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POSITIVE SOLUTIONS FOR A SECOND-ORDER SYSTEM
WITH INTEGRAL BOUNDARY CONDITIONS

WENJING SONG, WENJIE GAO

ABSTRACT. This article concerns the existence of positive solutions to a second-
order system with integral boundary conditions. By applying Krasnoselskii
fixed point theorem, we show the existence of solutions under certain condi-
tions.

1. INTRODUCTION

In this article, we investigate the existence of positive solutions to the follow-
ing system of second order ordinary differential equations with integral boundary
conditions:

2/ () = —f(t,z(t),y(t), (t,z,y) € (0,1)x [0,+00) x [0, +00),
Y1) = —g(t, 2(t),y(1),  (t.ar,y) € (0,1) x [0, +00) x [0, +00),
2(0) —az'(0) = [ o(s)y(s)ds, (1) +ba'(1) = / or(s)y(s)ds, (L)
0 0

1

1
y(0) —ay'(0) = ; Yo(s)z(s)ds, y(1)+b:t/(1):/0 P1(s)x(s)ds,

where fa g€ C([O’ 1] X [07 +OO) X [07 -I-OO), [07 +OO))’ $0, P1, 'l/]Oa 7;/}1 € C([Oa 1]7 [07 +OO))a
a and b are positive real parameters.

Boundary value problems with positive solutions describe many phenomena in
the applied sciences found in the theory of nonlinear diffusion generated by nonlin-
ear sources, thermal ignition of gases, and concentration in chemical or biological
problems. Readers may refer to [3| [, [7] for details. In the past few years, much
effort has been devoted to the study of the existence of positive solutions to ordi-
nary differential equations or systems with different kinds of boundary conditions,
see [T 10} [T} 12, 13).

On the other hand, problems with integral boundary conditions arise naturally
in thermal conduction problems [5], semiconductor problems [9] and hydrodynamic
problems [6]. Many authors have investigated scalar problems with integral bound-
ary conditions; see for instance [2} 8 15 [16]. Particularly, in [2], Boucherif discussed
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the following boundary value problem with integral boundary condition:
y'(t) = fty(t), 0<t<L,

y(0) — ay (0) = / do(s)y(s)ds, )
y(1) —by' (1) = /o g1(8)y(s)ds.

He obtained the existence of positive solutions of Problem by applying Kras-
noselskii fixed point theorem in a cone.

However, to the best of our knowledge, there seem to be quite few works on
ordinary differential systems of second order with integral boundary conditions. In
2005, Yang [14] studied the following system with integral boundary condition:

_u//(t) = f(t’ Uu, U)? _U//(t) = g(ta u, U)v
u(1) = Hy( / u(r)da(r)), v(1) = Ho / o(r)dB(r)), (1.3)
u(0) = v(0) =0,

where o and 3 are increasing nonconstant functions defined on [0, 1] with «(0) =
0=206(00); feC(0,1] x R x R*,R*) and g € C([0,1] x Rt x RT, RT); and H; €
C(RT,R™)(i = 1,2). Here fol u(7)da(T) and fol v(7)dB(7) denote the Riemann-
Stieltjes integrals. By using the fixed point index theory in a cone and a priori
estimates as the main tools in the proofs, he proved the existence of positive solu-

tions to (1.3]).

Motivated by the works mentioned above, we intend to study the existence of
positive solutions of Problem (|1.1)). Compared with the scalar case and Prob-
lem (L.3)), the characteristic o is that the two exponents x and y are coupled
not only in the equations, but also on the boundary conditions, which make the
resolvent kernel R(t,s) in our system much more complicated. This in turn brings
substantial difficulties in proving the complete continuity of the operator T (see
Section 2 for its definition). Therefore our results cannot be routinely deduced
from the ones of and in the above literature. The outline of this paper
is as follows. We present some preliminaries in Section 2 and the main results are
proved in Section 3. In Section 4 we will give two examples to illustrate our results.

2. PRELIMINARIES

In this section, we present some propositions and lemmas that will be used in
the proof of our main results.

We shall denote by C[0, 1] the Banach Space consisting of all continuous functions
on [0,1] equipped with the standard norm

Jull = max [u(o)],

and equip the Banach space C[0, 1] x C[0, 1] with the standard norm
a0l = ol + ol = g 0] + g, o)

We will use the following assumptions:

((HO) f’g € C([07 1] X [05 +OO) X [07 +00)7 [07 +OO))7 ¢i7¢i € C([Oa 1]7 [07 +OO))a
i =1,2, a and b are positive real parameters.
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(H1) o, 1 are continuous, positive and the auxiliary function

(I)(t78) = [(1+b—t)@0(s) +(a+t)§01(3)}7 l,s € [07 1]u

l+a+b
satisfies
0 < mg :=min{®(¢,s) : t,s € [0,1]} < My := max{P(t,s): t,s € [0,1]} < 1.

(H2) 4,11 are continuous, positive functions on [0, 1] and the auxiliary function

\P(ta S) = [(1+b7t)7/}0(5)+(a+t)¢1(5)}7 tvs € [07 1]a

1+a+0
satisfies
0 <myg :=min{¥(¢,s) : t,s € [0,1]} < My = max{¥(t,s):t,s€[0,1]} < 1.

Evidently, (z,y) € C?(0,1) x C?(0,1) is a solution of Problem (1.1)) if and only
if (z,y) € C[0,1] x C0,1] is a solution to the system of integral equations

0= [ 0G0 06 + 1ot [ alsiutsras
at+t [
Tragp ), PO e .
0= [ Gla(s.x(s).(s)ds 11;”’12 [ s
lijib/'% te o1,

where for (¢,s) € [0,1] x [0,1],

where
1+b—1t
l+a+b

It is clear that k1(¢t) > 0 and ka(t) > 0 for all ¢ € [0, 1], and G(¢,s) > 0 for all
(t,s) €[0,1] x [0,1]. Moreover, we have the following propositions:

kl(t) =a-+ t, kg(t) =

Proposition 2.1. There exists a positive continuous function 7 : [0,1] — R such
that G(t,s) > v(t)G(s,s) for all t,s € [0,1]. Moreover, vy = min{y(t) : ¢t €
[0,1]} > 0.

The proof of the above proposition is similar to [2, Lemma 2], and we omit it
here.

Proposition 2.2. Under assumption (HO), for all t,s € [0,1], we have G(t,s) <
G(s,s).

The of the above proposition follows standard argument, it is omitted here.
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Let us denote two operators A, B := C[0, 1] x C[0,1] — €0, 1] as follows:
A, y)(t) = / G(t, 5)f (s, 2(5). y(s))ds + / B(t, 5)y(s)ds,
Bl y)(t) = / G(t, 5)g(s, 2(s), y(s))ds + / W(t, 5)(s)ds.

Then we define an operator T : C[0,1] x C[0,1] — C[0,1] x C[0,1] as

1 1
Tz(t):/o H(t,s)F(s,w(s),y(s))ds+/0 K(t,s)z(s)ds = (ggg;g;) (2.2)
where

2(t) = (“”), (£.1) € CI0,1] x C[0,1],  H(t,s) = (G(g’ ) G(gs)) ,
f(s,2(s),y(s)) 0 (ts)
Foseen = () Keo=(aey ")
It is clear that the existence of a positive solution for is equivalent to the

existence of a nontrivial fixed point of T" in C[0,1] x C[0,1]. To obtain a positive
solution of (|I.1]), we need the following lemma.

Lemma 2.3. Assume (HO)—(H2) hold. Then T : C[0,1]x C[0,1] — C]0,1] x C[0, 1]
is a completely continuous operator.

Proof. Firstly, we prove that T is a compact operator. That is, for any bounded
subset D C C[0,1] x C[0,1], we show that T'(D) is relatively compact in C[0, 1] x
C[0,1]. Since D C C0,1] x C[0,1] is a bounded subset, there exists a constant
M > 0 such that ||z|| = ||z|| + |ly|| < M for any 2 € D.

By applying (HO), (H1) and Proposition 2.2, we obtain

1 1
Al = guax | [ G0 v)ds+ [ Bies)us)is
< L/1 IG5, 5)|ds + Mo T < 400,
0

Here L = max{f(t,z,y) : 0 <t < 1,|z| < M,|y| < M} + max{g(t,z,y) : 0 <t <
1,|z| < M,|y| < M}. Similarly, we can obtain

1
1Bz, y)ll < L/ (G5, )|ds + My < +oc.
0

Then from the definition of the norm of the product space C[0, 1] x C[0, 1], we have
IT(2)[l = Az, y)I| + | B(z,y)l

1
< 2L/ |G(s,8)|ds + (Mg + My)M < +oc.
0
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Therefore, T'(D) is uniformly bounded with the norm of C[0, 1] x C[0, 1]. Moreover,
for any ¢ € (0,1), we have

9 Aw)0)

!’

- ’(/Ot G(t,5)f(s,2(s), y(s))ds + /tl G(t,)f(s,2(s), y(s))ds)

1
1+a+0d

:h+i+bPiézﬂ&MQW@D@—a[jﬂaﬂ$w@”@

[ eotomtspas + [ x|

1+a+0d

040 [ ssatnuends = [ oot + [ ot
1

<—— 12 b)L + 2KM
_1+a+b[( +a+b)L+ | < 400,

where
K =max{po(t) : 0 <t <1} +max{pi(t):0<t <1}
+max{to(t) : 0 <t <1} +max{y1(t) : 0 <¢ <1},
Thus, it is easy to prove that A(D) is equicontinuous. This together with the
Arzeld-Ascoli theorem guarantees that A(D) is relatively compact in C[0,1].
Similarly, we can prove that B(D) is relatively compact in C[0,1]. Therefore,
T(D) is relatively compact in C0,1] x C[0,1]. On the other hand, according to

the definition of T, it is easily seen that T  is continuous. We obtain that T is
completely continuous. The proof is complete. ([

We shall discuss the existence of a positive solution of (1.1)) by using the following
fixed point theorem of cone expansion and compression.

Lemma 2.4 ([2, Theorem 4]). Let E be a Banach space and K C E be a cone.
Suppose 1 and Qo are two bounded open sets in Banach space E such that 0 € Qy,
Q) C Qy and suppose that the operator T : K N (Qy \ Q1) — K is completely
continuous such that

(A1) | Tz|| < ||lz|| for allz € KNOQy and | Tx|| > ||z|| for allx € KNOQs or
(A2) ||Tz|| > ||z|| for all x € KN OQy and | Tx| < ||z|| for all x € K N OQy.

Then T has a fized point in K N (D \ Q).
To use Lemma [2.4] let E = C[0,1] x C[0, 1],
P={ueC[0,1], u(t) >0, t €0,1]},

and

Po={(u,0) € P x P, min (u,0)) = i (u(0) + o(6) 2 70w ),

where
M =max{Me¢, My}, m = min{me,my}.
It is easy to see that Py is a cone in F.

Lemma 2.5. Under Assumptions (HO)—(H2), the operator T : Py — Py is a com-
pletely continuous.
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Proof. By Lemma we only need to prove that T'(Py) C Py. Define an operator
N : C[0,1] x C[0,1] — C[0,1] x C[0,1] by N()(t) = [, K(t,5)2(s)ds. Then
N(P x P) C P x P. Noting that

INz(t)|| = Jnax |/ (t, s)y(s)ds| + Jnax |/ (s)ds|

< maX{M<b7Mw}||Z||,

one has ||N|| < max{Ms, My} < 1. Then I — N is invertible. Similarly to [2,
Lemma 3], we have

1 1
/ H(t, $)F(s,2(s), y(s))ds + / R(t, s) / H(s,7)F(r, (7)., y(r))drds,

where R(t,s) is the resolvent kernel by R(t,s) = Z;’il K;(t,s) and K;(t,s) =
[y K(t,7)K;—1(7,8)dr, j = 2,3,..., and K,(t,5) = K(t,s). Let
_ Rl (t7 8) RQ(ta 8)
R{t,s) = (Rg(t,s) Ru(t,s)) "
It can be easily verified that
m? M?
1—m2 < Rl(ta 8)7 R4(t75) <

M
B < Ry(t,s), Rslt,s) <

T
B

1—m?
From Propositions 2.1, 2.2 and (H1), we find that

1 1
IT=()[ < [| G(r.7)f(r,2(7),y(T))dr
L=M / (2.3)
/ G(r,7)g(7,z(7),y(T))dT],
min Tz (¢ G(r,7)f (1, 2(T),y(T))dr
0<t<1 -m / (2.4)
/ G(r,1)g(T, z(T),y(T))dT].
By and (2.4)), we have
Jmin Ta(t) > Yl T=(8)|l
Therefore, T(Py) C Fp. O

3. MAIN RESULTS

In this section, we show the existence of positive solutions to (1.1)). Firstly, we
introduce some notation.

t
fg = liminf min ftz.y) f? = limsup max M7
=iyl —posist f2] + [y] jal-+ly|—p O [2] + [yl
¢ t
gs = liminf min M, ¢’ = limsup m w’
|z|+]y|— B 0<t<1 ‘$| + |y\ |z +|y|—3 O<t<1 |gj| + ‘y|

where 5 = 0 or oo.
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Theorem 3.1. Assume that (HO)—(H2) hold. If
1-M 1—m)?
20" < =3 and foo,goc > ( )
2f0 (s,8)ds 293(1 — fo

then Problem ) has at least one positive solution.

. 0,0 1-M
Proof. Since f g < 2 [T G(s,5)ds’
(fO+e1)(|z] + |y]), and g(t,z,y) < (¢° + 51)(|z| + |y|) for ¢t € [0,1], |z| + |y| < 7,

where ¢ satisfies fO +¢&; < ”fgﬁ and ¢° +¢; < m
o G(s,

Let O = {z = (z,y) € Px P, ||z|| < r}. For any z = (z,y) € 901 N Py, we have

there exists an r > 0, such that f(t,z,y) <

ITz]| <

1
— M/O G(s,5)ds - (f° +e1+9° +e1) - [z, )]

121l

(3.1)

IN

(1—m)?
27v2(1—M) [ G(s,s)ds’
such that f(t,z,y) > (foo —&2)(|z] + [y]) and 9(t,z,y) 2 (oo — e2)(|2] + [y]) for
o > (1-m)?

2 = 272 (1— MfOG(ss)s

there exists an R > r > 0,

On the other hand, since fy, goo >

t € [0,1], |z| + |y| > R, where e, satisfies foo — and

co > (1— m)2
Goo —E2 = 292(1-M) fo G(s,s)ds’
Let Qo = {2z = (z,y) € P x P, ||z|| < Ry}, where Ry = (1 3115, 1t For any

z = (x,y) € 0Q2 N Py, we have

: 70 (1 - _ _ .
IT50)] 2 i, T=(t) > / G(s,5)ds - (foo — 22 + goe —22) - 2]
> ||Z||
(3.2)
Applying Lemma n to and . 3.2)) yields that T has a fixed point z* € Py N
(Q2\Q1) and hence z* is a pos1t1ve solution of (L.T)). O

From the proof of Theorem 3.1, we can also obtain the following result.

oo 00 1-M
Theorem 3.2. Assume that (H0)—(H2) hold. If f>, g < 3T Glsn)ds and fo, go >

(1—m)*
2492 (1—M) fol G(s,s)ds’

then (1.1) has at least one positive solution.

Next we discuss the multiplicity of positive solutions for Problem (L.1). We
obtain the following results.

Theorem 3.3. Assume that (H0)—(H2) hold, and
(1-m)? (1-m)?
()f0>'y(1 ]\/[)flG(ss)ds vé(1- MfOG(ss)ds
(ii) There exists an l > 0 such that maX0§t<1 ( eoa, [t z,y) <

and goo >

1-M
2 fl G(s,s)ds
and maxo<i<1,(z,y)co0, 9(t, z,y) < 2f01 )d I, where Q1 :={z = (x,y) €
P x P z| <}
Then Problem has at least two positive solutions.

(1-m)?
v (1-M) fol G(s,s)ds’

and also there exists an 0 < I; < [, such that f(¢,z,y) > (fo —

S

Proof. Since fy >

(1-m)®
v2(1—-M) [} G(s,s)ds’

we can choose €3 > 0 such that fy —e3 >
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es)(|z] + |yl) for ¢ € [0, 1], [#] + |y| < 1. Let &y, :={z = (z,y) € P x P, ||z[| <11},
For any z = (x,y) € 9, N Py, we have

! 1-M
172 = 12 [ Gs,shds- (o = ea) (= ol 1)

> |lz]-

(3.3)

; : > (l,n;y
Again, by using g020 Z A [ GG
(1—m)

900_6427(1 M)flG(Sé)d,
(goo—€4)(\x|+|y|) fort € [0,1], |z +|y| > l2. Let @ = {2 = (2,y) € Px P, ||z <

ly. For any z = (x,y) € 8Q~ N Py, we have

we can choose €4 > 0, such that

and also there exists an I > [, such that g(¢,z,y) >

ZNQ}, where I, = W

0 1-M
1_m/0 G(s,s)ds - (goo 54)(1_m70||z||)

ITz|| =
> ||l

By (ii), for z = ( xy € 001 N Py, we have

IT=(t)

(ryz(7),y(T) dT+/ G(r,7)g(7,z(7),y(7))dr]

- M
G(s,s) —_—I =1L
R M/ G(s s)ds
(3.5)

Therefore, from (3.3), (3.5) and Lemma it follows that (1.1)) has at least one
positive solution z; € Py with {3 < ||z1]] < . Similarly, from (3.4), (3.5) and

Lemma it follows that (1.1) has at least one positive solution zo € Py with
I < ||z2]| < la. Therefore, (1.1) has at least two positive solutions. The proof is
complete. (I

Similarly, we have the following results.

Theorem 3.4. Assume (H0)-(H2), and

: (1—m)? (1-m)
(1) fos foo > Y2 (1=M) [T G(s,5)ds or 9o, foo > T (A—M) L G(s,5)ds 0T 90,900 >

(1-m)?
YE(1—M) fo G(s, s)ds

(ii) There exists an I > 0 such that maxo<i<i,(zy)co0, f(t,2,y) < ”fgﬁl
and Maxg<i<1,(z,y)co0, 9(t, 2, y) < Wil where Q1 := {z = (z,y) €

Px P, |z|| <}
Then Problem (L.1|) has at least two positive solutions.

4. EXAMPLES

Example 4.1. Set f(t,z,y) = /-3 L (22 492), g(t, z,y) = /1 — z[(x24r342)2+(:c2+
y2)e= @] g =1, b=1, ¢; = ¢; = 1/3, i = 0,1. Then fo (s,s)ds = 13/6,
Yo =1/6, M =m=1/3,

1-M 2 (1—-m)? 7
2 fol G(s,s)ds 13" 292(1— M) fol G(s,s)ds 13
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Then conditions of Theorem 3.1 are satisfied. We obtain that Problem (|1.1)) has at
least one positive solution.

Example 4.2. Set f(t,z,y) = 4/ 1345'5 vVar+y?, g(t,z,y) = 20§ (z? + y*)(1 +

e @) a=1,b=1,1=6, p; =1; = 1/3,i=0,1. Then [, G(s,s)ds = 13/6,
70 =1/6, M =m =1/3,

1-M 2 (1—m)? 144

2f0 (s,5)ds 137 ~2(1—-M fo 88d8713.

Then the conditions of Theorem 3.3 are satisfied. We obtain that Problem (|1.1)
has at least two positive solution.

REFERENCES

[1] R. P. Agarwal, D. O’Regan; Multiple solutions for a coupled system of boundary value prob-
lems, Dyn. Contin, Discrete Impuls. Syst. 7 (2000), 97-106.

[2] A. Boucherif; Second-order boundary value problems with integral boundary conditions. Non-
linear Anal. 70 (2009), 364-371.

[3] A. Boucherif, J. Henderson; Positive solutions of second order boundary value problems with
stgn changing Caratheodory nonlinearities, Electron. J. Qual. Theory Differ. Equ. 2006.

[4] N. P. Cac, A. M. Fink, J. A. Cation; Nonnegative solutions of quasilinear elliptic boundary
value problems with nonnegative coefficients, J. Math. Anal. Appl. 206 (1997), 1-9.

[5] J. R. Cannon; The solution of the heat equation subject to the specification of energy, Quart.
Appl. Math. 21(2) (1963), 155-160.

[6] R. Yu. Chegis; Numerical solution of a heat conduction problem with an integral boundary
condition, Litovsk. Mat. Sb. 24 (1984), 209-215.

[7] D. J. Guo, V. Lakshmikantham; Multiple solutions of two-point boundary value problems of
ordinary differential equations in Banach spaces, J. Math. Anal. Appl. 129 (1988), 211-222.

[8] R. A. Khan; The generalized method of quasilinearization and nonlinear boundary value prob-
lems with integral boudary conditions, Electronic. J. Qual. Theory Difier. Equ. (10) (2003),
1-15.

[9] N. L. Ionkin; Solution of a boundary value problem in heat conduction theory with nonlocal
boundary conditions, Differential Equations 13 (1977), 294-304.

[10] B. M. Liu, L. S. Liu, Y. H. Wu; Positive solutions for singular systems of three-point boundary
value problems, Computers and Mathematics with Applications. 53 (2007), 1429-1438.

[11] L. S. Liu, P. Kang, Y. H. Wu, B. Wiwatanapataphee; Positive solutions of singular bound-
ary value problems for systems of nonlinear fourth order differential equations, Nonlinear
Analysis. 68 (2008), 485-498.

[12] H. Y. Li, H. M. Yu, Y. S. Liu; Positive solutions for singular boudary value problems of a
coupled system of ordinary differential equations, J, Math. Anal. Appl. 302 (2005), 14-29.

[13] R. Ma; Multiple nonnegative solutions of second-order systems of boundary value problems,
Nonlinear Anal. 42 (2000), 1003-1010.

[14] Z. Yang; Positive solutions to a system of second-order nonlocal boundary value problems,
Nonlinear Anal. 62 (2005), 1251-1265.

[15] Z. Yang; Positive solutions of a second order integral boundary value problem, J. Math. Anal.
Appl. 321 (2006), 751-765.

[16] X. M. Zhang, W. G. Ge; Positive solutions for a class of boundary-value problems with single
integral bounday conditions, Computers Mathematics with Applications. (2009), 203-215.

WENJING SONG
INSTITUTE OF MATHEMATICS, JILIN UNIVERSITY, CHANGCHUN 130012, CHINA. INSTITUTE OF AP-
PLIED MATHEMATICS, JILIN UNIVERSITY OF FINANCE AND EcoNoMICS, CHANGCHUN 130017, CHINA
E-mail address: swj-780@163.com

WENIJIE GAO
INSTITUTE OF MATHEMATICS, JILIN UNIVERSITY, CHANGCHUN 130012, CHINA
E-mail address: wjgao@jlu.edu.cn



	1. Introduction
	2. Preliminaries
	3. Main results
	4. Examples
	References

