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OBLIQUE DERIVATIVE PROBLEMS FOR GENERALIZED
RASSIAS EQUATIONS OF MIXED TYPE WITH SEVERAL
CHARACTERISTIC BOUNDARIES

GUO CHUN WEN

ABSTRACT. This article concerns the oblique derivative problems for second-
order quasilinear degenerate equations of mixed type with several character-
istic boundaries, which include the Tricomi problem as a special case. First
we formulate the problem and obtain estimates of its solutions, then we show
the existence of solutions by the successive iterations and the Leray-Schauder
theorem. We use a complex analytic method: elliptic complex functions are
used in the elliptic domain, and hyperbolic complex functions in the hyper-
bolic domain, such that second-order equations of mixed type with degenerate
curve are reduced to the first order mixed complex equations with singular co-
efficients. An application of the complex analytic method, solves (1.1} below
with m =n =1, a = b = 0, which was posed as an open problem by Rassias.

1. FORMULATION OF OBLIQUE DERIVATIVE PROBLEMS

Tricomi problems for second-order equations of mixed type with parabolic degen-
erate lines possess important applications to gas dynamics, and have been discussed
in [1]-[15], 19 20]. In this article, we generalize those results to second-order equa-
tions of mixed type with parabolic degeneracy and several characteristic boundaries.

Let D be a simply connected bounded domain in the complex plane C with
the boundary 0D = T'U L, where ' C {§ = y — 2™ > 0} and is an element
in C’Z with 0 < ¢ < 1 and with end points z, = —R — iR",z* = R 4+ iR"; and
L =L1ULsUL3U---ULypy, where N is an odd positive integer, and forl = 1,..., N,

y—z"

Loy ={z +/ VIK®)|dt = ai—1, @ € [ai—1, @]},
0
o

Loy = {1‘— . \/|K(t)|dt:al, S [al,l,al]}.

Herein —R=ap <a; < - <an-1 <any =R, K(y—a") = sgn(y —«")|y — z™|™,
R,m are positive constants, denote DT = DN{y—z™ > 0}, D~ = DN{y—a" < 0},
and G(y—a") = Oy—zn VK (t)|dt. Without loss of generality, we may assume that
the boundary T' possesses the form x = —R + G(§) and x = R — G(§) near z, and
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z* with the condition dG(§)/dj = +H(jj) = 0 at z = z,, z* respectively. Otherwise
through a conformal mapping as stated in [20], this requirement can be realized.
In this paper, we use the hyperbolic unit j with the condition j2 = 1 in D—, and
z+jy, W(z) =U(2)+jV(2) = [H(§)us — ju,]/2 are called the hyperbolic number
and hyperbolic complex function in D™, and = + iy, W(z) = U(z) + iV (z) =
[H(§)ug — iuy]/2 are called the complex number and elliptic complex function in
DT respectively (see [16]). Consider generalized Rassias equation of mixed type
with parabolic degeneracy

K(y — 2™ )ugy + Uyy + auy +buy +cu+d=0 in D, (1.1)

where § = y — 2", a,b, ¢, d are real functions of z € D, U, Uz, Uy € R, and suppose
that (1.1)) satisfies the following conditions,
(C1) For continuously differentiable functions u(z) in D* = D\{ao, a1, ..,an},
the coefficients a, b, ¢, d satisfy
i’oo[n)DJr]:LOC[W7D+]+LOO[T]$’D+]§k07 'I’]:a,b,c,
Loold, DY <k, Cld,D~|=Cld,D~|+ Cldy, D] < ki,

Cn,D~] <koy, n=a,b,c, (1.2)
c<0 in DT,
(e, y)l[g]' " = ei1(§) as§—0,m>2,2€ D",
where @; = a; +ia]',l =0,1,...,N, § =y—2", and £1(9) is a non-negative

function such that £1(§) — 0 as § — 0.
(C2) For any continuously differentiable functions us(z),us2(z) in D*, the func-
tion F'(z,u,u,) = aug + bu, + cu + d satisfies
F(z,u1,u1.) — F(z,uz2,uz,)

- 1.3
= a(u1 — u2)z + b(ur — ug)y + é(ug —ug) in D, (13)

in which a, b, ¢ satisfy the same conditions as those of a,b,c in (1.2)), and
ko, k1 are positive constants such that kg > 2, k1 > max][1, 6k].

To write the complex form of the above equation, denote

Iw@=U+W=%m@—ﬂmfww

H(y — ")
2
H(y — ")
2

1 R
= i[H(y —a" )W, +iW,] = W5 in DT,

[uy —iuy] = H(y — 2"™)ug,

(W, + iWy]

where Z(z) =z +iY =z +iG(g), § =y — 2" in DT. We have
K(y — 2" )tae + uyy
=H(y—a")[H(y — 2™ )ug — tuyly + i[H(y — "™ )uy — fuyly — [1Hy + HHyluy
=2{H|U +iV], +i[U +iV],} — [iH,/H + H;|Hu,
=4H(y — a" )W — [iHy/H + Hy|Hu, = —[auy + buy, + cu + d;
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ie.,
H(y —a™")Wz
= H[W, +iWy]|/2
=H[(U+iV), +i(U +iV)y]/2
={(H,/H+ H, —a/H)Hu, —buy, —cu —d}/4 (1.4)
={(iHy/H + Hy — a/H)(W + W) 4+ ib(W = W) — cu — d} /4
= Ay (z,u, W)W + Ag(z,u, W)W + Az(z,u, W)u + Ay(z,u, W)
=g(Z) in Dy,
in which DJZr = Dy is the image domains of Dt with respect to the mapping
Z = Z(z). Moreover denote
W(z)=U+jV =
_ Hy—=")
2
1 _
[Wa + jWy] = S[H(y = a")W, + jW,] = Wz in D~

SUH(y — "), — o)
[uz — juy] = H(y — 2" )uz,
H(y —a")Wy = Ly; )

in which Z(2) =z +jY =2+ jG(4), § =y — 2™ in D—. Then we obtain
— K(y — 2" Jugs — uyy
=H(y—a")[H({y —2")uz — juyle + j[H(y — 2" )ug — juyly — [[Hy + HH)u,
=2{H[U +jV], +jlU + jV]y} — [Hy/H + Hy]Hu,
=4H(y — 2")Wz — [jHy/H + H,|Hu,
=aug +buy +cu+d, H(y —2™)W5
= H[(U +jV)s +3(U +jV)y]/2
={(jHy/H + Hy)Huy + auy + buy + cu + d}/4
={(jHy/H+ Hy 4+ a/H)(W + W) + jo(W — W) + cu + d}/4
= H{e1|Uy + Vv + Vo + Uy]/2 + ea|U, + Vy =V, — Uy]/2}
=H{ei[(U+V)e+(U+V)y]/24+e(U—-V), —(U—-V)y]/2}
=Hlei(U+V),+e(U—-V),]

1
= 1{(61 —e9)[Hy/H|Huy + (e1 + e2)[(Hy + a/H)Huy + buy, + cu + d},
and in D~, we have

1
(U+ V)= 77 {2H,/H + Hy + a/ HIU =2V + cu +d},

. (1.5)
(U= V)y = g {~2H,/H — Hy — a/HU =20V + cu +d},

where e; = (144)/2,e2 = (1—3)/2, 22 = p+v,2Y = p—v, 0x/0u=1/2=0Y/u
Ox/0v =1/2 = —0Y/Ov. Hence the complex form of can be written as

Wz =AW + AW + Agu+ Ay in D,
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2Re /:[H(U(z) +iV(2)]dz + ¢y in DF,

_ (E")
u(z) = S B (1.6)
2Re /Z* [H(yU(—)z") —jV(2)]dz+ ¢y in D,

where ¢g = u(z.), and the coefficients A; = A;(z,u, W) are as follows

1. a iH 1. a  iH,
7[——+ —4 + H, —ib], —[-— + —% + H, +1b],
1 a4 _ e Yy
4[H+ 7 Y+ H, — jb), 4[H+ 7 e+ b, -
. d (1.7)
_Z, _Z il’l.D+7
Az =1 ¢ Ay = d o
Z’ Z in D—.
For convenience, sometimes a; = a; + ia} (Z:O,l,...,N) in the z = x + iy-plane

are replaced by i, = agp, t = aj_o (1=3,...,N+1), ta = ay in £ = x + ig-plane,
and the hyperbolic complex number £ = z + J9, the function F[z(Z)] are simply
written as z = x + j§, F(2) respectively.

The oblique derivative boundary-value problem for may be formulated as
follows:

Problem P. Find a continuous solution u(z) of (L.1) in D, where u,,u, are con-
tinuous in D*, and satisfy the boundary conditions

10 1 - -
200 = Hily— ) ReEs] = RelAGu:] = () on TU Lu(ao) = e,
1 — _
—— Im[A Ez:z:I A iz:z:b, ay) = y lzl,,N
7 =y ], = (Y], = b (@) = e
N (1.8)
Herein L = Ly U L3 U---U Lany_1, v is a given vector at every point z € ' U L,
uz = [H(y — 2™)uy — tuy)/2, A(z) = cos(v,z) — icos(v,y), cos(v,x) means the

cosine of angle between v and z, A(2) = ReA(z) +ilmA(z), if z € I', and u; =
[H(y — 2™)uy — juyl/2, A(2) = Re A(2) —|—jIm)\( ),ifze L, b,c;(l=1,...,N),co
are real constants, and r(2),b;,¢; (I =1...,N),co satisfy the conditions
Ci[)‘(z)vr} < ko, Cé[)‘(Z%L] < ko, C(ly[r(z)’r] < k2,
Cllr(z),L1] < ks, cos(r,n)>0 onT,

cos(v,n) <1 on L, (1.9)
i, i, leo) < koy 1=1,...,N,
1
max < ko,

zel |ReA(z) —=ImA(z)| —

in which n is the outward normal vector at every point on I', a, kg, k2 are positive
constants with 0 < aw < 1 and ko > ko) .
The number

1
Kii(K1+K2+"'+KN+1)
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is called the index of Problem P, where K; = [21] +.J;, Jy=0or 1,

v At —0
o MU0 e e Nt
)\(tl-‘rO) ™
in which f1 = aop, 2?2 = an, ??3 = (117-~-,£N+1 = aN-1, )‘(t) = eiﬂ/2 on Lo, Lo =

DN {y — 2" = 0} on z-axis, and A\({; +0) = Az —0) = Miz+0) = --- =
Miny —0) = Min +0) = Aia — 0) = exp(in/2). Here K = —1/2 or (N —1)/2
on the boundary D% of DT can be chosen, in the last case we can add N point
conditions u(@;) = ¢; (I = 1,...,N). It is clear that we can require that —1/2 <
w < 1/2(1 = 0,1,...,N). Moreover if cos(v,n) = 0 on I', the case is just the
boundary condition of Tricomi problem, from , we can determine the value
u(z*) by the value u(z,), namely

*

z S S
u(z*) = 2Re/ uydz+u(ze) = 2/0 Re[2'(s)u.]ds +co = 2/0 r(z)ds+co = cn,

and
z

u(z) = 2Re/ udz +u(ag) = 2/05 Rel2'(s)u]ds + co = 2/05 r(z)ds + co = ¢(2)

onTI', and for [ =0,1,...,N — 1,

z S 51

u(z) = 2Re/ uydz +u(ay) = 2/ Relz/(s)u]ds + ¢; = 2/ r(2)ds + ¢ = ¥(2)
o 0 0

on Lgjy1, in which A(z) = 2/(s) on T, z(s) is a parameter expression of arc length

s of T" with the condition z(0) = z., S is the length of the boundary I', and

A(z) = #/(s) on L, z(s) is a parameter expression of arc length s of L; with the
condition z(0) = a;,l =0,...,N — 1. If we consider
Re[A(2)(U+jV)] =0 on Ly,
where A(2) =1 =¢0" theny; =y = -1/2,=0(=2,...,N+1)ory = 1/2,
Yo=-1/2,=0(1=2,...,N+1), thus K =0 or —1/2.
For (1.1)) with ¢ = 0, when K = —1/2 or (N — 1)/2, the last point condition in
(1.8) can be replaced by

Luz(z)) = Im[A(2)us]| o=z = H(y; — ") = ¢;, 1=1,...,N, (1.10)

where 2] = x] + 1y, = x; +iz}” (I =1,...,N) are distinct points on I'\{ao U an},
and ¢; (I =1,...,N) are real constants, in this case the condition cos(v,n) > 0 on
Tin can be cancelled. The boundary value problem is called Problem Q.

Noting that A(2),7(z) € CL(T), M(2),7(z) € CL(L) (0 < a < 1), we can find two
twice continuously differentiable functions uoi () in D* for instance, which are the
solutions of the oblique derivative problem with the boundary condition in for
harmonic equations in D¥ (see [17]), thus the functions v(z) = v¥(2) = u(z)—u (2)
in D* is the solution of the following boundary value problem in the form

K(yfos”)vm+vyy+dvz+i)vy+év+d:0 in D, (1.11)
Re[A(2)v:(2)] = R(z) onT UL,
'U(do) = Cp, (112)

Im[A(z)vz ()] = 4], w(@) = ¢ or ImA\(2))vs(2))] =¢}, 1=1,...,N.
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Herein W(z) = U +iV = vI in DY, W(z) = U+ jV = v, in D, R(z) =0
onTTUL, by =0,c0=¢ =0,1=1,...,N. Hence later on we only discuss
the case of the homogeneous boundary condition and the index K = (N — 1)/2,
the other case can be similarly discussed. From v(z) = vE(z) = u(z) — uT(2)
in D, we have u(z) = v (2) + uf (2) in D¥, u(z) = v=(2) + uy () in D~
v (z) = v (2) —ug (2) +ug (2), v = v, —ug, +ug, = 2Ro(z), and v, = 2Ry ()
on Ly = DN {y = 0}, where RO( ), Ro(z) are undetermined real functions. The
boundary vale problem , is called Problem P or Q.

Here we mention that if the domain D is general, then we can choose a univalent
conformal mapping, such that D is transformed onto a special domain with the
partial boundary I' as stated before, then the u, in Conditions (C1),(C2) should be
replaced by u.. For the boundary condition on the boundary 9D of general
domain D, we require that the boundary conditions about u(z) and u, in
satisfy the similar conditions.

2. REPRESENTATION OF SOLUTIONS TO OBLIQUE DERIVATIVE PROBLEMS

The representation of solutions of Problem P or Q for equation (1.1) is as follows.

Theorem 2.1. Under Conditions (C1), (C2), any solution u(z) of Problem P or
Q for equation (1.1) in D~ can be expressed as

u(z) = /Oyﬂ V(z)dy + u(z) = 2Re /:[II%{e(I;; + (_Zj> Im W)dz + co

W(2) = @[Z(2)] + V[(Z(2)] = ®[Z(2)] + V[(Z(2)], ¥(2) = T(2) ~ T(Z),

W(2) = T(2)+T(2), / D+t_t doy in D}, o)

(2) 5( Jer +n(z)ea in D~

y—z"
/ (z)dt+/ g1(=z)dt, =z € s,
S1 0
y—z”
/ / gg(z)dtJr/ g2(2)dt, z € sa,
So 0
)+

gl( ) V +Bl(U Vv QCZU-FDZU-FEZ, l=1,2.

Herein Z = m—i—jG( —a"), f(Z) =9(Z)/H, U = Huy /2, V = —u,/2, (_Z) is

a 2 x 1 matriz, £(z fs g1(2)dt in D~, {(x) +0(x) = 0 on Ly, s1,s2 are two
families of chamctemstzcs m D™
dx dx
— = — " — =—H(y—2a" 2.2
SR (y— =), iy (y — ") (2.2)
passing through z = x +j(ly—az") € D7, S1,S% are characteristic curves from the

points on L = LiUL3U-- ULQN 1,L =LoULyU---ULgn to two points on Lg
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respectively, and

J
Ly,

W) = UG + V() = 3 — 3
£(z) =ReW(z)+ImW(z), n(z)=ReW(z)—ImW(z),

- ~ b - ~ b - a m(l—nz""1H) (2.3)
A =By=—2, A4=B =2, C=—42 " =
1 2 9 2 1=5 1 2H+ Ay —an)
~ a m(l+nz"1H) ~ - c = ~ d
2 2H+ y—am) 1 2= 5 1 2= 5

in which we choose H(y — a™) = |y — x"|™/2, where m is as stated before.

Proof. From (1.5)), (1.6]), we see that equation (I.1)) in D~ can be reduced to the
system of integral equations: (2.1). Moreover we can derive H(0)u,/2 = U(z) =

[C(z) + 0(x)]/2 = 0, i.e. ((xr) = —O(z) on Lo, and then ((z) = fSl g1(z)dt,

0(z) = —((x + G(y — 2™)) in D—. Here we mention that by using the way of
symmetrical extension with respect to L; (I = 1,2,...,2N), we can extend the
function W(Z),u(z) from D~ onto the exterior of D~ O

In the following, we prove the uniqueness of solutions of Problem P for (1.1)).

Theorem 2.2. Suppose that (L.1) satisfies Condition (C1), (C2). Then Problem
P for (1.1) in D has a unique solution.

Proof. Let u1(z),us(z) be two solutions of Problem P for (L.1). Then u(z) =
u1(z) — ug(z) is a solution of the generalized Rassias homogeneous equation
K(y — 2™)gg + Uyy + dtig +buy, +éu=0 in D, (2.4)
satisfying the boundary conditions
10u 1 — ~
—— = — Re[A(2)uz(2)] =0 onT UL,
20v  H(y) A@)uz(2) (2.5)

u(ap) =0, Im[A(z)uz(z)] =0, wu(@)=0, I=1,...,N,
where the function W(z) = U(z) + jV(z) =
domain D~ can be expressed in the form

W(z) = ¢(x) +9(2) = §(2)er +n(2)ez,

n

€)= C(2) + / AU V) 4 BUU - V) + 26,0 + Daldy, =€ s,

[H(y)ug — juy]/2 in the hyperbolic

(2.6)
n(z) =6(z) + /Oy_x [Ay(U + V) + Bo(U — V) + 2CoU + Douldy, =z € s9,

where ¢(z) = ((z)e1 + 0(2)ez is a solution of equation Wz =0 in D™, and

* ReW(z) i . (Dt
u(z) = 2Re/2* o * <_j) Im W]dz in (D> (2.7)
By a similar way as in [20, Section 2, Chapter V], we can verify u(z) = 0 in D—,
especially ug = 0 on Ly.

Now we verify that the above solution u(z) = 0 in D*. If the maximum M =
maxpy u(z) > 0, it is clear that the maximum point 2z’ ¢ D*. If the maximum M
attains at a point 2’ € T and cos(v,n) > 0 at 2/, we get du/Ov > 0 at 2/, which
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contradicts the first formula of (2.5). If cos(v,n) = 0 at 2/, denote by I'” the longest
curve of T" including the point 2, so that cos(v,n) = 0 and u(z) = M on I, then
there exists a point zp € I'\I", such that at zo, cos(v,n) > 0,9u/dn > 0, cos(v, s) >
0(< 0), Ou/ds > 0(< 0), hence the inequality

% = cos(v, n)g—z + cos(v, s)% >0 atz (2.8)
holds, in which s is the tangent vector at zp € T', it is impossible. Thus u(z) attains
its positive maximum at a point z = 2’ € Lg. By the Hopf Lemma, we can see
that it is also impossible. Hence u(z) = u;(z) — ua(z) = 0 in DT, thus we have
u1(z) = uz(z) in D. This completes the proof. O

3. SOLVABILITY OF OBLIQUE DERIVATIVE PROBLEMS

In this section, we prove the existence of solutions of Problem P for equation
(1.1). From the discussion in Section 1, we can only discuss the complex equation

Ws = Ay (z,u, W)W + Ag(z,u, W)W + As(z,u, W)u + Ag(z,u, W) in (3.1)

with the relation

. ReW(z) ) e
2 —_— 1 D+
Re/z [H(yfx”) +iImW(2)]dz 4+ ¢y in DT,

u(z) = N Re W (2) o (3.2)
2Re/Z* [W —jImW(2)|dz 4+ ¢y in D™,

and the homogeneous boundary conditions
Re[A(2)W(2)] = R(z) onT UL,
u(ao) = co, (3.3)

Im[A(z)uz(21)] = by, w(@) = ¢ or Im[A(2])uz(2))] =¢;, 1=1,...,N,

where R(z) =0onT ULy and ¢ =0 =¢, =¢;=0,1=1,...,N. The boundary
value problem (3.1)), (3.2), (3.3) is called Problem A, which is corresponding to
Problem P or Q. It is clear that Problem A can be divided into two problems, i.e.

Problem A; of equation (3.1]), (3.2]) in DT and Problem A, of equation (3.1)), (3.2)

in D~. The boundary conditions of Problems A; and Ay as follows:

Re[A(2)W(z)] = R(z) on T'U Ly,

o (3.4)
w(@) = ¢ or Im[A(2))W ()] =¢), 1=1,...,N,
where \(z) = —i, R(z) = Ro(x) on Lo, and
Re[)\ﬁW(z)} = R(z) on LU Ly, (3.5)

Im\(z)W ()] =b;, l=1,...,N,

in which \(2) = a(z) + jb(2), R(z) = 0on T U L in (L.12), A(2) = 1 +j, R(z) =
—Ro(z) on Lo, Ro(x), Ro(z) on Ly are as stated in (L.12)), because Re W (z) = 0 on
Lg, thus 1+ j can be replaced by j.

Introduce a function

N+1

X(z)=[[@z-wm, (3.6)

=1
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where £, = —R, to = R, t; = aj_2, l = 3,...,N + 1, the numbers 7; = 1 — 2y,
if vy > 0, o = max(—27,0) if vy < 0, 3, (I = 1,2) are as stated in Section 1,
N3 = -+ = Nn+1 = 1, where we choose a branch of multi-valued function X (Z2)
such that arg X (z) = nen/2 on Lo N {x > an—_1}. Obviously that X(Z)W[z(Z)]
satisfies the complex equation

[X(Z2)W)y = X(Z)[AW + AW + Agu + A4)/H = X(Z)g(Z)/H Dy, (3.7)

and the boundary conditions

Re[A(2)X(Z)W(z)] = R(z) =0 onT,
Re[A(2)X(Z)W(2)] =0 on L,
u(a’O) = 07 Im[)‘(zl)W(Zl)] = Oa u(al) = Oa l= 1; cee Na

where Dy = Z}, M(2) = A(z)e!#2X(?) Noting that

S %\(t} 0) _ A(tf —0) eiargx(tf—o) — iSu+in)
)\(tl_"_o) A(tl"l‘o) eiarg X (t+0)
Tl:@_kl:()) l:17...,N+1;

i

in which iy =7 /2,1=1,2, 7 = mqm, 1 =3,..., N+1, which are corresponding to
the numbers ; (1 <1 < N +1) in Section 1. K =-1,K=11=2,...,N+1,
or Kj=—1,K;,=0,0=2,...,N +1, then the index K = (K; 4 --- 4+ Kn41)/2 =
(N —1)/2 or —1/2 of A(2) on T'U Ly is chosen. For the case K = (N —1)/2, we
need to add N point conditions u(a;) =¢ (I=1,...,N) in and (1.10]), such
that Problem P or @ is well-posed.

Theorem 3.1. Let (1.1) satisfy Conditions (C1), (C2). Then any solution of
Problem Ay for (1.1) in DT satisfies the estimate

G5l (2), D7) = Co[X(Z) (R W(2)/H + iTmW(2)), D7) + Cofu(=), D7) < My,
CA'(;[W(Z),?} < Mg(k‘l + k‘g),

(3.8)
where X (Z) is as stated in (3.6), 6 < min[2,m]/(m + 2) is a sufficiently small
positive constant, My = M1(8,k, H, DV), My = M5(8, ko, H, DT) are positive con-
stants, and k = (ko, k1, k2).

Proof. We first assume that any solution [W(z), u(z)] of Problem A; satisfies the
estimate

CIW(z),DF] = CIX(Z)(Re W (Z)/H+iIlm W (Z), Dz|+C[u(z), D¥] < Ms, (3.9)

where M3 is a non-negative constant, and then give that [W(z),u(z)] satisfy the
Holder continuous estimates in D .
Firstly, we verify the Holder continuity of solutions [W(z),u(z)] in

Dz n{dist(Z,{t; Ulo U---Uini1}) > e},

in which e is a sufficiently small positive constant. Substituting the solution
[W(z),u(z)] into (3.7) and noting ReW(Z) = R(x) = 0 on Lo, we can extend
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the function X (Z)W/[z(Z)] onto the symmetrical domain Dz of D, with respect
to the real axis Im Z = 0, namely set

(2 — {X(Z)W[Z(Z)] in Z?Z,
—X(2)W[z(Z)] in Dy,

which satisfies the boundary conditions

Re[AM(Z)W(Z)]=0 onTUT,
Al

~ 2(2)], 0 onT,
MZ)=qA\:(2)),  B(Z)={0 onT,
1 0 on Ly,

)

where T is the symmetrical curve of T’ about Im Z = 0. It is easy to see that the
corresponding function u(z) in can be extended to the function @(Z), where
W(Z) = ulz(Z)] in Dyz(= D}) and @(Z) = —u[2(Z)] in Dz. Noting (C1), (C2)
and the condition (B.9), we see that the function f(Z)=X(Z)g(Z)/H in Dy and
f(Z2) = =X(Z)g(Z)/H in Dy satisfies the condition Lo.[y"Hf(Z), D} < My, in
which D}, = Dz U Dy U Ly, 7 = max(1 — m/2,0), My = My(5,k, H, D, Ms) is a
positive constant. On the basis of [20, Lemma 2.1, Chapter I], we can verify that
the function W(Z) = T(2) — T(Z) (T(Z) = =1/7 [ [, [f()/(t = Z)ldo+} over Dy)
satisfies the estimates

Cpl¥(2),Dz) < Ms, W(Z) = ¥(li) =0(Z —1|"), 1<I<N+1,  (3.10)
in which 8 = min(2,m)/(m+2)—26 = 4, (1 <1 < N+1), § is a constant as stated in
(3.8), and M5 = M5(0, k,H,D, M3) is a positive constant. On the basis~0f Theorem
the solution X (Z)W (z) can be expressed as X (Z)W (Z) = ®(Z)+V(Z), where

®(Z) is an analytic function in Dy satisfying the boundary conditions

Re[\(Z2)®(Z)] = —Re[\(2)¥(Z)] = R(Z) onTUL,
0

u(ag) = 0,u(@;) =0 or Im[A(z))W(z])] =0, I=1,...,N.

There is no harm in assuming that W(#;) = 0, otherwise it suffices to replace W(Z)
by W(Z) — ¥(f)(1 <1 < N +1). For giving the estimates of ®(Z) in Dz N
{dist(Z,T") > e(> 0)}, from the integral expression of solutions of the discontinuous
Riemann-Hilbert problem for analytic functions, we can write the representation of
the solution ®(Z) of Problem A; for analytic functions, namely

= _ Xo(9) (t+ QANZM)R[Z(t)]dt
bzl =52 | e Q)
(K]
Q) =i (el +a(™)
k=0
0, when 2K = N — 1 is even,

ic Ce =1
G-¢

+9.. G+¢ / W when 2K = N — 1 is odd
0Dy
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(see [I7, I8]), where Xo(¢) = I T (¢ — &)™, 7, (I = 1,...,N + 1) are as before,
Z = Z((¢) is the conformal mapping from the unit disk D¢ = {|¢| < 1} onto the
domain Dy such that the three points ( = —1,4,1 are mapped onto Z = —1, Z’(€
'), 1 respectively. Taking into account

| X0(O)l = 03¢ — &™), IAZ(QIRIZ(O)/ Xo(O)] = O(I¢ — &™),
and according to the results in [I7], we see that the function <i>(Z) determined
by the above integral in Dz N {dist(Z,I') > e(> 0)} is Hélder continuous and
@(t:l) =0(1 <I< N+1). Thus, from (3.10) and the above integral representation
of ®(Z), we can give the following estimates

Cs[®(2), D:] < Mg,  Cs[X(Z)ug, De] < Mg, Cs[X(Z)uy, Do) < Mg,  (3.11)

where D. = Dz N {dist(Z, Ly) > ¢}, ¢ is arbitrary small positive constant, Mg =
Mg(6,k, H, D, M3) is a non-negative constant. Similarly we can get

Cs[H(§)ug, D) < Mz,  Csluy, DL] < My, (3.12)
in which D, = D, N {dist(Z,T UT) > ¢}, ¢ is arbitrary small positive constant,
and M7, = M7 (8, k, H, DL, M3) is a non-negative constant. O

Next, for giving the estimates of X(Z)u,, X(Z)u, in D, = D,NnDy (D =
{|1Z — )] <e(>0)},1<1<2) separately, denote X(Z) = X +iY as in (3-6), we
first conformally map the domain D’ = D;zUD ;U Ly onto a domain D¢, such that
Lo is mapped onto himself, where D is a domain with the partial boundary I'U L,
and T UT is a smooth curve including the line segment Re ¢ = #; near ¢ = { (1<
I < 2). Through the above mapping, the index K = (N — 1)/2 is not changed,
and the function W[Z(¢)] in the neighborhood ¢(D;) of #; (1 < I < 2) is Holder
continuous. For convenience denote by DZ,DZ,VV(Z) the domains and function
D¢, ((Dy), W[Z(¢)] again. Secondly reduce the the above boundary condition to
this case, i.e. the corresponding function A(Z) =1 on TUT near Z = #; (1 <1 < 2).
In fact there exists an analytic function S(Z) in DY, = Dz U Dz U Ly satisfying the
boundary condition

ReS(Z) = —argA(Z) onTUT nearf;, ImS(f) =0,
and the estimate
C.[S(Z), DN DY) < Mg = Mg(6, k, H, D, M3) < oo,
then the function e/%(%) X (Z)W(Z) is satisfied the boundary condition
Re[e DX (Z)W(Z)]=0 onTUT mnear Z=1;(1<1<2).

Next we symmetrically extend the function ®*(Z) in D/, onto the symmetrical
domain D}, with respect to Re Z = £, (1 <1 < 2), namely let

W) eSAOX(Z)YW(Z) in DYy,
| —eS@X(ZYW(Z') in D,

where Z' = —(Z — ;) + #;, later on we shall omit the secondary part e*%(%),

After the above discussion, as stated in (2.1)), the solution X (Z)W(z) can be also

expressed as X (Z)W (Z) = ®(Z) + U (Z), where X(Z) = X +iY, X(Z) is as stated
in (8.6), ¥(Z) in Dy = {D3 UD,}N{Y = G(y — 2") > 0} is Holder continuous,
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and ®(Z) is an analytic function in D satisfying the boundary conditions in the
form

Y
@

.~

X
2

(Z)] = R(Z) onTU Ly,
u(f)) =0, 1=1,...,N+1,

because in the above case the index of A(Z) on dDy is K = (N — 1)/2. Hence by
the similar way as in the proof of (3.12]), we have

Cs[X(Z2)H(§)uz, Di) < My, Cs[X(Z)uy, D) < My, 1<1<2,

where M; = M; (6,k,H, D, M3)(l = 9,10) is a non-negative constant. As for the
solution of Problem P in the neighborhood of #; (3 <1 < N + 1), we can use a
similar way.

Finally we use the reduction to absurdity, suppose that is not true, then
there exist sequences of coefficients {Al(m)} (1 = 1,2,3,4), {\}, {#(™} and
{cl(m)} (1=0,1,...,N), which satisfy the same conditions of coefficients as stated
in (1.§), (L.9), such that {Al(m)} (I = 1,2,3,4), (M} {rm)1 {cl(m)} in DT,
I', Ly weakly converge or uniformly converge to Al(o) (1=1,2,3,4), AO) 5 (0) {cl(o)}
(I =0,1,...,N) respectively, and the solutions of the corresponding boundary
value problems

Wém) — F(m)(z,u(m),W(m)),F(m)(z’,u(m), W(m))
= A 4 A<m>W<m> + AU AT i DT
Re[A(™) ()W (™) (2)] = RU™(2) on T U Ly,
u™ (@g) = ™, u™(a) =™ or LW (2)) =™, 1=1,...,N,

and
y
u™ (2) = u(™(z) — 2/ V) (2)dy
0

:QRe/Z* [% +iImWdz 4+ ™ in DF
have the solutions [W (™) (z), u(™ ()], but C[W ™ (2), D¥] (m =1,2,...) are un-
bounded, hence we can choose a subsequence of [W (™) (z),u(™)(2)] denoted by
[W ) (2),u(™)(2)] again, such that h,, = C[W(™(z),DF] — oo as m — oo,
we can assume h,, > max|ky, ks, 1]. It is obvious that [W(™)(z), @™ (z2),,] =
(W) (2) /i, u™ (2) /hum] are solutions of the boundary value problems

(m) _ fp(m)(, g(m) jj7(m)
W = F™ (z, 0™, W),

FO (a0 Wom)y = AMmyem 4 iy om) 4 Almatm) 4 A8 /h, in DY,
Re[A\™) ()W (™ (2)] = R™(2)/h,, on T U Ly,
a(m)(&O) = CO /hma

™ (a )—cl(m)/h orLWm)(zl):cl /hm, l=1,...,N,
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and
w(m) ()

m

7 _
@™ (z) = -2 / V™) (2)dy
0

(m) L —
:2Re/ [%—&-zlme)]dz—i— W in DT.

We see that the functions in the above boundary value problems satisfy the same
conditions. From the representation (2.1)), the above solutions can be expressed as

(m) Yo
i (z) = (@) _, / 70m (2)dy
m 0

=2Re/ [ei—kzImW(m]dz—k in D+

H(9) hom ’
W () = 800[2(2)] 4§ [2(2),
\il(m)(Z) = T(Z) _ﬁa = - // ft(m dO't, in ﬁ,
D+ -

As in the proof of (3.10), and notice that y™H(§ ) frN(Z) = y™X(Z)g"™ (Z) €
Lo(Dz), 7 = max(0,1 — m/2), we can verify that

Col¥(2), DF] < My, W(Z)|z=, = O(1Z —;|™), j=1.2,
where M3 = My3(d, k, H, DT) is a non-negative constant.

Noting that Conditions (C1), (C2) and the complex equation and boundary con-
ditions about W,™, which satisfy the conditions similar to those about wm(z),
we have ) L L

CIX(2)W{™(Z),D¥| < Mya = My2(6, k, H,DF).
Hence we can derive that sequence of functions:
{X(Z2)Re W™ (2)/H(§) + ilm W™ (Z))}
satisfies the estimate
Cs[W™(Z),Dz) < Mys = My3(8,k, H, D¥) < o0.

Hence from { X (Z)[Re W™ (2)/H +iTm W™ (2)]} and the sequence of correspond-
ing functions {@(™(2)}, we can choose the subsequences denoted by

{X(Z)[Re W™ (2)/H +iIm W™ ()]}, {a™(2)}

again, which uniformly converge to X (Z)[ReW©(2)/H + iIm W) (2)], @ (2)
respectively, it is clear that [IW()(z),a(?)(z)] is a solution of the homogeneous
problem of Problem A;. On the basis of Theorem the solution W (z) = 0,
@ (z) = 0 in DF, however, from C[W (™) (z), DF¥] = 1, we can derive that there
exists a point z* € DT, such that C[W(©(z*), D¥] = 1, it is impossible. This
shows that is true, where the constant M3 = M3(d,k, H, D7), and then the
first estimate in can be derived. The second estimate in is easily verified
from the first estimate in .

Theorem 3.2. Under the same conditions as in Theorem 3.1, Problem A; for
(3-1), (3.2) in DT is solvable, and then Problem @ for (1.1) with ¢ =0 in DT has
a solution. Moreover, Problem P for (1.1)) in D is solvable.
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Proof. Applying using the estimates in Theorem [3.1] and the Leray-Schauder the-
orem, we can prove the existence of solutions of Problem A, for (3.1 with A3 =0
in D*. We consider the equation and boundary conditions with the parameter
te0,1]:

Wz —tF(z,u,W) =0, F(z,u,W)= AW + AW + A; in Dy, (3.13)

and introduce a bounded open set Bj; of the Banach space B = Cs (Dz), whose
elements are functions w(z) satisfying the condition

w(Z) € C5(DF), Cslw(Z),Dz| < My =1+ M, (3.14)

where ¢, M7 are constants as stated in (3.8). We choose an arbitrary function
w(Z) € By and substitute it in the position of W in F(Z,u, W). By Theorem [2.1
we can find a solution w(z) = ®(Z) + V(Z) = wo(Z) + T(tF) of Problem A; for
the complex equation

Wo = tF(z,u, w). (3.15)
Noting that y" HF[2(Z),u(2(Z)),w(2(Z))] € Loo(Dz), where 7 = 1 —m/2, from
Theorem we know that the above solution of Problem A; for (3.13]) is unique.
Denote by W(z) = T[w,t] (0 < ¢ < 1) the mapping from w(z) to W(z). On the
basis of Theorem [3.1] we know that if W(z) is a solution of Problem A; for the
equation

sztF(Z,u, W) in Dz,
then the function W(Z) satisfies the estimate
Cs[W(Z),Dz] < Mua.

We can verify the three conditions of the Leray-Schauder theorem:

1. For every t € [0, 1], T'[w, t] continuously maps the Banach space B into itself,
and is completely continuous on Bys. In fact, arbitrarily select a sequence w,,(z) in
By, n=0,1,2, ..., such that Cs[w, —wq, Dz] — 0 as n — co. By (C1), (C2), we
can derive that Loo[(y—2"™)" X (Z)H (y—x™)(F(2,un,w,) — F(z,u9, Wo)), Dz] — 0
as n — oo. Moreover, from W = T[wy,,t], Wy = T[wo,t], it is easy to see that
W,, — Wy is a solution of Problem A; for the complex equation

(W = Wo)z = t[F (2, un, wyn) — F(z,ug,wo)] in Dy,
and then we can obtain the estimate
Cs[W,, — Wo, D] < 2koClwn(2) — wo(z), D).

Hence Cs[W — Wy, Dz] — 0 as n — co. Afterwards for w,(z) € Bas, n=1,2,...,
we can choose a subsequence {wy,, (2)} of {w,(z)}, such that Clw,, —wo, Dz] — 0
as k — oo, where wo(z) € Byy. Let W,,, = T[wy,, t] withn =ny, k=1,2,..., and
Wy = Twy, t], we can verify that

C'g[Wnk —~Woy,Dz] -0 ask — cc.

This shows that W = T|w, ] is completely continuous in Bys. Applying the similar
method, we can also prove that for w(Z) € By, T[w,t) is uniformly continuous
with respect to t € [0,1].

2. For t =0, it is evident that W = T[w,0] = ®(Z) € By,.

3. From the estimate (3.8), we see that W = T'[w,#](0 < ¢ < 1) does not have a
solution W (z) on the boundary By = B\ Ba-
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Hence there exists a function W(z) € By, such that W(z) = T[W (z), 1], and the
function W(z) € Cs(Dz) is just a solution of Problem A; for the complex equation
with As = 0.

Next, substituting the solution W (z) into the formula , it is clear that the
function u(z) is a solution of the corresponding Problem @ for linear equation
in DV with ¢ = 0. Let ug(z) be a solution of Problem Q for the linear equation
with ¢ = 0, if ugp(2) satisfies the last N point conditions in , then the
solution is also a solution of Problem P for the equation. Otherwise we can find
N solutions [u1(z),...,un(z)] of Problem Q for the homogeneous linear equation
with ¢ = 0 satisfying the boundary conditions

Re[A(z)u;z] =0, zeTl, w(ap) =0,

Im[ (Z)UIEHZ:Z;C =, lLk=1,...,N.

It is obvious that U(z) = ch\le u(z) Z 0 in DY, moreover we can verify that

ui(ay) ... un(ay)
J=| R
ui(an) ... un(an)
thus there exist N real constants dy,...,dy, which are not all equal to zero, such

that
dlul(dl)+'“+dNuN(C~ll):UO(dl)fcl, lil,...,N,

thus the function
N
u(z) = up(z) — deuk(z) in Dt
k=1

is just a solution of Problem P for the linear equation (1.1)) with ¢ = 0. Moreover
by using the method of parameter extension and the Schauder fixed-point theorem
as stated in [20, Chapter II], we can find a solution of Problem P for the general

equation (1.1f). O

Theorem 3.3. Suppose that satisfies (C1), (C2). Then the oblique derivative
problem (Problem P) for (1.1)) is solvable.

Sketch of Proof. The solvability of Problem As can be obtained by the similar meth-
ods as in [19] 20], and then the solution u(z) = v(z) 4+ ug(z) of Problem P for
in D~ is found. The boundary value uy(x)/2 = —Im W of above Problem P on
Ly can be as a part of boundary value of Problem A; for ,, thus from
Theorem we can find the solution of Problem A; for , in Dt. Hence
the existence of Problem P for in D is proved. O

Finally we mention that the boundary conditions in onL=LUL3U---U
Lopn_ 1 are replaced by the corresponding boundary conditions on L' =LyUL4U
-++U Loy, we can also derive the similar results, and the coefficient K(y — 2™) in
equation can be replaced by the generalized Rassias-Gellerstadt function

K(z,y) = sgn(y — 2")|y — 2" ["h(z,y),

where the positive numbers m,n are as stated before, and h(x,y) is continuously
differentiable positive function.
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