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MAXIMUM PRINCIPLE AND EXISTENCE RESULTS FOR
NONLINEAR COOPERATIVE SYSTEMS ON A BOUNDED
DOMAIN

LIAMIDI LEADI, ABOUBACAR MARCOS

ABSTRACT. In this work we give necessary and sufficient conditions for having
a maximum principle for cooperative elliptic systems involving p-Laplacian
operator on a bounded domain. This principle is then used to yield solvability
for the considered cooperative elliptic systems by an approximation method.

1. INTRODUCTION
This article studies the general nonlinear cooperative elliptic system
—Apu = am(x)|ulP~?u + bmy (z)h(u,v) + f in Q
—Av = dn(z)|v|7 v + cny (2)k(u,v) + g in Q (1.1)
u=v=0 on o

where 2 is an bounded domain of class C?¥ of RY (N > 1). Here Ayu :=
div(|]Vu[P=2Vu), 1 < p < +oo, is the p-Laplacian operator. The parameters
a,b,c,d are nonnegative real numbers. The functions h,%k : R?> — R are contin-
uous and have like the weight functions m, mq,n,n, some properties which will be
specified later.

Our aim is to construct a Maximum Principle with inverse positivity assumptions
which means that if f, g are nonnegative functions then any solution (u, v) of
obey u > 0; v >0 on Q.

Many works have been devoted to the study of linear and nonlinear elliptic
cooperative systems either on a bounded domain or an unbounded domain of R
(cf. [3L 14 B 6l [7, 8, @ 10 1T, 12] 15]). Most of those works deal with Maximum
Principle for a certain class of functions h an k. In this work, we deal with a more
general class of functions h, k. For specific interest for our purposes is the work in
[4] where a study of problems such as was carried out in the particular case
where the weights m = my =n =ny = 1; h(s,t) = |s|*|t|’t and k(s,t) = |s|¥s|t|?,
«a and [ are some nonnegative real parameters. Clearly, our work extends the work
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in [4] first by considering a problem with weights and next by dealing with a more
general class of functions h, k. For instance our result can apply for the case

h(s.t) |sins|*|arctant|®t fort >0, s € R
5,t) =
|| [t|Pt fort <0, s € R.

K(s.1) = |sin s|*s|arctant|® for s >0, t € R
S = |s|>s|t|® for s <0, teR.
which is not taking into account in [4].
The remainder of this article is organized as follows: in the preliminary Section
2, we specify the required assumptions on the data of our problem and we collect
some known results relative to the principal positive eigenvalue of the p-Laplacian

operator. In Section 3, the Maximum Principle for (|1.1) is given and is shown to
be proven full enough to yield existence of solution for (1.1]) in Section 4.

2. PRELIMINARIES

Throughout this work we assume that:
(B1) @, 8> 0;p,g>1and ©H 4 2 — 1

' ! 1,01 1, 1 _ 1.
(B2) b,e>0, feLP(Q),ge L (Q)Wlth;‘f'p—a-‘r?—l,

(B3) m,mq,n,n; are smooth weights such that m,n € L>®(Q2) and 0 < my,
ny S m(a+1)/pn(:8+1)/q.

(B4) The functions h and k satisfy the sign conditions: th(s,t) > 0, sk(s,t) >0
for (s,t) € R? and there exits I' > 0 such that
h(s,—t) < —h(s,t) fort>0, seR
h(s,t) = TOTA+2=P 5|2 ¢|Pt fort <0, s € R
and
k(—s,t) < —k(s,t) fors>0,teR
k(s,t) = DoTA+2=4)519|t|#  for s <0,t €R

Here and henceforth the Lebesgue norm in LP(€2) will be denoted by || - ||, and
the usual norm of W,*(2) by || - |. The positive and negative part of a function
u are defined respectively as u™ := max{u,0} and v~ := max{—u,0}. Equalities
(and inequalities) between two functions must be understood a.e. in €.

Let us recall some results on eigenvalue problems with weight (cf [T, 2]) useful
in the sequel for this work. Given g € L*>°(fQ), it was known that the eigenvalue
problem

—Apu = A\g(z)[ulP"u in Q
u=0 on 0N
admits, an unique positive first eigenvalue A1(g,p) with a nonnegative eigenfunc-

tion. Moreover, this eigenvalue is isolated, simple and as a consequence of its
variational characterization one has

M(g.0) / o) ulP < / Vul Vu e WEP(9).

Now we denote by ® (respectively ¥) the positive eigenfunction associated with
A1(m,p) (respectively A1(n, q)) normalized by [, m(z)|®|P =1 (resp [, n(x)|¥|? =

(2.1)
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1). The functions ¢ and 1 belong to C1*(Q) (see [16, 17]) and by the weak
maximum principle (see [I8])

g%<0 and g—\f<0 on 0f),
where v is the unit exterior normal. Finally, let us define
_ infoky(x)
~ supgha()’
where
fey(z) = [”17@](5+1)/q[w]%%7 k() = [M](aﬂ)/p[w]%l%
n(x) U () m(z) U ()

3. A MAXIMUM PRINCIPLE FOR SYSTEM (/1.1

We say that a Maximum Principle holds for system if f>0and g >0
implies v > 0 and v > 0.

By a solution (u,v) of (L.I)), we mean a weak solution; i.e., (u,v) € W, ?(Q) x
Wy %(£2) such that

/ |Vu|P~2Vu.Vw = / [am(z)|u[P~?uw + bmy (x)h(u, v)w + fw]
@ @ (3.1)

/ |Vo|T2V0.Vz = / [dn(x) v 20z + cny (z)k(u,v)2z + g2]
Q Q

for all (w,z) € Wy (Q) x Wy 9(Q).
Note that by assumptions (B1)—(B4), the integrals in (3.1)) are well-defined. We
are now ready to state the validity of the Maximum Principle for (L.1)).

Theorem 3.1. Assume (B1)-(B4). Then the Mazimum Principle holds for (1.1
if

(Cl) Al(map) > a,

(02) )‘l(n7Q) > d7

(C3) (A (m,p) — a)@tD/P(\(n,q) — d)P+D/a > platD/pB+1)/a,

Conversely if the Maximum Principle holds, then conditions (C1)—(C4) are satisfied,
where

(C4) (Ai(m,p) — a)@tD/P(X\(n,q) — d)PD/a > @platD/pB+1)/q

Proof. The proof is partly adapted from [4] [12]

The condition is necessary. Assume that the Maximum Principle holds for
system (LI). If A\;(m,p) < a then the functions f := (a — Ay(m,p))m(z)PP~?
and g := 0 are nonnegative, however (—®,0) satisfies (L.1)), which contradicts the
Maximum Principle.

Similarly, if A;(n,q) < d then f := 0 and g := (d — A\i(n,q))n(z)¥?"! are
nonnegative functions and (0, —¥) satisfies , which is a contradiction with the
Maximum Principle.

Now, assume that Ai(m,p) > a, A\1(n,q) > d and that (C4) does not hold; that
is,

(C4) (A (m,p) —a)@tV/P(\ (n, q) — d)PFTD/1 < @platD)/pc(BH1)/a
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Set

Ao (Al(m,bp) - a)(a-i-l)/P7 B (Al(n,cq) - d)(5+1)/q7

then (C4’) becomes AB < © which implies

S}
AB, < =L where ©; = infky(z), ©2 = supks(z). (3.2)
B Q Q
Hence there exists £ > 0 such that
(C]
AB, <€ < fl

Let c¢1, co be two positive real numbers such that
Fq a+1 B+1

&= (cfrp) -
Using (3.2), (B1) and the above expression of £, we have
(A1 (m, p) — alm(z)[e; ®(2)]P~ < T2 () e @ ()] [e2 ¥ (2)) 7
a.e, for z € ) and
i (n, ) = dln(2) oW (2)]7" < TOFEF27en, (2) o1 ()] e ¥ ()]
a.e, for x € Q. Furthermore, using the inequalities in (B4), we obtain

—\i(m,p) — a]m(z)[e1®(x)]P~" — bmy (2)h(—c1®, —co¥) >0 ae, for x€Q

and
—[Ai(n,q) — dn(2)[c2¥(2)]97! — cny (@) k(—c1®, —c2¥) >0 ace, for x € Q.
Hence
0 < —[\i(m,p) — alm(z)[c1®(x)]P~" — bmy (2)h(—c1 @, —c2 ) = f,
0 < —[M\(n,q) —dn(z)[ca¥(2)]97" — eny (2)k(—c1®, —c¥) = g

are nonnegative functions and (—c;®, —co¥) is a solution of . This is a con-
tradiction with the Maximum Principle.

The condition is sufficient. Assume that the conditions (C1)—(C3) are sat-
isfied. So for f > 0, g > 0, suppose that there exists a solution (u,v) of system
. Multipling the first equation in by u~ and the second one by v~ and
integrating over 2 we have

/Q\Vu_\p:a/ﬂm(x)\u_P’—b/ﬂml(x)h(u,v)u_ —/qu_
/ Vo~ |4 :d/ n(m)|v_|q—C/in(a:)k(u,v)v_ —/gv_.

Then, using the sign conditions in (B4) we obtain

/|Vu |p<a/m u~ |p—b/m1 h(u, —v™)u~
/Q|Vv_|qSd/Qn(x)\v_P—c/ﬁnl(x)k:(—u_,v)v_.

Recalling the conditions in (B4), we derive that
h(u, —v™ )u~ = —DOHAF2=p (=)ot l(y )+
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k(—u,v)v™ = —Tatf+2=a(yyatl(=)f+1

and hence

/ [Vu~|P < a/ mlu” [P b0y (@) (u” ) (07)
Q Q Q

/|v7f|q gd/ n|v*|Q+cra+ﬁ+2*q/ na () (u ) (o™ )P+,
Q Q Q

Combining the variational characterization of A1 (m, p) and A1 (n, ¢) with the Holder
inequality and assumption (B3), we have

(M (m,p) — a) /Q m(@)|u- P
Sbra+ﬁ+2p(/ﬂm($)|u|p>(a+1)/q(/g(n($)|v|q)>(ﬁ+1)/p,

(ae) =) [ n(@)lo
(at+1)/q (B+1)/p
<2 ( [ @) ([ wem) T
0 0
which implies
(at1)/p L\ (B+1)/a
([ m@lar)™ [atmp) — o) ([ milaP)
0 0
B+1)/
—bF‘”ﬂ*H’(/ n(m)|v*|q) q} <0,
0
_ NB+D/q N\ (at+1)/p
([ attm) ™ [outma) - ([ natre)
% Q
(a+1)/
_dw+ﬂ+2—q(/ m(x)|u_|p) p} <0
Q
Let us show that u= =v~ = 0.
o If [,m(x)|u”? =0 or [,n(z)|lv7|? = 0 then, using the fact that m > 0,

n > 0, and (3.3), we obtain u= = v~ = 0, which implies that the Maximum
Principle holds.

o If, fQ m(z)|u~[P # 0 and fQ n(x)|v™|P # 0, then we have

(A (m,p) — a)(/ﬂﬂl(xﬂujp) prots+2-p </Q n(z)o "
(A(n,q) — d)(/gn(x)wq)(aﬂ)/p < CFO‘WH(I(/Qm(a:)m|P)(a+1)/p7

which implies

(3.3)

(B+1)/q (B+1)/q
< )

a+1 g+1

(atmp) =) (o) T

a+1 B+1

S A / n(@le|?) T
Q
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B+1 a1l

(Al(”vQ)*d)(ﬁﬂ)/q(/ﬂn(x)\v*\q) T

< comrapossn s ([ )
Q

Multiplying the two inequalities above and using the fact that

(oz—l—ﬁ—i—Z—p)aT?H—F(a—i-ﬂ—FQ—q)%

(3.4)
— (@ g4+ ) @) - B+ =0 H
one has
(A1 (m,p) — )(a+1)/p()\l( q) — d)(ﬂﬂ)/q
[( )l l”)(/ (@) "
<t ,6+1/q /m V- ‘p /an)rl”i
and then

(A1 (m,p) — )("+1)/”(>\1(n q) — d)B+D/a _ b“jlc(ﬂﬂ)/q}

<[ ([ m@hp) ([ a5 <o

Since (C1)—(C3) are satisfied, the inequality above is not possible. Consequently
u~ =wv~ =0 and the Maximum Principle holds. |

When p = ¢ and m = n, the number 6 is equal to 1 and as a consequence of
Theorem we have the following result.

Corollary 3.2. . Consider the cooperative system (1.1)) withp =q > 1 and m = n.
Then the Mazimum Principle holds if and only if (C1)—(C3) are satisfied.

Remark 3.3. Our result is reduced to the one in [] when h(s,t) = |s|*|t|’t,
k(s,t) = |s|s[t|” and m = n = 1. When p = q and a = 3 = p — 2, we obtain the
result in [10].

4. EXISTENCE OF SOLUTIONS

We prove in this section that, under some conditions, system (1.1) admits at
least one solution.

Theorem 4.1. Assume (B1), (B2), (C1), (C2), (C3) are satisfied. Then for f €
LY (Q) and g € L9 (Q), system (1) admits at least one solution in WP (€) x
Wy (9).

The proof will be given in several steps. It borrows some ideas from [4, [12], and
requires the Lemmas state below.
We choose r > 0 such that a4+ > 0 and d+r > 0. Hence ([1.1)) reads as follows:

—Apu+ rm(x)|uP~2u = (a + r)ym(x)[ulP2u + bny (2)h(u,v) + f in Q
—Agv +rn(@)|w]P v = enyk(u,v) + (d+ 7r)n(@) P20+ g in Q (4.1)
u=v=0 ondQd
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Following [3] and [4], for 0 < e < 1, we introduce the system
—Apue + rm(z)|u P ?ue = h(z,uc,v) + f inQ
—Agve + rn(z)|v 1?0 = k(z,uc,v) +g inQ (4.2)
U =v. =0 on IN
where
h(z,s,t) = (a+r)m(z)|s|P~2s(1 + 6%|5|7”_1)_1 + bmy (z)h(s, t)(1 + e|h(s, t)]) 7,
k(z,s,t) = (d+r)n(@)|[tP 261 + /9|7 + enqk(s, £)(1 + e|k(s, 1))~
Lemma 4.2. System has a solution in Wy (Q) x Wl (Q)

Proof. Let € > 0 be fixed
e Construction of sub-solution and super-solution for system

—Apu A+ rm(z)|ulPu = h(z,u,v) + f inQ
— A+ ro()|vP~20 = k(z,u,v) 4+ g in Q (4.3)
u=v=0 ondQ

From (B3), the functions h and k are bounded; that is, there exists a positive
constant M such that

\h(z,u,0)| < M, |k(z,u,0)] < M Y(u,v) € WP () x Wy 9(Q)
Let u® € Wy (Q) (respectively v0 € Wy '?(2)) be a solution of
— AU+ (@)l = M+ f
(resp. — Apv° +rn(x)[0077 200 = M + g)
and ug € Wy P(Q) (resp vy € W, (Q)) be a solution of equation
Apug + rm(z) [uolP?ug = —M + f(resp — Apvg + rn(x) 0’92y = —M + g)
The existence of ug, u’, vg, v’ is proved in [14]. Moreover we have
—Apug + rm(z)|ue P 2ug — Az, ug,v) — f <0 Yo € [vg, 0],
—A,u’ 4 rm(x)[u’ P72’ — Az, u’v) — f >0 Vo € [vg,0?],
—Agvo + r(x)|ve] 720 — k(z,u,v0) —g <0 Yu € [ug, u’]
— A0 4 rn(2) 017200 — k(z,u,0°) —g >0 Vu € [ug, u’]

So (ug,u”) and (vg,v°) are sub-super solutions of ([4.3).
o Let K = [ug, u’] x [vg,v°] and let T : (u,v) — (w, z) the operator such that

)

—Ayw + rm(z)|w|P 2w = h(z,u,v) + f inQ
—Ayz 4 rn(x)]2]7722 = k(z,u,0) + g in Q (4.4)
u=v=0 onoQ.
e Let us prove that T(K) C K. If (u,v) € K, then
— (Apw = %) + rm(a) (JwPw — [€01P72¢%) = [h(w,u,0) = M) (45)
Taking (w — £°)T as test function in ([4.5]), we have

/ (VP2 Vw — [VEP2VE) T (w — £0)F
Q
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Since the weight m is positive, by the monotonicity of the function s — |s[P~2s
and that of the p-Laplacian, we deduce that the last integral equal zero and then
(w — €9 = 0; that is, w < &Y. Similarly we obtain & < w by taking (w — &)~
as test function in . So we have & < w < €% and N <z < 7]0 and the step is
complete.

e To show that T is completely continuous we need the following Lemma.

Lemma 4.3. If (uy,v,) — (u,v) in LP(2) x LY() as n — oo, then

p—2 p—2 )
(1) X, = m(m)% converges to X = m(x)% in LP (Q) as
n — oo.

h(Up ,Un h(w,v ) ’
2) Y, = ml(x)m converges to Y = ml(m)#(u?v)‘ in LT(Q) as
n — oo.

Proof. Since u, — u in LP(Q), there exists a subsequence still denoted (u,) such

that
un(x) — u(z) ae. on Q,

4.6
|un(z)| < n(x) a.e. on Q with n € LP(Q) (4.6)
Let )
B [un P~ Uy,
X, = m(x)—1 R Ev AR
Then

Ju(z) P~ 2u(z)
1+ |eV/Pu(x)|p—1

X < lImllosltn"™" < [Imlloc|nP~*

Xn(x) = X(z) = m(x) a.e. on

in L*' (Q). Thus, from Lebesgue’s dominated convergence theorem one has
JulP~2u

T et L) asn—oo

X, — X =m(x)

So (1) is proved.
Moreover, since v, — v in L4()), there exists a subsequence still denoted (vy,)

such that
vp(z) — v(z) a.e onl,

lun(2)] < ¢(z) a.e on Q with¢ € LI()
Using (B4), one has
Yol < ool Atn, v)| < TOFP2277 o | o ] 2[4

in L¥' (), since o+ % = 1%. Let

(4.7)

h(tp, vy)
Y, = _ MUn,Un)
(@) e[ (tn, o)

Then
h(u(z),v(z))
1+ €|h(u(z),v(x))]

Yo (x) = Y(x) = my(x) a.e in
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So, we can apply the Lebesgue’s dominated convergence theorem and then we
obtain

}H@HY@F”M”uﬁﬁﬂﬁﬁgﬂi“mmy

as n — 0o. O
Remark 4.4. We can similarly prove that, as n — oo,
n(@)[vn] T2 vn (1 + /70, [171) 71 — (@) [o] 7 2u(1 + [€/90]97) 71 inL (),
n1(2) k(i , vn ) (1 + €|k (tn, v)]) ™1 = 11 (2)k(u, ) (1 + e|k(u,0)|)~"  in LY ()

e To complete the continuity of T. Let us consider a sequence (uy,,v,) such
that (up,v,) — (u,v) in LP(Q) x L1(Q) as n — oco. We will prove that (wy,2,) =
T(up,vn) — (w,z) = T(u,v). Note that (wy, z,) = T(up, vy,) if only if

(—Apwy, + rm(z)|w, [P~ 2w,) — (=Apw + rm(z)|w|P~2w)

= ﬁ(x,un,vn) - h(.T, u)”)

_ L Juf~?u
= (a4 lm(e) a5t — @) T ) (4.8)
h(tn, vn) h(u,v)

+ bmq ()]

]

1+ €h(un,vn| 1+ €lh(u,v)]
= (a47) (X, — X)+b(Y, —Y)

Multiplying by (w, — w) and integrating over £ one has

/(|an\p72an - |Vw|p*2Vw)V(wn —w)

Q

+ 7"/ m(x)(|wn|p*2wn — |w\p*2w).(wn —w)
Q

:(a—i—r)/Q(Xn—X)(wn—w)—&—b/Q(Yn—Y)(wn—w)

< (a+r)(/ﬂ|Xn—X|pl)1/p/</Q|wn )

) (o)

Combining Lemma [£.3] and the inequality

lz = ylI” < el(lelP~2 = lylP~y) (@ — )2 [lll” + Iy |71 ~2, (4.9)

where 7,y € RN, c =¢(p) >0and s =2if p>2, s =pif 1 <p <2 (cf. eg [L3]),
we can conclude that w,, — w in W**(€2) when n — co.

Similarly we show that z, — z in Wy'?() as n — oo and then, the continuity
of T is proved

e Compactness of the operator T. Suppose (un,v,) a bounded sequence in K
and let (wy, zn) = T(up,v,). Multiplying the first equality in the definition of T'
by w, and integrating by parts on €2, we notice the boundness of w,, in Wg’p(ﬂ)
and then we use the compact imbedding of W, *(£2) in LP(£) to conclude.

The same argument is valid with (z,) in L2(€2). Thus T is completely continuous.
Since the set K is convex, bounded and closed in LP(§2) x L?(Q)), the Schauder’s
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fixed point theorem, yields existence of a fixed point for 7" and accordingly the
existence of solution of system (4.2]). So Lemma is proved. (|

Proof of Theorem[/.1. The proof will be given in three steps.
Step 1. Let us first prove that (u,v.) is bounded in Wy (Q) x W,4(€2). Indeed
assume that ||uc]| — oo or ||ve|]| — oo as € — 0. Let

Uu v
te=max{lucl lly, - we= 5 w=
€ €

We have ||w.|] < 1 and ||z¢]| < 1 with either |Jwe|| = 1 or ||z¢|| = 1. Dividing the
first equation in by (t.)# we obtain
— Apwe + rm(x)|we [P 2w,
= (a +r)m(z)|w? 2w (1 + |e%u€|p_1)_1
VP by (@) Rt Pwe, te 2 ) (1+ elh(ue, v)|) ™+ 6P f.
Similarly dividing the second equation in by (to)"/ 7 we obtain
— Ayze +rn(x)] 2|7 2w,
= (d+ r)n(@)fwe|*we(1 + eru *T) ™
Y9 eny () (M Pwe, 17 20 ) (14 el (ue, ve) ) T+ g

Testing the first equation in the system above by w, and using (B4), we obtain

vt < [ mlu 0 [ ) )
Q Q Q

+<te>¥*}/9|f||w€|.

which, by the Holder inequality, implies

1/p (B+1)/q
/ |Vwe|? <a/ m|w,|P 4 pT T2 p /m|w6 (/ n|w5|q)
Q
() PN fll ey el

Using the variational characterization of A (m,p) and the imbedding of W, () in
LP(Q). one has

[[we]|** |7+

1P prot+ps+2-p
el + P, [T [ (i, )] P74

[[well” <

a
A1(m, p)
+ op, Q) () 7 [1f ey 1l

where ¢(p, Q2) is the imbedding constant. So, one gets

(JJwe|[p) P+ 179

A1(m,p) —a
Lot p |z )P -esp (40
— atl - (B+1)/ 1/p /|f|p /|vwe‘p) )
Ar(m,p) 7 Ai(n, q) !
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and accordingly

(tim sup [ 1) 5"+
1m su We P q
(A1 (m,p) — a)tV/P p 2
Ar(m,p) > 1)
_ e DO (i sup )5 5 '
B A (m,p) T N (n, )T
In a similar way, we obtain
: atl f41
(B+1)/q imsup [z [|7)
Oulm,0) =) A1 (n, q)B+1)/a
(4.12)

—g)(E2ELy .. atl f+1
< g DO timsup [lw|?)

(5+1 atl B+1

A, @) N (m,p) 5
Multiplying term by term the expressions in (4.11) and (4.12), and using (3.4)), we
obtain
[(A1(m, p) — CL)QTH(/\l(n, q) — d)(ﬁﬂ)/q - baT“c(ﬁH)/q]

: atl 1, atl f+1
o (i sup Ju[?) 5+ (imsup [l=7) > _

A (m,p) T Ap(n, q) D/ -

Since conditions (C1)—(C3) hold, one has

lim sup [|we||” = limsup ||z||” = 0.

This yields a contradiction since ||we|| = 1 or ||z¢|| = 1, and consequently (ue,v,) is

bounded in W3 (Q) x Wy ?(1).

Step 2. (e!/Pu,;e'/9v,) converges strongly in Wy*(€2) x Wy9(€) when e ap-

proaches 0. Tt is obvious due to the boundness of (u,v,) in Wy () x Wy 9(Q).

Step 3. Let us prove that (uc,v.) converges strongly in Wy (Q) x Wy 4(Q)
when e approaches 0. Since (uc,v.) is bounded in W, ?(Q) x W %(Q) we can
extract a subsequence still denoted (ue,v.) which converges weakly to (ug,vg) in

WP () x Wy 4(Q) and strongly in LP(Q) x L?(£2) when e — 0.

Asue — up  in LP(Q), ve — vg in LI(2) when € — 0 then there exists a function

n € LP(2), ¢ € L1(Q) such that

ue(x) — up(z) a.e. as e — 0 and |ue| < nin LP(Q).
ve(z) = vo(x) a.e. as e — 0 and |v| < ¢ in LY().

Hence we have

el 2ue(@)(1+ Jeruc”™) 71 < ucP~t <Pt in LY (@),
e =20 (1 + e/ 90 ™) 7 < ot < ¢ in L9(Q),

Since (e'/Puc) — 0, (¢*/%,) — 0 a.e. when € — 0, one can deduce that
Jue(@) P 2uc(@) (1 + |eruc(@)P) 71 = Juo (@) P uo (),
)T ) (1 M0 @) o)l o (z),

a.ein Q as e — 0.

Applying the dominated convergence theorem we obtain

e Puc (14 [ PucP ™) = Jug|Pu,
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[ve| 920 (1 + |el/qv€|q*1)71 — |vo]9 2wy

in L”' () as e — 0. Similarly we have

el patanpypo i (@) sinee & 4 23 2 L
1+e|h(u€,v€)| p 1 v
, 1
Mt passasappeti i () since @7 22 L
1+ €|k (ue,ve)| q ¢

and

h(uc(x), ve(x))

1+ el h(uc(x), ve(2))|
); Ve(2)

(

— h(ug(x),vo(x)) a.e. ase— 0,

k(ue(x), ve(x))
1+ e|k(uc(x), ve 33))‘

k(uo(x),vo(x)) a.e. ase— 0.

Again using the dominated converge theorem we have

h(te, ve)
1+ €|h(ue, ve)]
E(ue, ve)
1+ €|k(te,ve)|

— h(ugp,v9) in L (Q) ase—0,
— k(ug,vp) in L9 (Q) as € — 0.

Now, we conclude the strong convergence of (uc,v.) in Wy™*(Q) x W, %) by

applying (4.9).

Finally, using a classical result if nonlinear analysis (cf [14]), we obtain
—Apug +rm(z)|ueP"2ug = (a + r)m(x)|uo|P~2ug + bmy (x)h(ug,vo) + f in Q
—Agvo +rn(x)|volT*vo = (d + r)n(z)|vo| T v + cna ()k(uo,v0) + g in Q
up=v9g =0 on IN
which can be written again as
—Ayug+ = am(x)|uo P ?ug + bmy (x)h(ug, vo) + f  in Q
—Aqvo = dn(x)|vo] " v + eny (2)k(ug, vo) + gin
ug =v9 =0 on 0N
This completes the proof. O

Remark 4.5. One has the same results by interchanging the role of h and k in the
second part of the assumption (B4), namely

h(s,t) = DOTA+2=P5|¢(1)A*1 fort >0, s € R
h(s,—t) < —h(s,t) fort <0, seR
and

k(s,t) = DoTA+2=q(5)at 18 for s >0, t € R,
k(—s,t) < —k(s,t) for s <0, teR.
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