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EXISTENCE AND TOPOLOGICAL STRUCTURE OF SOLUTION
SETS FOR ¢-LAPLACIAN IMPULSIVE DIFFERENTIAL
EQUATIONS

JOHNNY HENDERSON, ABDELGHANI OUAHAB, SAMIA YOUCEFI

ABSTRACT. In this article, we present results on the existence and the topo-
logical structure of the solution set for initial-value problems for the first-order
impulsive differential equation
(e(y)) = f(t,y(t), ae tel0,b],
y(t) —y(ty) = Lu(y(ty)), k=1,...,m,
V6D Y () = Ik (1), k=1,...,m,
y(O) = A7 y/(o) = B7

where 0 = tg < t] < --+ <ty < tm+1 = b, m € N. The functions Iy, I}, char-
acterize the jump in the solutions at impulse points tx, k = 1,...,m. For the
final result of the paper, the hypotheses are modified so that the nonlinearity

f depends on y’, but the impulsive conditions and initial conditions remain
the same.

1. INTRODUCTION

The dynamics of many processes in physics, population dynamics, biology and
medicine may be subject to abrupt changes such as shocks or perturbations (see
for instance [3, @] and the references therein). These perturbations may be seen
as impulses. For instance, in the periodic treatment of some diseases, impulses
correspond to the administration of a drug treatment or a missing product. In
environmental sciences, impulses correspond to seasonal changes of the water level
of artificial reservoirs. Their models may be described by impulsive differential
equations. The mathematical study of boundary value problems for differential
equations with impulses was first considered in 1960 by Milman and Myshkis [11]
and then followed by a period of active research which culminated in 1968 with the
monograph by Halanay and Wexler [§].

Various mathematical results (existence, asymptotic behavior, and so on) have
been obtained so far (see [11, 2}, 4} [7, 10, 13}, 12] and the references therein).

In this paper we shall establish an existence theory for initial-value problems
with impulse effects. We will treat two cases. For the first case, the problem has
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the form

~—

(G ®) = fty),t € J:=[0b], t#ty, k=1,...,m,
(

y(th) —y(ty) = L(y(ty)), k=1,...,m,
Z)_y/(tlz):jk(y(t;)% k:]-a"'am

where f : [0,b] x R — R is a given function, Iy, I € C(R,R), ¢ : R — R is a
suitable monotone homeomorphism, and A, B € R. For this setting, the proofs of
the two results presented, while involving some cases, are quite straight for word.
The second case is when the second member f may depend on ¢, and the problem
has the the form

(@' (1) = f(t,y),y' (1), t € J:==[0,0], t#tx, k=1,....m, (1.5)
y(ty) —ylty) = Ie(y(ty), k=1,....m, (1.6)
Y6 =y (t) = L(y(ty)), k=1,...,m, (1.7)

y(0) =4, ' (0)= B, (1.8)

where f : [0,b] x R x R — R is a given function, Iy, I, ¢ and A, B are as in problem
(1.1)—(1.4). Because of the dependency on %', the proof of the result presented is
somewhat more involved. Of course, the second case also covers the first case when
f is independent of y'.

The goals of this article are to provide some existence results and to establish
the compactness of solution sets of the above problems.

2. PRELIMINARIES

In this section, we recall from the literature some notation, definitions, and
auxiliary results which will be used throughout this paper. Let J = [0,b] be an
interval of R. C([0,b],R) is the Banach space of all continuous functions from [0, b]
into R with the norm

lylloo = sup |y(¢)|.
te[0,b]

L1([0,b],R) denotes the Banach space of Lebesgue integrable functions, with the

norm
b
Iyl = / ly(s)ds.

Definition 2.1. A map f : [p,q] x R — R is said to be L!-Carathéodory if

(i) t — f(t,y) is measurable for all y € R,
(ii) y — f(t,y) is continuous for almost each t € [p, q],
(iii) for each r > 0, there exists h, € L*([p,q],R4) such that |f(¢,y)| < h.(¢)
for almost each t € [p, ¢] and for all |y| <.

Lemma 2.2 (Gronwall-Bihari [5]). Let I = [p,q] and let u,g : I — R be positive
continuous functions. Assume there exist ¢ > 0 and a continuous nondecreasing
function h : [0,00) — (0, +00) such that

u(t) < c+g(s)h(u(s))ds, Vtel.
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Then .
u(t) < Hﬁl(/ g(s)ds), Vtel,
P
provided
+oo d q
5
— > g(s)ds,
/c hy) = Jp
where H™! refers to inverse of the function H(u) = : Ay for u > c.

3. MAIN RESULTS

Let Jo = [0,t1], Ji = (tk,tk+1], & =1,...,m, and let y; be the restriction of a
function y to Ji. To define solutions for (1.1f) — (1.4), consider the space

PC={y:[0,b] = R, yr € C(Ji,R), k=0,...,m, such that
y(t;) and y(t;) exist and satisfy y(t;, ) = y(t) for k=1,...,m}.
Endowed with the norm

lyllpc = max{|[yklloc, k= 0,...,m}, lylloc = Sup ly(t);
cJk

PC is a Banach space.
= {y € PC:y, € C(Jy,R), k=0,...,m, such that
y'(t;) and v/ () exist and satisfy ¢/(t;,) = ¢/ (tx) for k =1,...,m}.
is a Banach space with the norm
Iyl pcr = max(|lyllpc, ¥ [lpc),  or llylpcr = lylrc + 1l pc-

Theorem 3.1 (Nonlinear Alternative [0]). Let X be a Banach space with C C X
closed and convez. Assume U is a relatively open subset of C with 0 € U and
G :U — C is a compact map. Then either,

(i) G has a fized point in U; or
(ii) there is a point u € OU and X € (0,1) with u = AG(u).

Theorem 3.2. Suppose that:

(H1) f:[0,b] x R — R is an Carathéodory function and Iy, I}, € C(R,R).
(H2) There e:m'stp € Ll(J Ry ) such that |f(t,u)] < p(t) for a.e. t € J
are satisfied. Then . ) has at least one solution and the solutions set

S = {y € PC([0,b],R) : y is a solution of (L.1)-(T.4)}

is compact.

Proof. The proof involves several steps.
Step 1: Consider the problem

(6(y)) = fty) telot],
y(0) =4, y'(0)=B,
and the map Ny : C([0,¢1],R) — C([0, t1],R),
v )= 4+ [ o)+ [ rrarias
0
Clearly the fixed points of N; are solutions of the problem (3.1)).

(3.1)
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To apply the nonlinear alternative of Leray-Schauder type, we first show that
N; is completely continuous. The proof will be given in several steps.
Claim 1: N sends bounded sets into bounded sets in C([0,¢1],R). Let

yeD={yeC(0,t,R) : ylloc < g}
Then for each ¢ € [0, 1], we have

(Nu)(0)] < |Al + / 671 6(B) + / " fry)lldr,

+/O f(T,y)dT|§|¢(B)|+/O |[f(m y)ldr

B+ [ p(n)ldr

<|o(B)| + (llpllL)ts,
it follows that .
+ [ frar) € Bo.w),
where i1 = |¢(B)| + (|lpl|1)t1- SinZe ¢! is continuous,
sup ¢~ (w)] < oo.
2€B(0,1)

Thus

N1 (W)lloo < A+t sup 67 (2)] =1
ZEGB(O,ll)

Claim 2: N; maps bounded sets into equicontinuous sets. Let l1,lo € [0, 1],
I <lg and D be a bounded set of C([0,¢1],R) as in Claim 1. Let y € D. Then

(M) (8)] = |6~ 6(B) + / (s.9)ds) — 67 (6(B))]

t
< | [6(B) + / f(s,9)ds]) + | B]
0
< sup ¢ H(x)| +|B| =1
J)GE(O,ll)

By the mean value theorem, we obtain

[(N1y)(l2) = (N1y) ()| = [(Ny) (§) (I — )] < 'llz = 1.

As Iy — 11 the right-hand side of the above inequality tends to zero.

Claim 3: Nj is continuous. Let (y,)nen be a sequence such that y, — y in
C([0,t1],R). Then there is an integer ¢ such that ||yn||lec < ¢ for all n € N and
lylloo < 4, yn € D and y € D. We have

|(N1yn)(t) — (N1y)(t

/|¢> /nyndT /f 7,y)d7]|ds.

By the dominated convergence theorem, we have

+ /0 F(ryya)dr — B(B) - /0 Frg)dr] — 0 asn— oo,
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and since ¢! is continuous. Then by the dominated convergence theorem, we have
N1 (yn) = N1(y)llo

< /0 671 6(B) + /0 F(rm)dr] — 6V o(B) + /0 f(r,y)drllds — 0,

as n — oo. Thus Nj is continuous.

Claim 4: A priori estimate. Now we show that there exists a constant My such
that [|y]lcc < My where y is a solution if the problem (3.1)). Let y a solution of
B1):

= ' -1 ) T T)dT S
y<t>fA+/0¢ [¢<B>+/O F(ry(r)dr))ds.
Then

w(t)] < 1Al + / 671 6(B) + / " Fry(r))dr]|ds

< 1A+ / 671 o(B) + / " p(r)dr]|ds
<14+ / 1671 [(B) + [pllata]lds

¢
<|Al+ sup / ds
2€B(0,1;) Y0

<|A|+t sup =: M.
2€B(0,l1)
Thus, ] = Stpyego 0 [90)] < Mo, Set
U={yeC(0,t:1],R) : [[ylloc < Mo+ 1}.

As a consequence of Claims 1-4 and the Ascoli-Arzela theorem, we can conclude
that the map Ny : U — C([0,#1],R) is compact. From the choice of U there is no
y € OU such that y = ANyy for any A € (0,1). As a consequence of the nonlinear
alternative of Leray-Schauder we deduce that N; has a fixed point denoted by
yo € U which is solution of the problem .

Step 2: Consider the problem

(d)(y/))/ = f(t7y) te (t17t2]7
y(t) = yo(t7) + Li(yo(ty)), (3.2)
y'(t7) = yo(ty) + Li(yo (7))

It is clear that all solutions of (3.2)) are fixed points of the multi-valued operator
Ny : C* — C*, defined by

(Nay)(t) = 4, + / o o(B) + [ firy)drlds,

t1
where
C* ={y € C((t1, ta]) : y(t]), v/ (t]) exist}
and
Av=yi(t) + Lh(yi(t)),  Br=yi(t) + I(yi(t)).
As in Step 1, we can prove that No at least one fixed point which is a solution of

B2).
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is a

Step 3: We continue this process taking into account that y,, := y (too b]

solution of the problem
(6(y) = f(t,y) t€E (tm,b],
Y(tm) = Yym-1(tr) + I (ym-1(t3,)), (3.3)
Y (tm) = Y1 (tm) + I (Ym—1(t;,)).-
A solution y of problem — is ultimately defined by
yo(t), ifte[0,t1],

y(t) _ yg(t), ifte (tl,tQ],

Ym(t), it € (tm, tmr1]-
Step 3: Now we show that the set

S ={y e PC([0,b],R) : y is a solution of (L.I)-(1.4)}

is compact. Let (yn)nen be a sequence in S. We put B = {y, : n € N} C
PC(]0,b],R). Then from earlier parts of the proof of this theorem, we conclude
that B is bounded and equicontinuous. Then from the Ascoli-Arzela theorem, we
can conclude that B is compact.

Recall that Jy = [0,¢1] and Jy, = (¢, tgt1], K =1,...,m. Hence:

e y,|s, has a subsequence

(Yn,, Jn,,en € S1 ={y € C([0,t1],R) : y is a solution of }
such that y,, converges to y. Let
t s
o) = A+ [0+ [ frinas

and

Y, (8) = 20(2)]

t s s
“Yo(B L Un. )dT] — ¢ [(B ,y)dT]|ds.
< [1o0m)+ [ 5 ir] =07 0m) + [ srgaras

As ny — 400, Yn,, () — 20(t), and then

vy =a+ [ o tom)+ [ siririas
® y,|;, has a subsequence relabeled as (y,,, ) C Sz converging to y in C* where
Sy ={y € C* : y is a solution of }
Let ,
a0 =+ [ oo + [ frparias

|Yn. (8) = 21(2)]

=) |07 [o(B1) + f(Taynm)dT]¢1[¢(B1)+/tsf(7_ay)d’r]|ds'

t1
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As Ny — +00, Yn,, (t) — 21(t), and then

vy = A+ [ o7 oB0) + " f(r.y)drlds.

t1

e We continue this process, and we conclude that {y, | n € N} has subsequence
converging to

= A, —|—/¢ /nydT t € (tm,b].
Hence S is compact. O

Next we replace (H2) in Theorem by

(H3) There exists a continuous nondecreasing function ¢ : [0,00) — [0, 00) and
p € L'(J,R,) such that

It w)] < pt)Y(lu]) ae. t€ Jand u € R.

Theorem 3.3. Under assumption (H3), problem (1.1] . ) has at least one solu-
tion and the solution set is compact.

Proof. As in the proof of Theorem [3.2| we can show that (L.1)-(L.4) has at least one
solution by an application of the nonlinear alternative of Leray-Schauder. We show
only the estimation of a solution y of —.

e For t € [0,1], we have

:A-|-/O ¢—1[¢(B)+/OS f(r,y)drlds

We put m(r) = max{|y(r)| : r € [0, 1]}, and
ly(®)] < 4] + |¢ / f(r.y)dr]|ds

<14l + / 67 oB) + [ )l harlids

<+ [ o 16(B) + [ serstmiryarias

< |4+ / 1671 [6(B) + tallpll 1 (m(r)] ds.
Then ,
m(t) < |4 +/0 1(m(s))ds, te€0,t],

where 1 = (¢~ o1p) and 1h(u) = ¢(B)+t1(||p| L1 )¢ (u). By the nonlinear Gronwall-
Bihari inequality (Lemma [2.2), we infer the bound

m(t) < H'(t) < Mo,
where H(t) = fl dr

Al (9109)(r)
o For t € (t1,12], we have

vy =+ [ 67l0(m) + " flr,y)drlds.

t1 t1



8 J. HENDERSON, A. OUAHAB, S. YOUCEFI EJDE-2012/56
We put m(r) = max{|y(r)| : € (¢1,t2]}, and

()] < [As] + t'|¢-1[¢<Bl> + [ f(ry)drlds

t1

<lal+ [ lo7 o) + / " p(r () )dr]|ds

ty

<l + [ lo7 o) + / " p(ryp(mi(r))dr]]ds

t1

<A+ ) |67 [6(B1) + ta(llpll 1) (m(r))]|ds.

Then .
m(t) < |Ai|+ | ¥i(m(s))ds, t € [t1,ta],
t1

where ¢y = (¢~" 0 ) and W (u) = ¢(B1) + ta([[p] 1 )¥(w).
By the nonlinear Gronwall-Bihari inequality (Lemma , we infer the bound

m(t) < H'(t) < My,
where H(t) = || dr

t
[A1] (¢=tog)(r)
e For t € (t,,b], we have

S

y(t) = Am + t ¢ d(Bm) + | f(r,y)dr]ds.

tm

As in the pattern, there exists M,, > 0 such that
m(t) < H 1 (t) < My,

where H(t) = fItAmI m. Hence

”y”PC Sma’X(MOaMla'“aMm):M~
The proof is complete. O

For the next theorem we use the assumptions:

(H4) f:[0,b] x R x R — R is a continuous function.
(H5) There exist a continuous nondecreasing function ¢ : Ry x Ry — (0,00)
and p € L'(J,R) such that

|[ft 2, y)| < p)(|x|,|y]) for all z,yeR, telJ

with .
° du
d D
/O p(s)ds < /|A+c|BI @ 1o)(uu)

Theorem 3.4. Under assumptions (H4), (H5), problem (L.5)-(1.8) has at least one
solution.

Prior to the proof of Theorem [3.4] we present a useful lemma.

Lemma 3.5. The operator L : D — PC(J,R) defined by L(y) = (¢(y')) where
D ={y € PC'(J,R) : y(t;) = y(tr) + Le(y(te). ¥’ (1) = ¥/ (t) + Ly (te)), y(tr) =
y(ty ),y (te) = y'(t, ),k = 1,...,m,y(0) = A,y'(0) = B}. Assume that L is well
defined. Then L is bijective and L™ is completely continuous.
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Proof. Step 1: L is bijective.
e L is injective. Let y1,y2 € D be such that L(y;) = L(y2). Then

(B(w1(1) = (d(ya(t)))' t € [0,11],

and thus

¢(1(t)) — ¢(11(0)) = d(5(t) — B(¥2(0)), t € [0,41],
o1 (1)) — ¢(B) = d(ys(t)) — (B), t€[0,t].

Hence yj(t) = y4(t) for ¢t € [0,t1]. By integration of this equality, we obtain

t t
/M@@: yh(s)ds, t€[0,h]
0

0
which implies y1 (t)—y1(0) = y2(¢)—y2(0), t € [0, t1]. This implies that y; (t) = ya(t),
t€0,t].
Next,

P(y1(1) — d(yi(tr) + Li(yi(t1))) = d(1a(t)) — S(ya(t1) + Li(ya(t))), ¢ € (1,12
implies ¢ () = y4(t), t € (t1,t2], and so

¢ ¢
/ y1(s)ds :/ yh(s)ds, te (t1,ts]
4 t

implies y1(t) — (y1(t1) + Li(y1(t1))) = ya(t) — (y2(t1) + L1(y2(t1))), t € (41,22, and
then

vi1(t) = ya(t), t€ (tr,tal.

Continuing this pattern,

¢(y/1 (t)) _(Z)(yll (tm) +I_m(y1 (tm))) = ¢(yl2(t)) - ¢(yl2(tm) +Im(y2(tm)))7 te (tm7 b]
implies ¥ () = y5(t), t € (tm,b], and so

[ﬁwm[%@Mte%ﬂ

m m

implies y1 (t) — (y1(tm) + Im(y1(tm))) = y2(t) = (y2(tm) + Im (y2(tm))), t € (tm, b],
and hence y1(t) = y2(t), t € (tm,b]. This implies that y; = ys.
e [ is surjective. Let h € PC’(J R), then we define

Lo(h)(1), if t € [0, 4],

L1(h)(1), if t € (t1,ta],

y(t) = (3.4)

L,;L,l(h)(t), if £ € (t, ],

A+/¢ >+A%mwhatemm7

Li(h)(t) = Lo(h)(t1) + I1(Lo(h)(t1))

+ [ 6 b me) + Bz + [ amrlas, e ot

where
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La(h)(t) = Li(h)(t2) + I2(L1(h)(t2))

+/t ¢—1[¢(Lg(h>(t2) + L(Li(h)(t2))) +/

to to

S

h(T)dT} ds, t € (ta,ts],

Lon(W)E) = Lo (0)(t) + T Lo a ()t )+ [ 07 [T a0 0)

4 T (Lot (B) (t)) +/ h(T)dT} ds, t€ (tm,b].
tm
From we can easily check that
yt) = A+ S LDy (h)(t)

0<tp<t

+/Ot¢1[¢(3+ > Ik(Lk_l(h)(tk)))+/Osh(7)d7}ds, ted

0<tp<t

Hence
Y=o [oB+ 3 Rl + [ b
0<ta<t 0
From the definition of y and y" we can prove that y(0) = 4, y'(0) = B, y(tl) =
y(te) + In(y(te), ¥ (&) = v/ (te) + Ii(y(te)) and y(t) = Yoo k=J,...,m and by
using the fact that Iy, I are continuous we can easily prove that y,y’ € PC(J,R).
Step 2: L' is completely continuous.

Claim 1: L~! is continuous. Let h, € PC(J,R) be such that h, converges
to h in PC(J,R) as n — oo. We show that L~!(h,) converges to L~1(h). Let

{yn}neN C D such that {L(yn)}neN = {hn}nEN~ Then:
e For ¢t € [0,11], we have

(®) =7 o(m) + | o]

and
yn(t) = A+ /Ot o7 |o(B) + /0 ha(7)dr]ds = A+ /Ot yl,(s)ds.
Hence ‘
01 < |67 [0(8)+ [ hu(eas] |
since

t t
6B+ [ (s <6+ [ ol
0 0
< [o(B) + tal[hnll po
<[¢(B)| + 1M, = K,
where ||h,||pc < M, for all n € N. Then [¢(B) —|—f0t hn(s)ds] € B(0, K). Since ¢~ 1
is continuous and B(0, K) is compact,

sup (671 (2)] < oo,
z€B(0,K)
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Then

[Ynlloe < sup ¢~ (2)] := Mo,
2€B(0,K)

and
Y lloo < |A| + Moty := M.

So, {yn tnen and {y), }nen are bounded uniformly in C([0, ¢1],R).

We put C' = {y, : n € N} C C([0,%1],R). We can easily show that C' is bounded
and equicontinuous, and then from the Ascoli-Arzela theorem we conclude that C'
is compact. Then y,, has a subsequence (y,, ) converging to y. Let

2(t) = A+/0t ¢! [¢<B> + /0 h(T)dT} ds
so that

11
[, (£) — 2(8)] < / / B (7)ar] - / (r)r] ds.

Since ¢~ is continuous and as n,, — o, Y, — z( ), then

y(t) = A+/ /h des

By the same technique, we can prove that {y/,} converges to y'(t) for t € [0,1].
e For t € (t1,t2], we have

() = (0 +07 90wt 00) + Do) + [ has)ds]

and
) = (0 + Tan(0)) + [ 07 004 00) + Do) + [ o]
= (1) + hon(t) + [ wi(s)a
Hence
(O] < )|+ |07 [l t0) + Rt + [ hu(s)as]|
< Mo+ ]qs—l[qs(y;(tl)+I‘1(yn(t1)))+/t hn(s)dsH-
Since
60(t) + T + [ ha(s)ds| <60+ sup  [Ti@))]+ K = K.,
t1 xz€B(0,My)
then

|6(yn (t1) + L1 (yn(t1)) / hn(s)ds| € B(0,[p(Mo +  sup  [[1(2)])] + t2K).
IEB(O,M())

Since ¢~ is continuous and B(0, |¢(My +SUD, B (0, M0) |I1(z)|)| + t2K) is compact,

[Ynlloo < Mo+ sup 07" (2)] == M,
x€B(0,|¢(Mo+sup, cB (0, Mmq) 11 (X)) +12K)



12 J. HENDERSON, A. OUAHAB, S. YOUCEFI EJDE-2012/56

and
[ynllc < Mo+ sup  |L1(z)| + Mty == M.
z€B(0,Mo)
Then {yn tnen and {y), }nen are bounded uniformly in C((¢1,t2], R). We put C' =
{yn : n € N} C C((t1,t2],R). We can easily show again that C is bounded and
equicontinuous, and then from the Ascoli-Arzela theorem we conclude that C' is
compact. Then y,, has a subsequence (y,,, ) converging to y.
Now, let

oA = y(tn) + (e + [ o7 o/ (0) + Bwte) + [

t1 t1

S

h(T)dT} ds.

Then
Y (t) = 2(O)] < [Yn,, (1) = y(@)] + [11(Yn,, (81)) — T (y(t1))]

tt lo~! [qﬁ(y;m (t1) + L1 (yn,, (t1))) + /S b, (T)dT]

- o7 [ot' ) + hw(e) + [ hirar]ias.

Since ¢! is continuous, {yy, }nen and {y/, }nen converge to y and 3/, respectively,
for t € [0,t1], and as ny,, — 00, Y, — 2(t), then

o0 =) + Do)+ [ 07 [0/ + Rwt) + [ nr)ar]as.

ty
By the same technique, we can prove that {y/,} converges to y/(t) for ¢t € (¢1,t2].

e We continue this process until we get, for every t € (¢, b, that y,,(t) converges
to y(t) and y/,(t) converges to y'(t). We conclude that L(y) = h, and this implies
that L=! is continuous.

Claim 2: L~ is compact. Let D be a bounded set of PC(J,R) and {y, }nen C
L~=Y(D). Then there exists {h, }nen C D such that L(y,) = hy, for all n € N.

We show that |Ly'(hy,)(la) — L' (hy,)(l1)| tends to zero as Iy — I;. Since
Lo(yn)(t) = hy(t), t € [0,¢1], it follows that

t
i) =67 [0(B) + [ ha(os], tefo.n)
0
Using the fact that h,, is bounded, thus there exist My > 0 such that
1Ynlloos |¥nlloo < Mg, for all n € N.
e Let Iy, € [0,t1], I1 < l3. Then, by the mean value theorem,
[yn(12) = Yn (1) = [y, (&n) Iz — 11)| < Mo|lz — 1],
and
l2 l2
65)02) = o)1) = | [ hads] < [ hu(o)lds < 12 =1 IM.
1 1
where ||k, ||pc < M, for all n € N. As Iy — [y the right hand side of the above in-
equality tends to zero. Then {y,(-)}nen is equicontinuous and {yy, }nen is bounded.

By the Ascoli-Arzela theorem there exist yo, 20 € C([0,¢1],R) such that y, and
#(yl,) converge, respectively, to yo and zp. Since ¢~ is a continuous function,

Yn(t) = ¢~ (20)(1), n — o0
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Set
ys(t) = A+ /t ¢~ (20(s))ds, t € [0,t1],
and from '
yn(t) = A+/t Yy, (s)ds, t €[0,t4],
we have ’

9 — elloo < / () — 67 (0)(s)lds.

From the Lebesgue dominated convergence theorem, we deduce that {y;, }nen con-
verges to y, in C([0,¢1],R), and this implies that

yolt) = A+ / 6~ (20(3))ds, t € [0,t2] = y(t) = o~ L(20()), T [0,t].

Then y,, converges to yo in C1([0,#1],R).
For t € (tl,tg},

(0) = 67 [0l () + Tin(0)) + [ ha(s)ds]. b (bl

Using the fact that h,, is bounded, there exists M; > 0 such that

9 lloes 14 lloe < M, for all n € N.

o Let ll,lg € (tl,tg], l1 < ly. Then

Yn(l2) = yn (1) = |yp(&n) (2 — )| < Mifla — 1],
and
|6(yn)(12) = ¢(yn) ()] < My — L.
As Iy — [; the right hand side of the above inequality tends to zero, then {y,(-)}
and {¢(y},)(-)} are equicontinuous. By Ascoli-Arzela theorem there exist y1,21 €

C([0,t1],R) such that y,, and ¢(y,,) converge, respectively, to y1,21. Since ¢~* and
I; are a continuous functions, then y/,(t) — ¢~1(21)(t) as n — oo. Set

Yur (1) = o (t1) + L1 (yo(t1)) + ) ¢~ (z1(s))ds, t€ (t1,ta].

From

Yn(t) = yo(t1) + I (yo(t1)) + /t Yn(s)ds, t € (t1, 1],

ty

we have
ty
o= gl < [ l(s) = 67 ) o)

From the Lebesgue dominated convergence theorem, we deduce that {y, }nen con-
verges to Yur in C1 = {y € C1((t1,t2],R) : y(t]),y'(t]) exist}. This implies that

yl(t)=yo(t1)+11(yo(t1))+/t ¢~ (20(s))ds, t € [0,t]

implies ¥ (t) = ¢~ '(21(¢)), t € (t1,t2]. Then y, converges to y; in Ch.
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e We continue this process until we have that there exists y, € C'((tm,b],R)
such that y,, converge to y,, in Cy, = {y € CH((tm, b],R)|y(th), v/ () exist}. We
define

yo(t), ift e [07t1],
1), ifte (t,ta],
y(r) = 10 AEE (hte] (3.5)
Ym(t), it € (tm,0].

It is clear that {y,}neny C PC and y, converges to y in PC. Using the fact that
L~ is continuous, thus

By =L Yy, — L™ (y) =h asn— oo
in PC'. Then L(y) = h. Hence L~ is compact. This completes the proof. O

Proof of Theorem[3.J] We consider the following fixed point problem that is equiv-
alent to problem (|1.5)—(1.8),

y= (L7 o F)(y),

where L=! : PC(J,R) — D and F is the Nemystki operator given by F(t,y) =
f(t,y,y'). From Lemmawe can prove that (L~ o F') is compact. Now we show
that y # AN(L™! o F)(y).

For ¢ € [0, 1], we have

v®) =07 o(m) + | )./ ()]

y(t) = A+/O y'(s)ds.

Thus

@) <[o o)+ [ peuluo) b eas]|

o) <141+ [ 1(9las
<lal+ [ o [oe)+ [ pmulurlly' )] as.
Let m(r) = max(supyc ) (E)] Subycpo) 14/ (8)). then

w1 <141+ [ 67 o)+ [ ptrwimte).mrar]|is
<11+ [ o 10(B) + bl bt mir)l o
Then .
m(t) < |41+ [ va(m(s)ds.

with ¥ = ¢~ 0 ¢ and J(u) = ¢(B) + t1(||pl|£1)¥ (u). By the nonlinear Gronwall-
Bihari inequality (Lemma[2.2), we infer the bound

m(t) < H'(t) < Mo,
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where

¢ dr
H t == -~ .
g /IAI (@~ og)(7)
For t € (t1,12], we have
¢

y'(t) =y (t) + 7" [(/)(Z/(tl) + Li(y(th))) + f(S’y(S)’y'(S))dS},

t1

Mﬂ=ym)+n@m»+lgm@@.

Thus
YO < Iy (0] + |67 [0y (1) + Ty /fsy yds] |
Let
m(r) = max( swp [y(0), sup [0,
te[0,t1] te[0,t1]
and then

O] < w0l + ()] + taly' (1)
/t o7 ot/ )+ Bt + [ e0utr)l Iy (7)) s

< Mo + [ (y(t1))| + t2ly' (t1)]

[ 1o @)+ Bt + [ teytme),miryyir]as.

t1

Then m(t) < M* + fttl 1(m(s))ds, where

M* = (1+t2)M0+ sup |Il(z)|,
ZGE(O,]\/[())

Y1 =¢"" o9,
d(w) = oy (t1) + L(y(tr))) + t2(Ipll L2) ¥ (u, ).
By the nonlinear Gronwall-Bihari inequality (Lemma, we infer the bound
m(t) < H'(t) < My,

where

For t € (t,b], we have

0 = ) 467 [50/ ) 4 Tt + [ F05,0060,5/ 0]
y(t) = y(tm) + Im(y(t ))

R / Fry(m). o/ (7)dr] ds

m

So, there exists M,,, > 0 such that m(t) < H™(t) < M,,, where

t dr
o= [ G o))

15
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and
M =(1+bMy-1+  sup |1, (2)]-
2€B(0,My,_1)
Hence
lylloo < max(My, My, ..., My,) = M.
Let

U={ye PC'(JR): |yllpcr < M +1}.
Then L='o F : U — PCY(J,R is relatively compact. Assume that there exists
A € (0,1) and y € AU such that y = A(L™! o F)(y). Then ||y|pc: = M + 1, but

lyllpct < M. Thus by the nonlinear alternative of Leray-Schauder, we conclude
that L=! o F has a fixed point which is a solution of (1.5)-(1.8). O
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