Electronic Journal of Differential Equations, Vol. 2011 (2011), No. 62, pp. 1-16.
ISSN: 1072-6691. URL: http://ejde.math.txstate.edu or http://ejde.math.unt.edu
ftp ejde.math.txstate.edu

QUASILINEAR ELLIPTIC PROBLEMS WITH NONSTANDARD
GROWTH

MOHAMED BADR BENBOUBKER, ELHOUSSINE AZROUL, ABDELKRIM BARBARA

ABSTRACT. We prove the existence of solutions to Dirichlet problems associ-
ated with the p(z)-quasilinear elliptic equation

Au = —diva(z,u, Vu) = f(z,u, Vu).

These solutions are obtained in Sobolev spaces with variable exponents.

1. INTRODUCTION

Partial differential equations with non-standard growth in Lebesgue and Sobolev
spaces with variable exponent have been a very active field of investigation in recent
years. The present line of investigation goes back to an article by KovéZc)ik and
Rékosnik [9] in 1991.

The development, mainly by Ruzicka [15], of a theory modelling the behavior of
electro-rhelogical fluid, an important class of non-Newtonian fluids, seems to have
boosted a still far from completed effort to study and understand nonlinear PDEs
involving variable exponents by several researches. Samko [16] [I7 [I§] working
based on earlier Russian work (Sharapudinov [19] and Zhikov [20]), Fan and collab-
orators [5] [6] [7, []] drawing inspiration from the study of differential equations(e.g.
Marcellini [I4]). More recently, an application to image processing was proposed
by Chen, Levine and Rao []. To give the reader a feeling for the idea behind this
application we mention that the proposed model requires the minimization over u
of the energy,

E(u):/Q\Vu(x)\p(z)+|u(m)fl(x)|2dx, (1.1)

where I is a given input. Recall that in the constant exponent case, the power p = 2
corresponds to isotropic smoothing, which corresponds to minimizing the energy,

Es(u) = /Q |Vu(z) | + Ju(z) — I(x)]*dz. (1.2)

Unfortunately, the smoothing will destroy all small details from the image, so this
procedure is not very useful. Where as p = 1 gives total variations smoothing which
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corresponds to minimizing the energy,
Eq(u) = / |Vu(z)| + |u(z) — I(x)]*dz. (1.3)
Q

The benefit of this approach not only preserves edges, it also creates edges where
there were none in the original image (the so-called staircase effect).

As the strengths and weaknesses of these two methods for image restoration are
opposite, it is a natural to try to combine them. That was the idea of Chen, Levine
and Rao [], looking at F; and FEs suggests that the appropriate energy is E(u)
(see[L.1), where p(z), is a function varying between 1 and 2. This function should
be close to 1 where there are likely to be edges, and close to 2 where there are likely
not to be edges, and depends on the location , x, in the image. In this way the
direction and speed of diffusion at each location depends on the local behavior.

We point out that, this model is linked with energy which can be associated to
the p(x)-Laplacian operators; i.e.,

Apryu = div(|Vu P =2Vuy). (1.4)

Moreover, the choice of the exponent yields a variational problem which has an
Euler-Lagrange equation, and the solution can be found by solving corresponding
evolutionary PDE.

In this paper, we consider a problem with potential applications. This problem
has already been treated for constant exponent but it seems to be more realistic to
assume the exponent to be variable. More precisely, we are interested in this paper
to the following Dirichlet problems

Au = f(x,u,Vu) in D'(Q),

1.
u=0 on 01, (1.5)

where Q is a bounded open subset of RV (N > 2), and p € C(Q), p(x) > 1,
and where A is a Leray-Lions operator defined from W, ") (Q) into its dual
W12 (#)(Q) by the formula

Au = —div a(z, u, Vu) (1.6)

and where f : @ x R x RN — R is a Carathéodory function which satisfies the
growth condition

|f (@, €) < g(a) + "™ + €], (1.7)
where 0 < n(z) < p(z) —1 and 0 < §(z) < (p(z) — 1)/p/(z). In the case of non-
variables exponents, Boccardo, Murat and Puel have studied in [3] the problem
with f satisfying the condition

[f (O < A(Ir (L + [€]7), (1.8)

where h is an increasing function from RT — R¥.
Kuo and Tsai [I0], proved the existence results under the growth condition

|f(@,r, &) < CL+|r° + [€P). (1.9)

However, in the case of variable exponent, we can list the work of Fan and Zhang
[11] who studied the particular case

—div(|VulP®72Vu) = f(z,u) ze€Q

(1.10)
u=0 on 01,
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where f satisfies the growth condition
|f(z,7)] < Cy + Calr|P@)=1, (1.11)

with 1 < 3 < p~ :=essinf 5 p(z) and we denote p* := esssup, g p(z).
The aim of this article is to study the existence of a solution to the problem (|1.5))
in the Sobolev spaces with variable exponents. The model example of our problem
is
— div(|Vu[P®2Vu) = [u|"® + |Vu|*@ + g(z) in D'(Q)
u=0 on 0N

where p € C4(Q), 1 < p~ < p(z) < pt < N, g € LP@(Q), n and § are two
continuous functions on € such that 0 < n(z) < p(z) — 1 and 0 < §(z) < 2&=L

(1.12)

p'(z)
Let us point that our work can be seen as a generalization of [I1], [I0] and [3]
in the sense that in the first work the authors have considered Au = —A,yu ,

f = f(z,u), however in the two last works the exponent is constant p(x) = p.

This article is organized as follows: In section 2, we introduce the mathematical
preliminaries . In section 3, we introduce basic assumptions and we give and prove
some main lemmas. Section 4, is devoted to the proof of our general existence
result.

2. PRELIMINARIES
For each open bounded subset © of RY (N > 2), we denote
C+(Q)={pecC(Q):p(x) >1for any z € Q},

and we define the variable exponent Lebesque space by:

LP@)(Q) = {u is a measurable real-valued function, / Ju(z)|P® dz < oo},
Q

We can introduce the norm on LP(*)(Q) by

[ulp(zy = inf {A >0 / | —= |p($) <1}

Remark 2.1. Note that the variable exponent Lebesgue spaces resemble classical
Lebesgue spaces in many respects: they are Banach spaces (KovziZc)ik and Rékosnik
[9, Theorem 2.5]), the Holder inequality holds (Kovéfc)ik and Rékosnik [9, Theorem
2.1]), they are reflexive if and only if 1 < p~ < p* < oo, (Kové(c)ik and Rékosnik
[9, Coro. 2.7]) and continuous functions are dense, if p* < oo (Kovéfc)ik and
Rékosnik [9, Theorem 2.11]).

We denote by L?'(#)(Q) the conjugate space of LP(*)(Q) where
(see [12], [22]).

1 L
CoREoRE
Proposition 2.2 (Generalized Holder inequality [12] 22]).

(i) For any u € LP®)(Q) and v € Lpl(m)(Q), we have
|/ ’LLUd.’E| < — + —)|u|p(1)\v\p /()

(i) If pi (), p2(z) € C1(Q), pl(x) < pa(@) for any & € Q, then LP2)(Q) —
LP1®)(Q), and the imbedding is continuous.
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Proposition 2.3 ([I2],[21]). If f : @ x R — R is a Carathéodory function and
satisfies
|f(x,8)] < a(z) + b|s|Pr@/P2@) for any z € Qs € R,

where p1,pa € C1(Q), a(x) € LP2®)(Q), a(x) >0 and b > 0 is a constant, then the
Nemytskii operator from LP+(*)(Q) to LP*(*)(Q) defined by (Ny(u))(z) = f(x,u(z))
is a continuous and bounded operator.
Proposition 2.4 ([12], [22]). Let p(u) = [, [u[P®dz for u € LP@®)(Q). Then the
following assertions hold:

(1) |ulp@y <1 (resp. =1, > 1) if and only ifp( ) <1 (resp. =1, >1);

(i) [ulpey > 1 implies [ul’p,, < p(u) < [ul”,

o ot
z), [u|pzy < 1 implies \u|p(m) <

o) < [ull;

(iii) |u|p@y — 0 if and only if p(u) — 0; |ulpe) — oo if and only if p(u) — oc.

We define the variable Sobolev space by

WP (Q) = {u e LP®)(Q) : [Vu| € LP@(Q)}.
with the norm
ull = [ulpa) + [Vulpw Yu € WHPE(Q). 2.1)

We denote by W, 170 (Q) the closure of Cee(Q) in W@ (Q) and p*(z) = A],V_pz()g),
for p(z) < N.

Proposition 2.5 ([12]). (i) Assuming p~ > 1, the spaces WHP(®)(Q) and
Wol’p(z) (Q) are separable and reflexive Banach spaces.
(ii) if ¢ € C4(Q) and q(z) < p*(x) for any x € Q, then WHPE)(Q) e
L) (Q) is compact and continuous.
(iii) There is a positive constant C, such that

| pa) < C|Vulpwy Yu € Wy ™(Q).

Remark 2.6. By (iii) of Proposition ﬁ, we know that [Vul,) and [jul| are

. 1
equivalent norms on W, @,

3. BASIC ASSUMPTIONS AND SOME LEMMAS
Let p € C () such that 1 < p~ < p(x) < pt < N, and denote
Au = —div a(z,u, Vu),

where @ : @ x R x RV — R¥ is a carathéodory function satisfying the following
assumptions:

(H1) |a(z,r,&)| < Blk(z) + |r[P) =1 + [g[7)71];

(H2) [a(z,7,€) — alz,r,n)](§ —n) > 0 for all £ #n € RY;

(H3) a(z,r,£)¢ = a\flp(m
for a.e. x € Q, all (r,§) € R x RY, where k(z) is a positive function lying in
LP'@)(Q) and 8, a > 0.

Let f be a Carathéodory function defined on Q x R x R such that

(H4) |f(x,7,6)] < glx)+|r["®) +[£]°@) for ae. x € Q, all (r,&) € RxRY, where

g: Q=R ge L@ (Q) and 0 < n(z) < p(z) — 1,0 < 6(z) < p;?()w_)l.
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Definition 3.1. Let Y be a separable reflexive Banach space. An operator B
defined from Y to its dual Y* is called an operator of the calculus of variations
type, if B is bounded and is of the form

B(u) = B(u,u), (3.1)
where (u,v) — B(u,v) is an operator defined from Y x Y into Y* which satisfying
the following properties:

For u € Y, the mapping v — B(u,v) is bounded hemicontinuous

from Y into Y* and (B(u,u) — B(u,v),u —v) > 0; (3:2)

for v € Y, the mapping u — B(u,v) is bounded hemicontinous from Y into Y*;

if u, = winY and if (B(up,u,) — B(up,u),u, —u) — 0, then (3.3)
B(up,v) = B(u,v) in Y* for allv €Y. ’
and
ifup, = winY and if B(u,,v) = ¢ in Y*, then (B(un,v), uy) —
(¥, u).

The symbol — denote the weak convergence.

(3.4)

Lemma 3.2. Assume that (H1)—(H4) are satisfied and let (u,), be a sequence
in Wol’p(w)(Q) and let u € Wol’p(z)(Q). If up, — u in Wol’p(z)(Q), then for some
subsequence denoted again (u,), we have

a(x, up, Vv) = a(z,u, Vv) in (L”/(””)(Q))N,VU € Wol’p(w)(Q).
Proof. From (H1), it follows that
|a(z, uy, Vo))
< B @[k(x) + [un [P@) 1 4 Vo) —1)P @)
<(B+ 1)17’* Qp“’fl[k(z)p’(r) + 2p’+71(|un|(p(:v)*1)p'(r) + | Vo|P@) =D @)y]
<(B+1)P" 22(p'+71)[k(x)p’(r) + [ P& + |V [P)].

(3.5)

In the second inequality above we have used [2]. Since w, — w in WO1 P (I)(Q)
and according to proposition |2.5) we have Wol’p(x)(ﬂ) e LP(*) is compact and
continuous, there exists a subsequence denoted again (u,) such that, uw, — u in

LP() (), and therefore a.e. in Q; hence

|a(z, tn, VO) P @) = |a(z,u, Vo)[P'@)  ae. in Q, (3.6)
and
(8 + 1)1:’*22(19’*—1)%(35)1)/(%) + un|P®) + | Vo |P@)] .
— (B+ 1)p/+22(p/+_1)[k(x)pl(w) + |[uP@ + | VoP®)] ae. in Q. .
For each measurable subset E, we have
/ la(x, wn, Vv)|p/(I)dx
B (3.8)

< (B+ 17220 {/

k(x)p/(g”)dx—i—/ |un|p(”‘)dx+/ |Vv|p(l)dac},
E B E



6 M. B. BENBOUBKER, E. AZROUL, A. BARBARA EJDE-2011/62

in view of (3.7) and (3.8)), there exists n(e) such that
/ |a(x, up, VO)|P @ dz < ¢
E
for all E with meas(E) < n(e), which implies the equi-integrability of a(x, u,, Vv).
Finaly by Vitali’s theorem,
a(x, un, Vv) — a(z,u,Vv) in (Lp/(m)(Q))N. (3.9)
]
Lemma 3.3. Let g € L"®)(Q) and g, € L"®)(Q) with |gn|Lr@ (@) < C for 1 <
r(z) < co. If gn(x) — g(z) a.e. in Q, then g, — g in L") (Q).
Proof. Let
EN)={x € Q:|gn(z) —g(x)] <1,Vn > N}.
Since meas(E(N)) — meas(Q2) as N — oo, and setting
F={on € L"®(Q): pn =0 ae. in Q\E(N)},
we shall show that F is dense in L™ (*)(Q). Let f € L™ ®)(€), we set
flx) ifx e E(N),
fn(z) = (@) . ()
0 if x € Q\E(N).
Then

Pri(a)(fn — f) = /Q 1fn (@) — ()" @dz
:/ |fn(x) — f(g;)|r'(z)dgg+/ |fn(z) — f(z)|r’(z)dl,
) A\B(N)

- / @) Pda
Q\E(N)
Z/Q|f($)|r/(m)XQ\E(N)dx

Taking ¥y (z) = |f(m)|’°/(f”)xQ\E(N) for almost every x in Q, we obtain

Yy —0ae inQ and |gn| < |f]7@.

Using the dominated convergence theorem, we have p, ;) (fy — f) — 0as N — oo;
therefore fy — f in L™ @) (Q). Consequently F is dense in L (*)(Q). Now we shall
show that

lim [ o(z)(gn(x) —g(z))de =0, Ve F.

Since ¢ = 0in Q \ E(N), it suffices to prove that
| o)) - gla)dn 0 asn - .
E(N)

We set g = ¢(gn — g). Since |p(2)]lgn(x) — g(2)| < p(2)| ae. in E(N) and
¢n — 0 ae. in €, thanks to the dominated convergence theorem, we deduce
¢n — 0 in L'(Q). Which implies that

lim [ ¢(z)(gn(z) —g(z))dz =0, VeoeF

n—oo O
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Now, by the density of F in L™ ®)(Q), we conclude that

lim Pgndr = / pgdz, Yo e Lr’($)(Q).
Q Q

Finally g, — g in L"®)(Q). O

Lemma 3.4. Assume (H1)-(H4), and let (un)n be a sequence in Wol’p(x)(Q) such
that u, — u in Wol’p(z)(Q) and

/Q[a(x,un, Vuy,) — a(z, up, Vu)]V(u, —u)de — 0. (3.10)

Then, u, — u in Wol’p(z)(Q).

Proof. Let D,, = [a(z, un, Vuy,) — a(x, ty, Vu)]V(u, —u). Then by (H2), D, is a
positive function, and by D,, — 0 in L'(Q). Extracting a subsequence, still
denoted by u,, we can write u,, — u in Wol’p(m)(Q) which implies u,, — u a.e. in
Q, Similarly D,, — 0 a.e. in 2. Then there exists a subset B of §2, of zero measure,
such that for z € Q\ B, |u(z)] < o0, |Vu(z)| < o0, k(z) < 00, up(z) — u(z),
D, (z) — 0.

Defining &, = Vuy,(x), £ = Vu(z), we have

Dy () = [a(z,un, &) — a(@, un, §)](§n — §)
= a(&, Un, §n)&n + a(T; Un, §)§ — (@, un, &n)€ — AT, un, §)&n
> alén ") + aleP) — Bk(z) + [un PO 4 16,7 ¢] (3.11)
= B(k(@) + |un PO+ PO g,
> af€u P — Ca[1+ 1€ PO~ + [€al]
where C is a constant which depends on x, but does not depend on n. Since
un(x) — u(x) we have |u,(x)| < M,, where M, is some positive constant. Then

by a standard argument |£,| is bounded uniformly with respect to n, indeed (3.11))

becomes o o c
D, (z) > np(x)a—ix——x—ix. 3.12
() > &P ( G @ Tl |§n‘p(x)_1) (3.12)

If |&,| — oo (for a subsequence), then D, (x) — oo which gives a contradiction. Let
now &* be a cluster point of &,. We have |£*| < oo and by the continuity of a we
obtain

[a(@u(m),f*) —a(x,u(x),ﬁ)](g* _f) =0. (313)
In view of (H2), we have £* = £. The uniqueness of the cluster point implies
Vun(z) = Vu(z) a.ein Q. (3.14)

Since the sequence a(z, ty,, Vu,) is bounded in (L7 @) (Q))N, and a(z, u,, Vu,) —
a(z,u, Vu) a.e. in 2, Lemma [3.3] implies

a(@, U, V) — a(z,u, Vu) in (L7 @ (@)Y ae. in Q. (3.15)
We set g, = a(z, un, Vu,)Vu, and § = a(z,u, Vu)Vu. As in [3] we can write
Un — JinL*(Q).
By (H3) we have
a|Vun|p(””) < a(z, un, Vun)Vig,.
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Let z, = |Vu,[P®), z = |[Vu[P®) y, = %2 and y = . Then by Fatou’s lemma,

/ 2ydx < liminf/ Y+ Yn — |20 — 2| du; (3.16)
Q n—oo Q

ie., 0 < —limsup [, |z, — z|dz. Then
n—oo

0< liminf/ |zn, — zldx < limsup/ |zn, — z|dx <0, (3.17)
n—oo Jjo n— 00 Q
this implies
Vu, — Vu in (LP@(Q))V. (3.18)
Hence u, — u in WO1 P (w)(Q), which completes the present proof. O

For v € Wol’p(x)(ﬂ), we associate the Nemytskii operator F' with respect to f,
defined by
F(v,Vv)(z) = f(z,v,Vv)) ae. zin Q. (3.19)

Lemma 3.5. The mapping v — F(v,Vv) is continuous from the space Wol’p(I)(Q)
to the space LP'(®)(Q).

Proof. By (H4), we have
|f (@, 7, €)] < gla) + ") + (¢, (3.20)
thus, as in [2],
\f(z,r, )P @) < 220" =D (g(x)p'«r) + P @n@ 4 |5|p'(m>6<x>), (3.21)

Let E be a measurable subset of Q2. Then
/ 1 (z,v, Vo) [P @dg < C’(/ g(x)p,(m)dx—i-/ \v|p/(x)’7(m)dx+/ |Vv|p/(x)5(m)dx>,
E E E E

with 0 < n(z) < p(x) — 1 implying 0 < p'(x)n(x) < p(z) and
plz) —1

0<d(z) < —F———

For any sequence (v,), such that v, — v in VVO1 P (Z)(Q), we shall show that

F(vy,Vv,) — F(v,Vv) in Wol’p(m)(Q). We have v, — v in Wol’p(z)(Q) implies
that

= 0 <p'(2)d(x) < p(x) — 1. (3.22)

Up — U a.e. in €,

Vv, — Vv a.e. in Q.
Since f is a carathéodory function,
\f(x,vn,anﬂp/(’”) — |f(x,U,Vv)|p/(I) a.e. in £,
£ (2, 0, Vo) [P @) < C(g(z)p'(m + o |P @n@) 1 |Wn‘p'<z>6<z>)’
and

C(g(x)p’m + o P @n(@) 1 |Wn|p’(x>6<z>)

—C (g(x)?'@) + [P @n) |W|p'<m>6<m>)7
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Hence, by Vitali’s theorem we deduce that
F(z, v, Vo) — f(z,0,Vv) in LP @)(Q); (3.23)

i.e., v — F(v,Vv) is continuous. (Il

4. EXISTENCE RESULT

Consider the problem
—diva(z,u, Vu) = f(z,u, Vu) in D'(Q),

u=0 on 9N. (4.1)

Theorem 4.1. Under the assumptions (H1)-(H4), there exists at least one solution
u € Wol’p(m)(Q) of the problem (4.1)).

Remark 4.2. (1) Theorem generalizes to Sobolev spaces with variables ex-
ponent the analogous statement in [I]. (2) Theorem generalizes the analogous
one in [II], in the sense that in [I1] the authors have considered the particular
case Au = —Apyu and f = f(z,u). (3) In the case where p(z) = p = cte in the
theorem [4.1| we obtain the results of [I0] and [3].

Proof of the Theorem This proof is done in two steps.
Step 1 We show that the operator B : Wol’p(m)(Q) — W12 (@)(Q) defined by

B(v) := A(v) — f(x,v,Vv)

is calculus variational.
Assertion 1. Let

N
B(u,v) = fz 8?‘%(:6’% Vo) — f(x,u, Vu).
i=1 "

then B(v) = B(v,v) for all v € Wol’p(z)(Q).
Assertion 2. The operator v — B(u,v) is bounded for all u € Wol’p(w)(ﬂ).
Let ¢ € Wol’p(r)(Q), we have

N
(B(u,v), ) :Z/Qai(x,u, Vv)gidx[)f(x,u,Vu)w(x)dx. (4.2)

From Hélder’s inequality, the growth condition (H1) and as in (3.5]), we obtain

1
+ F) |a(x, u, VU)l(Lp’(m)(Q))N |V¢‘(Lp(z‘)(ﬂ))N

1 ’ 1/~
p'(x)
p+%KAMMWW dz) |

< (L4 D) ([ [5Gk + ol 9] )
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/ 1/~
<0 [ Kay ot [ s [ 1vopar) .

where
_ T iffa(@, u, V)| e v > 1
i a(z, u, Vo) oo @)y < 1
we recall that [[¢]| its equivalent to the norm [V[,,) on Wol’p(x)(Q (see Re-

mark(Z6)). We have, k € LF'@)(Q), u € W *")(Q) and v € W™ (Q). There-
fore,

N
> [ ate.w v 32 < cluil (4.3
i=1 7% Oz
Similarly,
1 1
/Qf(x,% Vu)ypdr < (pi + plf)lf(m7u7vu)'LP’(JJ)(Q)|¢|LP(m)(Q)
1 1 / 1/
< (—+ — z,u, Vu)|P @ dx ,
< =+ ) ([ 1w TP @de)

where
_ p/_ if |f(£L‘,u, vu)'LP’(w)(Q) > 17
proif |f(x7u7vu)|LP’(w)(Q) <1

Then, by (H4),

/ f (@, u, Vu)da
Q

]. 1 T T e 1/
< (o= + ) Il /Q (9(2) + [u]"@ + [Vl @az)Y

1 1 1)L "(x z)p' (x z)p' (x 1/a
< (pi +]T)||¢||22(p Da [/Q(g(w)p( ) 4+ |u|n( p(@) |Vu|5( )P ( ))dx] /

/—

1 1 2(17/+*1) ’ T T ’ T
<(=+ —,_)||¢||24a*[/ gla)? )dx+/ a7 )
p p Q Q

+/ |vu|5(w)p’(w))dx]l/a
Q

’ l/a
)22 ] / ol @dz + [uf? .+ [Vul?,,] 7,

)T e, > 1 o (0p)t if [Vul s > 1
(mp)~ if |ulps <1, (6p")~ if [Vl s < 1.

Since 0 < n(z) < p(x) — 1, this implies 0 < n(z)p/'(z) < p(x). Then there exists a
constant C7 > 0 such that

|U|Lp’n <Cy |U|Lp(z)(Q) (44)

and 0 < 6(z) < (p(x) — 1)/p'(z), this implies 0 < 6(z)p'(x) < p(x) — 1 < p(x).
Then there exists a constant Cy > 0 such that

IVl pps < OleulLP(I)(Q) . (4.5)
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Since u € Wy ’p(m)(Q)7 there exists a constant C'3 > 0 such that

| #ou Vs < alu (16)
Therefore, there exists a constant Cy > 0 such that
[(B(u.v).4)| < Coll||for all u,v € Wy ™) (€); (4.7)
ie., (B(u,v),) is bounded in Wol’p(m)(ﬁ) X Wol’p(z)(Q).

We claim that v — B(u,v) is hemicontinuous for all u € Wol’p(w)(Q); i.e., the

operator A — (B(u,v1 + Avg),v) is continuous for all vy, vq, 9 € Wol’p(x)(Q). For
this, we need Lemma Since a; is a carathéodory function,

ai(z,u, V(vy + Avg)) — a;(x,u, Vo) a.e. in Qas A — 0. (4.8)

and, by (H1),
|a(z,u, V(01 + Mg))| < Bk(z) + [uP@ 1 + |V (01 + Avg) [P@ 1) (4.9)
Further, (a(z,u, V(v1 + Avg)))y is bounded in (LP'®)(Q))N; thus, by Lemma
a(z,u, V(o1 + Avy)) = a(z,u, Vor) in (LP @ Q)N as A — 0, (4.10)

Hence,

lir%<B(u, vy + Ava), 1)

O o
= lim i_zl/ﬂai(x,mV(vl + )\UQ))axi dx — /Qf(x,u, Vu)pdz

N
:;Aai(x,u,Vv1)gidx—/Qf(x7u’vu)¢dx

= <B(U7U1),w> for all v1, V2, € W017P(5F)(Q)

Similarly, we show that u — B(u,v) is bounded and hemicontinuous for all v €
Wol’p(m)(Q). Indeed. By (H4), we have (f(x,u1 + Aug, V(u1 4+ Auz)))a is bounded
in Lp/(“")(Q), and since f is a carathéodory function,

fz,ur + Mg, V(ur + Aug)) — f(x,u1, Vuy) as A — 0, (4.11)
Hence, Lemma [3.3] gives
Fzuy + Mg, V(ug + Aug)) = f(z,uy, Vuy) in LP @ (Q) as A — 0, (4.12)
On the other hand, as in, we have
a(x,u; + Aug, Vo) = a(z,uy, Vo) in LP @)(Q) as A — 0. (4.13)

Combining (4.12)) and (4.13), we conclude that u — B(u,v) is bounded and hemi-
continuous.
Assertion 3. From (H2), we have

N
(B(u,u) — B(u,v),u —v) = Z/Q(ai(x,u, Vu) — ai(a:,u,Vv))(gZ - aa;l)da? >0

(4.14)
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Assertion 4. Assume that u,, — u in I/Vol’p(w)(Q)7 and (B(up, un) — B(tn, ), uy —
u) — 0as n — oo, we claim that B(up,v) — B(u,v) in W17 @)(Q). We have
(B(tp, upn) — B(up,u),u, —u) — 0 as n — 0o,

QAR
<Z — [%ai(m, Up, Vy) + ai(T, Uy, Vu)} JUp — W)

i=1 v

3 Ou ou
— ;/Q [ai (@, un, Vug) — ai(z, un, V)| e 81:i)dx 0 asn— oo

Then by Lemma we have u,, — v in Wol’p(z) () and it follows from Lemma
that

f(@,tn, Vug) — f(z,u, Vu) in LP ®(Q). (4.15)
since u, — u in WoP™(Q) and v € W, P(Q), by Lemma a;(z,up, Vo) —
a;(z,u, Vv) in L”/(”)(Q). Consequently,

0 0
/Qai(x,un,Vv)azidx — /Qai(x,u, Vv)a;idx. (4.16)
On the other hand, we have f(z,u,, Vu,) — f(z,u, Vu) in Lp'(gc)(Q)7 thus weakly.
Since 9 € Wol’p(x)(ﬂ), we have ¢ € LP(®)(Q). Then

/ f(z,up, Vuy)bde — / flz,u, Vu)bde asn — oo
Q Q

Therefore,
N o
nlLII’;O<B(un,’U),L/J> = nler;O (;/gai(x,un,vmaxidm—/Qf(x,un,an)z/de)

N
:;/ﬂai(x,u,VU)g;idx—/Qf(x,u,vu)wdx

= (B(u,v),¥) for all 1 € WP (Q).

Assertion 5. Assume u, — u in Wy P (Q) and B(uy,v) — 1 in W12/ @)(Q).
We claim that (B(t, v), t,) — (1, 1). Thanks to u, — u in Wy ") (Q), we obtain
by Lemma |3.2

a;(z, Up, Vv) — a;(z,u, Vv) in Lp/(w)(Q) as n — 00. (4.17)
Such that 5 5
U, u
7 y Yny '3 5 Wy . 41
/Qa(asu Vv)axidze/ga(muvwaxidx (4.18)
Hence together with
al ou
Z/ a;i(z, up, V) z—dz — [ f(x,tun, Vu,)udz — (¢, u), (4.19)
=1/ O Q
we have

N
ou
B(u,,v),u,) = /ai T, Up, VU "dx—/ T, Up, Vi ) UpdT
(Bl 0t} =3 [ s Vo) 52— [ ¢ )
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2 /Qai(%un,vv)(gq;? - g;i)dx—l—/ﬂai(x,umvv)

—/ f(z, up, Vuy)udz — / f(z, U, Vuy) (un, — u)de.
Q Q
But in view of (4.17) and (4.18)), we obtain

N
ouy, ou
% y Yny V - d O
;/Qa(mu U)(azi 8zi) x —
On the other hand, by Holder’s inequality,

/ |f(m7unvvun)(un - ’LL)|d.’E
Q

1 1
< (pi + F)|f($vun7 vun)‘LP’(E)(Q)|un - u‘LP(“”(Q)

< Clun — ulppeyg) — 0 asn — oo;

|

i.e.,

/ f(z,upn, Vuy)(un, —u)de — 0 as n — oo.
Q

Thanks to (4.19)), (4.20) and (4.21]), we conclude that
im (B(un, v),un) = (¢, u).

Step 2 We claim that the operator B satisfies the coercivity condition

L (B).v)

= +4o00.
oll—oo o]l

Since

N
v
B(v),v) = /ai z,v, Vv dxf/f:c,v,Vv vdz,
B0 =3 [ o, 90) e [ s, 9
Then, by (H3),
(Bv,v) > al|v||P@® —/ fz,v, Vo)vde
Q
In view of (H4),

/f(x,v,Vv)vde/g(m)|v|dm+/ |U\"(x)+1dx—|—/ V0|2 @®|v|dz
Q Q Q Q

Thanks to Holder’s inequality, we have

1 1
/99(33)|U|d33 < (pi + p,i)|9|Lp’<z>(g)\v|m<w>(9) < Colv]|

on the other hand,

nt+1

/|U|n(gg)+ldx< 0 nerie) I [ln@ero) > 1,
> -1 X
Q |v‘z71$)+1(9) if |’U Ln(@)+1(Q) S 1,

Thus,

/Q|U|77(I)+1 < |’U|§n(m)+1(9)7

13

ou

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)
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where
ﬂ _ ’I7+ +1 if |/U‘Ln(z)+1(Q) > 1,
n-+ 1 if |/U‘Ln(zc)+1(9) < 1,
since 0 < n(z) < p(x) —1 implies 1 < n(z)+1 < p(x), consequently, (4.28) becomes
/Q oz < ol ) < Crlloll® with B < p. (4.29)
Further, by Holder’s inequality,

11
/Q|W|5(I)|U\d$ < (o= + VO o o ol o)

1 1 20’ (z 1/~
< o) e

p
< G+ ) ([ ootan) il
where
Y- {p/ if va|6(aj)|LP/(z)(Q) > 1, o {5+P'+ if [Vo| > 1,
P VPO g S 1 §7p~ if [V <1
Then

e o
/Q|W|5< o|da < C(lolyoq) /”\U|L,,<x>(9), (4.30)
since 0 < §(z) < (p(x) —1)/p'(x) implies 0 < é(x)p’(x) < p(x) — 1, and

—1,- - -1
0§6+<(p —) _ —=0<6pt<p —1,

p Pt
and
-1
0<6p~ < (pli)p’* <p -1
p +
Therefore, 0 < 0 < p~ — 1 < p(z). On the other hand,
0 p~—1 0 p~—1
OSF< T and ngli< p/_ .
Thus
/ Vol olda < Callo]|”/7||v] (4.31)
Q
Combining [#.25)), (@.27), (#29), and ([4.31)), we deduce that
B .
B2 > aolpet - o= Gl — el (432
v
Then we have
0 p~—1 0 p-—1 p -1 _p —1
R A e
Thus,
0 -1
o<~ <2 0 cp 1. (4.33)
Y p
Since § —1 < p~ — 1, we conclude that
(B(v),v)

> al[o|PD71 = Co — Cullv]|P~t = Cof|ol|”7 — oo as ol — +oo.

[[]
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Finally, by a classical theorem in [I3], the problem (4.1)) has a solution, so the proof
of theorem [4.1]is achieved.
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