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PICONE’S IDENTITY FOR THE P-BIHARMONIC OPERATOR
WITH APPLICATIONS

JAROSLAV JAROS

ABSTRACT. In this article, a Picone-type identity for the weighted p-bihar-
monic operator is established and comparison results for a class of half-linear
partial differential equations of fourth order based on this identity are derived.

1. INTRODUCTION

The purpose of this article is to present a Picone-type identity for the weighted
p-biharmonic operator extending the known formula for a pair of ordinary iterated
Laplacians with positive weights a and A which says that if u,v,aAu and AAv are
twice continuously differentiable functions with v(z) # 0, then

2 2
div [uV(aAu) — aAuVu — %V(AAU) + AAUV(%)]

= —%QA(AAU) + uA(alAu) + (A — a)(Au)? (1.1)

CA(Au - uB0)? 1242 T L
v v v

(see [3]). Here div,V,A are the usual divergence, nabla and Laplace operators
and | - | denotes the Euclidean length of a vector in R™. In [3], the integrated
form of was used to obtain a variety of qualitative results (including Sturmian
comparison theorems, integral inequalities of the Wirtinger type and lower bounds
for eigenvalues) for a pair of linear elliptic partial differential equations of the form

Ala(z)Au) — c(x)u =0, (1.2)
A(A(x)Av) = C(x)v =0 (1.3)

(or for the inequalities u[A(a(x)Au) — c(z)u] < 0 and A(A(x)Av) — C(z)v > 0)

considered in a bounded domain G C R™ with a piecewise smooth boundary 9G.
We extend the formula to the case where A(aAu) and A(AAv) are re-

placed by the more general weighted p-biharmonic operators A(a|Au|P~2Au) and
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A(A|Av[P~2Av),p > 1, respectively, and show that some of results in [3] remain
valid for half-linear partial differential equations

Ala(z)|Au|P2Au) — c(z)|[ulP~?u = 0, (1.4)
A(A(x)|Av[P~2Av) — C(x)|v|P~2v =0 (1.5)

which reduce to (1.2) and (1.3) when p = 2.

This article is organized as follows. In Section 2, we establish several forms
of the desired generalization of Picone-Dunninger formula. Next, in Section 3, we
illustrate applications of the basic identities by deriving Sturmian comparison theo-
rems and other qualitative results concerning differential equations and inequalities
involving the weigthed p-bilaplacian.

For related results in the particular case n = 1 see [4] (general p > 1) and
[B] (p = 2). Picone identities for various kinds of half-linear partial differential
equations of the second order and their applications can be found in the monographs
11, [©].

2. PICONE’S IDENTITY

Let G be a bounded domain in R™ with a piecewise smooth boundary dG and let
a € C*G,Ry), Ae C*(G,Ry), c e C(G,R) and C € C(G,R) where Ry = (0, 0).
For a fixed p > 1 define the function ¢, : R — R by ¢,(s) = |s[P~2s for s # 0 and
¢p(0) =0, and consider partial differential operators of the form

l[u] = Ala(z)pp(Au)) = c(z)pp(u),
Lv] = A(A(z)pp(Av)) — C(2)pp(v)

with the domains D;(G) (resp. Dr(G)) defined to be the sets of all functions u
(resp. v) of class C?(G,R) such that a(z)p,(u) (resp. A(z)p,(v)) are in C*(G,R)N
C(G,R).

Also, denote by ®, the form defined for X,Y € R and p > 1 by

D,(X,Y) := Xopp(X) + (p— 1)Y (V) — pXopp (V).

From the Young inequality it follows that ®,(X,Y) > 0 for all X,Y € R and the
equality holds if and only if X =Y.

We begin with the following lemma which can be verified by a routine compu-
tation. We call it a weaker form of Picone’s identity because of the relative weak
hypothesis that u is an arbitrary twice continuously differentiable function which
does not need to satisfy any differential equation or inequality nor even to be in
the domain of the operator .

Lemma 2.1. Ifu € C?(G,R),v € D1(G) and v does not vanish in G, then

|uf”

iv | — [ul” v v

div [ %(U)V(Asop(A )+ App(A )V(%(U))]

= — [ul” v ul? — ClulP — uug 2.1
(pp(v)L[ [+ A|Auf” = Clul” — A®y (Au,u=—) (2.1)

A
+p(p — DA%, (5)

’Vu— EVU}Q.
v
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An integration of ([2.1)) with the use of the divergence theorem gives the Picone
identity in the integral form

_/ ul”_ 0(App(Av))
o]

c wplv) O

Av ou
+ [ Ae (T ot s

=— [ul” v|dx ulP — ClulP|dx
=~ [ i+ [ [l — Clula

A
o [ bl D2, (B2) = 9 - Ay (A

Av

v

ep, Ou O
) [ (v, —ugs)]ds

ds + /Bc(p — 1) Ag,(

(2.2)

Av

v

)]dw,

where 0/0v denotes the exterior normal derivative, which extends the formula in
[3, Theorem 2.1].
Adding to (2.1)) the obvious identity

div [uV(ap,(Au)) — ap,(Au)Vu| = ullu] — a|AulP + c|ul?,

which holds for any u € D;(G), yields the following stronger form of Picone’s
formula.

Lemma 2.2. Ifu € D;(G),v € Dr(G) and v(z) # 0 in G, then

div [uV (ap,(Au)) — ap,(Au)Vu — ful” V(App,(Av))

‘Pp(v)
+ Ay (AV (1) 2.3
__ @':('Z)L[v] +ullu] + (A — a)|Auf? + (c — O)|ul” — A, (Au, u%)

A
+p(p — DAl %, (=) [Vu — = Vo[,

Again, integrating (2.3) and using the divergence theorem we easily obtain the
following integral version of the formula which generalizes the result from Dunninger
[3, Theorem 2.2]:

- Olapp(Au 0(App(Av
/‘9G op(v) [@p(v)%y)) - @p(“)%}d‘s

[ - Dae (G [ e -l
oG

(v, — uz,)]ds
+/ l(v)gl:[AWp(u)wp(Av) — apy(v)pp(Au)]ds

(2.4)

G
+/ [p(p — 1)A|u|p72@p(%) |Vu — %Vv|2 — A@I,(Au, u%)}dm
G
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3. APPLICATIONS

As a first application of identity (2.2)) we prove the following result.
Theorem 3.1. If there exists a nontrivial function u € C*(G,R) such that

u=0 onJG, (3.1)
Mp[u] E/ [A(z)| Aul? — C(x)|ulP]dz < 0, (3.2)
€]
then there does not exist a v € D (G) which satisfies
Lv] >0 inG, (3.3)
v>0 ondG, (3.4)
Av <0 inG. (3.5)

Proof. Suppose to the contrary that there exists a v € D (G) satisfying (3.3)-(3.5]).
Since v > 0 on dG and Au < 0 in G, the maximum principle implies that v > 0 on
G. Thus, the integral identity (2.2)) is valid and it implies, in view of the hypotheses
(3-1)-(3.5), that

|ul?

0> M,[u] —/G Sy Ll
Av

B ‘/ [p(p — 1)A|u|p—2¢p(&) Vu— 2Vo|* — A, (Au,u=") | de
e v v v

> —/ p(p - 1)AIUI”‘2%(&)|W — 2vofdz > 0.
G v v

It follows that Vu — “Vv = 0 in G and therefore u/v = k in G for some nonzero
constant k. Since u = 0 on G and v > 0 on JG, we have a contradiction. Hence

no v satisfying (3.3))-(3.5|) can exist. O

Theorem 3.2. If there exists a nontrivial u € C*(G,R) which satisfies (3.1) and
(13-2), then every solution v € Dr(G) of the inequality (3.3)) satisfying (3.5) and

v(xz) >0 for somezxr e G (3.6)

has a zero in G.

Proof. If the function v satisfies (3.3), (3.5) and (3.6)), then either v(z) < 0 for

some x € G, and so v must vanish somewhere in G, or v > 0 on JdG. In the latter
case, however, Theorem [3.1] implies that v(x) = 0 for some x € G, and the proof
is complete. ([

As an immediate consequence of Theorem we obtain the following integral
inequality of the Wirtinger type.

Corollary 3.3. If there exists a v € Dr(G) such that Ljv] =0, v > 0 and Av < 0
in G, then for any nontrivial function u € C?(G,R) satisfying u = 0 on 0G, we
have

/GA(CE)\Au|pdxZ/GC’(QJ)|u|pdx.

As a further application of Picone’s identities established in Section 2 we derive
the Sturmian comparison theorem. It belongs to weak comparison results in the
sense that the conclusion with respect to v applies (similarly as in Theorem to
G rather than G.
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Theorem 3.4. If there exists a nontrivial u € D;(G) such that

/ ul[u]dx <0, (3.7
G
ou
u=o = 0 on0G, (3.8)
V[u] = /G [(a — A)|Au? + (C — &) ul"]dz > 0, (3.9)

then every v € Dr(G) which satisfies (3.3), (3.5), (3.6]) has a zero in G.

Proof. Suppose that v(z) # 0 in G. Then, condition (3.6) implies that v(z) > 0
for all € G and from the integral Picone’s identity (2.4) we obtain, in view of

(3-3).(3.5) and (3.7)-(3.9), that
p
0= V,[u +/ wlu)dz — / |u|71L[v]da:
G G v’

L |Aw|PL
_ /G oy — DA 120

vP—

u Av

2
|Vu - ;Vv| — A%, (Au, uT)}dm

|p72 |Av|p71
p—1

<~ [ o= Daj [V "VoPds <o,
G

Consequently, V(u/v) = 0 in G; that is, u/v = k in G, and hence on G by continuity,
for some nonzero constant k. However, this cannot happen since v = 0 on 9G

whereas v > 0 on JdG. This contradiction shows that v must vanish somewhere in
G. O

As a final application of the Picone identity (2.4) we obtain a lower bound for
the first eigenvalue of the nonlinear eigenvalue problem

A(JAuP2Au) = Mu|P™?u  in G, (3.10)

u=Au=0 ondG (3.11)

investigated by Drabek and Otani [2]. They proved that for any p > 1 the Navier

eigenvalue problem ([3.10)-(3.11]) considered on a bounded domain G € R™ with a

smooth boundary OG, has a principal eigenvalue \; which is simple and isolated

and that there exists strictly positive eigenfunction u; in G associated with A; and

satisfying du, /0v < 0 on IG.

Actually, our technique based on the identity (2.4) allows to consider more gen-
eral nonlinear eigenvalue problem

lu] = Mu|P~2u in G, (3.12)
Oou

u=0, Au+oc—=0 on IG, (3.13)
v

where 0 < o < 400 (the case 0 = 400 corresponds to the boundary condition
Ou/0v = 0) and lu = A(ap,(Au)) — cpp(u) as before.

Theorem 3.5. Let A1 be the first eigenvalue of (3.12)-(3.13) and uy € Di(G) be
the corresponding eigenfunction. If there exists a function v € Dp(G) such that

v>0 inG, (3.14)
Av<0 inG (3.15)
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and if Vp[uq] > 0, then
Lv]
pp—1 ] '

Mz f

Proof. The identity (2.4)), in view of the above hypotheses, implies that

L
)\1/ \ul\pd:cf/ |uq [P [U]ldx
G G e

o |Av|Pt
=yl + [ oo~ D220

|V, — %Vuf + AP, (Aug, u1 Av/v)]da

0
—i—/ Up_1a|ﬂ|pds >0,
oG ov
from which the conclusion readily follows. O
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