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EXISTENCE AND STABILITY OF SOLUTIONS FOR
NONLINEAR MECKING-LUCKE-GRILHE EQUATIONS

ALI ALRIYABI, SAID HILOUT

Dedicated to Jean Grilhé on his 73-th birthday

ABSTRACT. In this article, we present the nonlinear Mecking-Liicke-Grilhé
model describing the temporal evolution for simple and multi-instabilities of
plastic deformation of stressed monocristal. This model extends the linear
problem considered in [9} [I3} [I4]. Using a nonlinear analysis, we present some
results of existence and stability of the solution with respect to the character-
istics of the material and the retarded times. Numerical examples validating
the theoretical results are also investigated in this study.

1. INTRODUCTION

The field of morphological change of solids has seen a considerable development in
metallurgical engineering and materials science in the past few years. The search for
materials of properties always more efficient led to many studies of the mechanisms
associated to plastic deformation. The concept of the dislocation was introduced
by Taylor [28]29] to understand the mechanical behaviour of materials in plasticity.
The dislocations help to explain the phenomena of plastic deformations [0 15 22], as
well as other properties of solids, such as crystal growth and the electrical properties
of semiconductors [16].

Localization of plastic deformation in homogeneous materials can be associated
with instabilities of the stress-strain curves. These curves present in several cases
some rapid oscillations due to the difficulties of creation or propagation of dislo-
cations. This phenomenon can have very different aspects: Portevin-Le-Chatelier
PLC effect, twinning, avalanches of dislocations, thermo-mechanical effect, Piobert-
Liiders bands. For Example, the PLC effect is observed during stress rate change
test of Al-Mg alloys at room temperature [I7]. Kuo et al. [I7] show that the oc-
curence of plastic instability is strongly related to the retention time and applied
stress rate, and this instability could be justified as the interactions between solid
solution element, magnesium, and dislocations. Louchet and Brechet [I9] present
the different types of dislocations patterning during uniaxial deformation as a func-
tion of significant physical parameters such as crystalline structure; they shown
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that it is determined by a competition between dislocation production and rear-
rangements and they have improved that this phenomenon is controlled by strain
rate and temperature. Sun et al. [27] investigated the finite element method to
simulate the propagation of Liiders band by the level of stress concentration and
the reduction of the thickness of corresponding element. Graff et al. [7, [8] propose
finite element simulations and experimental observations of PLC effect and Liiders
bands propagation in notched and compact tensile specimens of aluminum using
the macroscopic PLC constitutive model. Some criteria for localization of plastic
deformation and other studies in this field are proposed in [Il Bl 4} 5] 2T}, B30} B1].

In this paper, we are motivated by the works [9] [I3] [I4] restricted to the lin-
ear model. Consider a crystal subject to a mean stress. Under uniaxial traction
(or compression), the interactions between dislocations, and the rotation of the
traction-axis led to an activation of other slip systems. Consequently the plastic
deformation instabilities are observed and can be explained by a delay time in the
system’s response to solicitations. Grilhé et al. presented in [9] an experimen-
tal study and a graphically analysis of the stability of the solution of this model.
Using a linear analysis and Lambert’s functions, a complete mathematical study
(existence, uniqueness, asymptotic stability) of the model with a single delay is pre-
sented in [I3]. Hilout et al. [14] present a new linear model describing the temporal
evolution for multi-instabilities of plastic deformation of stressed monocristal. Here,
we present the nonlinear Mecking-Liicke-Grilhé equation NMLGE. Under some as-
sumptions and using a nonlinear analysis, we deduce a differential equations with
one and two delays respectively. In the both cases, we show the theoretical exis-
tence and stability of the solution according to the characteristics of the material
and the retarded times.

This article is presented as follows: In Section [2| we present the mathematical
modelling of the plastic deformation instability. In Sections [3] and [} we consider
the case of NMLGE with a single delay and two delays respectively. We present in
the both cases some results on existence and stability of the solution according to
the characteristics of the material and the retarded times. Numerical examples for
stability and instability of the material close to a mean stress using the MATLAB
software are also investigated.

2. MATHEMATICAL MODELLING

Consider a crystal sample subject to a mean stress gg. The material is placed
between two traverses (the first is fixed and the second is mobile). We apply a
variable force F on the mobile traverse assuming a finite and constant velocity:

(t) = €9 = constant.

The strain rate ¢ is the sum of the plastic strain rate €, of the specimen and of the
elastic strain rate €, = 6/M of the combined sample and loading system (with a
stiffness M)

E(t) = €p(t) +€e(t). (2.1)
The plastic strain rate may be written as
Ep(t) = bX(t)/V, (2.2)

where b is the Burgers vector component along the tensile axis, X(t) is the area
swept by the dislocations and V' is the sample volume which is supposed to remain
constant. The plastic deformation is controlled by the emission of dislocation loops
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from Frank-Read type sources model. The equation ((2.2) can be written in the
following form [20]:

€p(t) =bn(t)S (2.3)
where n(t) denotes the number of loops arising at time ¢ in the unit volume and
during unit time and by S the mean area swept by the loops supposed constant
during periods which are long enough compared with the period of instabilities.
The area S in depends on the instantaneous density of the forest and thus on
the previous strain history of the sample. We suppose that S varies slowly. Note
that the relation is established assuming that the area S is instantaneously
swept by each dislocation as soon as it is emitted [20, 9]. Grilhé et al. [9] suppose
that the plastic instability can be explained by a phase shift, characterized by a time
delay between the nucleation and the propagation of dislocations (see [9, [13, [14]
for more details). After the flight-time 7/, the mobile dislocation gets pinned or
reaches the free surface of the sample having covered a constant area S(7/) = S
since it was emitted. Then only loops generated at a time ¢t = ¢/ with 0 < ¢’ < 7/,
will contribute to the deformation at a time ¢. Consequently, the equation
can be written as follows:

() = b /0 " n(t — $)8(s) ds. (2.4)

To simplify the problem, Grilhé et al. [9] suppose that

S(t) = Sé(t —7) (2.5)

where J is Dirac’s distribution and 7 is the delay given by
__ Jo7 S(t)at
S .

3. NMLGE WITH A SINGLE DELAY

(2.6)

The time lag given by relation can be interpreted by the phase displacement
between the time of loop nucleation and the time at which the main strain is
recorded and approximation amounts to replacing S(t) by a step function.
Under the assumption (2.5), we can rewrite in the form

E(t) =bSn(o(t—71)) + %, (3.1)
Me(t) = MbSn(o(t — 1)) + 5 (¢). (3.2)

Using the linear analysis we establish a differential-difference equation with a single
delay (see [13]) to describe the plasticity of a solid becoming deformed by loops of
dislocations or micro-twinning. For long-time, it is necessary to use the nonlinear
analysis to investigate the stability of system strain-stress curves. Then we use
Taylor’s expansion of second order of the function n(c — 7) close to the value og:

n(o(t — 7)) =n(og) + 8—n(a =o09)(o(t —T) — 00)

Oo
10%n
§ﬁ(a =o09)(o(t—7) — 00)2.

Substituting (3.3)) in we obtain
o(t)+ Bo?(t —7) + 0ot — 1)+ & =0, (3.4)

(3.3)
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where
920[—260-(% f:ﬁag_aUm

on 9’n

The signs of « and ( respectively are justified by the physmal experiments [9].
In the sequel we denote the set

= {AeC:Re()) >0}

o0) > 0, B_wa o0) < 0.

1. Existence and uniqueness. Equation (3.4)) is a nonlinear retarded differ-
ential difference equation with delay time 7. To define a function o in (3.4)) for
t > 0, we impose an initial data on the interval [—7,0] (e.g., we consider ¢ =1 in
[—7,0]). In fact, let ¢ be a given continuous function on [—7, 0] (¢ is called preshape
function) and we consider the problem (3.4)) with initial data ¢:

o(t) = —po’(t —7) —Oo(t —7) — €= f(oy), t>0,
o(t)=¢(t), tel-1,0].
For fixed ¢ > 0, consider the region

N = {t Ho@)| + ot —7)] < e}

Proposition 3.1. Equation (3.5) admits a unique solution through (0,¢) defined
on [—7,00).

(3.5)

Proof. Let ¢1,¢0 € CNN. Then

|f(o1) — f(2)] < |B16T — &3] + 10|61 — o2
< (1B]lo1 + ¢2| + 10]) |1 — @2
< (2¢[B] +10])[¢1 — ¢l

Therefore, f is locally Lipschitz in ¢, by [12 theorem 2.3 p. 44] there exists a
unique solution of (3.5)) through (0, ¢) defined on [—7, c0) by

o(t) = ¢(t) forte[—7,0],

/ f(os)ds fort > 0. (3.6)

O

3.2. Stability. In this paragraph we study the stability of the solution of (3.5).

So we take the associated homogeneous equation of (|3.5))
o(t)+ 0ot —7)=—Ba*(t—1), t>0, 37)
o(t)=¢(t), te[-70]. '

‘We denote

my =|g] = sup |o(t)].
—7<t<0

Theorem 3.2. For my is sufficiently small, the solution of (3.7) is asymptotically
stable.
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Proof. By [12] theorem A.5, p. 416] the solution of the equation
o(t)=—0o(t—71), t>0,

o(t) = o(t), te 0], (3:8)
is asymptotically stable if and only if
0<70< g (3.9)
Thus, under the condition , we have
lim |0%(¢)] = 0, (3.10)

t—o0

where 0¥(t) is the solution of (3.8). That is, under the condition (3.9), all roots of
the characteristic equation

h(A) = A+ 0™ =0, (3.11)

have negative real parts (cf. [I3]); i.e., has no zeros in C*. Then if s is a root
of , since the equation is of retarded type, there is a positive number A; > 0
such that every characteristic root s satisfies Re(s) < —A;. By [12], theorem 6.1, p.
23], every solution o of can be represented in the form

a%(t) = X(t)o(0) — 6 ' X(t—0—1)p(60)d6. (3.12)

By [12, theorem 5.2, p. 20], there exists ca > 0 such that
X (t)] < cge™™, t>0. (3.13)
Consequently,
|c%(t)| < ezmge™ ™M1, t >0, (3.14)
where

1
c3 = Co + |9|02>\f(6)\17— - ].)
1

We want to show that for m,, sufficiently small then the solution of (3.7) satisfies
lo(t)] < 2camge™2t, t > —7, (3.15)

where 0 < Ay < Aq.
Let to be the first value such that ty > 0 and (3.15)) is not true. Then by the
continuity of o,

o(tg) = 2czmge 20, (3.16)

On the other hand, the function flo(t),o(t — 1)) = —Bo?(t — 7) is continuous for
t <ty together with (o(t),o(t — 7)) € N. By ([2, paragraph 11.5]),

/ X(t—s)f(o(s),o(s—7))ds, 0<t<tyg. (3.17)
Furthermore,

i MG sy 0.
lo(s—T1)|—0 |(7(5 — 7')| |lo(s—T1)|—0

Therefore,

|f(o(s),0(s—7))] <e€lo(s—71)| < 2603m¢e’\2767>‘25, 0<s—7<t



6 A. ALRIYABI, S. HILOUT EJDE-2011/27

and

¢
o (t)| < czmge™ 2t + 26267)\2t/ Mo ecymye?Te M2 ds
0

—Aat ot

< c3mge + 202603m¢e>‘27t06_’\

for €, mg sufficiently small and 0 < ¢ < t3. We can choose € such that 2c9€e Tty < 1,
then

lo(t)] < 2camge2t, 0 <t <tg,
This contradicts the relation (3.16)). Hence for any ¢ > 0

o(t)| < 2csm e_’\zt,
|o(t)] ¢

then lim; . |o(t)] = 0. O

3.3. Numerical tests. The numerical results (see Fig. do not give the exact
solution of (3.7), but they show the asymptotic stability and instability of the
solution of according to the parameter 76. Various calculations are made
by using the MATLAB software. These numerical results validate the theoretical
result obtained in Theorem Figure|l| (a) and (b) show the asymptotic stability
of the solution of near to og. The beginning of phase instability of the solution

of (3.7) is shown in figure [I| (¢) and (d).

4. NMLGE WITH TWO DELAYS

In most deformation experiments, several slip systems are active and depend
on their orientation with respect to the traction-axis. Even when system of de-
formation is active, the crystal undergoes a rotation and a secondary deformation-
mechanisms becomes active. These slip mechanisms with different activation values,
correspond to different delays. Our goal in this section is the modelling of the plas-
tic deformation instabilities when several delays are introduced, each corresponding
to a system of deformation. Now we take and we consider the general case
when several deformation-mechanisms occur simultaneously, leading to several de-
lays. We assume that two deformation-mechanisms are active and 7y, 7 are the
corresponding delays (71 # 72). Then, we can write

S(t) = S10(t — 11) + Sad(t — ) textand S = S1+ Ss. (4.1)
Equation (2.1) can be re-written as follows (7’ > max{r, 72})

ét)=b /0 n(o(t - s)) (515<s = 71) + 520(s — T2>) ds+ %

) (4.2)
= b(S’ln(a(t —71)) + Son(o(t — 7'2))) + %.
Thus, we deduce the equation
ME(t) = MbSin(o(t —11)) + MbSan(o(t — 12)) + & (t). (4.3)

To investigate the stability of system strain-stress curves, we take the Taylor’s
expansion of second order of the function n(c — 7;), i = 1,2, close to the value og
fori=1,2:

on 10%*n

n(o(t—1;)) =n(og) + %(J =o09)(o(t—7)—o00)+ 5@(0 =o09)(o(t—7)— 00)2.
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NONLINEAR MECKING-LUCKE-GRILHE EQUATION

ach
‘ |
: ﬂﬂ
5 !
g |
s 1 : |
T n i 180 20
imzt
{a)
iz
&l
00
N f
2 ane
£
nis
i m 4 AN El
tue
LAY

anhddinn ¢

solutian v

-1"-.0 r

HATE -

el

1201

1400 1607 1810 Zncn

e

(=]

200 40d 200 800
e [

{d}

FIGURE 1. (a): 7 =1mg = 0.05, 8 = —0.25, § = 1.5, the solution
is stable. (b): 7 =1, my = 0.005, 3 = —0.5, § = 1.57, the solution
is stable. (¢): 7 =1, mg = 0.005, 8 = —0.5, § = 1.58, the solution

is unstable.

(d):

solution is unstable

Substituting in (4.3)),

Mbn(ao)(51 + Sg) = MbSlTL(Jo) + MbS;
0%n
902

Therefore,

1
—MbS
+ 5 1

on

0o
o =09)(o(t —11) — 00)* + MbSyn(og)

7 =1, mg = 0.005, B = —0.5, 6 = 1.573, the

(0 =09)(o(t—11) —00)

+ Mnga—n(U =09)(co(t — 12) — 00)

oo

1 9’n
ZMbS, 2
+ 2 b5 Oo?

(0 = 00)(o(t — 1) — 00)? + ().

G(t) = =B10%(t — 11) — oo (t — 7o) — Oro(t — 71) — Oa0(t — T2) + 7.

where

1 0%n
b= MbS 155

1
(00) <0, f2= 5 Mb52

0%n

do?

on

(4.4)

(Cfo) <0, a1 = Mbslg((fo) > 0,
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on
Q= Mbszafa(ao) >0, 0 =a1—2B100, 02=as—2000, [=Pp1+ B,

2
a=a)+a2, v=acy— [og.

Let 7 = max{m, 72}, ¢ € C = C([-7,0];R) such that o(t) = ¢(¢t) for t € [—,0].

We obtain the system
o(t) = f(o(—71),0¢(—T2)), fort >0, s
a(t) = ¢(t), fort € [—7,0], (4.5)

where
f(@,y) = —p12® — Boy® — b1 — Ooy + .

4.1. Existence and uniqueness. As in [I2] lemma 1.1, p. 39], we have the
following result.

Lemma 4.1. Suppose that ¢ € C, f:C x C — R is a continuous function. Then
finding a solution of equation (4.5) is equivalent to solving the integral equation

o(t) =¢(t), te][-,0],
o(t) = 6(0) + / (0u(—m), 0u(—r2))ds, 130,
0

Theorem 4.2. Problem (4.5) admits a unique solution on [—T,+00) through (0, ®).

(4.6)

Proof. By [10] theorem 1.1.1], the existence is ensured. Let t € I, = [0,a], a > 0,
and on take the region:

N =A{t; o)+ [o(t — )|+ [o(t — 72)| < c}.
Let z,y € N be two solutions of (4.5). Then for ¢ > 0, we have

|z(t) —y(t)] < /0 [f(zs(=m1), 25(=72)) = fys(=71),ys(=72))lds

< /0 ((—51|$(8 —7)+y(s—7)|+6)|z(s—1) —y(s — 1)
)—y(s— 7'2)|>ds.
)

Since z,y € N, then we can write —8;[2(s — 7)) + y(s — 73)[ + 0;) < k;, where
ki = —2¢B; + 6;, i = 1,2. Let k = max{ky, k2}, then for « = & such that ka < 1,
and t € I, we find

[2(t) =y < ka sup [lz(s = 71) = yls = )l + (s = 72) = y(s = ),

+ ( — Bolz(s — 1) +y(s — m2)| + 92)|x(s — Ty

since s — ; € [—7,0], ¢ = 1,2; therefore, (s — ;) = y(s — 7;), i = 1,2. Thus,
x(t) = y(t) for all t € I5. One completes the proof of the theorem by successively
stepping intervals of length a. [l
Lemma 4.3. Consider the associated homogeneous equation with (4.5]):
d(t):—010(75—71)—020(75—7’2), tZO,
o(t) =¢(t), tel[-70],

The solution of (4.5)) is exponentially bounded; i.e., there exist constants a and b
such that

(4.7)

lo(t)] < amge®, t>0,
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where my = sup_,. <;<o |9l

Proof. We have

o(t) = ¢(0) +/0 [010(s — 1) — O20(s — 12)]ds, t>0.

and o(t) = ¢(¢) for all ¢t € [—7,0], then for ¢ > 0 we can write
t t
o ()] < my + 6, / lo(s — )[ds + 0 / o (s — m)ds
0 0
t
< me + 91m¢71 + 92m¢7'2 + (91 -+ 92)/ |0(5)‘d$
0

t
< amg + b/o lo(s)|ds,
bt

where @ = 1+ 0171 + 6272, b = 01 + 0. By Gronwall’s lemma, |o(t)] < amge™,
t>0. O

In the sequel we use the notation
1 c+iT
/ = hm —_— s
(C) T—oo0 271 c—iT

4.2. Stability. First we define the Fundamental solution. The characteristic equa-
tion associated with (4.7)) is

h(\) = A+ 6171 4 fpe” 2 = 0. (4.8)

We are looking for the solution X (¢) of (4.7) such that its Laplace transform is
h~1()\) with the initial condition

t
X(t):{o <0,
1 t=0.

By lemma the Laplace transform of X (¢) has a sense. We multiply (4.7 by
e~ and we integrate between 0 and oo:

/ e MX(t)dt = —6, / e MX(t —m)dt — 92/ e MX(t - 7p)dt.
0 0 0

An integration by parts gives

where ¢ is a real number.

1= (=A—6e " — 9267){2)/ e MX (t)dt;
0
therefore,
LX)N) =h71(N). (4.9)
The solution of (4.7) which satisfies (4.9)) is called the fundamental solution. Since

X(t) is a function of bounded variation on every compact and is continuous, then
the inversion theorem [12] allows us to write

X(t) = /( T

By adapting the proof of [12, Theorem 5.2], we obtain the following result.
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Theorem 4.4. For a > ag = max{Re\; h()\) = 0}, there exists a constant k > 0
such that
| X ()] < ke™, t>0.

Particularly, if ag < 0, then we can choose oy < « < 0 such that X(t) — 0 when
t — oo.

Proof. We have
X(t):/ eMhTL(N)d), (4.10)
(e)

where ¢ is some sufficiently large real number. We may take ¢ > «. We first want
to prove that

X(t) = /( eMhTEH(N)dA. (4.11)
We integrate e**h~1(\) around the b01)1ndary of the box ABCD in the complex
plane with boundary L MjLoMs in the direction indicated (see Fig. , where
Li={c+ir;-T<7<T}, Ly={a+ir;-T<7<T}
My={oc+iT;a<o<c}, My={o—-iT;a<o<c}
Since h(A) has no zeros in the box, it follows that the integral over the boundary

is zero. Therefore, relation (4.11) will be verified if we show that

/ MR N)dN, [ MR N)dN — 0 as T — oo.
My Mo

C. M1 B
L2 L1
D A
M2

FI1GURE 2. T': inside the rectangle ABC'D

Choose Tj such that

a? 1 1
1 2N/2 0 & 0 T foe"T2%) > .
( + TO2) TO( € + b2e ) =)
IfT >Tyand X\ € My; that is, \=0 +iT, a <o <c¢, and T > Tj, then
1 2
RN < < Z.
‘ ( )| — (0-2 + T2)1/2 _ 91677—10‘ _ 92677—20‘ - T

Therefore, by letting T" — oo,

2
| MhTH N dA < Ze(c—a) — 0.
M, T
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The same arguments as previously prove that the integral over My go to 0 by letting
T — o0. This proves the relation .
Suppose Ty is as above. If g(A) = h=1(A\) — (A — )~ ! then for A = a+iT; |T| >
To, and
1 1
A— 91677—10‘ — fye T2 B A — [e7))
fre” Y + fre 2% —

— 1
- | )

g(\) = |

2
< ﬁ(ole*ﬁa + 027 2% + |av)).
Then
/ MOWM<KLL/|@%QWMSkw“,t>&
(@) (@)

where £ is a constant. Consequently

/ M\ — ag) Tl < kpe™, £ >0,
()

and | X (t)] < ke*, t >0, k = ky + ko. O
Theorem 4.5. Fort > 0, the solution of (4.7)) is given by

0 0
o(¢,0)(t) = X([)p(0) =01 | X(t—r—m)p(r)dr—0> [  X(t—r—72)p(r)dr.

Proof. Multiply (#.7) by e~ and we integrate by parts:
0

0
—p(0) + h(N)L(o)(N) = —f1e / e_’\’“d)(r)dr — fpe™ P72 / e_)”"qS(r)dr.

—71 —T2

Then, for c is sufficiently large,

dw—LﬁIWW®—&e“/

—T1

0 0

e M (r)dr — fae” / e (r)dr]dA.

—Ta

For ¢ = 1,2, we consider w; : [—7;,00) — [0,1] such that w;(r) = 0 if » > 0 and
w;(r) =1, if r < 0, then we can define ¢ on [—7,00) by ¢(r) = ¢(0) for r > 0.
For ¢ = 1,2, we have

0 0o
e T / e M p(r)dr = / e Mp(—1; + s)wi(—7; + s)ds

—Ti 0
= L(¢(=7i + Jwi(=7; + ).

We can write

o(t) = X(£)6(0) — 0y /0 X(t - $)p(—m1 + shw(—r1 + )ds

- 02/0 X(t—s)p(—72 + s)w(—72 + s)ds,

o(t) = X(t)¢(0) — 64 /OT1 X(t—s)p(—11 + s)ds — 09 /072 X(t— s)p(—12 + s)ds.
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Suppose that r; = —7; + s for ¢ = 1,2. Then
0 0
o(t) = X(t)¢(0) — 6, X(t—r—m1)o(r)dr — 0y X(t—r—m1)o(r)dr.

—T1 -T2

O

Corollary 4.6. Let ag = max{Re(\);h(\) = 0} and o(¢)(t) is the solution of
(4.7). Then, for all a > g, there exists a constant k = k(a) such that

0()(1)] < kmge®', t>0, mg= sup |o(r)].
—7<r<0

Particularly, if ag < 0, then we can choose ag < a < 0 such that any solution of
(4.7) approaches 0, by letting t — oo.

Proof. By theorem there exists a constant k; > 0 such that |X(¢)| < ke,
On the other hand, By theorem [£.5] we can write

0
2O < X Olmo + 61y [

—71

0
\X(tfrfn|dr+02m¢/ | X (t —r — 7oldr
.
0
== gy 4 92k1m¢/ e(t=m2=r) g

—To

0
< k1m¢eo‘t + 91k‘1m¢/

6 6
< mye® [k + Elkl(l +e o) 4+ fklu +e07)]

< km¢e°‘t.

Remark 4.7. Consider
flo(t —11),0(t — 1)) = =F10%(t — 1) — Poc’(t — 7o),
and denote u(t) = o(t — 11), v(t) = o(t — 72). Then
flu,v) = =pru® — Bov?, B <0, betay < 0.
One can easily show that, f is a continuous function, f(0,0) = 0, and
|f(ur,01) = flug, v2)] < =Pa|uf —u3| — Bafv} — 03]
< k(lua| + [uz| + |or] + [v2]) (Jur — uz| + [v1 — v2]),
where k = max{—/01, —f2}. We take the region N = {¢;|o(t)|+|u(t)|+|v(t)| < c1},
suppose ¢ = 2¢1k, we choose ¢3 = ec; < ¢1, (€ small enough) such that c3 satisfies
the inequality
|ur — ua| + |vg — 2| < es.
Then, ¢ — 0 as ¢3 — 0. Then f is co-Lipschitz on N,
|f(u1,v1) — fuz,v2)] < calJur — uzg| + |v1 — val). (4.12)
Remark 4.8. By [14] proposition 3.2] (see also [18]), if
T 29 . s
on X S N ) > an
Tl?é291+ 0, (j ), T1 50,
then, for 7o > 0, there exists a constant 0 > 0 such that the solution of (4.7)) is
unstable when % < 4.

Remark 4.9. By [I4], propositions 3.1 et 3.3] (see also [18]), we have the stability
of the solution of (4.7)) under the following conditions:
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(1)

0y < 6‘1, 79 > 0. (413)

< -
= 61 + 65’

(2)
3

92 > 01, ;Tl (02 + 02)1/2 27_1

and for all 72 € [0, 72,c] such that 72 . is the critical value which given as

);

1 91 COS (.«Jo91 T1
Tg,c = — arccos(———————
wo 92
where wyg is the unique solution of the equation
2 2 /02
w*+1-065/0 .
—2/1 =sinwb; 1.
2w

(3) m € lgyg +9 » 257 |, in this case the stability depends only on the critical value
T2.
(4) For 71 as fixed 71 > 20 , there exists a value 79 . such that the solution of

is stable for all 7 < 79 ..
For each root s of h(A) (see [14} [18]), there exists Ag > 0 such that Re(s) < —Xo.
By theorem [£:4] there exists a constant ¢4 such that

X (1) < cqae™™t t<0. (4.14)
By Corollary [£:6] we can find a constant c¢5 such that
loo(t)] < csmgpe™ 0, >0, (4.15)
with o (t) is the solution of (£.7).
Using the notation of Remark we consider
6(t) = =610t — 1) — O20(t — 72) + f(u(t),v(t), t=0,
o(t) =¢(t), tel[-7,0].
We have the following result.

Theorem 4.10. Suppose that my is sufficiently small. Then the solution of (4.16)
is a continuous function on [—T,00), given by

/f X(t—s)ds, >0,

= ¢(t), te[ 7, 0],

where oo(t) is the solution of linear equation (4.7), and X(t) is the fundamental
solution of (4.7)). Therefore if my is suﬁiciently small, then lim;_, |o(t)] = 0.

(4.16)

(4.17)

Proof. We use ideas from [2, Chapter 11]. Let {0, (¢)}n>0 is a sequence defined by

Ont1(t) = oot /fun ,Un(8))X(t—s)ds, t>0,
ont1(t) = o(t), te[-70]

where up($) = 0, (s — 71), vp($) = on(s — 12). We will show that this sequence is
well defined; i.e.,

(4.18)

lon(t)] < 2c5mg, n=0,1,..., t>—T. (4.19)
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For n = 0, (4.19) is verified for all ¢ € [—7,0], if we take ¢5 > 1/2. We proceed by
recurrence. Let ¢t > 0, suppose that (4.19)) is verified. We will show that

lont1(t)] <2c5my, n=0,1,...,t>0. (4.20)
For my is sufficiently small, we can take c3 = 8csmy; therefore,

lon(s — 1) + |on(s — T2)| < desmy < %3, s> 0.

By (4.12), we find that
[f(on(s — 1), 0n(s = 72))| < c2llon(s — 71)| + |on(s — 72)]]
< 56203 = 4cacsmyg.

Then

¢
|ons1(t)] < C5m¢e_>‘°t + 4020405m¢/ e~ Mot=3) g
0

< csmg + degcacsmg /t e~ Mordy
< esmg + 40204C5m¢/)[\)0.
Since ¢z — 0 as my — 0, we can choose m such that 4cacs/ANg < 1. Then
lont1(t)] < 2c5mg, n=0,1,..., t>—T.

The sequence {0y, (t) }n>0 is well defined for ¢ > —7, and it is bounded uniformly.
Now we prove that {0, (t)},>0 converges. For n > 1, we find that

owsa(®) = a0 < [ flons =) os — )
— flon—1(s = 71),0n-1(s — 72))| X (t — s)ds.
By (10), we have
lon(t —T1) — on—1(t — 11)| + |on(t — 72) — op_1(t — T2)| < 8csmy = cs.

Using (4.12), we find that

t
O (£) = on(®)] < 264 / [0n(s = 1) = Gnr(s — )|
+ |on(s — 72) — on_1(s — 72)[Je M) ds.

Let

mu(t) = sup |on(s) —op_1(s)], n> 1.
—7<s<t

For t > —7, n > 1, we have
t
(ms1 () — on(D)] < 2e2camn () / e=Holt=5) g (4.21)
0

Since gy 41(t) = oy (t) for t € [—7,0], we obtain

Mpt1(t) < cgmy(t), t> -1, (4.22)
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where cg = 2coc4 fot e 20(=9)ds. For my is sufficiently small, we can take cg < 1,
because that co — 0 as ¢ — 0. Consequently,

o0

sup |ont1(s) —on(s)], (4.23)

n=0 —7<s<t

is convergent, since it is bounded by mq(t) Y-, ¢g, where

Im1 () < sup_ou(s)|+ sup |oo(t)| < desmy.
—7<s5<t —7<s<t
The convergence of (4.23) is uniform, then {o,,(¢)},>0 converges uniformly to o(t).

By (4.18), o(t) satisfies the condition o(t) = ¢(t) for t € [—7,0]. It also satisfies
(4.17). o(t) is a continuous function for all t > —7. By (4.17)), we have

t
o (t)] < esmge™" + 6204/ llo(s = )| + o (s — m)[|| X (¢ — 5)|ds,
0

t—71
lo(t)] < C5m¢ef)‘°t + CQC4/ lo(r)|| Xt =7 —71)|dr

—T1

t—Tz
+ cacs / o IX (t =7 = 72)dr,

—T2

Suppose that k = 2cocy(e?™ — 1)/, then
t t
o ()| < csmy + kmg + cacge™ / o (r)|e*"dr + cacqe™ / |lo(r)|ere"dr.
0 0
Therefore,
t
lo(t)|e?! < esmg + kmg + 202(:46)‘07/ lo(r)|er" dr.
0

By Gronwall’s lemma,
lo(t)]e*t < (c5 4 k)my exp (2cacse™T)t,

and
lo(t)] < (5 + k)mgexp (—Ao + 262046/\°T)t,

Since ¢ — 0 as mg — 0, for my is sufficiently small, we obtain lim; . o ()| =
0. (I

4.3. Numerical tests. As in the previous section (Section we present some
numerical results using MATLAB to show asymptotic stability and instability of
solution of according to the physical parameters ai, as, 81, B2, 71 and To;
see Table [11
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