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NONLINEAR QUARTER-PLANE PROBLEM FOR THE
KORTEWEG-DE VRIES EQUATION

NIKOLAI A. LARKIN, EDUARDO TRONCO

ABSTRACT. This article concerns an initial-boundary value problem in a quar-
ter-plane for the Korteweg-de Vries (KdV) equation. For general nonlinear
boundary conditions we prove the existence and uniqueness of a global regular
solution.

1. INTRODUCTION

This work concerns the existence and uniqueness of global solutions for the KdV
equation posed on the first quarter-plane with a general nonlinear boundary con-
dition. Such initial-boundary value problems may serve as models for waves gener-
ated by wavemakers in a channel, or for shallow water waves of the shore, [1} [2, [3].
There is a number of papers where initial value problems and initial-boundary value
problems in a quarter-plane and in a bounded domain for dispersive equations were
studied (see [2, B [ [6, [7, 18| 10, 1T, 12| 16} [19]). As a rule, simple boundary
conditions at = 0 such as u = 0 for the KdV equation or u = u, = 0 for the
Kawahara equation were imposed. On the other hand, general initial-boundary
value problems for odd-order evolution equations attracted little attention. We
must mention a classical paper of Volevich and Gindikin [I4], where general mixed
problems for linear (2b + 1)-hyperbolic equations were studied by means of func-
tional analysis methods. It is difficult to apply their method directly to nonlinear
dispersive equations due to complexity of this theory.

In [4, 5], Bubnov considered general mixed problems for the KdV equation posed
on a bounded interval and proved solvability results. In [18] also were considered
general mixed problems with linear boundary conditions for the KdV equation on
a bounded interval and for small initial data the existence and uniqueness of global
solutions as well as the exponential decay of L?-norms of solutions while ¢ — 400
were proved.

Here we study a mixed problem for the KdV equation in a quarter plane with a
general nonlinear nonhomogeneous condition:

x =0, aiu(oat) = @(t7u(07t)aaﬂtu(ovt))

and prove the existence and uniqueness of global in ¢ solutions as well as smooth-
ing effect for the initial data. The presence of a dissipative nonlinear term in the
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boundary condition guarantees the existence of global solutions without smallness
conditions for the initial data, whereas posing a general linear boundary condition
we did not succeed to prove a global existence result because general linear con-
ditions did not imply the first estimate for the KdV equation which is crucial for
global solvability of a corresponding mixed problem as was pointed out in [3].

To prove our results, we use a linearization technique, semi-discretization in ¢
to solve the linear problem, the Banach fixed point theorem for local in ¢ existence
and uniqueness results and, finally, a priori estimates, independent of ¢, for the
nonlinear problem. To prove solvability of a linearized problem with a nonhomo-
geneous boundary condition, we exploit the method of semi-discretization which is
transparent and proved its universality, see [0} [7), [16, [I'7], instead of very popular in
the theory of the KdV equation with homogeneous boundary conditions semigroups
technique, because it is difficult to adapt this technique for mixed problems with
nonhomogeneous and nonlinear boundary conditions.

This article has the following structure: Section 1 is Introduction. In Section 2
we formulate the principal problem and some useful known facts. In Section 3 the
related stationary problem is studied. Section 4 is devoted to regular solutions to the
linear evolution problem which are obtained by the method of semi-discretization
with respect to t. In Section 5, using the contraction mapping arguments, we
obtain a local in time regular solution to the nonlinear problem. Finally, in Section
6, necessary a priori estimates are proved which allow us to extend the local solution
to the whole interval ¢ € (0,T) with arbitrary finite 7' > 0.

2. FORMULATION OF THE PROBLEM AND MAIN RESULTS

Denote RT = {z € R: 2 > 0} and for a positive number T, Qr = {(z,t) € R?:
zeRT, te€(0,7)}. In Qr we consider the KAV equation

ug + Du+ D3u +uDu =0 (2.1)
subject to initial and boundary conditions
u(z,0) = up(z), z€RT, .
D?u(0,t) + aDu(0,t) + Bu(0,t) + |u(0,t)|u(0,t) + g(t) =0, t€ (0,T); (2.3)
where ¢(t) is a given function, o and § are real coefficients such that
28—]a|—-1=2a1 >0, 1—laj=az>0. (2.4)

Remark 2.1. From the technical reasons, we chose the simple nonlinearity in (2.3]).
Of course, more general dissipative functions may be used.

Boundary conditions ([2.3) follow from more general conditions
vD?*u(0,t) + aDu(0,t) 4+ Bu(0,t) + |u(0,t)|u(0,t) + g(t) =0, tec (0,T) (2.5)

when v # 0. Explicitly, the simple boundary condition «(0,t) = 0 does not follow
from , but it is a singular case of : when v = 0, in order to get the first
L?(R*) estimate, which is crucial for solvability of —, see [3], we must put
a =0 and u(0,t) = 0 that gives exactly the simple boundary condition.

Here u: R x (0,7) = R, or u: (0,L) x (0,T) - R D/ =7 /9x7; D = D'. In
this article, we adopt the usual notation

+o00
(uw)(t):/o u(z, oz, t)de,  ul*(t) = (u,u)(?),
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+oo
(u,v) = / w(@yo(@)dz, |ull® = (u),
0

L
(u,0)1, = / w(@)o(@)ds, [lul2 = (u,u)r.

Symbols C, Cy, C;, for i« € N, mean positive constants appearing during the text.
The main result of this article is the following theorem.

Theorem 2.2. Let ug € H3(R"), g € HY(0,T), o and (3 satisfy (2.4) and for a
real k = minf{aqs/2, (=1 + /1 + 2a1)/2} the following inequality holds:

3
(ek"”, [Z |D"u0|2 + |u0Du0|2D < 0.
i=0

Then for all finite T > 0, problem (2.1)-(2.3)) has a unique regular solution:
u e L®(0,T; H*(RT)) N L*(0,T; H*(R™)),
ug € L0, T; L*(RT)) N L*(0, T; H*(RT))

and the following estimate holds:

3
sup { (e, 3" D) (1) + (¢, u?) (1)}

te(0.7) i=0
T 4 -2 ! . 2
T / [, SO 1D ) (E) + (e, 3 |Dug ) 1)) de
1=0 =0

T T
2 2 2 2
+/0 (u®(0,t) + |Du(0,t)] )dt+/0 (u7 (0,) + |Duy(0,8)]7) dt
3

T
< (T [, D ugl’) + (€52, Jug Duo ) + / (6> + g2) (1) dt].
1=0

3. STATIONARY PROBLEM

Our purpose in this section is to solve the stationary boundary-value problem

D3u(z) + du(z) = f(z), = €RT, (3.1)
D?u(0) + aDu(0) + Bu(0) + ¢ =0, (3.2)

where d > 0 and ¢; are real constants, « and (3 satisfy and f is such that
ke /2 f e L2RY), k> 0. (3.3)

Theorem 3.1. Let d > 2k% and f satisfy (3.3). Then (3.1)-(3.2) admits a unique
solution u € H3(RY) such that

3
S (e, |DM|”) < Cl(er?, 12) + ).

i=0
Proof. Consider on an interval (0, L) the problem
D3u(zx) + du(z) = f(z), =€ (0,L),
D*u(0) + aDu(0) + fu(0) + g1 = 0,
u(L) = Du(L) =0,
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where L is an arbitrary finite positive number, f(x) is a restriction on (0,L) of
f(z):ek?/2f € L2RT)NCORY) . O

It is known (see [§]) that (3.4)-(3.6) has a unique classical solution if the corre-
sponding homogeneous problem has only trivial solution.

Proposition 3.2. Let f(z) =0, ¢ = 0 and o and [ satisfy . Then —

has only the trivial solution.

Proof. Multiplying by 2u and using (3.5)), (3.6), we come to the inequality
2dul|Z + (28 — |a])u®(0) + (1 — |a])| Du(0)[* < 0.

Taking into account (2.4), we obtain |[u[|? = 0 which completes the proof. O

Corollary 3.3. For all finite L > 0 there exists a unique classical solution of
(3-4)-(3.6)-

To prove Theorem we must extend an interval (0,L) to RT. To do this,
we need a priori estimates of solutions to the problem (3.4)-(3.6) independent of
L > 0. These estimates provides the following result.

Lemma 3.4. Let d > 2k and f(x) : /2 f € L2 (RY)NC(RY). Then for all finite
L > 0 solutions of (3.4)-(3.6) satisfy the inequality

3
Y (L IDMlP) L < Crl(e™, f2) + g7,

i=0
where the constant C'r does not depend on L.
Proof. Multiplying by u and integrating over (0, L), we obtain
(D*u,w)p +dllullf, = (f vz, (3.7)
and

I = (Duwys > L1~ ) Du)f + (5 - 2 - L) - 4

where Cy = min{l_Tml,ﬁ — I%\ — 3}. Since (D3u,u) L, + g > 0, then

2 3 4 2 _ 1 2 dy o 4
Al < (D) + B dul? < I + Sl + 2
and
lull7 < C@(IfI* +q7). (3.8)
Returning to (3.7)), we obtain
d 7>
5||U||i + Cy(| Du(0)]* + u?(0)) < C(d)||fII* + 51
which implies
|Du(0)” +u?(0) < C(A)(|IfII* + a1)- (3.9)

Multiplying (3.4) by e¥*u and integrating over (0, L), we obtain
(e, u?), + (DPu, " u) = (f,€"u) L, (3.10)
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and
kx 13 2 2 3k kx 2 kg kx .2 1 2
(e Du,u)r, > K1u”(0) + Ka|Du(0)|” + ?(6 , | Dul®), — ?(e ,u)p — 41
where
1 k2 la+k
K1:5—7—3—| 2 |, K2—7(1—|Oé+k|)
With this, (3.10) becomes
d k® k
g(ekx,UQ)L o ?(ekI,UQ)L + 33(6’”, \Du|2)L

< C5(IDu(O) + w?(0)) + CW)(, 1) + Sat.

where C5 = max{|K1|, |K2|,1}. Using (3.9), we have

(65, 02) 1 + (%, [Duf) < C(d ) (€%, 12) + ). (3.11)
Now, multiplying (3.4) by e**D3u and integrating over (0, L), we obtain
(b, 1D%ul ) < C(d k) (M, ) + @) (3.12)

and multiplying by —eF* Du, we obtain
D?u(0)Du(0) + (e, |D2u|2)L + k(ek* D?u, Du)p, — d(e** Du,u)p,
= — (", fDu)z.
Taking into account 7 , , we find that
(", |D*uf) < C(d. k) (7. ) + i) -
Adding to this inequality , , we complete the proof. O

Since estimates of this Lemma do not depend on L, it allows us to extend an
interval (0,L) to RT and by compactness arguments we can eliminate condition
f € C(R™). Uniqueness of a solution follows from . This completes the proof
of Theorem 3.1l

4. LINEAR EVOLUTION PROBLEM

Consider the linear initial-boundary value problem

ug + D3u = f(x,t), (z,t) € Qr; (4.1)
D?u(0,t) + aDu(0,t) + Bu(0,t) + q(t) =0, t € (0,T); (4.2)
u(z,0) = ug(z), =€RT; (4.3)

where
up € H3RY), f,f; € C(0,T; L*(RT)), ¢q€ H(0,T); (4.4)

kx ’ i 12 ’ kx 2 kx 2 ’ 2 2

(2 1Dl + [Tt A+ @ ol [ @0 + a0 < o
(4.5)

Henceforth we will use the following Lemma (see [9]).
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Lemma 4.1 (Discrete Gronwall Lemma). Let k,, be a sequence of non-negative real
numbers. Consider a sequence ¢, > 0 such that

n—1 n—1
®o < go, ¢n§90+zps+zks¢sv n>1
s=0 s=0

with go > 0 and ps > 0. Then for all n > 1 it holds

n—1 n—1
on < (90 + Zps) exXp { Z ks}
s=0 s=0

To study (4.1)-(4.3), we use the method of semi-discretization with respect to t,
[6] [15]. Define

T
h - N > 07 N S N,
u"(x) = u(z,nh), ¢"=qnh), f*(x)=f(z,nh), n=1,...,N;
u’(z) = u(x,0) = up(x);
(@) N g g

U‘Z(x):fa qh:Tv Tl:].,...,N;
uy) = u(x,0) = f(z,0) — D3u(z,0).
We approximate (4.1)-(4.3]) with the system

u” un—l
Lu™ = W + D3y" = — + 7tz eRT (4.6)
D*u"(0) + aDu™(0) + pu™(0) + ¢ ' =0, n=1,...,N; (4.7)
u’(z) = up(x) € H3(RT), =z eRT. (4.8)

By Theorem given f*~1, ¢"~! and v ! satisfying
1" @) + T @) + g P < 0
there exists a unique solution u"(z) € H*(RT) of (4.6)-(4.8) such that
(", Ju@)) < C. (4.9)
Proposition 4.2. Let ug and f(x,t) be such that for all t € (0,T)
(€ Juo(@)” + | f(z,)[*) < C.

Then for alln = 1,...,N and N > 2k3T problem (4.6)-(.8) admits a unique
solution u™ € H3(R') such that

(e, [u" @) ) < €

Proof. For n =1 we have f°(z) = f(x,0), u®(x)
becomes

up(x), ¢° = ¢(0) and —

u' (z) 1 _ uz)
h + D’u (m)-f(x,O)—i—T:F (@),

D*u*(0) 4+ aDu' (0) + fu*(0) 4 ¢ = 0.

Due to (4.4)-(4.5),
(ek, |F (2))) < C.
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Taking 1/h > 2k3, by Theorem there exists a unique solution u! € H3(R™)

of the above problem satisfying (e**, |u1(x)|2) < C. Repeating this procedure, the
result follows. O

To prove solvability of (4.1))-(4.3]), it is sufficient to pass to the limit in (4.6[)-(4.8])
as h — 0. For this purpose we need the following lemma.

Lemma 4.3. Assume condition (4.5). Then for all h > 0 sufficiently small and
l=1,...,N the solutions u"(x) of (4.6)-(4.8) satisfy

l
131115N{(e’“ 7)A€ g )} 4 Y {(€F [DutP)h + (7, | DupP)h)
- =t (4.10)

AL / e £ 0 e+ / R0 + ) dt)
= g 9 o 9 t o t 9

where the constant C' > 0 does not depend on h > 0.

Proof. First we prove a priori estimates independent of h > 0 for u™ and uj.
Estimate I. Taking 1/h > 2k3, multiplying (4.6) by e**u™ and integrating over
R*, we obtain

1

E(un _ un—l’ kx n) + (DS n kmun) _ (fn—17€k:cun). (4.11)
We estimate
L - (5, Jun?) (e Jun )
I = = (u"™ —u™ 1 _kx, n > ) o ) .
A on
L= (D3un76kzun)
3k k3

1
> K" (0)F + Ko Dur ) + T (¢4, [Du?) = (e, ) = Sl

WhereKlzﬁ—%—%z—wanngz%(1—|a+k:|).

1, o ome1,2
S(eR, 1P,

Substituting I, I3, I3 in (4.11), multiplying the result by 2h and summing from
n=1ton=10< N, we obtain

— x, n 1 T n
Iy = (f71 by < S ek ) +

l
3k 37 (e, | Dum P + (5, [l — (€4, ud)

n=1
l l
< C5[ 37 (1w (0) + [u” (0) ) ] DY Bh (42)
n=1 n=1
l

1
12 n—1,2
D Gl VR N i

n=1 n=1
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Making k£ = 0 in (4.11)), using I; — I3, multiplying the result by 2k and summing
from n =1 till n =1 < N, we obtain

l

n n 2
2hCy Y (IDu" (O) + [u™(O)I7) + [[u'[|” = fuol|*

n=1

l -1 -1
2 2 2
<hY P+ +R Yl
n=1 n=0 n=0

(4.13)

where

C’4:mi{

Considering 0 < h < 1/2, we have
-1 -1 -1
' l” < 2ffuoll + 203 ™ |? 4+ 20 ST 4+ 20 S (g
n=0 n=0 n=0
Taking into account ,

2hZ||f"||—ZZh/ iz |dx<M// F2 () da dt

|
0

and
-1

T
2h Y1 < Mo [ a)at
0

n=0
where the constants M and My do not depend on h.
Using the Discrete Gronwall Lemma, we find

-1 -1
2 n n
lul||” < (2||u0||2 +20 ) (/" 1*+20) g |2) exp(27)
n=0 n=0
T 00 T
< (2||u0||2 + M/ / 2 (z,t) do dt + MO/ ¢ (t) dt) exp(27)
0 0 0

gM1(||u0||2+/OT/OOOf2(a:,t)dxdt+/OTq2(t)dt),

with M = max{2e*T, Me?T' ) Mye?T}. Now, from ([4.13)),

MN

(1D (O + [u" (0)* )

1

sM2[||uo||2+/OT/OOOf%x,t)dxdw/OTq%t)dt}

and My = (14 MT + M + My)/(2Cy). Considering 0 < h < % and using ([4.12)),

l

Z K2 Du )b + (4, ot [)

3
Il

< (€ u2) + C’(T7k)[||uo||2+/0T /Ooo f2(x,t)dxdt+/:q2(t)dt}
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l -1 -1
+ (K +1) Z N T R S N VA W VR VA i
n=1 n=0 n=0

Taking h such that 0 < (1 + k3)h < 1/2, we obtain
!

3 (e, [Du )k + (M, |l

C’(Tk T ud) // ’”fotdde—/ (t)dt]

+2(K + )Z(’“,m h+2hZ|q| VI < N.

n=0 n=0

Applying Discrete Gronwall Lemma, we obtain

(", 1u!]%) < O(k, T T u2) / / ek £2(z, t dxdt+/ (t)dt}. (4.14)

Therefore,

(e, |Du" ")k
1 (4.15)

C(Tk T ) // ’”f%tdde/ (t)dt}.

Estimate II. Writing (4.6)) as (Lu™ — Lu™~1)/h, we have

MN

3
I

u® — 1 L
Lpuy, = % + D3 = 7,z e RY; (4.16)
D?u}H(0) + aDu}(0) + Buy(0) + q}?_ =0, n=1,...,N;
uy) = uy(z,0) = f(x,0) — D3ug(x);
fr(@) = fu(=,0).
Multiplying (4.16) by e**u?, integrating over RT and acting as by proving the
estimate I, we obtain

l

eke |Uh\ Z ke |Duh|

n=1
T

T
<o R e+ [ @ B [ o (417)
3

<omm[ Sl + [ @ Poas [ doal.

i=0
This and (4.14)), (4.15)) completes the proof. O

Theorem 4.4. Let ug(z), q(t) and f(x,t) satisfy (4.4), (4.5). Then there exists a
unique solution of (4.1)-(4.3), such that

we L®(0,T; H*(RY)), wu, € L®(0,T; L*(RT)) N L*(0,T; H(RT)).



10 N. A. LARKIN, E. TRONCO EJDE-2011/113

Proof. Rewriting (4.6)-(4.8) as
D3u™ () + 2k*u™ (x) = 2k3u" () — ull(x) + f*H(x) = F(z), x€RT;
D?*u"(0) + aDu™(0) + pu™(0) +¢" ' =0, n=1,...,N;
u’(z) = uo(z), = €RT;
and taking into account Theorem we find a solution u" € H?(R™) such that
3

Z(ekm7 |Dzun|2) <C ((ekz,FQ) + ‘qn—1|2> ]

i=0
Hence

3
n||2 o i, m
[[u HH3(R+) Z ", |D'u \
=0
x n n— n— 2
< C (i + P + 1777 + 10" )

T
{Z 1Dl + [ 24 D0+ 0 + 0] at),

where the constant C for h > 0 sufficiently small does not depend on h. Because
the estimates (4.14), (4.15), (4.17) and the inequality above are uniform in 2 > 0,
the standard arguments (see [15]) imply that there exists a function wu(z,t) such
that

u™ — u  weakly-* in L>°(0,T; H3(R™)),
uf —u;  weakly-* in L>°(0,7; L*(R")) N L*(0, T; H'(R™)).
Here u” and u}! are interpolations of u™ and u}!, respectively, and u(z, t) is a solution
of (4.1)-(4.3)). For more details, see [I5]. O
5. NONLINEAR PROBLEM. LOCAL SOLUTIONS

In this section we prove the existence of local regular solutions to the nonlinear
problem

u; + D3u = —uDu — Du, (z,t) € Qr; (5.1)
D?u(0,t) + aDu(0,t) + Bu(0,t) + [u(0,t)[u(0,t) + g(t) =0, te (0,T); (5.2)
u(x,0) = up(z), zcRT; (5.3)

where ¢(t) is a given function, « and [ satisfy (2.4]). The main result here is as
follows.

Theorem 5.1. Let o and 3 satisfy 2-4), uo(z) € H*(RY), g € H'(0,T) and for

some k >0
3

> (€, (Do ") + (€, Jug Duo|*) < oo,

i=0
Then there exists a positive number Ty such that (5.1)-(5.3) possesses a unique
regular solution in Qr, such that

u € LOO(OaTO;HS(RJr))ﬂ Up € LOO(O>T07L2(R+)) N LQ(OaTO;Hl(RJr))
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and the following inequality holds:

To
sup {(e", u)(t) + (5, u2)(1)} + / (5%, |Dul)(2) + (5, | Dus 2) (1)) dt
t€(0,To) 0

To 2 2
+ / (a0, )2 + g (0, 8)[2) de

3

To
< C(To, k) [ (e, ID"uol*) + ("7, fuo Duo|*) + / (6(t) + g3(t)) ]
1=0

Proof. We prove this theorem using the Banach fixed point theorem. Consider
X = L>(0,T; H3(R')), Y = L*(0,T; L>(RT)) N L?(0,T; H*(R*)). Let V be the
space

V={v:R" x[0,T] =R:v € X,v; € Y,v(x,0) = up(x)}

with the norm

ol = sup {(*",v*)(t) + (", 07) (1)}
te(0,T)

+ [ Uk Do) 0) + (&, D) o) (5.4
0

T
+/ (1v(0, )% + [0:(0,8)]*) dt.
0
Obviously, (V, || - ||) is a Banach space. Define
* 05 055
Br ={veV:|v|, <RVI2C*}, C*=max{l+ 25, 1 —|—377 s},
4 4
with § = 1/ min{1, %, Cs}, and R > 1 is such that

3 T
S (e, D[ + [uo Dugl?) + 2 / (PO + @O < B (55)
0

i=0
For any v(z,t) € Bg consider the linear problem

u; + D3u = —vDv — Dv, (z,t) € Qr; .

D?u(0,t) + aDu(0,t) + Bu(0,t) 4 |v(0,t)[v(0,t) + g(t) =0, t e (0,T); (5.7)

U(ZL’,O) ZUO(x)v :L'GRJF;
where g(t) € H*(0,T), o and 3 satisfy (2.4).

It is easy to verify that |v(0,t)[v(0,t) € H(0,T); f(x,t) = —vDv — Dv satisfies
conditions (4.4) and (4.5)). Therefore, by Theorem there exists a unique function
u(x,t) :u € L=0,T; H3(RY)), uy € L>=(0,T; L*(R*)) N L?(0,T; H*(R*)) which
solves (5.6)-(5.8). Hence, one can define an operator P related to (5.6)-(5.8) such
that u = Pu.

Lemma 5.2. There is a real Ty = To(R) > 0 such that an operator P : v = Pv
maps Bg into itself.

Proof. To prove this lemma it suffices to show the necessary a priori estimates:
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Estimate I. Multiplying (5.6) by 2u, integrating over R* and repeating the
calculations from Lemma we find

%IIUHQ(t) + Ca([u(0,1)[* + | Du(0,1)[*)
< JJull(#) + 2[[vDol|* (#) + 2| Dol*(£) + Clo(0,1)*0(0,)° + 2¢%(2).

We estimate

t
/ e’”|Dv(x,t)|2dx:/ e’”|Dv(m,0)|2dm+/ ﬁ(ekm,mvﬁ)(ﬂm
R+ R+ or

(5.9)

< (¢, |Duo ) / [ Dol + Do) dadr
and
v*(0,1) < sup v*(x,t) < 2[v||(8)]| Dol|(¢)
x€R+
1/2 1/2
< 2(/ ekeu?(z,t) da:) (/ " Du(z, t)|? dac)
R+t Rt
< 2(RV12C*)(R? + 12R*C*)Y/2.
Moreover,

loDul2(8) < sup UZ(x,t)/ Doz, 1) da
xERT R+

< 2(RV12C7)(R? + 12R*C*)/*(R? + 12R2C™),
Hence (5.9) may be rewritten as

d .

SllP @) + Ca(ju(0, 0 +Du(0,)) < [[ul*(®) + C(R,C*) +26°(1).  (5.10)
Ignoring the second term on the left side of this inequality and applying Gronwall’s
lemma, we obtain

t
lul2(8) < ™ (Jluo||® + C(R, C*)T +2 / g2 (r) dr).

Taking Ty > 0 such that e’ < 2 e C(R,C*)Tp < R?, we have
lull(t) < 6R?, ¢ € (0,Tp).

Using this inequality and integrating (5.10]) over (0,t), we obtain
t

/O (0,7 + 1Du(0, 7)ldr < - [C(R, €T + ol + 2 / 63(r) dr]

1 (5.11)
< G [CR.C)Ty + Jluol” + R,
Multiplying by 2e**u and integrating over RT, we find
%(e’“, u?)(t) + 3k(e*”, | Dul?)(1)
(5.12)

< 2G5 ([u(0, 1) + |Du(0,1)]*) + Co (", u?)(t)
+2(e", [Dvf* + | Do*)(t) + C(Jv(0,1)[0(0,)*) + 29°( )
< 2C5(|u(0,1)* + | Du(0,£)[*) + Co(eF*,u?)(t) + C(R,C*) + 24°(t),
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where Cg = 1+ k3. Ignoring the second term on the left side of (5.12)), using (5.11))
and applying the Gronwall lemma, we obtain

t
(€5, u)(t) < e“T0 (e, uf) +20580"T°/ [[u(0, 7)[* + | Du(0, 7) *)dr
0

t
+ TR, C* )Ty + 70702 / g*(r)dr
0

2 2
< STk ) (14 ) o A

t 2C,
+ eCGTOQ/ g*(t)dr + eCsTo 25 p2.
0 Ca

C(R,C*) + C(R,C*)|T}

Choosing Ty > 0 such that e?e™ < 2 and [32C(R,C*) + C(R,C*)|Ty < R*C”,
we obtain

ek, u?)(t) < 6R2C* 4+ 2R?; t € (0,Tp).
Returning to (5.12)), we rewrite it as

%(e’”, W2)(t) + 3k(ek®, | Duf?)(t) + Cs|u(0, 1)

< 3C5|u(0,1)* + 3C5| Du(0,1)|* + C(R, C*, k) + C(R, C*) + 2*(t).
Integrating ([5.13) over (0,¢) and using (5.11)), we find

er u? tek”” ul*)(7) dr tu ) dr
@)+ [ (@ puP)rar+ [ uo.nPd

0

< (et )+537%[C(R,C*)To+(em,ug)JrRZ} + 6To[C(R,C™, k) + C(R,C7)]

Cy
+25/

< (M a1+ =5

(5.13)

36C5 3C5
Cy C,
where § = 1/ min{1, k, C5}. Choosing Ty > 0 such that

5T0[30Q0(R, C*) + C(R,C*, k) + C(R,C*)] < 3R2C™,

we obtain

(ekm,uz)(t)+/ (e’“,|Du|2)(T)d7'+/ [u(0,7))? dr < 6R2C*; t € (0,Tpy). (5.14)
0 0

Estimate II. Differentiating (5.6) with respect to ¢, multiplying by 2w, inte-
grating over RT and acting as by proving (5.14)), we have
d
lulP(0) + Calu(0,0 + [Due(0,0)?)
< Cleo)llurl*(t) + 2600 Dul*(®) + 2e0loDur]*(2) + 2e0l| Doy (1) (5-15)
+ C(R, C*)|[Due|(2) + 247 (¢),
where €y > 0 will be chosen later. We estimate

2||o, Do) *(¢) < 2 sup vy(2, )1 Dl (1)

R
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< 4lloe || ()| Do | (8)| Dol (£) < C(R, C*) | Doy | (2)

and
[vDw,|2(t) < C(R, C*)|| Dvy|*(£).
Then becomes
d
Zlhel(8) + Ca(Ju(0, ) + | Dug(0,6)°)
< Cleo)|lue|*(t) + C (R, C) || Dug || (t) + eoC(R, C*)|| D> (¢) (5.16)

+C(R, C7)|| Dui|(#) + 247 (1)
By the Gronwall lemma,
o | 2
t t
< (u0)[ + 6C(R.C7) [ Do (r)dr +C(R,C7) [ | Der(r)ar)
0 0

t t
40O (R, C) [ |DurlPr)dr 2 [ (o).
0 0

Due to (5.6),
2
[ue (2, 0)|* < 3(|luo Duol|® + [[D3uo||” + || Duol|*) < 3R> (5.17)
Since

t t 1/2 t 1/2
/ | Dvy ||(7) dr < (/ dT) (/ | Dv, || (7) dT) < T}/ RV12C*,
0 0 0

we can take Ty > 0 and ¢y > 0 such that e©(©0)7o < 2 and ¢,C/(R, C*)Tol/QR\/ 12C*+
e0C(R,C*) + C(R,C*)T, 1/21-?,\/ 12C* < C(R,C*) in order to obtain

ue|*(8) < C(R,C*), te(0,Tp). (5.18)
Substituting (5.18)) into (5.16) and integrating over (0,¢), we obtain

t
el 2(8) + C / (1ur (0.7)% + | Dus (0,7)2)dr
0
t
< ||ut||2(0)+C(R,C*,60)TO+C’(R,C’*,eo)/ |Dv,||(T) dT
0
t t
+eOC(R,c*)/ ||DvT||2(T)dT+2/ G(r)dr
0 0

< [lug*(0) + C(R, C*, e0)Ty + C(R, C*, e0) Ty’ + €oC(R, C*) + R?

which implies

\uT (0,7)]* + | Du- (0, 7)| )dT

\

<& 2 llwl*(0) + C(R,C )Ty + (R, O, ) T3/ (5.19)
1

+ —[eoC(R,C*) + R?].
Cs
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Differentiating (5.6 with respect to ¢, multiplying by 2e**u;, integrating over R*
and acting as earlier, we find

ek u2) (1) + 3K(e™, | Duf)(1)
< 205 (g (0, )2 + | Duy (0, 1)) + k3 (k= u2) () — 2(e**, (vDv),u)(t)  (5-20)
— 2(e*® Dugug) (t) + C(R, C*) || Dvg||(t) + 292 (t).
We estimate
—2(e%, Duguy)(t) < 1(5%, | Dug*)(t) + Cler) (€2, ud) 1),

where €; > 0 will be chosen later, and

—2(e", (VD)) (t) = —2(e™™, (voy) ug) ()
= 2v(0,t)v:(0, ¢ ) + 2(vvy, €8 [ Duy + kuy])(t)
< 2v(0,t)v4(0,¢ ) + k(eke |vvt| + |ut\ )(t)

Ut

~—  ~—

(0
Ut (0

+ k(e |Due*) () + - ( K o *) (0)-

Since
[0(0, £)00(0, £)u (0,)] < C(R, C)|| Duel| > ()| Du |2 (1),
by the Young inequality,
[0(0, )0 (0, £)uy (0,8)] < C(R, C*, k) [|Dve||*° () + k]| Dug||*(8).
Then (5.20) becomes

(e ) (6) + (e | Du) (1)

< 205 (jur(0, ) + [Due(0,)) + Clh, 1) (™, ) (1)
O, on)(0) + (e, [ Dl + C(R,C)| D (1)
+O(R,CH) v (1) +207(1).

Ignoring the second term on the left-hand side and applying the Gronwall lemma,
we obtain

(ekx,uf)(t) < eClke)To [(ekx,u%)(O) + 205/0 (|uT(07 7')|2 + |DUT(O,T)|2)d7‘]

(5.21)

+ k)T [O(k) /0 (€, [vv- ) (1) dr + €1 / (e**, |Dv,*)(r) dr]

0

s et or.on [ Do, Py ar)
0

t 1/2 t
+T01/2(/ |DvP(rydr) || + Ot [2/ g7 (r) dr].
0 0
Using (5.17), (5.19), (5.5) and (5.4) together with the choice of Br, we have

(" u2) (1)

205
Cy
+ BT [C(k, R)T, + 12R*C* + C(R, C*)(T2* + T)/?) + R?).

< Che)To [3R2 4 ZOO(R, O, )Ty + C(R, C*,e0)T,"* + gC(R, %) + 4R?]]
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Choose Ty > 0, ¢g > 0 and €; > 0 sufficiently small to obtain
(e*® u2)(t) < C(R,C™). (5.22)
Returning to ([5.21)), it gives
d
g(ek”ﬁfﬁ)(t) + k(" [ Dug|*)(t) + Cslus (0, 1))
< 305 (Jup(0,8)° + [ Dug(0,8)|*) + C(k, R,C*, 1) + C(k)(€*®, |ovy|*) (t)
+e1 (e, | Do) (1) + C(R, C)|| Dug |2 () + C(R, C*)|[Due|(t) + 297 (¢)-
Integration over (0,t) yields

ek 2 te’m uT2T T tuT N2 dr
( ,t><t>+/0< D |><>d+/0| (0, 7)?d

< (", u?)(0) + 5[305/0 (Jur (0,7)> + | Du, (0,7)[?) dr + C(k, R, C*, el)TO]
+5[C(k)/0 (5, [vur 2)(7) d7+q/0 (¥, | Do, [*)(r) dr

t t t
+C(R,C*)/ | Do |2 (r) dr +5[0(R,o*)/ 1D, | (7) dT+2/ gi(r)dr],
0 0 0
where § = 1/ min{1, k, C5}. Taking into account (5.17)) and (5.19)), we find

t t
(eb u2) (1) + / (e, | Du, ) (7) dr + / 7 (0,7 dr
0 0
C C.
< kx 2 75 j
< (e ,ut)(O)(1+35C4) +3504
+€0C(R,C*) + R?] + 6C(k, R, C*,e1)Tp + §[C(R,C*, k)T + e112R*C*

+C(R,C)TE"? + C(R,CHT,"* + R?].

[C(R,C*, )Ty + C(R,C*, )T,

Choose Ty > 0, ¢g > 0 and €; > 0 sufficiently small in order to obtain
t t
(" u?)(t) +/ (" | Du,|*)(7) dr +/ lur (0, 7)|* dr < 6R2C*, t e (0,Tp).
0 0

This inequality and (5.14]) completes the proof. O

Lemma 5.3. For Ty > 0 sufficiently small, the operator P is a contraction map-
ping.

Proof. For arbitrary vy,ve € Br we denote u; = Pv;, 1 = 1,2, s = v; — v9 and
z = uj — ug. Then z(z,t) satisfies the initial boundary value problem

zi(2,t) + D32(2,t) = —%D(vf —v3)—Ds, (x,t) € Qr; (5.23)
D?2(0,t) + aDz(0,t) + B2(0,t) + [v1(0,t)|v1(0,t) — |v2(0,t)|v2(0,1) = 0, (5.24)
2(x,0) =0, xR (5.25)

Define

To
P2 (v1,v9) = p?(s) = sup(e"®, s?)(t) +/ (", |Ds|?)(t) dt. (5.26)
>0 0
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Estimate ITI. Multiplying by 2z and integrating over R*, we obtain
L (t) + 2041200, ) + D=0, 1))
= 2|Jur (0, 01 (0,8) = [02(0, ) (0, )] |2(0, 1) (5:27)
< —(D(} —v3),2)(t) — 2(Ds, 2)(2).

We estimate
Iy = —(D(vf — v3),2)(t)
< ID(i — i)l ®)]I2l(8) < C(R.C*)(IIslI(t) + [1Ds]| (1)) [12]] )
< O(R,C7)|Is[*(t) + eall Ds||*(t) + C(R, C*,e)|12]*(2),

and
I = —2(Ds, 2)(t) < [|Ds|| (1) ]| 2]|() < eal| Ds||*(t) + C(ea)||2]* (1),
where €4 > 0 will be chosen later;

= 2|[01(0,8)[01 (0, ) — \vz(O,t)lvz(Ovt)‘IZ(O,t)l

= =2{[01(0,6)15(0,1) + v2(0,8) (Jur (0, )] = lea(0,1)])|12(0, )]

> =2(Jur (0, )][s(0, )] + [v2(0, )] [01(0,£) = va(0,6)])|2(0, )
= =2(Jor(0, 1) 15(0,8)] + o2 (0, t>||s<o,t>|)| (0,1),

> —(C(R, )5 @I Ds @) 1200,

> ~C(R,C*,)|ls| (1| Dsl|(t) - e|z<o,t>\

(
> —C(R,C" ¢, e4)||s*(t) — eal| Ds||* () — €|2(0, )%,
where e = 1 (8 — % —3). Then becomes
d
£||Z||2(t) +Ca(12(0,0) + | D2(0, 1))
< 3e4|| Ds|*(t) + C(R,C* e, e)||s]* (£) + C(R, C*, ea) || 2] ().

(5.28)

Ignoring the second term on the left-hand side of (5.28)) and applying the Gronwall
lemma, we find

t t
412 (0) < P [3ey [ Ds|(r)dr 4 CUR.C o) [ sl ar].
0 0
Taking Ty > 0 for a fixed €5 > 0 such that e¢(F:C7e0)To < 9 we have
217() < (64 + C(R,C* e, e0)Ty ) p7(5).
The choice of Ty > 0 such that C(R, C*, ¢, e4)To < 4ey yields
2] (t) < 10e4p?(s). (5.29)

Integrating ([5.28)) over (0,¢) and using (5.29)), we obtain

/o (120, 7) + ID2(0, 7)) dr < B4 w(R(f*’e’%)TO)p?(s). (5.30)
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Multiplying (5.23]) by 2e*%z, we find

d, 4o o x
a(ek ,22)(t) + 3k (e, | D2)?)(t)

< 2C5(12(0,6)7 + |D=(0,) ) + C(R, C* kyea) (", 22) (1) (5:31)
+ C(R,C*, e4,€)(e", %) (t) + 3ea(e"™, | Ds|)(t).
Due to the Gronwall lemma and (5.30]),

N * T
(ekx7z2)(t) < (C(RC™ kea)To [205 (3e4 +C(Réf L€, €4) o)]p2(8>

+ eCECTHRTC(R, C* e4)Ty + 3e4] p* ().
Choose Ty > 0 and €4 > 0 sufficiently small to obtain
(65, 22)(1) < 37°(5). (5.32)
Integrating over (0,t) and using and , we obtain
@20+ [ (D)) dr

3e4 + C(R,C*,€,e4)Tp) o

< 2055( c 02 (s) + 6C(R, C*, k, 1) Top*(s)
4

¢
+ dC(R,C", e4,€)Ty sup(ekx, 82)(t) + 3664/ (ekx, |Ds|2)(7') dr.
>0 0

Finally, we choose Ty > 0 and €4 > 0 sufficiently small to obtain
pP(2) S7p%(s), 0<y <1,
with p = p(s) > 0 defined in (5.26). This competes the proof. O

Lemmas and [5.3)and the contraction mapping arguments imply the existence
and uniqueness of a generalized solution u € Bg of (5.1))-(5.3):

u,uy € L(0, To; L*(RT)) N L*(0, To; H' (RT)).

It is easy to verify that uDu + Du € H'(0,Ty; L?*(R*)). Hence, by Theorem [3.1
u € L*(0,Ty; H3(RT)). This completes the proof of Theorem O

Remark 5.4. One can observe that to prove the existence of local solutions, we
do not pose any restrictions on k while in conditions of Theorem [2.2] the value of k
depends on coefficients aq, as.

6. GLOBAL SOLUTIONS

To prove Theorem we must extend the obtained local solution to the whole
(0, T) with an arbitrary fixed T > 0. For this purpose, we need a priori estimates
of local solutions uniform in ¢ € (0, 7).

Estimate I. Multiplying by 2u, we obtain

%||u||2(t) +2(D3u, u)(t) + 2(Du, u?)(t) + 2(Du, u)(t) = 0. (6.1)

We calculate

I, = 2(D3u,u)(t)
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> 2(6— 12— E)ju(0, 0 + (1~ o) Du(0, ) + 20u(0, 0° ~ Lo

where € is an arbitrary positive number;

Iy = 2(Du,u)(t) = —u?(0,t), I3 =2(Du,u?)(t) = —%uS(O,t) > —§|u(0,t)|3.

Since 3 — % — 1 =a; >0and 1 —|a| = ay > 0, choosing € = a; and substituting
I; — I3 into ([6.1)), we obtain

d 4 1

@HUHQU) +a1]u(0,1)|* + az| Du(0,)]” + §|U(0ﬂf)|3 < ;1|9(t)|2- (6.2)

This implies

() +/0 (01100, ) + 0ol D0, ) + 5 0, 7))

t (6.3)
2 1 2
< ull7(0) + — [ [g(7)" dr.
a1 0
Estimate II. Multiplying (5.1)) by 2¢¥*u, we obtain
d
@(6“#2)(75) +3k(e**, | Dul?)(8) + 2[u(0, 1)
1 @ E+k a
+2[6 -5 - lof _Ft+k_ —[u(0, )] + (1 = |a] = k)| Du(0, 1) (6.4)

< (4 B)(e u) (1) — 20, Du)() + —lg(o)

The conditions of Theorem [2.2] imply

k+k2<ﬂ, k<22
2 = =79

which transforms (6.4) into
a
dt
, 2
< (k+ K*)(e", u?)(t) — 2(u?, Du)(t) + —|g(t)]*.
aj

(b u?)(t) + k(e [ Dul*) (8) + 20u0,6)° + arfu(0, 1) + 2 Du(0, ) o)

We estimate

I = —2|(¢"u?, Du)(t)] < k(e™, | Dul?)(t) + %(ekm,uL‘)(t)

1
< k(e |Dul*)(t) + 7 Sup |7 () ul| (8)-

zeRT

Taking into account (6.3)), we have

B < ke DuP)(0) + £ (1P 0)+ o= [ 1) dr) e a0 DGt/ o)
< ke Dul) )+ £ (1) + o [ la(r)dr) (G et/ )}

+ 2 (1) + - [ lor) dr) (el @Dl o)



20 N. A. LARKIN, E. TRONCO EJDE-2011/113

Using the Young inequality, we obtain
T 2 2 -
Iy < 20(H, [Du)(0) + Clu 910,07, B 02) (1) (6.6)
Substituting I into (6.5), we obtain

(e ) (1) + 5 (e, 1DuP) (1) < Cluol, g0y W 02) (1) + 620

Due to the Gronwall lemma and (6.3)),

(e, u?)(t) < Cllluoll 91320,y b T) (€4, uf) + /O gi(r)dr. (6.7)
Hence
(" u?) (1) + / (¢, |Duf)(7) dr < C[ (e, ud)+ / g(r)dr], e (0,T) (63)

where C' depends on k >0, T > 0, ||g[l;2(9 1) and [[uo]|-

Estimate III. Differentiate (5.1) with respect to ¢, multiply by 2e*®u; and
acting as by proving Estimate II, we obtain

%(emvuf)(t) +3k(e", [ Dugl*) (8) + (€5 (u®) s, ue) (2)

+ 4u(0, ) u2(0,£) + arue (0, 8)]% + %\Dut(o, 1) (6.9)
2
< (k4 ) (" uf) () + ;1|gt(t)|2-

We define
Iy = (" () e, ue) () = —u(0,t)ui (0, 1) — k(" u, uf)(t) + (" Du, u7)(t)
which we estimate as follows:

I = k(e u,uf)(t) < k sup Ju(a, 1)) (5, uf ) (¢)
S

< k(1 + Jull(8) + (¥, | Dul*) (1)) (e, u?) (b),
and

Lip = (" Du, uf)(t) < sup. [ug (2, 1)] (" Du, [ug ) (t)
zeR

< V2| |2 ()| Dae |72 (1) €2 Dl (1) €/ e ()
< k(e [Dug*)(t) + %[1 + (", | Du’) (0)(e", uf) (1).

Substituting I; into and using (6.3)), we come to the inequality
4
dt
+ S Dus(0,6) + 3Ju(0, ) 7 (0, 1)

(X7, uf) (t) + 2k(e", | Duy*)(#) + ar ue (0, 1)
< CR)L+ [lullP(t) + [ Dul® (@)™, uf) (t) + %Igt(t)IQ-

Taking into account , it is easy to see that
L+ [[ul®(t) + [|Dul*(t) € L1(0,T).
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Hence, by the Gronwall lemma, we obtain

ke 42 tekm uT2 7)dr
( ,t><t>+/0< | Dur2)(r)d
3

; 2
< C[ D, Do) + (€, [uo Duo )| + Clgllin oy € (0.7);
=0

where C' depends on k > 0, T > 0, ||g[| ;2 (o 7y and ||ug||. Returning to (5.1]), we can
write it as
D3u+u = u — u; —uDu — Du. (6.10)
By Theorem
3 3

x i 12 x 7 2 x
>k D)) < O (1+ [ DR 1D o) + (¢4, [uo Do *) + gl 0.1 )
1=0 1=0

(6.11)
On the other hand,
D*u = —Duy — D*u — |Dul? — uD*u € L*(0,T; L*(R"))
and
¢ 2 2 ¢ . 2 3 ¢ . 2
[ itafyoyar < 2 [ 1Dty dr+ 5 [ Dur ) dr
0 0 0
3 ‘ kx 2 12 3 ¢ kx 4
+ = | (", |D%u|")(r)dr 4+ = | (", |Dul™)(7)dr
2 0 2 0
3 i kx 2 12
+ = [ (", |[uD%u|")(7) dr.
2 0
This gives
t
| @ty ar
0
2 [ ka 4,12 3 [ ka 2
<z [ (5D )(r)dr+ o [ (e, |[Dus|")(7)dr
3 0 2 0
t t
43 [ D2 ) dr 4 31Dul Ol [ (€, Duf?) ) dr
0 0
t
T 2
+i’»HUII(t)IIDUII(t)/O (", | D*ul")(7) dr.
This and (6.11) imply
t
[ty ar
0
3 o,
< C(l + [Z(ekx, |D'uo|”) + (e*”, [uo Duol*) + ||9||§11(0,T)])‘
=0

Hence, u € L*(0,T; H*(RT)).

Estimates I, II, III complete Section 6. Uniqueness of the obtained regular
solution follows from the contraction mapping principle. The proof of Theorem [2:2]
is complete.
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