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ASYMPTOTIC BEHAVIOR OF GROUND STATE SOLUTIONS
FOR SUBLINEAR AND SINGULAR NONLINEAR DIRICHLET
PROBLEMS

RYM CHEMMAM, ABDELWAHEB DHIFLI, HABIB MAAGLI

ABSTRACT. In this article, we are concerned with the asymptotic behavior of
the classical solution to the semilinear boundary-value problem

Au+a(z)u® =0

in R", u > 0, lim|4| o u(z) = 0, where 0 < 1. The special feature is to
consider the function a in C_(R™), 0 < a < 1, such that there exists ¢ > 0
satisfying

1L 1 L 1

LU +1) o Ml 1)

c (1+]=]) (L +1=])

where L(t) := exp ( f Z(SS) ds), with z € C([1,00)) such that lim¢ oo 2(t) = 0.

The comparable asymptotic rate of a(z) determines the asymptotic behavior
of the solution.

1. INTRODUCTION

In this article, we are interested in estimates for positive solutions of the semi-
linear problem
—Au =a(z)g(u), z€R", n>3

| l‘im u(z) = 0.

The existence of such solutions and their asymptotic behavior have been extensively
studied by many authors when has a smooth bounded domain Q with zero
boundary Dirichlet condition. We refer the reader to [T, B, [0, [8 [0, 14] and the
references therein.

In recent years, the study of ground state solutions of problem received a lot
of interest and numerous existence results have been established (see for instance
[2, 4, [ [7, 10, 12] and the references therein).

More specifically, Lair and Shaker [7] established the existence and the unique-
ness of positive classical solution, where g is a positive nonincreasing and contin-
uously differentiable function on (0, 00) and a is a nontrivial nonnegative function
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M «
in Cf.

(R™), satisfying
oo
/ t max a(z)dt < oo. (1.2)
o lzl=t
Moreover, they showed that this condition on a is nearly optimal.
Furthermore, Brezis and Kamin [2] proved the existence of a unique positive
solution to the problem

—Au=a(z)u’, ze€R", n>3
u > 0,

liminf u(z) =0,

|z]—o0
where 0 < ¢ < 1 and a is a nonnegative measurable function potentially bounded,
that is the function z — [g, oW dy is in L>(R™).

lz—y[m—2

Throughout this article, we denote K the set of all functions L defined on [1, c0),

by
L(t) := cexp (/1 @ds),

where ¢ is a positive constant and z € C([1,00)) such that lim; . z(¢) = 0.

Remark 1.1. It is obvious that L € K if and only if L is a positive function in

C1([1,00)) such that lim;_, tﬂg) =0.

Example 1.2. Let m € N*, (A1, A2, ..., An) € R™ and w be a positive real number
sufficiently large such that the function

m

L(t) = [ oy (wt))

k=1
is defined and positive on [1, 00), where log;, x = logologo - - -ologz (k times).Then
Lek.
In this paper, we give precise asymptotic behavior of the solution to the problem
—Au=qa(z)u’, ze€R" n>3,

| l‘im u(z) =0,

where o < 1 and a satisfies the hypothesis
(H1) @ is a nonnegative function in C2_(R"), 0 < a < 1, satisfying
L + |2[)
a(x) = ————,
S T
where A > 2 and L € K such that [~ t'7*L(t)dt < oc.

Here and throughout the paper, for two nonnegative functions f and g defined on
a set S, the notation f(z) ~ g(z), for z € S means that there exists ¢ > 0 such
that 1 f(z) < g(z) < cf(z), for all z € S.

Remark 1.3. (i) Note that we need to verify the condition [~ t'=*L(t)dt < co in
hypothesis (H1), only for A = 2 (see Remark [2.2).

(i) It is obvious to see that if a satisfies hypothesis (H1), then a is potentially
bounded and a verifies (1.2). This implies from [7] and [2], that problem has a
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unique classical positive solution in C?%(R™). Thus it becomes interesting to know
the asymptotic behavior of such solution, as t — oo.

Our main result is the following.

Theorem 1.4. Assume (H1). Then the solution u of problem (1.3)) satisfies

u(z) = 0y (x), (1.4)
where x € R™, and 0 is defined on R™ by
0o L(t 1/(1—0o)
(f\xH»l 1(5/3 dt)) ) fOT’ A= 27
L 1/(1—0o
Or(2) = W%, for2 <A <n—(n-2)o, (15)
ML) = 1 2|42 L(t) 1\ 1/(1—0) .
W(fl = dt) , forA=n—(n-2)o,
Wv for A>n—(n—2)o.

To obtain estimates (1.5]), we shall adopt a sub-supersolution method. For the
reader’s convenience, we recall the definition.
A positive function v € C?*(R") is called a subsolution of problem (1.3)) if
—Av < a(x)v? zeRY,
lim v(x)=0. (1.6)
|z]— o0
If the above inequality is reversed, v is called a supersolution of problem (|1.3]).
The outline of this article is as follows. In Section 2, we state some already
known results on functions in K, useful for our study and we give estimates on
some potential functions. The proof of Theorem is given in Section 3. The last
section is reserved to some applications.
We close this section by giving the following notation. For a nonnegative mea-
surable function a in R™, we denote by Va the potential of a defined on R™ by

Vo) = [ Glawatw)is

where G(z,y) = i—gf=z is the Green function of the Laplacian A in R" (n > 3),
r(z-1)

4nz
(0 < o < 1) such that Vf € L®(R"), we have Vf € CZ%(R") and satisfies
—A(Vf) = fin R"; see [I1l Theorem 6.3].

and ¢, = . We point out that for any nonnegative function f in Cg (R™)

2. KEY ESTIMATES

2.1. Technical lemmas. In what follows, we collect some fundamental properties
of functions belonging to the class K. First, we need the following elementary result.

Lemma 2.1 (Karamata’s Theorem). Assume that g € C1([3,00),(0,0)) and that
lim; o tg'(t)/g(t) = v. Then we have the following properties:
(i) If v < —1, then f;o g(s)ds converges and

> tg(t
/ g(s)ds ~ fﬂ, as t — oo.
t y+1
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(ii) If v > —1, then f;o g(s)ds diverges and

+1

Remark 2.2. Let v € R and L be a function in K. Applying Lemma to
g(t) = t7L(t), we obtain that

o If v < —1, then [;~ s7L(s)ds diverges and [~ s7L(s)ds ~ L) g

K tg(t
/ g(s)ds ~ to(t) as t — oo.
i v

v+
t — 00;
1
o If v > —1, then [ s?L(s)ds converges and flt sYL(s)ds ~ tjle(t) as
t — oo.

Lemma 2.3. (i) Let L1, Ly € K, p € R. Then L1Ly € K and L} € K.
(ii) Let L be a function in KC then there exists m > 0 such that for every n > 0
and t > 1 ,we have

(I+m)""L(t) < L(n+1t) < (1+n)"L(t).

Proof. Assertion (i) is due to Remark Let us prove (ii). Let z be the function

in C([1,00)) such that lim; o z(t) = 0 and L(t) = exp ( f Z(Ss)ds).

Put m = sup,¢q; oo |2(t)], then for each 7 >0 and ¢ > 1, we have

t+n
mlog S/ @dsgmlong_n.
t+n t s 4
That is,
t+n
N\ —m z(s) M\m
A < —_— < -
(1+t) _exp(/t . ds)_(1+t)
So (ii) holds. 0
Lemma 2.4. Let L € K and € > 0, then we have
lim £ L(t) = 0, (2.1)
L(t)
Ji L(s)/sds
If further floo L(s)/sds converges, then
lim ) (2.3)

t—oo [ L(s)/sds -
Proof. Let L € K and € > 0. It is obvious by Remark that the function
t — t~2 L(t) is non-increasing in [w, c0), for w large enough. Then
t72L(t) < w P L(w), fort > w;
That is,
_ L(w)
€

This proves (2.1)). For the rest of the proof, we distinguish two cases.

Case 1: [~ %S)ds < oo. Since the function ¢ — ¢L(t) is nondecreasing in

[w, 00), then
e} e}
tL(t)/ ds < / iS)ds, for t > w.
t t 8

s2 —
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Hence

0< L(t) < / L(s)ds, for t > w.
t S

Then lim;_, o, L(t) = 0, which implies (2.2)).
Moreover, put (t) = L(t)/t, for t > 1. Since ¢ satisfies lim; o0 t¢'(t) /(1) =
—1, then it follows that

/too o(s)ds ~ — /too s¢'(s)ds = tp(t) + /t‘x’ ¢(s)ds,

as t — oo. This implies that

/too L(s) 4o L(t) + /too L(s) 4.

S S

as t — oo. So we deduce ([2.3).
Case 2: [ = L) g5 = 0. Put p(t) = L(t)/t, for t > 1. Then for w sufficiently
large and t > w, We have

/ o(s)ds ~ —tp(t) + wip(w) + / o(s)ds,

as t — oo; that is,

/: L(SS) ds ~ —L(t) + wp(w) + /t L(Ss)ds,

w

as t — oo. Which proves (2.2]) and completes the proof. |

Remark 2.5. Let L € K. Using Remark and (2.2), we deduce that
t+1
L
t— / ﬂds ek.
1

S

If further fl (s)/sds converges, we have by (2.3 . ) that

t|—>/ @dsélc.
t 8

2.2. Asymptotic behavior of some potential functions. We are going to give
estimates on the potential functions Va and V (af5), where ) is the function given

n .

Proposition 2.6. Let a be a function satisfying (H1). Then for x € R™,

Va(z) = ¢(|z]),
where v is the function defined in [0,00) by
ft+1 r)/rdr, for A =2,

L(1+t) for2<A<n
’lp(t) — (1+t)/\ 2

eI L) frdr, for X =n,
1
W7

for A >mn.
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Proof. First, we recall the following well known result. Let ¢ be a nonnegative
radial measurable function and z € R™, then we have

/|33_ \"2 / max|a:| n230()d

Now, let A > 2 and L € K satisfying [, ¢! L(t)dt < co and such that
L1+ |z)
e
Thus

L(1+ y]) 1
Va(z z/ dy = e, I(|z]),
@ fen T oD o= g2 = el ()

where I is the function defined on [0, c0) by
*° r L1+ 7)
o max(t,r)»2(1+r)

So to prove the result, it is sufficient to show that I(t) = ¢(t) for t € [0,00). We
have

1 Lyn=1L(1 +7) 1 Lrn= L1+ ) ©rL(1+7)
I(t) = d d ——Zd
O=7= |, et w | e G
It is clear that for ¢ > 2,

I(t) = dr.

Li(t) =~ P (2.5)
To estimate I and I3, we distinguish two cases.
Case 1: A > 2. Using Lemma[2.3] (ii) and Remark for t > 2 we have
1A L(t)
Is(t) ~ t - L(r)dr ~ 2 (2.6)

o If 2 < \ < n, then applying again Remark we have floo "I AL(r)dr = oo

and flt " I=AL(r)dr ~ 272 L(t), as t — 00. So by Lemma (i), for ¢ > 2 we
obtain

1 L
n(t) ~ o 2/ Ly S

Then by ., and ( . for t > 2 we have

1 L) L)

I(t) ~ tn—2 th—2 ~ tA—2 :
Now, since the functions ¢ — I(t) and t — (1L ﬁ)ﬁtjz are positive and continuous in
[0,00), for t > 0 we obtain
L1+t
1t~ 2D
(1+t)r=2

e If A\ > n, then applying Remark we have flt " 1=AL(r)dr < oco. So by
Lemma [2.3] (ii), for ¢ > 2, we obtain

AN 1
I(t) = — / " TAL(r)dr A —
=2 J, t
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This together with (2.5, (2.6) and (2.1) implies that for ¢ > 2,

Then by the same argument as above, we deduce that for ¢ > 0,

1
I(t)%m.

e If A = n, then using (2.5), (2.6) and (2.2)), for ¢ > 2, we have
1 "L 1 ['L
It~ ——( +/ L) g 4 L)) ~ 7/ ™) gy,
1 T 1

tn72 tn72 r

So for t > 0, we obtain

10~ s | L),

(14+t)m—2 r
Case 2: A = 2. By Remark [2.2] for t > 2, we have I»(t) ~ L(t). So for t > 2,
we have o
I(t) ~ (t) + / ﬂdr.
‘ T
Hence using (2.1)) and (2.3), for ¢ > 2, we have
<L
() ~ / ") 4.

" r

So for t > 0, we obtain
(oo}
L
I(t) ~ / ﬂdr.
t+1 T
This completes the proof. ([

The following Proposition plays a key role in this paper.

Proposition 2.7. Let a be a function satisfying (H1) and let 0y be the function
given by (L1.5). Then for x € R™,

V(ab3)(z) = Ox(@).
Proof. Let A > 2 and L € K satisfying [ t'~*L(t)dt < oo and such that
1
oy ELH 12D

(T[>
Then for every x € R™, we have
L(+|z])  foo  L(t) 5,\0/(1—0) B
e o e t) , A=12,
L 1/(1-0)
(1) ~ hz) = WW, 2<A<n—(n-2)o,
a(x) A(x) ~ (I) ) L) |z|+2 L(t)d o/(1-0) N\ 5
(A+[z)™ ( Tt t) ) =n— (?’L - )o’7

L(1+4|x
W%v A>n—(n—2)o.

We point out that h(z) = &_ﬁjﬁg, where p > 2. Moreover, due to Lemma

and Remark H we deduce that L € K and satisfies [t HL(t)dt < oo. Hence,
it follows by Proposition [2.6] that

V(abS)(2) = V(h)(x) ~ ¢(jz]), inR",
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where 7:/; is the function defined by (2.4) by replacing L by L and A by p. This
completes the proof by a simple calculus. (Il

3. PROOF OF THEOREM [I.4]

Let a be a function satisfying (H1). The main idea is to find a subsolution and

a supersolution of problem (1.3) of the form ¢V (a¢?), where ¢ > 0 and ¢(z) =
Lo(1+]z])

T en? which will satisfy necessarily

V(ag?) =~ ¢. (3.1)
So, the choice of the real 8 and the function Lg in K is such that (3.1)) is satis-
fied. Setting ¢(x) = 0x(x), where 0y is the function given by (1.5), we have by
Proposition that the function 6 satisfies (3.1]).
Let v := V(a#$) and let M > 1 be such that

1
MUSQ)\ < M.

Which implies that for o < 1,

,UO'
Mlol
Put ¢ := M1e1/(1=9) then it is easy to verify that u = %v and w = cv are respectively
a subsolution and a supersolution of problem (|1.3).

Now, since ¢ > 1, we get u < w on R™ and thanks to the method of sub and
supersolution, it follows that problem ([1.3)) has a solution u satisfying v < u < @,
in R™.

Finally, by using Remark (ii) and Proposition we deduce that the unique
classical positive solution of problem (/1.3]) satisfies ((1.4]). This completes the proof.

<0 < Mlolye

4. APPLICATIONS

4.1. First application. Let o < 1 and a be a positive function in C{_(R") satis-
fying for x € R"

a(x) ~ 1+|\ E[Ing w(l + |z))))

where m € N* and w is a positive constant large enough. The real numbers A and
Ak, 1 < k < m, satisfy one of the following two conditions
e)l>2and \f e Rfor1 <k <m.
ed=2and \i=X=---=XN 1=, N>, \ eRfori+1<k<m.
Using Theorem we deduce that problem has a unique classical positive
solution u in R™ satisfying
(i) If A =2, then for x € R"

m

u(x) = (logyw(1 + [z])) = 2/0=7) TT (logy w(1 + |a])) =/ (=)
k=1+1
(ii) If 2 < A <n —o(n — 2), then for x € R”

1
(14 [z])r=2/

u(@) ~ i) H (logy w(1 + |a)) /=2,
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(iii) fA=n—0o(n—2)and \y = Ag =--+- =\, =1, then for z € R"

u(r) ~ (10841 w(L + )/ =)

(14 fa])n=2

(iv) fd=n—on—2)and \y =Xy =---=XN_1 =1, \y <1, \;y €R, for
I+ 1<k <m, then for x € R"

u(x) ~ W(logz w(l + |z]))—A/0=0) H (logy w(1 + |a])) /(=)
k=l+1
V) IfA=n—-ocn—-2)and \y =g =---=XN_1 =1, N >1, A\ €R, for
I+ 1<k <m, then for x € R™
1
O T
(vi) f A > n+o(n—2), then for z € R®
1
O T

4.2. Second application. Let a be a function satisfying (H1) and let 0,8 < 1.
We are interested in the problem

—Au + §|Vu|2 =a(x)u’ inR",
u>0, inR" (4.1)
lim wu(z)=0.
|z]—o00

Put v = u'~?, then by a simple calculus, we obtain that v satisfies

—Av=(1- ﬁ)a(m)v% in R",

v>0 inR", (4.2)
| l‘im v(z) = 0.

Applying Theorem to problem (|4.2)), we obtain that there exists a unique solu-
tion v such that

oo s (1-p3)/(1-0) .
(flz\+1 H )ds) ) if A =2,

S
(L(1+]a])) =9/

~ T o= if2<\<n—(n-2)5,
v(z) = 0y\(z) = X o2 ) o128 o
W( 1 TdS)l_a, 1f/\:n—(n—2)m,

Consequently, we deduce that (4.1)) has a unique positive solution u satisfying
s 1/(1-8)
u(z) = (0x(z))

1/(1—0o)
oo L(s) . o
(f|m\+1 s dS) ) lf A = 2,
(1 + |a) T3 (L(1 + |z]))/ (=), if2<A<n—(n—2)%%,
N 1/(1-0)
(1 + [ &m0  plet+2 Lo g ) L ifA=n—(n—2)72,
(1+ |z|) =/ (=8) ifA>n—(n—2)54.
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4.3. Third application. Let a be a function satisfying (H1) and L be a function
in K such that

L(1+ |z
a(x) ~ (1<+ |x||)|’\)
(R™), 0 < v < 1 satisfying for z € R™,
oy La* l2).
(1 + fa])m
where p € R and Ly € K. Let 0,8 < 1 and p € R. We are interested in the system
—Au = a(z)u® inR",

Let be C7

loc

—Av = b(z)uPv®  in R, (4.3)
u,v >0 inR", | l‘im u(z) = ‘ l‘im v(z) =0.

By Theorem it follows that there exists a unique classical solution u to (1.3)
satisfying (1.4]). So, we distinguish the following cases.

Case 1: A = 2. By hypothesis (H1), we have floo @dt < oo and using estimates
(1.5)), we deduce that

Li(1 < L p/(1-0) Ly(1
b(x)uP (z) ~ L1+ |=]) (/ (S)ds> = Lo + |zl) \37|).

L+ [z N g1 s (1 + [a])r
It is obvious to see by Lemma [2:3] and Remark that L, € K. Now suppose that
p > 2 and [ 771 Ly(t)dt < oo. Then applying Theorem we conclude that
(4.3) has a unique classical solution (u,v) such that u(x) = 6, (z) and

(f‘<;<|>+1 Lzs(s) ds)l/(l_ﬁ)7 if W= 2’

(Lo (14]a]) /=5
(Tt [a) -2/ »

z|+2 Lo(s 1/(1-8) .
e (7 2224s) Y07 i = n— (n - 2)8,
if u>n-—(n-2)p.

if2<p<n—(n-2)p0,
v(x) ~

1
(T+[=N)m=2>
Case 2: 2 < A <n—(n—2)o. Put v = p+ 2=2p. From the estimates (L.5)), we
deduce that
p Ly (1 + ) (L + [P/ Ly(1 + |af)
b(x)uP(z) = = .
(14 fa]) (14 [a])7

Obviously by Lemma we have that L, € K. Now suppose that v > 2 and

floo t1=7Ly(t)dt < co. Then applying Theorem we conclude that system (4.3))
has a unique classical solution (u,v) such that u(z) ~ 6,(x) and

(j‘lz<|3+1 L2S(S) ds) 1/(176)’ if ,y — 2,
Lo 1/(1-6) .
U(x)N M%, 1f2<’y<n_(n—2)ﬁ,
~ z|+2 s 1/(1-p .
ey (L 22ds) O ity =0 - (- 2)8,
(1+‘131|)1772, ify>n-— (77,72)[3.
Case 3: A\=n— (n —2)o. We have
Lo(1 + |z]) 2 L(s) | \P/=) Lo(1 + |z[)
P2 “A\5) —
byt (@) ~ A eom ( /1 s ds) N G
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By Lemma[2.3] and Remark [2.5] obviously we have that L, € K. Now suppose that
p+ (n—2)p >2and [~ t17#=("=2PL,(t)dt < co. Then applying Theorem 1.4
we conclude that (4.3)) has a unique classical solution (u,v) such that u(x) = 0, (z
and

(it Lale) g) 0, if p+(n—2)p =2,
/(1=8)
e21CL 1)) ey if2 <+ (n—2)p<n—(n—2)8,

p+(
v(r) ~ (1+\m|>7lfﬁ| e o
e (L B2ds) ; fpt(n=2p=n-(n-2)3,
e if p+ (n—2)p>n—(n—2)p
Case 4: A >n — (n—2)o. We have
Ly(1 + |x])
(1 fz)r=2He

Suppose that n — 2 + p > 2 and [~ ¢!=("=2FW L (t)dt < co. Then applying
Theorem we conclude that (4.3) has a unique classical solution (u,v) such that
u(z) = 0 (x) and

b(x)uP(z) =

(f|j\3+1 Lls(S)ds)l/(l_ﬁ)y ifn—24+p=2,
Ly (1+4]z]) /=8 )
o(z) ~ (1(+\1:§|1)TJ+‘2)74)/(17B)7 if2<n—-24+p<n—(n-2)0,
x s 1/(1— .
W( 1\ |+2L18(<)d8) /( 6), -2+ p=n—(n—2)3,
TR ifn—24+p>n—(n-2)8
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