE
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ds

+cvwﬁkww@m/ww*wwwxu—wm_@W2
- 0 Sy (s)3/2

= Ca(1 + o(1))[ua |27
Thus the proof is complete. (Il
Lemma 3.5. Let an arbitrary 0 < § < 1 be fivzed. Then for A > 1,
— I > Cy(1 — Ce)|jox |2 2. (3.9)
Proof. By -, we have

71))\ \/AA ’U)\ +B)\( )+D)\ > \/A)\ v)\ ))7\/BA(t)f\/|DA(t)
(3.10)
Let 1/2 — e < t < 1/2. Since € is small enough, by (1.17) and (3.10)), we have

Ba(t) > —4 /t K'(s) vh(s)%ds > 4(M, — 6) /t vh(s)%ds

1/2—c K(s) 1/2—c
4(M; — 26) e VA (va(s))(—v)(5))ds (3.11)
-C e V/Ba(s)(—v\(s))ds — C e |DA(s)|(—v4(s))ds

By (2.14), we obtain
t t
memﬂum@sc/ (loall% = va(8)?) " (—vh(s))ds
1/2—e¢

1/2—e
ur(1/2=) 2 2\1/2
<c (lloall2, — 6%)V/2d8
oA (t) (3.12)
1
scwwi/ (1 s2)/2ds
vx(t)/lvalleo

< CllallP(loallse = oa())*2.

Then by (3.11), (3.12] , Lemma [3.2] and the same argument as the one to obtain
(2:21) and Lemma L we obtain 1- Thus the proof is complete. O

Since 0 < § < 1 is arbitrary, by Lemmas and we have competed the
proof of Proposition [2.2]

4. APPENDIX

Proof of (2.7). We assume that ||vx]|ec > vA(0) and derive a contradiction. First,
suppose that v}(0) > 0. Let 0 < t\ < 1/2 satisfy vx(tx) = ||valloc. Then by (2.1)

and ([2.5)),

KII(O)
0> —v¥(0) = vx(0)(A
This is a contradiction. Next, suppose that v¥(0) < 0. Then there exists 0 <
sx < tx < 1/2 such that v/\(s,\) = 0 and U/\(S)\) > 0. By this and the fact that

va(sa) < va(tr) = ||valloo, and (2.1)), we have
K”(SA)

0> —vy(sx) = —ua(sn)P ! + ()x + Klsy) )v,\(sA),

—0x(0)P71) = vA(0)(A — mg — vA(0)P71) > 0.
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0< —vl(ty) = —ua(t)P~! + ()\ + I;((tk) )m(m.

This implies

K" (sy) B _ K"(ty)
A ) < p-1 ta)Pl < ()\ ) 4.1
(vt Ty ) S o™ <o ™ < (0 -y
This contradicts to (H1). Thus we obtain (2.7)). O

Proof of (2.8). By (2.7)), we see that there exists a constant 0 < ¢ty < 1/2 such that
to :=sup{s:0<s<1and vj(t) <0 for any 0 <t < s}. (4.2)

If to = 1/2, then the proof is complete. Assume that to < 1/2. Then v} (t9) = 0.
Assume that there exists a constant 0 < ¢y < so < 1/2 such that vx(to) < va(so).
Then there exists to < t1 < s1 < 1/2 such that vx(t1) < wva(s1) and vy(t1) =
0,05 (¢t1) > 0 and v} (s1) = 0,v5(s1) < 0 Then by the same argument as the proof
of above, we obtain a contradiction. Therefore, vy(t) is non-increasing for
to <t <1/2. Thus the proof of is complete. O

Proof of Proposition[2.4 We apply the same argument as that in [I6, Lemma 3.2
to our situation. For A > 72 and 0 < s < 1, we put

2
M (0) = plloall% — 0%) — m(l\wll&“ — o,
2
= 2(1—s%— PH(1 — sPT).
@a(s) = plloalloe (= 7) = = lloalle (1 = 5"7)

By putting 8 = ux(t) and s = 0/||ux||c, we obtain

I=2A<mw&—ﬁ@»‘“ﬁ)m

Ao (va(t))
[loxlloo 1
=2 [ (ol - 00)——dp
0 M)\(Q)
NN e 1—s9

ds
VI Jo /Qa(s)/(lloall%)

Ml 1

VI Jo /Rx(s)

ds

[[vall2 Pl
= = ds + Uy
VA ( 0 V/Sx(s) )
DY ES (C(g) + Uy).
N
By (2.5), for A > 1, we have
&= A oAl = 0(1). (4.3)

Let 0 < € < 1 be fixed. Then by Taylor expansion, there exists a constant 0 < § < 1
such that for A>land 1 —e<s<1

(1—s)+(p—1-08)(1—s)% (4.4)
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By (2.19),
Uy =Uix+ Uz
_o e (1 =359 (Sx(s) = Ra(s)) ds
0 VBRa(5)\/Sa(s)(v/Rals) + \/Sx(s)) (4.5)
N ! (1 —59)(Sx(s) = Ra(s)) ds.

2
1 VBA($)V/Sx(5) (V/Ra(s) + /Sx(5))
By (2-13), and ([£.4)), we have

(1= s)(1— PP — [lualBS /N
e e TN A—

& 1 1
Y / GV R e e

e[t 1 (4.6)
- 7/0 G/ 1 o™

Ex Ex
< O3 [log (30)]
< CA llog \.
Finally, it is clear that Sy(s) > C,Rx(s) > C for 0 < s < 1—eand A > 1. By

and (T3).

1—e
Ui x| < c/ (1—s7)(1 — 8?1 — |JualZst/A)ds < C% <Ccxh
0
By (4.5) and (4.6)), we obtain Proposition Thus the proof is complete. O
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