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A BIHARMONIC ELLIPTIC PROBLEM WITH DEPENDENCE
ON THE GRADIENT AND THE LAPLACIAN

PAULO C. CARRIAO, LUIZ F. O. FARIA, OLIMPIO H. MIYAGAKI

ABSTRACT. We study the existence of solutions for nonlinear biharmonic equa-
tions that depend on the gradient and the Laplacian, under Navier boundary
condition. Our main tools are an iterative scheme of the mountain pass “aprox-
imated” solutions, and the truncation method developed by de Figueiredo,
Girardi and Matzeu.

1. INTRODUCTION

We prove the existence of nontrivial solutions for the equation
APy + gAu+ a(z)u = f(2,u, Vu,Au) in Q

u(x) =0, Au(x)=0 ondg, (1.1)

where A? is the biharmonic operator and Q ¢ RY, N > 1, is a bounded domain
with smooth boundary 9f2.

The above fourth-order semilinear elliptic problem, when f does not depend on
derivatives of u, has been studied by many authors; see [4], [5 20, 22] and references
therein. In this case variational techniques are widely applied to obtain existence
of solutions.

When @ = R and ¢ > 0 the problem is is called the Swift-Hohenberg
equation, and for ¢ > 0 it is called the extended Fisher-Kolmogorov equation.
For this class of problems the existence of homoclinic, heteroclinic and periodic
solutions have been obtained by several researchers mainly when f does not depend
on derivatives; see e. g. [0} 9 [15] 2], 24] 26]. The reader is refereed to [I}, 10, 1T}, 17
18] for the case Q = (0,1) and f depending on the second order derivative but not
on the first derivative of u. Recently, the authors in [§] studied a situation where f
depends on the first and second order derivatives. For studies with nonlinearities
of the form f(z,u, Au) the reader is referred to [I3], 19, 23] 25] and references there
in.

In our case, due to the presence of the gradient and the Laplacian of u in f,
the problem is not variational whihc creates additional difficulties. For instance
the critical point theory can not be applied directly. We recall that, to overcome
this difficult, Xavier [27] and Yan [28] handled some semilinear elliptic problems of
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the second order involving the gradient by using monotone iterative methods. We
apply a technique developed by De Figueiredo, Girard and Matzeu [12] (see also
Girard and Matzeu [14]) which “freezes” the gradient variable and use truncation
on the nonlinearity f. Thus the new problem becomes variational. The idea of
this approach is to consider a class of problems through an iterative scheme where
the approximated problem has a nontrivial solution via mountain pass Theorem.
Then one obtains estimates in H?(Q) N H(2)-norm and C?-norm. Passing to the
limit in a sequence of the approximated solutions we gets a solution of the original
problem. In general, a semilinear Navier fourth-order problem is equivalent to the
semilinear Dirichlet problem for a system of two coupled second order equations
but it is not clear that the truncation method works for the system.
To state our results, let us assume the following conditions:
(Al) « is a Holder-continuous function.
2) There are positive constants a, b verifying 0 < a < a(x) < b, Vz € R.
3) q € (—o0,2v/a).
0) f: QxR xRN xR — R is locally Lipschitz continuous.
1) limy_o f(z,t,&1, &)/t = 0 uniformly with respect to z € 2, & € RY and
& eR
(F2) There exist a; > 0, p € (1,%53), (N > 5), 1 and ry , such that r :=
r1+re <1 and

|f(z,t,61, &) < ar(T+[t7) (X + [&]™)(1 + [&]7),

for all (z,t,&1,&) € Q x RN+2,
(F3) There exist 6 > 2 and ¢y > 0 such that

0 < 0F(z,t,&1,8) <tf(z,t,&,8), Vo €Q,[t| > to, (&1,&) € RN

where F(xvtagl,éé) = fot f(ma 3351)52)618'
(F4) There exists ag,ag > 0 such that

F(x,t,&1,&) > aslt]” — a3, Vo € Q,(t,&1,&) € RV
Denote by v/, (i = 1,2,3) the vectors
v = (e ys), P = (i vhys), ¥R = (1, 0m,0)-
For i,k =1,2,3 and j = 1,2, we define the numbers:
p{ If(if,y"’? - fz(z,yi’Q)\
i —yil

L, =su (o) € Ai},

where 4
A = {(2,y"7) € Qx RNT2 7| < i, Jys| < pie(i # k)1,
for some constants p; > 0.

(F5) There exist positive numbers p; (i = 1,2,3) depending on ¢, 6, a;,as and
as, in an explicit way, such that the above positive numbers L,, (i = 1,2, 3)
satisfy the relation

(mLp, + 7Ly, +13L,)T1 <7,

where v is as in Lemma and 7; (1 = 1,2,3) are the optimal constants
(that is, the smaller constants) of the inequalities

1/2 1/2 1/2
([updz) ™ <mpull, ([ 19uPde) " <l ([ |8uPar) " < nl
Q Q Q
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where [ul|? = (u,u) and (u,v) = [, (AuAv + VuVv + wv)dz.
Under such hypotheses, we prove the following result.

Theorem 1.1. If (A1)-(A3), (FO)—(F5) hold, then there exists at least one classical
solution of (1.1)).

Example: Suppose 3 and § positive and continuous functions. If f(z,t,&1,&) =
Bx) [t (1) YA (1+]&2]) /448 (x)t3, then it satisfies all the conditions (F0)—(F5).

Remark 1.2. If Q = §Q’, with § > 0 and €’ is a bounded domain containing the
origin, all functions verifying the growth conditions (F1)—(F4) satisfy the condition
(F5) for 0 small sufficient. It occurs because the constants 7; (i = 2,3) and L,
(i = 1,2,3) do not increase as § approaches zero, and, by Poincaré inequality, we
(6(diameter of o) )1/N

can choose 71 = o

RN,

with wy the measure of the unity ball in

2. NOTATION AND A TECHNICAL RESULT

Let X = H?(Q) N H(2), which is a Hilbert space with inner product and norm
given in the previous section. Since , in general, is not variational we use
a “freezing” technique whose formulation appears initially in [I2]. This technique
consists of associating to the problem a family of problems without dependence
of f in the gradient and Laplacian of the solution. That is, for each w € X fixed
we consider the “freezed” problem given by

A2y + qAU, + a(2)uy = f(2, Uy, Vw, Aw) in
Uy () =0, Auy,(z) =0 on 9.
The nonexistence of a priori estimates, with respect to the norms of the gradient

and Laplacian of the solution, is the main difficulty for using variational techniques.
Thus, we consider, for each R > 0 fixed, the truncated “functions”

fr(x,t,61,62) = f(z,t,6&10r(&1), S20R(E2)),

(2.1)

and .
FR(wvtagl,é'Q) :/ fR(m,S,Elvé'Q)dSa
0
where o € C1(R), |pr| <1 and

1 i <R,
%w_{OHﬂZR+L

This argument appears initially in [I6]. See also [14].
Remark 2.1. Note that |{pr(§)] < R+ 1, for all £ € R.

Thus, for each w € X and R > 0 fixed, we consider “truncated” and “freezed”
problem, given by

A% 4 gAul + a(x)ull = fr(z,ul, Vw, Aw) in Q
ul(x) =0, Aull(z)=0 on 9.
The associated functional IZ : X — R is
1

IR (w) = 3 /Q[(Av)2 —q(Vv)? + a(z)v?]dr — /QFR(x,v,Vw,Aw)dac. (2.3)
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The following technical Lemma gives us a new and equivalent norm in X.

Lemma 2.2. Suppose o and q satisfy (A1)—(A3). Then there exist positive con-
stants n and ~y such that

Ylul? < /Q(Au2 — qVu? + a(x)u?)dr < nllul?, Yu e H*(Q).

Proof. The constant n is obtained taking n = max{—q,b,1}. To obtain 7, notice
that if ¢ < 0, it is sufficient to take v = min{—q,a,1}. In the case where ¢ > 0,
and Q C R, v will be taken as in [26, Lemma 8]. For Q@ C RY N > 1, the proof
can be adapted from [26, Lemma 8]. O

3. PROOF OF MAIN THEOREM

We assume N > 5; the case N € [1,4] is easier. The proof of Theorem is
achieved with several lemmas. The following result establishes the mountain pass
geometry for the functional .

Lemma 3.1. Let w € X and R > 0 be fized. Then

(i) there ewist positive constants p = pr and o = ag such that IF(v) > «, for
all v e X with ||v|| = p.
ii) fir vo with ||vo|| = 1; there is a T > 0 such that I (tvg) <0, for all t > T.

Proof. By (F1), given any € > 0 there exists some d > 0 such that |v| < d, implies

2
Fr(z,v, Vw, Aw) < 6%. (3.1)

Now, if |v| > §, by (F2) and by Remark there exists some constant k = k(9)
such that

Fr(z,v, Vw, Aw) < klv[PT (R +2)". (3.2)
Thus, by inequalities (3.1)) and (3.2)) and by Lemmawe have
IRw) > Ljo)? - f/ |v|2dz — k(R + 2)7“/ v|P da.
2 2 Ja Q
So, by the Sobolev embedding Theorem we have
1
IL(v) > 5 (v = Ce)loll* = kC(R + 2)"|[o]"*,

for some positive constant C'. Then for a & small sufficient, we can choose p = pgr
and a = apg, both independent of w, such that the first part of the result holds.
Now, take an arbitrary vg € X with [[vo|| = 1. By (F4) and Lemma [2.2]

t2
2 00) < L ool = asll” [ ol +asiel,
Q

Since 6 > 2, it is possible to choose T' > 0 such that I(tvg) <0, for all t > T. O

Lemma 3.2. Foranyw € X, R > 0, problem (2.2)) has a nontrivial weak solution.

Proof. First of all, from Lemma [2.2, (F0), (F1) and (F2), the functional IZ is in
CH(X,R); see e.g. [3].
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Claim. IZ satisfies the Palais-Smale condition; that is, every sequence (u,) C X
such that
I®u,) - ¢ and ILE(u,) —0, asn— oo,

for some constant ¢, contains a convergent subsequence.
Verification of the Claim. Note that
I8 ) = U (), tn) < e unll, V> .
since 6 > 2, from Lemma [2.2] it is standard to prove that,
lun]| < C, C >O0.

By the Rellich-Kondrachov Theorem, up to a subsequence, there exists © € X such
that
u, —u in LPY(Q) asn — oo.

So, as n — oo, we have
p+1

fr(x,tn, Vw, Aw) — fr(z,u, Vw,Aw) in L» (Q).

Therefore,
/[fR(x,un, Vw, Aw) — fr(x,u, Vw, Aw)]|(uy, —u)de — 0, asn —oo. (3.3)
Q

Since (IR (uy,) — IR (u)) — —LE(u) and u, — u weakly in X, we have
(I/R(un) — LB(u),up —u) — 0, asn— . (3.4)

w w

Notice that by Lemma [2:2]
(L () = 1 (), un = ) + / [Fr(e, tn, Voo, Aw) = i, u, Vo, Aw))(un — u)da
Q

> Ylun — ul]?.

Using and in the above inequality, we obtain that w, — u(strong) in X
as n — 00. Thus, we conclude that the statement is true.

Applying the mountain pass Theorem, due to Ambrosetti-Rabinowitz [3], there
exists uf # 0 weak solution to problem O

Lemma 3.3. Let R > 0 be fized. Then there exist positive constants dy := di(R),
do := d2(R), independent of w, such that

dz < [lug]| < du,
for all solution uf obtained in Lemma .

Proof. Notice that
I (uy) < max I (tvo),

with vy given as in Lemma From (F4) and Lemma [2.2] we obtain
2
i(tw) < 0 - aaltl” [ fenl'de + o).
Q
Since 6 > 2 and |vg|g # 0, the map

t2
R gL ag\t|9/ lvol®dz + as||
Q



6 P. C. CARRIAO, L. F. O. FARIA, O. H. MIYAGAKI EJDE-2009/93

attains a positive maximum, independent of w and R. So we get a constant C' such
that

IRy < c. (3.5)
Now, define
lallP = [ (Aa? = gV + afa)?)do
Q
which by Lemma is an equivalent norm in X. By (3.5)), we have
1
§|||u5||\2 < C’—!—/ Fr(z,u® Vw, Aw), C > 0. (3.6)
Q

Let to be as in condition (F3), and define D := {z € Q; |uf(z)| > to}. Keeping
in mind that uf is a solution from (F2) and (F3) and by Remark we have

/FR(x,ug,Vw,Aw):/ FR(x,ug,Vw,Aw)+/ Fr(z,uf?, Vw, Aw)
Q Q\D D

|to[Pt1
p+1

. 1
<ari(B+2) (to+ -2 )I0D| + F [l

Returning to equation (3.6) we have

1||| |||2 <C ( Z)T(t Ll :
U +a1(R+ +
2 v B ! 0 p+1

1
)I\D] + I,

where |2\ D| denotes the Lebesgue measure in RV of the set Q\D. Again by Lemma

[2:2] we have

LIy ryz (b Ly rypg2 r [to[P*
15— P < (G = I < C+aB+2) (to+ -2 ) [\D],
Thus, we can conclude that exists ¢; > 0 such that
L1y Ry r
2 = Il < ex(R+2)"

that is, ||[uf|| < dy, for some dy = dq(R) > 0.
Now, we shall prove that there exists dy > 0 such that ||uff|| > dy. In fact, notice

that
LR () =0, (3.7)

w w

and from (F1) and (F2), given € > 0, there exists C. > 0 such that
|fr(z, ull, Vw, Aw)| < elulf| + C-|ulfP(R +2)". (3.8)
Inserting in and using Lemma we have
Ylugl* < Crellug|® + CoCellug [P+ (R + 2),

for some constants Cy, Cy > 0. Therefore, there exists do > 0 such that |[uf|| > ds.
This completes the proof. ([l

Lemma 3.4. Choose w € C*%(Q), for some o € (0,1), and let R > 0 be fized. If
ull € X is a weak solution of problem (2.2)), then ufl € C*8(Q), for some 3 € (0,1),
and A(u)(z) =0 if x € ON.
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Proof. Let ull € X be a weak solution of (2.2)). Define v = Auff and
g(z) = fr(z,ull, Vw, Aw) — gAull — a(z)ul.

b w? w

By hypotheses (F2), and the Sobolev embedding, notice that g(z) € L*(). So, v
is a weak solution of

Av =g(z), in Q,

in the following sense: For ¢ € C2°(Q2), we have

/QUA(;de:/Qggbdx.

From Agmon [2, Theorem 7.1°], we have that v € H2 (). Therefore, ull € H! ().
Fix ¢ € C°(Q), since uf! € X is a weak solution of problem (2.2), we have

/Auf,Aqux—q/ VuﬁVd)dx—i—/ a(x)ufd)dx:/fg (z,ul, Vw, Aw)pdz.
Q Q Q Q

(3.9)
But supp ¢ CC Q, so

/(A2uR—|—un + a(z)ul)pde = / fr(z, ult, Vw, Aw)pde.
Q
From the denseness of C2°(2) in X = H?(Q2) N H}(Q) we conclude that
/(AQuﬁ + qAull + a(@)ul)pdr = | fr(z,ul, Vw, Aw)pdr VYo € X. (3.10)
Q Q

The Green identities guarantees

0¢ o(Aulh) 00
RA A sA2)RY 7. _ R 2wl Y e = R
/Q(AuwA(b A uy)dx /{m (A Uy —¢ ey )ds Auwa ds,
(3.11)
q/ Aufqud:r =q /VuRngd:L' (3.12)
Q
So, combining (3.9), (3.10)), (3.11) and (]3.12[) we have
Au58¢ ds = 0. (3.13)
o) aV
From ([3.10)), we obtain that
A?ulft 4+ gAuR 4 a(z)ull = fr(z,uf, Vw, Aw) a.e. in Q. (3.14)
By Green’s identity,
A
/ A?uf Auldr = — / (VAuR)2de + / 9 “WA Rs.
Q Q oo OV
By (3.13)), we obtain
/AQufjAugdx: —/(VAuﬁfdm. (3.15)
Q Q

By Green’s identity,
R

/AuRuRdac— /(Vuﬁfdm—l—/ aLuRds
Q oa Ov
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Since u,; € Hy (), we get

Aufulldy = —/(Vuﬁ)de. (3.16)
Q Q

Multiplying AuZ equation (3.14), and integrating by parts and using (3.15) and
(3.16)), we obtain

7/(VAU£)2d:E+q/Q(Au5)2d1:f/Qoz(z)(Vugydz

@ (3.17)
= | fr(z,uf, Vw, Aw)Aulldz
Q
By (F2) and Sobolev embbedding we can assume that
1/2
(/(fR(:v,uf,,Vw,Aw))zdx) < 00.
Q
Thus, from (3.17) we have [|uff||yz.2(q) < co.
Let be ¢ € C}(RY). Integrating by parts, we have
0 OAul .
Aul ? dx = —/ ) Yu Auliprids.
Q O o O o0
Then,
A R
|/QAuggfidx| < |/Qgpaa;i“’dx| < ullws2@)lelr2@)-
Now, by [7, Prop IX.18] we obtain
Aull € H}(Q). (3.18)

Now, let us consider the following notation
v = Aug + qug7
g(x) = fr(z,ul, Vw, Aw) — a(z)ul.

? wo w

Notice that v and uZ are solutions in the weak sense of the respective differential
equations with Dirichlet boundary condition, namely,

Av =g(z), inQ

v(z) =0, on 99, (3.19)

and
Aulf' + qult =v(z), inQ

uf(z) =0, on 9Q.

By the Sobolev embedding, we have ufl € L4(Q), with ¢ = 2N/(N — 4). By (F2),
we have that g € L*(Q2) with s = %, where p is given in (F2).
We want to show that uff € W47(Q), for some r such that 4r > N. If 45 > N,

it is sufficient to take r = s. In fact, applying Agmon [2| Theorem 8.2], we have
ull € W4T (). Now, suppose that 4s < N. By the Sobolev embedding,

Ns
N —4s’

(3.20)

ul € LT(Q), where ¢; =

By (F2), we have g € L** with s; = ¢1/p.
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From [2, Theorem 8.2], we have v € W251(Q) and uff € W**1(Q). Since 1 <

p < %, there exists a € > 0 such that

2N
S—(1+€)N+4.
Thus,
S1_ @ _ sN N—4:(1+6) N(N —4)

s q N-—4s 2N (N +4)(N —4s)°
But notice that (it is sufficient we substitute s = (1 + €)2N/(N + 4)),
N(N —4)
(N +4)(N —4s)
Therefore, s1/s > 1 + €. This argument is known as a bootstrap.
If 4s; < N, applying again the bootstrap argument, we obtain uﬁ € Whsz,
where

> 1.

N81
Sg = —/— .
> p(N —4sy)

Therefore,
s2 _ Nsi(N —4s) > (146 N —4s
s1 Ns(N —4s;) N — 45
We can repeat this last argument a finite times to obtain that uf € W*7(Q), for
some r such that 4r > N.

For the case 4r = N, since g € L"(Q), we have that g € L¥(Q) for some k < r
such that (1 + €)k > r. Applying again the bootstrap argument, we conclude that
ull € WA (Q), with 4r > N.

Therefore, we can apply the Sobolev-Morrey Theorem to show that u? € C%(Q),
for some « € (0,1). By (F0) and (A1), we have that

g(x) = fr(z,ul, Vu, Aw) — a(z)uf € CP(Q), for some 3 € (0,1).

By applying the Schauder estimates in (3.19)), we obtain that v € C%#(Q0). By
applying the Schauder estimates again, in (3.20)), we obtain

> (1+e€).

ue CH(Q). (3.21)
To conclude, notice that by (3.18) and (3.21)), we have Auf(z) =0, if z € Q. O

Lemma 3.5. There exist positive constants g, p1 and ps, independent of R > 0
and of w € X, such that

luglleo < po(R+2)",
IV (u)lleo < pr(R+2)",
1A lco < pa(R+2)".
Also, there exists R > 0 such that u;(R+2)" < R, fori=0,1,2.

Proof. This result follows combining Lemma [3.3] and the results of the Sobolev
embedding by arguing as in the proof Lemma [3.4]
To obtain R > 0 such that u;(R+2)" < R, it is sufficient to observe that r < 1,

and therefore .
i (@) <1
R R
for R sufficiently large. O
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Now, let us “construct” a nontrivial solution for problem (L.1). Consider the
following problem: Let ug € X N C**(Q), A € (0,1), and u,, (n = 1,2,...) be a
weak solution of the problem (P,), that is, problem , with w = u,_1, which
was found by the mountain pass Theorem in Lemma and R = R obtained in
Lemma

Note that from Lemma we have u,, € C*(Q) and from Lemmas and
we infer that ||u,|| > do and

[tnlco, [Vunlco, [|[Aunllco < R,
respectively. Thus,
(@, Un, V1, Atup_1) = f(2,Uun, Vp—195(Vtn—1), Atp_1905(Aup—1))
= f(z,un, Vp_1, Aty _1).
So, u,, is a weak solution of problem (P,).

Remark 3.6. When the diameter of 2 approaches zero, by an easy calculation in
the proof of Lemma it is possible to choose p; (i = 0,1, 2) sufficiently small.

Lemma 3.7. In hypothesis (F5), let us take
p1 = inf{ky : |lupllco < k1, Yn € N} >0,
p2 = inf{ks : ||Vup|lco < ko, Y1 € N} >0,
p3 = inf{ks : |Auy|lco < ks, Vn € N} > 0.
Then {u,} converges strongly in X.

Remark 3.8. We recall that the constant d; (Lemma [3.3]) is obtained using only
the conditions (F1)—(F4), and the constants p1, p2, ps are exhibited combining the
constant d; with the Sobolev embedding constants. Thus, as is pointed out in [I4],
the condition (F5) can be read as a constraint on the growth coefficients of f with
respect to dimension N.

Proof of Lemma[3.7 In this proof we will use a similar argument that used in [12]
and [I4]. Let w, and u,y; be a weak solutions of problems (P,) and (P,41),
respectively. Then, multiplying (P,1) resp. (Pp) by (tnt1 — un) and integrating
by parts, and applying Lemma we obtain

Yl wnt1 _unH2

< /[f(x,unH,Vun,Aun) — f(z, un, Vg, Auy)| (U1 — uy)de
Q
+ / [f(mvun, vunv Aun) - f(xvunv V-1, Aun)}(un%»l - Un)dl'
Q

+ / [f(z,un, Vup—1, Auy) — f(2,tn, Vig—1, Atg—1)](unt1 — uy)da.
Q

Thus, by (F5) and the Holder inequality we obtain
Y tbnt1 — Un||2 = TIQLm unt1 — unH2 + 12 Ly, [[tn — tn—1l[[tnt1 — unl
+ 1173Lp, 1t — tn—1[|[[Unt1 — unl|.

Therefore,
(rim2Lyp, + T173L5,)
Y- T].2LP1

[unt1 — unll < [un — up—1l|- (3.22)
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Hence it follows that the sequence u,, converges strongly to function u, in X. O

Proof of Theorem First of all, as before, we obtain that ||u,| > d2 > 0.
Also, we see that,

[unllco,  [[Vunllco,  [[Aunllco
are uniformly bounded. Now, from (P, ), notice that v,, = Au,, verifies the equation

Av, = h(z), z€Q,
where
h(z) = f(x, un, Vg1, A1) — AUy, — a(2)y,.
Since ||h||gs < C, for some positive constant C, by the Schauder Theorem follows
that there exists a constant C' > 0 such that ||v,||c2.6 < C; therefore,

[unllcas < C.

From Arzela-Ascoli Theorem, passing to a subsequence, if necessary, we conclude

that . ]
07 o7
Uy — ——U, a8 N — 00,

oa? ox’

1 K3
uniformly in Q for j =0,1,...,4and i = 1,..., N. Actually, from Lemma all
the subsequences of %un have the same limit, so the whole sequence

o o
—u, — —u, asn — oo, for j=0,1,...,4.
ox] ox)

K2 ?
Therefore, passing to the limit in (P,,), we obtain that u is a classical solution of
(1.1). Hence, the proof of Theorem is complete.
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