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GENERALIZED FRAMEWORKS FOR FIRST-ORDER
EVOLUTION INCLUSIONS BASED ON YOSIDA
APPROXIMATIONS

RAM U. VERMA

ABSTRACT. First, general frameworks for the first-order evolution inclusions
are developed based on the A-maximal relaxed monotonicity, and then using
the Yosida approximation the solvability of a general class of first-order non-
linear evolution inclusions is investigated. The role the A-maximal relaxed
monotonicity is significant in the sense that it not only empowers the first-
order nonlinear evolution inclusions but also generalizes the existing Yosida
approximations and its characterizations in the current literature.

1. PRELIMINARIES

The notion of the A-maximal relaxed monotonicity [6] is not only limited to the
first-order evolution equations/inclusions in conjunction with Yosida approxima-
tions, but goes way beyond, including the fields of optimization and control theory,
variational inequality and variational inclusion problems, and unify a greater degree
of investigations relating to other fields as well. The obtained results seem to be
general in nature, and have a greater potential for applications. For more details,
we refer the reader to the references in this article. Consider a real separable Hilbert
space with the norm || - || and the inner product (-, ).

We study a general class of first-order nonlinear evolution inhomogeneous inclu-
sions of the form

u'(t) + Mu(t) > f(t) for almost all t € (0,7),
'LL(O) = Uo,

where M : X — 2% is a multivalued mapping on X, f € W2 (0,T; X), T is fixed,
0 <T < o0, and u : [0,00) — X is a continuous function such that the above
inclusion problem holds.

(1.1)

Definition 1.1. Let M : X — 2% be a set-valued mapping on a real Hilbert space
X, and let A: X — X be (r)-strongly monotone. Then M is said to be accretive if

R[I)V,[ 4 1s single-valued and (T%pm)—Lipschitz continuous for r—pm > 0. Furthermore,
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M is m-accretive (or A-maximal accretive) if M is accretive and R)', exists for
every p > 0 on X, where Rg/)[ 4 is the resolvent of M.

Lemma 1.2. Let M : X — 2% be a set-valued mapping on a real Hilbert space X .
Then following properties are equivalent:

(i) M is monotone.
(ii) M is accretive.

Lemma 1.3. Let M : X — 2% be a set-valued mapping on a real Hilbert space X .
Then we have the following implications equivalent:

(i) M is A-mazimal relazed monotone.
(ii) M is monotone and R(A+ pM) = X.
(iii) M is m-accretive.

We plan to explore the solvability of the inclusion problem based on the
notion of the A-maximal relaxed monotonicity [6] and the generalized Yosida ap-
proximations. The generalized Yosida approximation turns out to be Lipschitz
continuous, while we explore the solvability of the inclusion problem . The
obtained results seem to be application-enhanced to problems arising from other
fields, including optimization theory, decision and management sciences, engineer-
ing science, variational inequality and variational inclusion problems. There are
also some detailed results that are investigated on the generalized Yosida approx-
imations to the context of the A-maximal relaxed monotonicity frameworks. For
more details, we refer the reader to the references in this article.

2. AUXILIARY RESULTS

Definition 2.1. Let A: X — X be an (r)-strongly monotone single-valued map-
ping and M : X — 2% be a set-valued mappings. The map M : X — 2% is said to
be A-maximal relaxed monotone if

(i) M is (m)-relaxed monotone; i.e.,
(u* —v*,u—v) > —mlu—v|? Y(u,u*),(v,v*) € M,
(ii) R(A+ pM) =X for p > 0.
Definition 2.2. Let A : X — X be a single-valued mapping and M : X — 2%

be a set-valued mapping. Let A be (r)-strongly monotone. The map M is said to
be accretive iff (A + pM)~! is single-valued and (A + pM)~! is (—-—)-Lipschitz

r—pm

continuous for all p > 0 and r — pm > 0.

Proposition 2.3 ([6]). Let A : X — X be a single-valued mapping, and M :
X — 2% be a set-valued mapping such that D(A) N D(M) # (. Let A be (r)-
strongly monotone, and let M be an A-mazimal relaxed monotone mapping. Then
the generalized resolvent operator associated with M and defined by

R%A(u) = (A+pM)  (u) YueX,

1
r—pm

is ( )-Lipschitz continuous.

Next, we generalize the Yosida approximation M, by M, = p~*(I — AR% A)s
where A : X — X is an (r)-strongly monotone mapping on X for p > 0, and for
Rf)‘/f v = (A+ pM)~!, which reduces to the Yosida approximation of M for A = I:

M, = pil(‘[ - Rﬁ/j)a
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where I is the identity and R} = (I + pM)~!

Lemma 2.4. Let A: X — X and M : X — 2% be mappings such that D(A) N
D(M) # 0. Let A be (r)-strongly monotone and AORIJ)VI be cocoercive, and let M

be an A-mazimal relaxed monotone mapping. Then the generalized Yosida approz-
imation M, of M defined by

M, =p~'(I = AR}!y),
where
RYy(u) = (A+pM)~"(u) Yue D(A)ND(M),

is ( )-Lipschitz continuous.

Proof. For any u,v € X, we have

(Mp(u) = My(v),u —v)
= (M (u) = Mp(v), p[Mp(u) — My(v) = (My(u) — My(v))] +u—v)
= pl| M, () — M,(v)|?

—(p 7 u—v— (AR}, (u) — AR}, (v))], —(ARp 4 (u) — AR (v)))
—pIIM (u) = Mp(v)\|2+ﬂ_1<u—v AR}y (u) — AR, (v)

“HARZ  (u) — ARSI, (v), AR (u) — AR (v))

> PIIMp(u) M,(v)|? +P_1||AR ( ) = AR (v)|?

— p AR, () — AR (v) ]2
> pl|Mp(u) — M,(v)||.

For A = I, Lemma [2.4] reduces to

Lemma 2.5. Let M : X — 2X be a set-valued mapping. Let M be a maximal
monotone mapping. Then the Yosida approximation M, of M defined by

Mp = p_l(I - R%%
where
M,y _ —1
Ry (u) = (I +pM) " (u) Vue D(M),
is (%)-Lipschitz continuous.
Proposition 2.6. Let A : X — X and M : X — 2% be mappings such that
D(A)ND(M) # 0. Let A be (r)-strongly monotone and AOR%A be cocoercive, and

let M be an A-mazximal relaxed monotone mapping. Then the generalized Yosida
approzimation M, of M defined by M, = p~'(I — AR%A), satisfies:

(i) My(u) € MR}, (u).
(i) M, is A-mazimal relaxed monotone.
(i) (Mx)y = Mxyp-
Proof. To prove (i), consider
w= R%A(u) =>u€ (A+pM)(w) = pMy(u) = u— A(w) € pM(w).
The proofs of (ii) and (iii) follow, respectively, from the Lipschitz continuity of the
generalized resolvent Ri)\/f 4(u) and the definition of M. O
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Proposition 2.7. Let A : X — X and M : X — 2% be mappings such that
D(A)ND(M) # (. Let A be (r)-strongly monotone and AOR%A be cocoercive, and
let M be an A-mazximal relaxed monotone mapping. Then the generalized Yosida
approximation M, of M defined by M, = p~*(I — AR%A), satisfies: for all u €
D(M),
M) = Mofu), M) T |Mo(w)| s p L0,
1M () — Mo(w)|* < [|Mo(w)|[* = [ My(w)[*  for all p > 0.

3. GENERALIZED FIRST-ORDER EVOLUTION INCLUSIONS

Let A: X — X be a single-valued mapping, and M : X — 2% be a multival-
ued mapping. In this section, we consider the solvability of first-order nonlinear
evolution inclusions of the form

u'(t) + Mu(t) > f(t) for almost all t € (0,7)

o(0) = (3.1)

where M : X — 2% is a multivalued mapping on X, f € W4 (0,T; X), T is fixed,
0<T < o0, and u : [0,00) — X is a continuous function such that (3.1) holds.

Here M is A-maximal relaxed monotone and the Yosida approximation of M is
defined by

M, = p~ "I — A(R}'))).
We consider the main result on the first-order evolution inclusions based on A-

maximal relaxed monotonicity framework in conjunction with generalized Yosida
approximations.

Theorem 3.1. Let A: X — X be (r)-strongly monotone, and let M : X — 2%
be A-maximal relaxed monotone on a separable Hilbert space X. Let AORIIXIA be

cocoercive, where R%A) = (A+ pM)~t for p > 0. Suppose that the given
ug € D(M), feWy(0,T;X)

are fized. Then (3.1) has exactly one solution u € W} (0,T; X) such that M : X —
2X is A-mazimal relazed monotone.

Proof. The proof is based on the results from Section 2, especially Lemma [2.4] and
Proposition 2.3} First, we consider the regularized problems

uy,(t) + Mpu,(t) = f(t), u,(0) = ug,p>0. (3.2)

As the function f is continuous on [0,T] by the hypotheses, and M, is (%)—Lipschitz

continuous by Lemma problems ([3.2]) can be solved as for first-order evolution
equations. To achieve that goal, we need to arrive at a priori estimate

[u, ()| <C ¥Yp>0,tel0,T]. (3.3)
Now we differentiate (3.2)) by setting g, (t) = M,ou,(t) as follows:
up(t) + g, (t) = f'(t) for almost all . (3.4)

Under the hypotheses all the derivatives exist. Since A o Rﬁff ', 1s cocoercive (and
hence A o Rﬁfl ', is nonexpansive), it implies

(A(RpIA(w) = AR A (u),u — ) < fu— ]|,
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It follows that M, is monotone, and thus we have
(Mpup(t + h) = Myuy(t), up(t + h) — upy(t)) > 0.
It follows that
(g5 (1), uy (1)) = 0.

Therefore,
(up (8), 1, (1)) < —{gp (1), u, (1)) + (f'(£), up (1))
< (f1(1), (1))
< IF O @)
< IO + Sl @)
Applying integration by parts to (uj,(t),u,(t)), we have

2/0 ( (), (5))ds = [lup (D)[I° — [, (0)]

t
<IFI3 + / ()]s,

where Y = W (0,T; X). This is equivalent to

¢
(D)1 = Nl ()1 < [F115- +/0 [lup, ()1 *ds,
where Y = W1(0,T; X). Now by Gronwall lemma,
lu, ()12 < e(lluy, O) + I £113).

Finally, using (3.2), we have u;,(0) = —M,(uo) + f(0) and || M,uol| < [[Mouol|, and
thus, it follows that (3.3)) holds. O

Corollary 3.2. Let M : X — 2% be mazimal monotone on a separable Hilbert
space X . Suppose that the given

up € D(M), feW;(0,T;X)

are fived. Then (3.1]) has exactly one solution u € W} (0,T; X) such that M : X —
2X s mazimal monotone.

Concluding Remarks. The obtained results on the first-order evolution inclu-
sions can further be generalized to the case of a real Banach space setting in terms
of accretivity and m-accretivity. More importantly, the solution concept is also
changed as an integral solution based on the difference method belonging to
as backward differences. The uniqueness proof assures that each classical solution
of is also an integral solution.
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