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SIGMA-CONVERGENCE OF STATIONARY NAVIER-STOKES
TYPE EQUATIONS

GABRIEL NGUETSENG, LAZARUS SIGNING

ABSTRACT. In the framework of homogenization theory, the ¥-convergence
method is carried out on stationary Navier-Stokes type equations on a fixed
domain. Our main tools are the two-scale convergence concept and the so-
called homogenization algebras.

1. INTRODUCTION

We study the homogenization of stationary Navier-Stokes type equations in a
fixed bounded open subset of the N-dimensional numerical space. Here, the usual
Laplace operator involved in the classical Navier-Stokes equations is replaced by an
elliptic linear differential operator of order two, in divergence form, with variable
coefficients. Let us give a detailed description of our object.

Let Q2 be a smooth bounded open set in RY (the N-dimensional numerical space
RY of variables x = (21,...,7x)), where N is a given positive integer; and let € be
a real number with 0 < &€ < 1. We consider the partial differential operator

N

0 0
pPe— 7( e 9
> (i)
i,j=1 J
in Q, where ag;(x) = a;;(2) (z € Q), a; € L°(R);R) (1 <i,j < N) with
aij = aji, (11)

and the assumption that there is a constant a > 0 such that

N
Z aij(y)€;& > al€)? for all ¢ = (&) € RY and for almost all y € RN, (1.2)

1,j=1

where |- | denotes the usual Euclidean norm in RY. The operator P¢ acts on scalar
functions, say ¢ € H'(Q) = WH2(Q). However, we may as well view P¢ as acting
on vector functions u = (u') € H'(Q)V in a diagonal way, i.c.,

(Pfu) = P°u’ (i=1,...,N).
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Remark 1.1. For any Roman character such as 4, (with 1 <i,5 < N), u’ (resp.
u?) denotes the i-th (resp. j-th) component of a vector function u in L}, ()" or
in L}OC(R]yV)N. On the other hand, for any real 0 < ¢ < 1, we define u® as
x
w) =u®) @eq)

for u € L}OC(RZ]}T ), as is customary in homogenization theory. More generally, for

u€ L} (x RZJIV), it is customary to put

loc
x
u(z) = u(z, E) (x € Q)
whenever the right-hand side makes sense (see, e.g., [, [8]). There is no danger of

confusion between the preceding notation.

Having made these preliminaries, let f = (f!) € H~'(Q;R)". For any fixed
0 < e < 1, we consider the boundary value problem

N
0
Pfu, + Zuéﬁ +gradp. =f in Q, (1.3)
=1 Ot
divu. =0 1in Q, (1.4)
u. =0 on 09, (1.5)

where

ou.  oul oulN
We will later see that if N is either 2 or 3, and if f is “small enough”, then —
uniquely define (u.,p.) with u. = (ul) € H(Q;R)Y and p. € L*(Q;R)/R,
where
L*(R)/R ={v € L*(4R) : / vdz = 0}.
Q

Our main goal is to investigate the limiting behavior, as e — 0, of (u., p.) under
an abstract assumption on a;; (1 < 4,5 < N) covering a wide range of concrete
behaviour beyond the classical periodicity hypothesis. The linear version of this
problem (i.e., the homogenization of (1.3)-(L.5) without the term Z;\f:l ul 8=) was

€ Ox;
first studied by Bensoussan, Lions and Papanicolaou [2] under the periodicijty hy-
pothesis on the coeflicients a;;. These authors presented a detailed mathematical
analysis of the problem by the well-known approach combining the use of asymp-
totic expansions with Tartar’s energy method.

The present study deals with a more general situation involving two major dif-
ficulties: 1) the equations are nonlinear; 2) the homogenization problem for —
is considered not under the periodicity hypothesis, as is classical, but in the
general setting characterized by an abstract assumption on a;;(y) covering a wide
range of behaviours with respect to y, such as the periodicity, the almost periodicity,
the convergence at infinity, and others.

The motivation of the present study lies in the fact that the homogenization
problem for — is connected with the modelling of heterogeneous fluid flows,
in particular multi-phase flows, fluids with spatially varying viscosities, and others;
see, e.g., [16] for more details about such heterogeneous media.

Our approach is the ¥-convergence method derived from two-scale convergence
ideas [I], [I1] by means of so-called homogenization algebras [9], [10].
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Unless otherwise specified, vector spaces throughout are considered over the
complex field, C, and scalar functions are assumed to take complex values. Let
us recall some basic notation. If X and F denote a locally compact space and a
Banach space, respectively, then we write C(X; F') for the continuous mappings of
X into F, and B(X; F) for those mappings in C(X; F') that are bounded. We shall
assume B(X; F') to be equipped with the supremum norm ||ul|s = sup,cx [|u(z)]|
(Il - || denotes the norm in F'). For shortness we will write C(X) = C(X;C) and
B(X) = B(X;C). Likewise in the case when F' = C, the usual spaces LP(X; F') and
LY (X;F) (X provided with a positive Radon measure) will be denoted by LP(X)
and L} (X), respectively. Finally, the numerical space RY and its open sets are
each provided with Lebesgue measure denoted by dz = dx; ...dxy.

The rest of the study is organized as follows. In Section 2 we discuss the ho-
mogenization of — under the periodicity hypothesis on the coeflicients a;;.
In Section 3 we reconsider the homogenization of problem - in a more
general setting. The periodicity hypothesis on the coeflicients a;; is here replaced
by an abstract assumption covering a variety of concrete behaviour including the
periodicity as a particular case. A few concrete examples are worked out.

2. PERIODIC HOMOGENIZATION OF STATIONARY NAVIER-STOKES TYPE
EQUATIONS

We assume once for all that N is either 2 or 3. We set ¥ = (—%, %)N7 Y consid-

ered as a subset of Rév (the space RY of variables y = (y1,...,yn)). Our purpose
is to study the homogenization of (1.3)-(L.5) under the periodicity hypothesis on
a;j, i.e., under the assumption that a;; is Y-periodic.
2.1. Preliminaries. Let us first recall that a function u € L}OC(R]yV) is said to be
Y-periodic if for each k € Z (Z denotes the integers), we have u(y + k) = u(y)
almost everywhere (a.e.) in y € RY. If in addition u is continuous, then the
preceding equality holds for every y € RY, of course. The space of all Y-periodic
continuous complex functions on R is denoted by Cper(Y'); that of all Y-periodic
functions in L{, (R)) (1 < p < o0) is denoted by L8 (V). Cper(Y) is a Banach
space under the supremum norm on RY, whereas LB, (Y) is a Banach space under
the norm

lullorry = ([ lutwPas) " e ),

RY) = WA RY)

loc

We need the space Hj(Y) of Y-periodic functions u € H,,
such that [, u(y)dy = 0. Provided with the gradient norm,

1/2
fullnyory = ([ 9suPdy) " we my),
Y

where Vyu = (g—;‘l, cee 8%\,)7 H%E(Y) is a Hilbert space.

Before we can recall the concept of ¥-convergence in the present periodic setting,
let us introduce one further notation. The letter E throughout will denote a family
of real numbers 0 < ¢ < 1 admitting 0 as an accumulation point. For example,
E may be the whole interval (0,1); E may also be an ordinary sequence (&, )nen
with 0 < ¢, < 1 and &, — 0 as n — oo. In the latter case E will be referred

to as a fundamental sequence. Let us observe that E may be neither (0,1) nor
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a fundamental sequence, of course. Let 2 be a bounded open set in RY and let
1 <p<oo.

Definition 2.1. A sequence (uc).crp C LP(Q) is said to be:
(i) weakly ¥-convergent in LP(2) to some ug € LP(2; L2, (Y)) ifas E 3 ¢ — 0,

per

[ weta @~ [[ wla)(ey) do dy (2.1)

for all 1 € L (Q; Cper (V) (ﬁ =1- %), where ¥°(z) = ¢(z, Z) (v € Q);

(ii) strongly ¥-convergent in LP(Q2) to some ug € LP(Q; Lb.,.(Y)) if the following
property is veriﬁed: Given n > 0 and v € LP(Q;Cper(Y)) with [Jug —
v||zraxy) < 4, there is some a > 0 such that [[u. —v®| 1r() < 1 provided
E>e<a.

We will briefly express weak and strong X-convergence by writing u. — wug in
LP(Q)-weak ¥ and u. — wug in LP(Q)-strong X, respectively.

Remark 2.2. It is of interest to know that if u, — ug in LP(Q)-weak 3, then (2.1))
holds for ¢ € C(€; L2,.(Y)). See [8, Proposition 10] for the proof.

per

In the present context the concept of ¥-convergence coincides with the well-
known one of two-scale convergence. Consequently, instead of repeating here the
main results underlying Y-convergence theory for periodic structures, we find it
more convenient to draw the reader’s attention to a few references regarding two-
scale convergence, e.g., [I], [6], [8] and [I7].

However, we recall below two fundamental results which constitute the corner
stone of the two-scale convergence theory.

Theorem 2.3. Assume that 1 < p < oo and further E is a fundamental sequence.
Let a sequence (uc)ecr be bounded in LP(QY). Then, a subsequence E' can be ex-
tracted from E such that (u.).cp weakly X-converges in LP(Q).

Theorem 2.4. Let E be a fundamental sequence. Suppose a sequence (ug)ecp S
bounded in H'(Q) = WH2(Q). Then, a subsequence E' can be extracted from E
such that, as E' > & — 0,
ue — ug in H(Q)-weak,
ue — ug in L*(Q)-weak X,
Oug Oug  Oup . 4 .
— 4+ — L*(Q)-weak X (1<j< N
ﬁxj_)axj+5yj in L*(Q)-wea (1<j<N),

where ug € H'(Q), wy € L*(Q; H(Y)).

The proofs of the above theorems can be found in, e.g., [IL [ 8]

Now, it is not apparent that the boundary value problem (|1.3 — ) has a
solution (u.,p.), and that the latter is unique. With a view to elumdatmg thls we
introduce, for fixed 0 < & < 1, the bilinear form a® on Hg(Q;R)N x H&(Q;R)N
defined by

OuF v
(u,v) ZZ/ ”azjaiz v

k=11,j=1
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for u = (u*) and v =(v*) in H}(Q;R)N. According to (1.1)), the form a® is sym-
metric. On the other hand, in view of (1.2)),

a*(v,v) = a|[v]z oy (2:2)

for every v =(v¥) € H}(;R)Y and 0 < & < 1, where

- k2, 2
Mgy = (X [ 1v0Pde)
k=1

with VoF = (g—ﬁ, ce gg; ). Furthermore, it is clear that a constant ¢y > 0 exists
such that
la®(u, v)| < collul zz (ym 1V 212 2y (2.3)

for all u, v € H(QR)N and all 0 < e < 1.
We also need the trilinear form b on Hg (;R)YN x HE (Q;R)N x HH(Q;R)YN given
by

37
bavow) =33 / WGt
k=1 j=1
for u =(u*), v =(v*) and w =(w¥) in H}(Q;R)Y. The trilinear form b has some
nice properties. Let
V={ueHj(QR)" : divu=0}.
Then
b(u,v,v) =0 forueV, ve H(QR)Y, (2.4)
and further there exists a constant ¢(N) > 0 such that
b(w, v, w)| < e(N)[[all gy v 1V 1|23 )5 W] g ) (2.5)
for all u, v, w € H}(;R)Y (see [5] [15] for the proofs of these classical results).
We are now in a position to verify the following result.
Proposition 2.5. Suppose f (the right-hand side of (1.3)) is “small enough” so
that
(Nl g1 @)~ <o, (2.6)
where a (resp. ¢(N)) is that constant in (1.2)) (resp. (2.5))). Then, the boundary

value problem (L.3)-(T.5) determines a unique pair (uc,p.) with u. € HE (;R)N
pe € L*(;R)/R.

Proof. For fixed 0 < £ < 1, consider the variational problem

u.cV:
A (2.7
a®(ug,v) +b(us,u.,v) = (f,v) forallv=(v")eV
with
N
(£,v) =D (fF.0%),
k=1

where (,) denotes the duality pairing between H~1(Q;R) and H{(Q;R) as well
as between H'(Q;R)N and H(;R)Y. Thanks to (2.2)-(2.5), this variational
problem admits at least one solution, as is easily seen by following [5, p.99] or [I5]
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p.164]. Let us check that (2.7) has at most one solution. To begin, observe that
any u* satisfying (2.7) (i.e., with u* in place of u.) verifies
" 1
|| g2 @yy < aHfHH—l(Q)Nv (2.8)

as is straightforward by (2.2)). Now, suppose u* and u** are two solutions of (2.7)).
Then, letting u = u* — u**, we have in an obvious manner

a®(u,v)+b(u*,u,v) + b(u,u*,v) —b(u,u,v) =0
and that for any v € V. By choosing in particular v = u and recalling (2.4)), it
follows by (2.2),
a3y oy + bu,u”, ) < 0.
Hence, in view of ([2.5)),

04\|“||§13(Q)N < C(N)HUH}%IS(Q)NHu*HHa(Q)N'

By (2.8) this gives

e(N)
(0= =28l ) Il gy < 0.

Hence u = 0, by virtue of (| . This shows the unicity in ( [2.7), and so (2.7)
determines a unique vector function u.. Now, by taking in (2.7) the particular test
functions v € V with

V={pec DR)YY s divy = 0}
and using a classical argument (see, e.g., [15] p.14]), we get a distribution p. € D’'()
such that holds (in the distribution sense on §2), with in addition —,
of course. Let us show that p. lies in L?(€;R). First of all, since N = 2 or 3, we
have H}(Q;R) C L*(Q;R) (see, e.g., [I5, pp.291, 296]). Thus, u. € L*(Q;R)N
Consequently, utul € L2(Q;R) (1 <i,j < N). Observing that
N

Z aug Z@ (vlu.) (use (T4) ),

it follows that ijl uwl = ¢ g1 R)N. By (1.3), we deduce that gradp. €

€ 0x;

“1(Q;R)N. Therefore, thanks to a well-known result (see, e.g., [15, p.14, Propo-
sition 1.2]), the distribution p. is actually a function in L?(Q;R), and further the
said function is unique up to an additive constant; in other words, p. is unique
in L?(;R)/R. Conversely, it is an easy exercise to verify that if (u.,p.) lies in
HY(Q;R)N x L2(;R) and is a solution of — (L5), then u. satisfies . This
completes the proof. O

2.2. A global homogenization theorem. Before we can establish a so-called
global homogenization theorem for (L.3)-(1.5]), we require a few basic notation and
results. To begin, let

Vy = {v € CL(YV;R)Y / Y(y)dy =0, divyp =0},
Y
Vy ={w € HL(YV;R)" : divyw =0},

where: Cpg, (Y;R) = C* (RN;R) N Cper(Y), div, denotes the divergence operator in

RZIJV . We prov1de Vy with the H ;f (Y)¥N-norm, which makes it a Hilbert space. There
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is no difficulty in verifying that Vy is dense in V3 (proceed as in [I3, Proposition
3.2]). With this in mind, set

Fo =V x L?( Vy).

This is a Hilbert space with norm

/
”VH]F}) = (HVOH?J(%(Q)N + HV1||2L2(Q;Vy)) , v=(vo,v1) € ]F(lJ'

On the other hand, put
=Vx[D(;R) @ Vy],
where D(;R) ® Vy stands for the space of vector functions ¢ on Q x Rff of the

form

zy) =Y eil@)wiy) (xe€Q, yeRY)
with a summation of finitely many terms, @; € D(;R), w; € Vy. It is clear that
F&° is dense in F} (see [15 p.18]). Now, let

8u oul~ sovk vk
Z //Qxy Y 3333 3yjl)<8x(i * 8y§)dxdy

i,7,k=1

for u =(up,u;) and v =(vq, v1) in F§. This defines a symmetric continuous bilinear
form dg on F§ x F}. Furthermore, dg, is Fi-elliptic. Specifically,

da(uw) > oflu?, (ueF)

as is easily checked using (L.2) and the fact that [} 5 8“1 x,y)dy = 0.
In the sequel we put

ba(u, v, w) = b(ug, vo, wp),
L(v) = (f,vo)

for u = (ug,uy), v = (vo,v1) and w = (wo, wy) in F}, which defines a continuous
trilinear form on F} x F} x F} and a continuous linear form on F}, respectively,
with further bo(u, v,v) =0 for u, v € FJ.

Here is one fundamental lemma.

Lemma 2.6. Suppose ([2.6)) holds. Then the variational problem

uchy:

R L (2.9)
aq(u,v) +bo(u,u,v) = L(v) forallv el

has at most one solution.

The proof of the above lemma follows by the same line of argument as in the
proof of Proposition [2.5; so we omit it. We are now able to prove the desired
theorem. Throughout the remainder of the present section, it is assumed that a;;
is Y-periodic for any 1 <1i,j < N.

Theorem 2.7. Suppose -) holds. For each real 0 < ¢ < 1, let u. = (u) €

€

H(R)N be defined by (1.3 . 11.5) (or equivalently by (2.7] .) Then as e — 0,

u. —uy in Hy(Q)N -weak, (2.10)
ouk auo N duy
oz 81‘] 0y;

where u = (ug, uy) is the (unique) solution of (2.9).

n L*(Q)-weak ¥ (1 < j,k < N), (2.11)
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Proof. Let 0 < e < 1. It is clear that
a®(ug,v) + b(ug,u.,v) — / pe divvdx = (f,v) (2.12)
Q

for all v = (v¥) € H}(Q;R)N. Taking in particular v = u. and using (2.2)) and
(2.4), it follows immediately that the sequence (u.)o<c<1 is bounded in H}(Q;R)V.
On the other hand, starting from (2.12)) and recalling (2.3)) and (2.5)), we see that

(rad e, v)] < (€l i1y + (V) izl gy + coll el s IV gy

for all v € H}(Q;R)N. In view of the preceding result, it follows that the se-
quence (grad p.)o<e<1 is bounded in H~(€; R)Y. Thanks to a classical argument
[15, p.15], we deduce that the sequence (p.)o<c<1 is bounded in L?(Q;R). Thus,
given any arbitrary fundamental sequence F, appeal to Theorems yields
a subsequence E' from E and functions ug = (uf) € HE (RN, uy = (u¥) €
L?(; H#(Y;R)N), p € L3(Q; L2, (Y;R)) such that as E' > &€ — 0, we have (2.10)-

per
(2.11) and
p. —p in L?(Q)-weak X. (2.13)

Let us note at once that, according to (|1.4]), we have divug = 0 and div, u; = 0.
Therefore u = (ug, u;) € Fy. Now, for each real 0 < e < 1, let

.= go+eyi with o € DAR)Y, gy e DOR) @Yy,  (214)
ie., ®.(z) = vo(z) + ehy (x, £) for x € Q. We have ®. € D(Q;R)"N. Thus, in view
of (2.12),

a®(ug, ®.) + b(ue,u., ) — / pe div ®.dz = (£, ®.). (2.15)
Q

The next point is to pass to the limit in as ' 5 & — 0. To this end, we note
that as B/ 3¢ — 0,

a®(ue, @) — aq(u, P),
where ® =(1g, 1) (proceed as in the proof of the analogous result in [12] p.179]).
On the other hand, thanks to the Rellich theorem, we have from that u, — ug
in L2(Q)". Combining this with , it follows by [9, Proposition 4.7] (see also
[8, Proposition 8]) that as E' 3¢ — 0,

b(usa Ue, (I)E) - bQ(ll, u, (I))v

where u and ® are defined above. Now, based on ( [2.13)), there is no difficulty in
showing that as £’ 3 ¢ — 0,

/p5 div®.dx — // pdiv g dx dy.
Q QxY

Finally, it is an easy exercise to check that ®. — g in Hg(Q)"-weak as e — 0
(this is a classical result).

Having made this point, we can pass to the limit in when E' 2 ¢ — 0,
and the result is that

G (u, ®) + be(u, u, &) — /Q po divoda = (£, %), (2.16)

where py denotes the mean of p, i.e., po € L2(;R) and po(x) = [y p(z, y)dy ae.
in x € ©; and where ® =(vg, 1), 1o ranging over D(2;R)" and 1; ranging over
D(Q;R) ® Vy. Taking in particular 1y in V and using the density of F§° in FJ,
one quickly arrives at . The unicity of u = (ug,u1) follows by Lemma
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Consequently, (2.10]) and ([2.11)) still hold when E > ¢ — 0 (instead of E' 5 ¢ — 0),
hence when 0 < ¢ — 0, by virtue of the arbitrariness of E. The theorem is
proved. O

For further needs, we wish to give a simple representation of the vector function
u; in Theorem [2.7| (or Lemma |2.6)). For this purpose we introduce the bilinear form

a on Vy x Vy defined by
Z / 8Uk 8w
QAij
i,5,k=1 6y] ayl

for v = (v*) and w = (w¥) in V4. Next, for each pair of indices 1 < i,k < N, we
consider the variational problem

Xik € Vy :
_ al ow* . (2.17)
a(xik, w) = Z/ alia—yldy for all w = (w’) in Vy,
1=17Y
which determines y;; in a unique manner.
Lemma 2.8. Under the hypothesis and notation of Theorem[2.7, we have
ouf
ui(z,y) = — 3 ©(2)xik(y) (2.18)
i,k=1 Li

almost everywhere in (z,y) € Q x RV,

Proof. In ([2.9), choose the test functions v = (vg, vy) such that vo =0, vy (z,y) =
o(z)w(y) for (z,y) € Q x RY, where ¢ € D(;R) and w € Vy. Then, almost
everywhere in x € {2, we have

N

o aulg / 8wk k
a(uy(z,.),w) = — —(x aj;——dy Yw = (w") € Vy. 2.19
(e W= 30 5w [ oy eV (219)

But it is clear that u1( ) (for fixed z € Q) is the sole function in Vy solving the
variational equation (2.19 . On the other hand, it is an easy matter to check that
the function of y on the right of solves the same variational equation. Hence
the lemma follows immediately. O

2.3. Macroscopic homogenized equations. Our goal here is to derive a well-
posed boundary value problem for (ug,pg). To begin, for 1 <4, j,k,h < N, let

I
qijkh *5kh/ azg dy Z/ azl a;lh )dya

where: 6y, is the Kronecker symbol, x;n = (th) is defined exactly as in 1) To
the coefficients g;jx, we attach the differential operator Q on € mapping D’(2)V
into D’ ()N (D’ (€2) is the usual space of complex distributions on §2) as

Z q“’“ha a (1<k<N) forz=("),2"eD(Q). (220)
4,7,h=1 i

Q is the so-called homogenized operator associated to P (0 < ¢ < 1).
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We consider now the boundary value problem

Qug + ]Zlu()a— +gradpyo =f in Q, (2.21)
divuy =0 in Q, (2.22)
up =0 on . (2.23)

Lemma 2.9. Suppose (2.6 . holds. Then, the boundary value problem (2.21))-(2.23)
admits at most one weak solution (g, po) with ug € HF (G R)N, py € LQ(Q ]R)/

Proof. Tt can be proved without the slightest difficulty that if a pair (ug,py) €
HHOR)N x L2(Q;R) verifies (2.21))-(2.23)), then the vector function u = (ug, u;)

[with u; given by (2.18)] satisfies (2.9 (use (2.16])). Hence the unicity in (2.21))-
(2.23) follows by Lemma O

This leads us to the following theorem.

Theorem 2.10. Suppose holds. For each real 0 < ¢ < 1, let (u.,p:) €
HY RN x (L2(Q;R)/R) be defined by (1.3)-(1.5). Then, as ¢ — 0, we have
u. — ug in H}(Q)N-weak and p. — po in L*(Q)-weak, where the pair (ug,po) lies
in HY (4 R)N x (L2(Q;R)/R) and is the unique weak solution of (2.21))-(2.23).

Proof. A quick review of the proof of Theorem [2.7] reveals that from any given
fundamental sequence E one can extract a subsequence E’ such that as E' 3 ¢ —
0, we have ( and p. — po in L?(Q)-weak (use if necessary),
and further l holds for all @ (w(),¢1) € D(Q R)N X [D(©;R) ® Vy|, where
u = (ug,u) € IFO Now, substituting (2.18) in and then choosmg therein
the ®’s such that ¢, = 0, a simple computatlon leads to with evidently
(2-22)-(2.23). Hence the theorem follows by Lemma and use of an obvious
argument. [

Remark 2.11. The operator Q is elliptic, i.e., there is some ag > 0 such that

N N
Z Gijkn&inéin = o Z |Exn|?
ijikh=1 k=1

for all & = (&kn), &kn € R. Indeed, by following a classical line of argument (see,
e.g., [2]), we can give a suitable expression of g;;kp, viz.

Qijkh = @(Xik — Tik, Xjh — Tjn)

where, for each pair of indices 1 < i,k < N, the vector function 7 = (7}, ..., 7Y):
RN — R is given by 77 (y) = yibkr (r = 1,...,N) for y = (y1,...,yn) € RV,
Hence the above ellipticity property follows in a classmal fashion (see [2]).

3. GENERAL DETERMINISTIC HOMOGENIZATION OF STATIONARY
NAVIER-STOKES TYPE EQUATIONS

Our purpose here is to extend the results of Section 2 to a more general setting
beyond the periodic framework. The basic notation and hypotheses (except the
periodicity assumption) stated before are still valid. In particular N is either 2 or
3, and Q denotes a bounded open set in RY.
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3.1. Preliminaries and statement of the homogenization problem. We re-
call that B(Ré\’ ) denotes the space of bounded continuous complex functions on
]RZIJV . It is well known that B (Rév ) with the supremum norm and the usual algebra
operations is a commutative C*-algebra with identity (the involution is here the
usual one of complex conjugation).

Throughout the present Section 3, A denotes a separable closed subalgebra of
the Banach algebra B (RZZ/V ). Furthermore, we assume that A contains the constants,
A is stable under complex conjugation (i.e., the complex conjugate, u, of any u € A
still lies in A), and finally, A has the following property: For any v € A, we have
u® — M(u) in L=(RY)-weak * as e — 0 (¢ > 0), where:

(@) =uZ) (zeRY),

the mapping v — M (u) of A into C, denoted by M, being a positive continuous
linear form on A with M (1) =1 (see [9]).

A is called an H-algebra (H stands for homogenization). It is clear that A is
a commutative C*-algebra with identity. We denote by A(A) the spectrum of A
and by G the Gelfand transformation on A. For the benefit of the reader it is
worth recalling that A(A) is the set of all nonzero multiplicative linear forms on A,
and G is the mapping of A into C(A(A)) such that G(u)(s) = (s,u) (s € A(4)),
where (,) denotes the duality pairing between A’ (the topological dual of A) and
A. The appropriate topology on A(A) is the relative weak x topology on A’. So
topologized, A(A) is a metrizable compact space, and the Gelfand transformation
is an isometric isomorphism of the C* -algebra A onto the C*-algebra C(A(A)). See,
e.g., [4] for further details concerning the Banach algebras theory. The appropriate
measure on A(A) is the so-called M-measure, namely the positive Radon measure
B (of total mass 1) on A(A) such that M(u) = fA(A) G(u)dp for u € A (see [9)
Proposition 2.1]).

The partial derivative of index i (1 < ¢ < N) on A(A) is defined to be the
mapping 9; = G o D,, o G~! (usual composition) of

DYA(A) = {p € C(A(A) : G (p) € A}
into C(A(A)), where A' = {¢p € C*(R)) : ¢, Dy € A (1<i<N)}, D, =

%. Higher order derivatives can be defined analogously (see [9]). Now, let A> be
Yi

the space of ¢ € C>(R}’) such that

olaly
Dip=——-—€A
v ¥ oyt ... Oy~
for every multi-index o = (g, ..., ay) € NV and let

D(A(A)) = {p € C(A(4)) : G (p) € A=}

Endowed with a suitable locally convex topology (see for example [9] ), A> (re-
spectively D(A(A))) is a Fréchet space and further, G viewed as defined on A is
a topological isomorphism of A* onto D(A(A)).

By a distribution on A(A) is understood any continuous linear form on D(A(A)).
The space of all distributions on A(A) is then the dual, D'(A(A)), of D(A(A)). We
endow D'(A(A)) with the strong dual topology. In the sequel it is assumed that
A is dense in A (this is always verified in practice), which amounts to assuming
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that D(A(A)) is dense in C(A(A)). Then LP(A(A)) C D'(A(A)) (1 < p < o) with
continuous embedding (see [9] for more details). Hence we may define

HY(A(A)) ={u e L*(A(A)) : du € L*(A(A)) (1<i< N)},
where the derivative 0;u is taken in the distribution sense on A(A) (exactly as the

Schwartz derivative is defined in the classical case). This is a Hilbert space with
norm

2 Z 2 1/2 1
el acany = (lulzacay + D 10ulfenawy ) (we H(AA)).
i=1

However, in practice the appropriate space is not H'(A(A)) but its closed sub-
space
H'(AM)/C = {ue HAW): [ uls)dsl) =0}
AA)
equipped with the seminorm

N 1/2
lllirsacanse = (3o 10wultaacay) — (ue HYA(A)/C).
=1

Unfortunately, the pre-Hilbert space H'(A(A))/C is in general nonseparated and
noncomplete. We introduce the separated completion, Hj (A(A)), of H'(A(A))/C,
and the canonical mapping J of H'(A(A))/C into its separated completion. See
[9) (and in particular Remark 2.4 and Proposition 2.6 there) for more details.

We will now recall the notion of ¥-convergence in the present context. Let
1 < p < oo, and let E be as in Section 2.

Definition 3.1. A sequence (uc).crp C LP(Q) is said to be:
(i) weakly ¥-convergent in LP(2) to some ug € LP(Q x A(A)) = LP(Q; LP(A(A)))
ifas E>e— 0,

[ wetay@as— [[ BPRCCRREREEED

f;c\n“ all ¢ € LP' (; A) (ﬁ =1- %), where ¢° is as in Definition , and where
P(z,.) =G(W(x,.)) ae. inx €

(ii) strongly 3-convergent in LP(Q) to some ug € LP(Q2 x A(A)) if the following
property is verified: Given > 0 and v € LP(; A) with [Jug — 0| Lraxacay) < 2,
there is some o > 0 such that

|lue —v°||Lp(0) < m provided £ 3¢ < a.

Remark 3.2. The existence of such v’s as in (ii) results from the density of
LP(9;C(A(A))) in LP(Q; LP(A(A))).

We will use the same notation as in Section 2 to briefly express weak and strong
Y.-convergence.

Theorem [2.3| (together with its proof) carries over to the present setting. Instead
of Theorem we have here the following notion.

Definition 3.3. The H-algebra A is said to be H!- proper (or simply proper when
there is no risk of confusion) if the following conditions are fulfilled.

(PR1) D(A(A)) is dense in H'(A(A)).



EJDE-2009/74 SIGMA-CONVERGENCE 13

(PR2) Given a fundamental sequence F, and a sequence (uc)ec g which is bounded
in H'(£2), one can extract a subsequence E’ from E such that as E' > & — 0,
we have u. — ug in H*(Q)-weak and gg; — gix? + Ojuy in L?(Q)-weak ¥
(1 <j < N), where ug € H'(Q), uy € LP(Q; Hj, (A(A))).

The H-algebra A = Cper(Y) (see Section 2) is H'-proper. Other examples of
H'-proper H-algebras can be found in [9] and [10].

Having made the above preliminaries, let us turn now to the statement of a
general deterministic homogenization problem for (L.3)-(L.5)). For this purpose, let
E? be the space of functions u € L .(R]') such that

loc

_ E 5 1/2
lullez = sup (/ u(H)Pdr) " < oo,

0<e<1 \JBy

where By denotes the open unit ball in Rff . 22 is a complex vector space, and the
mapping u — ||ul|z2, denoted by ||.||z2, is a norm on Z2? which makes it a Banach
space (this is a simple exercise left to the reader). We define X2 to be the closure
of A in 2. We provide X¥? with the Z?-norm, which makes it a Banach space.

Our main goal in the present section is to discuss the homogenization of (L.3))-
under the assumption

aij € X* (1<i,j<N). (3.1)

As is pointed out in [9], [10] and [12], assumption (3.1]) covers a great variety of
concrete behaviors. In particular, (3.1) generalizes the usual periodicity hypothesis
(see Section 2). Indeed, for A = Cper(Y'), we have X = L2_ (V) (use Lemma 1 of
8)).

The approach we follow here is analogous to that which was presented in Section
2. Throughout the rest of the section, it is assumed that (3.1) is satisfied, and A is
H'-proper.

3.2. A global homogenization theorem. We need a few preliminaries. To be-
gin, we set

G(¥) = (W )h<isn
for any ¢ =(¢*) with ¢* € A (1 < i < N). We have G(v)) € C(A(A))N, and
the transformation ¢ — G(v) of AV into C(A(A))Y maps in particular (A)N
isomorphically onto D(A(A); R)Y, where we denote

AF = A NC(RY;R).
Likewise, letting J(u) = (J(u?))1<i<ny for u=(u’) with u* € H'(A(A))/C (1 <
i < N), we have J(u) € H;E(A(A))N and the transformation u — J(u) of
[H1(A(A))/C]Y into H;&(A(A))N maps in particular [H1(A(A);R)/C]V isomet-
rically into H}, (A(A); R)N, where we denote
H(A(A);R) = {u € Hy(A(A)) : diu € L*(A(A);R) (1 <i<N)}
We will set
Ep = Hy (% R)Y x L*(Q Hy (A(A);R)Y),
£8° = D4 R)N x (D(4R) ® J[D(A(A);R)/QN),
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where D(A(A);R)/C = D(A(A);R) N [HY(A(A))/C]. E} is topologized in an ob-
vious way and £§° is considered without topology. It is clear that £5° is dense in
EL.

At the present time, let

Ga(u,v) = §N: // a--(%+a-uk)(%+a-vk)dxdﬁ
o QxA(A) Y Ox; )\, B

ij, k=1

for u = (ug,uy) and v = (v, vi) in E} with, of course, ug = (uf), u; = (uf) (and
analogous expressions for vy and vi), where @;; = G(a;;). This gives a bilinear
form ag on E} x E}, which is symmetric, continuous, and coercive (see [9]). We
also define by and L as in Subsection 2.2 but with E{ in place of FJ.

Now, let

Va = {u=(u') € HL(A(A);R)N : divu =0},

where
N
diva = E o;u’.
i=1

Equipped with the H, (A(A))N-norm, V, is a Hilbert space. We next put
Fo =V x L*(; Va)

provided with an obvious norm. It is an easy exercise to check that Lemma [2.6
together with its proof can be carried over mutatis mutandis to the present setting.
This leads us to the analogue of Theorem [2.7]

Theorem 3.4. Suppose (3.1) holds and further A is H'-proper. On the other
hand, let (2.6)) be satisfied. For each real 0 < e < 1, let u. = (u¥) € H} (4 R)N be
defined by (1.3)-(1.5) (or equivalently by (2.7))). Then, as e — 0,
u. —uy in H ()N -weak, (3.2)
ot oul

-
6l‘j 6$j
where u = (ug, wy) (with ug = (uf) and u; = (u¥)) is the unique solution of (2.9).

+0ufin L*(Q)-weak ¥ (1 < j, k < N), (3.3)

Proof. This is an adaptation of the proof of Theorem [2.7] and we will not go too
deeply into details. Starting from , we see that the generalized sequences
(u:)o<e<1 and (pe)o<e<1 are bounded in Hg(Q;R)N and L?(Q;R)/R, respectively.
Hence, from any given fundamental sequence E one can extract a subsequence

E’ such that as £ 2 ¢ — 0, we have (2.13), (3.2) and (3.3)), where p lies in
L?(Q; L*(A(A);R)) and u = (ug, uy) lies in F}.
Now, for each real 0 < ¢ < 1, let

®. =g +ep] with g € D(GR)Y, ¢ € DI R) @ (Ag°/C)Y (3.4)
and
® = (o, 3(4)),
where: AR /C ={y € AR : M(¢y) = 0}, ¢ stands for the function z — G(¢1 (:c,A.))
of Q into [D(A(A);R)/C]V (3 being viewed as a function say in C(£); ANY), I(3)
stands for the function z — J(¢1(x,.)) of Q into H%&(A(A);R)N. It is clear that
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500

P c . With this in mind, we can pass to the limit in (2.15)) (with ®. given by
B.4)

0
) as E' 5 ¢ — 0, and we obtain
ao(u, ®) + bo(u,u, ®) — // p(div o + divey )dadf = (£, o).
QxA(A
Therefore, thanks to the density of £5° in EJ,
ag(u,v) + bo(u,u,v) — // p(divvg + (ii\vvl)dxdﬁ = (f, vop), (3.5)
QxA(A)

and that for all v =(vg, v1) € E}. Taking in particular v € F} leads us immediately
to (2.9). Hence the theorem follows by the same argument as used in the proof of
Theorem (Il

As pointed out in Section 2, it is of interest to give a suitable representation of
u; (in Theorem [3.4). To this end, let

Z / a”c‘?v ;w" dg

1,j,k=1
for v =(v¥) and w =(w*) in H;#(A(A);R)N. This defines a bilinear form @ on

H;#(A(A);R)N X H;#(A(A);R)N, which is symmetric, continuous and coercive.
For each pair of indices 1 < i,k < N, we consider the variational problem

Xik € Va :
X . (3.6)
Ak, W Z alialw dB  for all w =(w’) € Vy,
AA
which uniquely determines ;.
Lemma 3.5. Under the assumptions and notation of Theorem [3.4, we have
oul
w(z,s) == 3 =(@)xin(s) (3.7)
i,k=1 Ti

almost everywhere in (x,s) € Q x A(A).

Proof. This is a simple adaptation of the proof of Lemma the verification is
left to the reader. O

3.3. Macroscopic homogenized equations. The aim here is to derive from (3.5)
a well-posed boundary value problem for the pair (uo, po) where uO is the weak

limit in (3.2) and pg is the mean of p (in (3.5))), i.e., po(z IA(A p(z, s)dp(s) for

x € Q). We will proceed exactly as in Subsection 2.3.
First, for 1 <i,5,k,h < N, let

ijkh =5kh/ ai;( / @i (s)Axgn (s)dB(s),

J A(A) J Z A(A ]h

where x;n = (X?h) is defined as in 1) To these coefficients we associate the
2.20)

differential operator Q on €2 given by (2.20). Finally, we consider the boundary

value problem ([2.21))-(2.23]).
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Lemma 3.6. Under the hypotheses of Theorem the boundary value problem
[2-21)-(2.23)) admits at most one weak solution (ug,po) with ug € HE(Q;R)N, po €
L?(;R)/R.

Proof. Tt is an easy exercise to show that if a pair (ug,po) € Hg(Q;R)N x L2({;R)
is a solution of (2.21)-(2.23)), then the pair u =(ug,u;) (in which u; is given by
(13.7)) satisfies (2.9) and is therefore unique. Hence Lemma follows at once. [

We are now in a position to state and prove the next theorem.

Theorem 3.7. Let the hypotheses of Theorem be satisfied. For each real 0 <
e <1, let (u,pe) € Hy (G R)N x [L2(4R)/R] be defined by (L.3)-(LE). Then, as
e — 0, we have u. — ug in HH(Q)N -weak and p. — po in L?()-weak, where the
pair (ug, po) lies in H(;R)N x [L2(Q;R)/R] and is the unique weak solution of
221)- @223).

Proof. As was pointed out above, from any arbitrarily given fundamental sequence
E one can extract a subsequence E’ such that as E' 3 ¢ — 0, we have (3.2)-
(3.3) and (2.13) hence p. — po in L?(Q)-weak, where py is the mean of p and
thus pg € L?(;R)/R, and where u =(ug,u;) € F}. Furthermore, holds
for all v =(vg,vi) € E}. Substituting in and then choosing therein the
particular test functions v =(vg, v1) € E} with v; = 0 leads to Theoremm thanks
to Lemma O

It is possible to present g¢;;r; in a suitable form as in Remark For this
purpose, we introduce the space M of all N x N matrix functions with entries in
L*(A(A);R). Specifically, M denotes the space of F =(F¥);<; i<y with F¥ €
L?(A(A);R). Provided with the norm

N 1/2 y
1l = (D2 19 3eacay) + F=(F9) e M,

i,j=1
M is a Hilbert space. Now, let

N

are) -y [ B GH )d5

,5,k=1

for F =(F7%) and G =(G%) in M. This gives a bilinear form .4 on M x M, which

is symmetric, continuous and coercive. Furthermore,
a(u,v) = A(ﬁu, @V), u,v € H;&(A(A);R)N,

where Vu =(0;u*) for any u = (u¥) € H#(A(A);R)N. Now, by the same line of
proceeding as followed in [2] (see also [8]) one can quickly show that
Gijin = AV Xk — Ok, Vjn — O5n),

where, for any pair of indices 1 < i,k < N, x;x is defined by (3.6), and 0;;, =
(0'm) € M with 6" = 6;,6m. Having made this point, Remark can then be
carried over to the present setting.
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3.4. Some concrete examples. In the present subsection we consider a few ex-
amples of homogenization problems for — in a concrete setting (as opposed
to the abstract assumption ) and we show how their study leads naturally to
the abstract setting of Subsection 3.1 and so we may conclude by merely applying
Theorems [3.4] and

Example 3.8 (Almost periodic setting). The aim here is to study the homoge-
nization of (1.3])-(1.5)) under the almost periodicity hypothesis

aij € L3p(R)) (1<i,j <N), (3.8)

where LZ p(R})) denotes the space of all functions w € L (R]) that are almost
periodic in the sense of Stepanoff (see, e.g., [I4, Section 4]). According to [I4,
Proposition 4.1], the hypothesis yields a countable subgroup R of ]Rév such that
aij € L3pr(R)) (1 <i,j < N), where L% p o (R)) = {u € L% p(R)) : Sp(u) C
R}, Sp(u) being the spectrum of u, i.e., Sp(u) = {k € RN : M(u¥,) # 0} with
Ye(y) = exp(2imk.y) (y € RY). The appropriate H-algebra is here APgr(R}) =
{u e AP(R)) : Sp(u) C R}, where AP(R)’) denotes the space of almost periodic
continuous complex functions on R{f (see, e.g., [3l Chapter 5] and [4) Chapter 10]).
The H-algebra A = APgr(R)’) is H'-proper (see [9]) and further is satisfied,
since L% p » (R)) C %2 (use [8, Lemma 1]). Hence the study of the problem under
consideration reduces to the abstract analysis in Subsections 3.2 and 3.3.

Example 3.9. Let (L?,(>) be the space of all u € L}, .(R}) such that

loc

1/2
fullae = sup ([ lutw)Pdy) " <o,
k+Y

kezZN
where Y = (=4, 1)"V. This is a Banach space under the norm || - [2,0c. We denote
by L2, ,e-(Y) the closure in (L?,£>) of the space of all finite sums
Z‘pzuz (‘pz S BOO(R;JV)7 U; S Cper(y))7 (39)

where Cpe,(Y) is defined in Subsection 2.1, and B, (R,) is the space of all u €
C(R)) such that lim)y_. u(y) = & € C (£ depending on u, |y| the Euclidean norm
of y in RY). The problem to be worked out here states as in Example except
that is replaced by

aij € L2, .. (Y) (1<i,j<N). (3.10)

o0,per

We define A to be the closure in B(Rg) of the finite sums in . This is an
H' -proper homogenization algebra on RJyV (see [9, Example 5.4]) and further (3.1))
holds because the space (L?,£>) is continuously embedded in =2
1]). Therefore, we arrive at the same conclusion as above.

(use [8, Lemma

Example 3.10. We assume here that the coefficients a;; are constant on each cell
k+Y (k€ Z",Y as above). More precisely, we assume that there exists a family
of functions r;; : 7N S R (1 < 4,5 < N) such that for each k € Z"N | we have
ai;(y) = rij(k) ae. iny € k+Y, and that for 1 < 4,5 < N. We also assume
the following behaviour: 7;; € Boo(ZY) (1 < 4,5 < N), i.e., each r;;(k) tends to
a finite limit as |k| — oo. Under these hypotheses in place of , we consider
the above homogenization problem. As is explained in detail in [I0], one can find
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an H'-proper homogenization algebra A on Rff such that (3.1]) holds true, which
leads us to the same conclusion as above.
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useful suggestions.
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