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A COMBUSTION MODEL WITH UNBOUNDED THERMAL
CONDUCTIVITY AND REACTANT DIFFUSIVITY IN
NON-SMOOTH DOMAINS

SIKIRU ADIGUN SANNI

ABSTRACT. In this article, we present a strongly coupled quasilinear parabolic
combustion model with unbounded thermal conductivity and reactant diffu-
sivity in arbitrary non-smooth domains. A priori estimates are obtained, and
the existence of a unique global strong solution is proved using a Banach fixed
point theorem.

1. INTRODUCTION

‘We consider the combustion model

% — div(¢Vu) = Quf(u), inQx[0,00), (1.1)
% — dlv(ﬂ}vw) = *wf(u)a in { x [0, 00)7 (12)
ou Ow
%:%:0 on 99 x [0,00), (1.3)
u(z,0) = uo(x), w(z,0)=wo(x), (1.4)
where
¢ = h'(z,t,u,w), =h*(ztuw). (1.5)

Here Quf(u) and —w f(u) are the reaction kinetics determined by a positive, uni-
formly bounded, differentiable and Lipschitz continuous function f(u). Further,
f'(u) is also assumed to be uniformly bounded and Lipschitz continuous. For our
analysis, we shall take

0<f(u) <B, [f(u)—f(@)]< Llu-dal, (1.6)

() < B, [f(w) = f'(@)] < L'|u—1ql. (1.7)

The system ([1.1)—(L.4]) represents a one step irreversible reaction, reactant —
product. w(x,t) is assumed to be the mass fraction of the reactant, 1 — w(zx,t),
the mass fraction of the product, u(x,t), the temperature in the reaction vessel,

o(z,t,u, w), the thermal conductivity, and ¢ (z, ¢, u, w), the reactant diffusivity. We
assume that € is an open and bounded arbitrary non-smooth domain in R3. In
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theory, the reactant decomposes at a rate which is proportional to f(u)w(z,t),
where f(u) is the approximate number of molecules that have sufficient energy for
the reaction to begin.

We remark that and represent an approximate set of conservation
equations for a single-step irreversible reaction. For the complete set of conservation
equations, we refer to Fitzgibbon and Martin [I]. We further refer the reader to
Frank-Kamenetskii for more information on chemical kinetics and combustion [2].

The literature on combustion models is quite rich. We mention here the work
of a few authors. Marion [3], Terman [4] and Wagner [5] considered the existence
of travelling wave solutions, taking €2 = R; while their stability versus instability
were analysed by Clavin [6] and Sivashinky [7]. Avrin [§ [0] investigated nontravel-
ling wave solutions to the semilinear, constant coefficient case, obtaining existence
results on both Q = R and Q = R”. With  a bounded C'*° domain in R", Fitzgib-
bon and Martin [I] proved global existence to the system —, with bounded
thermal conductivity ¢(z,t, u) and bounded reactant diffusivity ¢ (x, t, w); both as-
sumed to be C%(Q x [0, 00) x R; R) functions. Further, the reaction kinetics Qw f(u)
and —w f(u) were determined by a modified Arrhenius rate function f(u).

In this paper, we shall prove the existence of a unique, global strong solution to
the strongly coupled system —, with strictly positive, unbounded Lipschitz
continuous (with respect to u and w) ¢ and ©. We remark that a similar situation
arises in [12], where in analysing Reynolds Averaged Navier-Stokes Problem model,
the eddy viscosities in the fluid equation are assumed to be nondecreasing, smooth
and unbounded functions of the turbulent kinetic energy.

For our analysis, we assume that, for all (x,t, u.w), (z,t,4,w) € Qx[0,T)x Rx R,

¢ = h*(x,t,u,w) > o1 >0, (1.8)

Y = h%(z,t,u,w) > oy > 0, (1.9)

b, t,u,w) — S, t, 1, )| < Ay (lu— | + w — wl), (1.10)

W’(%ta u, w) - ¢(9€,ta fL,TI))| S A2(|u - ﬂ’| + |’U} - u~)|)7 (111)
¢ oY

||§||L2[0,T;Lw(ﬂ)] <M, ||E||L2[0,T;Loc(m <M, (1.12)

Pl oo, iz ) < N5 Yoo, msm2(0)) < N, (1.13)

ID*¢|20,7502(0) < N1y [ID*9] L2p0,m02(0)) < Mo, (1.14)
D¢ o

||§\|Loc[o7T;H1(Q)} < My, ||7||Loo[o,T;Hl(Q)] < My, (1.15)

D0l 210,12 (0)) < M2, [ID*0)|| 1210, 7:12(02)) < Ma. (1.16)

All first partial derivatives of h!(z,t,u,w) (I = 1,2) with respect to its arguments
are assumed bounded by A;, and Lipschitz continuous (with respect to u and w)
with Lipschitz constant Li; while all second partial derivatives, except %2—5, are
assumed to be bounded by Ao, Lipschitz continuous (with respect to u and w) with

Lipschitz constant Ls. For example,

Oh! 92%h!

i< Z < .

| 5 | < Ai, |8t6u|_>\2’ (1.17)
ont  on N 5
| — 57| < La(lu — @ + [w — @), (1.18)

ot ot
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O?ht - 9%h!
- —— | < Ly(ju—a — 1.1
‘aug 2 | < Lo(Ju —al + |w — @), (1.19)
where
h = hl(x,t,a,). (1.20)

The letter C written, with or without one or more arguments, shall represent
constants which might differ from one step to the other. We write the system

(1.1)-(L.4) in the equivalent form
ou

i div(¢oVu) = div(fy) + gu, 1n Q x [0,00), (1.21)
88—1: —div(poVw) = div(fw) + gw, in Q x [0,00), (1.22)
0 0
% - % =0, ondQ x [0,00), (1.23)
u(z,0) = uo(x), w(z,0)=wy(x), (1.24)
where
¢ = hl(amt,u, w), = hQ(x,t,mw), (1.25)
¢0 = hl(I,(),lbo,wo), ’l/)o = h2(x703u07w0)7 (126)
t
fu :/ 0spdsVu, g, = Quwf(u), (1.27)
0
t
fu= [ BwdsV, g, = ~wf(w. (1.28)
0

2. A PRIORI ESTIMATES

First, we state and prove three useful Lemmas.

Lemma 2.1. Let the conditions (1.8)-(1.20) hold. Then for 6 = ¢, 1,
V(0 = 0) < C(A1, L) (Ju — al? + [w — @ + |V (u— @)* + |V(w — @) [*), (2.1)
10:(0 — 0)]* < C(A1, Ly) (Ju — a* + |w — @ + |0 (u — @) |* + [0 (w — @) [?), (2.2)

D20 — 0)> < C(M, Ao, Ln, Lo) [(1 + [Va|* + |Va|* + [Va|* Vi ?
+|D?a|* + |Val* + |Va|* + |D*@?) (Ju — a]* + |w — @]?)

(14 [V + V3 + Vul + VaP) (V-
+ V(w—@)]*) +[D*(u - @) + |D*(w — @) ],
0:V(0 = 0)” < C (A, Ao, Ln, L) [(1 + [0l + |00 + |Vai|* + [V
+ 101 Val* + 9P| Val® + |0 Vo |* + |80 Vol
+10:Val + 10,Vd)?) (Ju — al? + |w — @[2) + (1+ [dsul? (2.4)

+10w?) (IV(u — @) + |V(w — ®)]*) + (14 |Val?
+ [ V@|?) (10 (w — @) [* + |0 (w — @) [* + |0,V (u — @) |?
+10,V (w —@)[*)].
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Proof. The estimates are proved using the chain rule to obtain appropriate differ-
ential coefficients of § — 0, rearranging and using the conditions (|1.8)-(1.20]). For
brevity, we illustrate with the proof of (2.1).

Oh' _ O Oh' du _Oh' o OB dw O 0w
Ox; Ox; OuOx; OuOdx; OwOx; 0w Oz
_ | oK _@Jrail(au N 8Q)+@(8il_ail)
Ox; Ox; Ou ‘Ox; Oxy Ox; * Ou o0t (2.5)
ail(aﬂ _ @) +@(8il _ @)‘2
ow ‘0x; Ox; Ox; ‘0w  Ow
<COA L) (lu—al* + fw — @ + [V(u— @) + [V(w — d)?).

2

V(0 -0 =|

O

Lemma 2.2. Let Q € R3, be open and bounded set with a C' boundary; and
u, 0, v,0,w € HY(Q). Then there exists € > 0, C = C(Q) such that

1
[ 1Bt < Clulln @y (1ol + el (26)
_ 1 _ _
juv — @2z < Cllold ay (¢l = @l + ellu = @l o)
Q : (2.7)
+ Clall3 q) (2o = Bl + ello = ollinn ey )
[ P ol ulds < Clull o ol ol e (2.8)

Proof. Estimates (2.6) and (2.7) are proved in [10]. We therefore render only the
proof of (2.8]). By Hélder and Sobolev’s inequalities, we calculate

/Q|u‘2|v|2|w|2dx§ (/Q|u|6dx>1/3</9|v|6dx)1/3(/ﬂ|w|6da:)1/3 2.9)

< Cllull3n o1l @) 1wl )
O
Lemma 2.3. Let ug € H3(Q); and (1.1)), (1.2), (1.4) and (L.5) be satisfied. Then
we have the estimate

10cu(z, 0) 3 (@) + 10cw(z, 0) |71 (q)

(2.10)
< C(llwo oy + lwolagay + ooy lwols o)
where C = C(Q,Q, B,B', N, Ny).
Proof. 1. Taking (1.1)), (1.2), and (1.5) at ¢t = 0 yield
0
% — div(¢oVug) = Quo f(ug), in €, (2.11)
0
% — diV(lﬁovw()) = —’U)of(Uo), in Q, (2.12)

—~

u(z,0) = up(x), w(x,0)=wy(z), 2.13)

where ¢0 = hl(x,(),uo,wo), 1/10 = hz(xaoaUOawO)‘
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2. Using (2.11]), we estimate
/ 1Oy |2dz = / |div (60 Vo) + Qui f (o) 2da
Q Q
= / V0. Vg + doAug + Quo f (uo)|*da
Q
2.14
< C(@)(160l=(ey oy + 190120 3 o 0 lreey — F1)
+ Qz\f(uO)\Qllwollizm))
< C(Q. 2 B, N) (Iluoll3z(y + lwoll3a(cy )

where we have used (2.8)) of Lemmaand the Sobolev’s embedding ||¢ol| 0,3 @ <

C()poll rr2(02)-
3. Taking the gradient of (2.11]), we obtain the estimate

/Q\V(atu0)|2dx:/Q\V(div(qb()Vuo))+V(Qw0f(u0))|2dx
_ /Q |V260. Vg + Véo.V2ug + VoA + 6oV (Aug)
+ QVwo f(ug) + wovltofl(uo)|2daj
< /Q () (160 la ey ol 2y + 190l o gy (319)
+ ||¢0||2co,%(Q)HUOH%I3(Q) + Q2|f(u)|2||w0”%{2(9)
+ Q211 (o) o= ey lwollys ey ) (using @)
< C’(H“o”%rs(sz) + ||’LU0||§12(Q) + HUOHiI?(Q)”wO”%—Il(Q))
where C' = C(Q,Q,B,B’,N,N;), and we have used the Sobolev’s embedding
190ll .3 gy < C(@) 0]z Combining ET2) and (ET5) yields @10,
0ol @y < € (lwoliaay + lwollfra @y + luollfrgey ol ) (2:16)

where C' = (Q, 2, B, B', N, Ny)
4. Using (2.12)), we have an analogous estimate to (2.16)), namely

0wwolifraey < € (lwolidracay + lwollfraay + ol lwolfney) — (217)

where C = (Q, B, B’, N, N;). Hence, a combination of (2.16) and (2.17) gives
@210). O

Theorem 2.4. Let u,,w, € H*>(Q). Suppose there exists (u,w) which satisfies the

system (1.21))-(1.28)). Then (u,w) € X x X, where

X = L™®[0,T; H*(Q)] N L0, T; H3(Q)) n Wh[0, T; H ()] N H'[0, T; H*(Q))
(2.18)
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and we have the estimate

[501119] (||“||§12(Q) + ||w||§{2(9) + Hatu”?{l(()) + Hatw”%ﬂ((z))

T T T
+/ /|D3u|2da;dt+/ /|D3w|2dxdt+/ /|D2(8tu)|2dxdt
0 Q 0 Q 0 Q
T 2.1
+/ /|D2(8tw)|2dxdt (2.19)
0 Q

< C(Q7Q,BaBlvN)(||U0H§J2(Q)HWOH§11(Q) + HUOH%ﬂ(Q)
+ ||w0||%13(9))€CT(01+1) =: A.

where C' = O(Q,Q,L,L/,Ll,Lg,/\1,)\2,M, N, Nl,M17M2) and 01 is the bound in
[@-29).

Proof. 1. We multiply (1.21) by u and integrate by parts over €2; and use (|1.8]) and
(1.23)) to obtain

1d 5 9
§a(/ﬂu da:>+01/9|Vu| dz
< 7/ Vufudx+/ugud:r

Q Q

1 1 1
< @/ |Vu|2dx+—/f5dx+f/uzdxqtf/gﬁdx
2 Q 20'1 Q 2 [¢) 2 0

%(/Q”QC@ " /Q [Vulde < C(oﬁ(/Q“?dm " /Q [+ /Qgidx). (2.20)

Similarly, we may use (1.9)), (1.22)), (1.23) to obtain

%(/szdz> +/Q|Vw|2dx§C(ag)(/Qdex+/Qf3,dx+/ggfud:1:>. (2.21)

2. We represent the ith differential quotient of size h as
C(z + hegyt) — ((z,t)

h )
for h € R, 0 < |h|; and define D"¢ = (D}¢,..., D). Hence, we apply D" on
to get

%(Dhu) — div [ V(D"u)] = div (D" f, + D"¢oVu) + D" g, (2.22)

Multiplying this equality by D"u, integrating over 2 and applying Young’s inequal-

ity, we obtain
9 h, (2 h,\[2
dt(/ﬂw ul dm) +/Q|V(D w)[2da

< C(on)(e /Q D (DPu)[2dx + ¢ /Q V(D) 2da

or

D¢ = (i=1,...,n)

| | (2.23)
+ = / |thu + Dh<Z>OVu|2dx + = / gidaz
€ Jo €Ja

+ D"u.V(D"u)ndS + Dhu.anf(u)dS)
o9 o0
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Similarly, we have

3/ hoo2 / ho oy 2
— D"w|*dz) + V(D" w)|*dx
g 10" wldr) + | 19(D"w)

< 0(02)(6/ \D*h(phw)ﬁdﬁe/ IV (D"w)[2dz
Q Q
X : (2.24)
+f/ |thw+Dh¢0Vw\2dz+f/gfudx
€Ja €Ja

+ D"w.V(D"w)ndS — th.nwf(u)dS)
o9 o0

3. Using [2.20] 2:21] 2.23] and 2.24] we deduce, after taken the limit as h — 0,
chosen € > 0 sufficiently small and simplifying, that

d
—(/u2dm+/w2dm+/ |Dlu|2dx+/ |Dlw|2dw>
dt\ Jo Q Q Q

+/ |V(Dlu)|2dx+/ |V (Dyw)|*dx
Q Q

§C(/Qqux—i—/Qdex—&—/QUuFdx—i—/ﬂ|gu|2dm+/ﬂ|fw\2d:ﬁ

+/ |gw\2dx+/ \leu+v¢0vu|2dx+/ |lew+V¢0Vw|2dx),
Q Q Q

(2.25)

where D;q = lim;, .o D"q and C' = C(01, 09).
4. Using (1.12]), the definitions (1.27)) and (1.28)), we use Holder inequality and
ma B2

(2.6) of Lem to evaluate some terms of (2.25)), namely

/IfuIdeJr/ |gu|2d.’17+/ |szu+V¢0Vu\2d:c+/ | fuol 2dac
Q Q Q Q
+/ IgwIQdH/ |Di fuw + Vo Vw|*dz

o )

< C(Q,M,N, B, Q) [/ (2.26)

Qw2dx+ (%+T)(/§2|Dlu|2dm

+ [ 1DwPdr) + 7 |V(Dlu)|2dx+T/|V(Dlw)|2dx]
Q Q Q

Using (2.26)) in (2.25)), choosing T sufficiently small and simplifying we obtain

d
—(/uzdx+/w2dx+/ \Dlu|2dx+/ |Dlw|2dx)
dt\ Jo Q Q Q

+/Q\V(Dlu)|2dx+/Q|V(Dlw)|2dx (2.27)

SC(/qux—i—/uﬂdx—l—/ |Dlu|2dx+/ |Dlw|2d:13),
Q Q Q Q
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where C = C(01,02,Q, M, N, B,Q). By applying the Gronwall’s inequality and
carrying out some simple calculations, we deduce from (2.27)) the estimate

sup/qux—l—sup/ 2alac—f—sup/ |Dlu|2dx+sup/ | Dyw|?dx
[0,T]JQ (0,7 0,77

+/0T/Q|V(Dlu)2dmdt+/OT/Q|V(Dlw)|2dxdt (2.28)

< C(Jluolf gy + lhwolfay ) = C1 < oc,

where C' = C(01,09,Q, M, N,B,Q,T).
5. Let Y = L*°[0,T; L*(Q)] N L?[0,T; H}(Q)]. For some h > 0, we infer from

[228) that

| D" (u, w) |3y = [bup |D"u)?dx + sup/ | D" w|?da:

2.29
//|VDh |2dxdt+/ /|VDh )|? dx dt (2.29)

<’

Estimate (2.29) implies
sup || D" (u, w) ||y xy < oo. (2.30)
h

The space Y x Y is reflexive. Therefore, there exists by the weak compactness
theorem [I1], a subsequence hy — 0, and a function (U, W) € Y x Y such that

D" (u,w) — (U,W). (2.31)

Thus, given a smooth function ¢ € C°(2 x [0,T')), we calculate

T
/ /(u,w)VCdmdt
0 Q
T —h T h
= I *Cdzdt — 1 Dl dz dt
h;rgo/o /Q(mw Cdx h,ffo/ /Q (u, w)( dz
T
—/ /(U,W)Cd:cdt
0 Q

Thus (U, W) = (Vu, Vw) in the weak sense, and so (Vu, Vw) € Y x Y. Hence, by
the above deduction, (2.28) implies

T T
sup ||u\|%11(9) + sup Hw||§{1(9) —|—/ / |D?u|? da dt —|—/ / |D?w|? dx dt.
[0,7] [0,T] 0o JQ 0 JQ

< C (llwols gy + lwols ey ) =+ Cr < o0
(2.32)
where C = C(01,09,Q, M, N,B,Q,T)
6. We now set out to obtain higher a priori estimates needed to complete part
of the proof of Theorem . In view of estimates , we may take the limit
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as h — 0 in (2.22)) and apply D" on the ensuing equation to obtain

% (V(D"u)) — div (¢4 D*(D"w))
=div [V (D" f.) + V (D"¢0) Vu + Vo V(D"u)| + D"(Vg)

We take the dot product of (2.33) with V(D"u) to estimate

%(/Q|V(Dhu)|2dx> +/Q|D2(Dhu)|2dx
2 1
§C(01)<G/Q|D2(Dhu)| +E/Q‘V(thu)+V(Dh¢0) Vu (2.34)

(2.33)

+V¢0V(Dhu)|2dx+l/ ’Dhgu|2dx)
€Ja

Similarly, we have

%(/Q}V(th)fdx) +/Q|D2(th)|2dx
< C’(Jl)(e/ |D2(D"w)|* + 1/ ‘v(thw) + V (D"o) Vu (2.35)
Q €Ja
+V¢0V(th)’2d:ﬂ+%/ﬂ]Dhgw|2dx)

Combining the above inequality with (2.34), taking the limit as & — 0, choosing
€ > 0 sufficiently small, and simplifying, we deduce

i(/ |V(Dlu)|2dx+/ |V(Dlw)\2dx) +/ |D2(Dlu)|2dx+/ |D2(Dyw)[2da
dt \ Jo Q Q Q
SC(01752){/ |V(leu)+D2¢0VU+V¢0V(D1U)|2d9&+/ |Dyg|*da

Q Q

+/ |V(lew)+D2w0Vw+VwOV(Dlw)\2dx+/ |Dlgw|2dx}
Q Q

(2.36)
Note that this inequality is analogous to (2.25)). Hence, by steps similar to steps
(4) and (5), we obtain

T T
sup HD2u||2L2(Q) + sup HD2w||2L2(Q) —|—/ / | D3u|? da dt —|—/ / |D3w|? dx dt.
[0,T] [0,7) 0o Ja o Ja
< (D032 + ID*woll3z() + C1 ) = Cz < o0,
(2.37)
where C' = C(01,02,Q, M, N,N1,B,,B’,Q,T) and C} is the bound in .
7. The last higher a priori estimates are obtained in this step. Define

O(x,t) —0(x,t — 1)

o= - . 00:=lim 0" (2.38)

for all 7 > 0 such that ¢t —r € [0,T). Applying 0, on the system (L.21))-(T.28) yields
%(&u) — div (¢oV () = div(Difu) + g, in 2 x [0,00), (2.39)
(o) — div (0o (0w) = Av(@1fu) + g, i Q% [0,00),  (240)
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%(ﬁlu) = %(@w) =0 on 9N x [0,00), (2.41)
Ou(z,0) = Quo(x), Jw(z,0) = dwp(x), (2.42)

where
¢ = h(z,t,u,w), P =h*(z,tuw),

¢o = h'(z,t,up,wo), o = h*(x,t,up, wo),

fu= / B.6dsVu, gu = Quf(u),
0

t
fw = / aswdsvwv Juw = 7wf(u)
0

Note that the system (2.39)-(2) is analogous to (L.21)-(1.28). We therefore have an
analogue to [2.:25 namely

d
— (18ul|%1 1000 + [|Oyw]| %51 —l—/ D?(0u 2d$+/ D?(9yw)|?dx
gt (00l @) + 10wl @) + [ 1D*@w)Pde+ | 1D*(@uw)

S 0(0'1,0'2)(H81U||%11(Q) + ||8[U)||%11(Q) +/ |6lfu|2dx +/ |81gu|2da:
@ @ (2.43)

+/ |3lfw|2dx+/ |3lgw|2da:+/ IV (O fu) + VoV (Ou)*dz
Q Q Q

+/ |v(alfw) + V¢0V(alw)|2dl‘)
Q

Hence, by calculations and deductions similar to that of steps (4)-(5), we obtain
the estimates

sup ||3tu||%11(9) + sup ||8tw||§{1(9)
[0,T [0,7]

) )

T T
+ [ [P dsar+ [ [ D20 dsas (2.44)
0 Q 0 Q

< C(Hu()”?{i"(ﬂ) + HwOH%I?’(Q) + HUOH%P(Q)”U)O”%{l(Q) +C1 + o)
=:C3 < o0,
where C = C(01,02, M, N, My, M2, B,B",Q,,T), Cq, and Cy are the bounds in

(2:28) and (2.37) respectively. Here we used the estimate (2.10) in Lemma [2.3]
8. Combining estimates (2.32)), (2.37) and (2.44)) we complete the proof of The-

orem [2.4] O

3. EXISTENCE OF SOLUTIONS

In this section, we shall prove the existence for a global unique strong solution
to (1.21])-(1.28)) in a subset of the space X x X, which is equipped with the norm

([ (s w)|[xxx = |:E50u71?} (HUH%JQ(Q) + [[wllr2 ) + 19sull7 ) + ||3tw||§11<m)

T T
+/ /|D3u|2 d:vdt—i—/ /|D3w|2dxdt (3.1)
o Ja 0o Jo

T T 1/2
+/ /|D2(8tu)\2d:z:dt+/ /\DQ(atw)Fdxdt]
0 Q 0 Q
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Theorem 3.1. Let ug,wo € H3(QY). Then, there exists a global unique strong
solution to (1.21))-(1.28]).

Proof. 1. The corresponding fixed point argument system to (1.21))-(1.28) is

%t —div(¢oVx) = div(fu) + gus in 2 x [0,00), (3.2)
% — div(thoVT) = div(fu) + g, in Q x [0, 00), (3.3)
gz % 0, on dQ x [0,00), (3.4)
X(2,0) = ug(x), 7(x,0) = wo(x), (3.5)

where

¢ = h'(z,t,u,w), ¢ =h%(ztuw),

¢)0 = hl(£7t7u07w0)7 wo = hQ(J?,t,UO,U}O). (37)
t
n:/mwwm 00 = Quf(u), (3.8)
0
t
m:/@wwm gw = —wf(u). (3.9)
0

2. Define A: X x X — X x X by setting A[(u,w)] = (x,7). We shall prove
that if 7' > 0 is small enough, then A is a contraction mapping. We choose
(u,w), (@, w) € X x X, and define A[(u,w)] = (x,7), A[(a,®)] = (x,7). For

two solutions (x,7) and (¥, 7) of (3 . ., we have
%(X_X) _div(d)ov (X_X)) = div (fu_fﬂ) +gu_gﬂ7 in 2 x [Oa OO) (310)
gt (1 —7) —div(¢oV (1 — 7)) = div (fu — f5) + g — Gz, in Qx [0,00) (3.11)
0 1o}
%(X—)Z):%(T—%):Q on 09 x [0, 00), (3.12)
(X*f() ($,O) :07 (7—7’7_) (SC,O) :07 (313)
where
o= hl(m,t,u, w), Y= hz(x,t,u,w), (3.14)
¢ = h'(x,t, 0, w), =h*zt, 00), (3.15)
¢0 = hl(xutv/U'OawO)» wO = h2(l',t, Uo,wo), (316)
t
= / 0spdsVu, g, = Quf(u), (3.17)
~ Ot ~
f= [ 06455, 5= Qaf(a), (3.18)
0
t
fw = / 851/}d3vw7 Guw = _wf(u>7 (319)

o = /5§1/1d5Vw G = — W f(q). (3.20)
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3. Now, the system (3.10)-([3.20)) is analogous to the system . Con—
[2.25), (2-36)

sequently, we have analogous estimates to a combination of estimates
and ([2.43)). From the ensuing analogues, choosing € > 0, simplifying and mtegratmg
with respect to t over [0,7T] we obtain

Ix = XMz + 1T = T2 ) + 10 (x = X) 110

+ 18 (7 = 7) 3 + 1> (x = 17207220

+ 1D (7 = ) Z20.0.2 0 + 1P (x = )1 Z200. 1120
+ |D?0y (7 — 7~_)H%2[0,T;L2(Q)}

:
< [ (o= + i = Flrsgoy + 100 00 = 9 o
4100 = D) sy + [ V= FaPdo+ [ 1o GaPdo
[ V= Faldet [ o= galde+ [ 19 (0.~ ga) P
4 [19u=ga) Pdot [ V(= )+ VaoVu-aPde (g,
+ [ 90 = Fa) + VoS (w0 = @)Pda+ [ 104(, — FlPda
+/Q|D2(fu—fﬂ)+D2¢OV(u—ﬂ)+V¢>0D2(u—ﬂ)|2dx
+ [ DA = Fo) + DAV (w0 = )+ Vi DP o — ) P
+/Q|V8t(fu—fa)+V¢0V8t(u—ﬁ)|2dx+/Q|8t(fw—fﬁ,)|2dx

+/ IV (fu — fa) + Voo VO (w — )| *da +/ 10:(gu — §a)|*dx
Q

+ [ 10w~ g Pac]as

Calculations of the estimates of the necessary terms on the right side of (3.21)) are
rather lengthy; and not rendered here for brevity. The estimates can be obtained

by using the conditions (|1.6)-(1.16]), Sobolev’s embedding and Lemmas [2.1{2.2}

after some suitable rearrangement. If the estimates are substituted into (3.21)), we
deduce, after an application of the integral form of the Gronwall’s inequality, the
estimates

HA[(U7 w)] - A[(ﬂ, 'LD)] ||X><X

1/2 ~
< C(\/T'F T\/T‘i‘ T) (1 + Hu||ioo[0’T;Hz(Q)] + H’LLH%OQ[O’T;Hz(Q)]
3 / o (3.22)
+ HwH%OO[O,T;H?(Q)] + ”w'%‘X’[O,T;H?(Q)]) (1 + (1@, @)%« x

+ 10cul| e o1, 111 2 + Hatw“%w[O,T;Hl(Q)]) [[(u, w) = (@, 0) || xxx,

where C' depends on 2, @ and all the bounds in ([1.6))-(1.19).
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4. We define a convex set
K = {(u,w)|(u,w) — (ug, wo) € Xo x Xo, [[(u,w)||xxx < 2\/K}, (3.23)

where Xy x X is the set where the initial and boundary values are zero; and A =
constant is the bound in (2.19). If T > 0 is sufficiently small, we shall show that

o 1 .
AE] € K, [[Al(u, w)] = Al(@, D)llxxx < 5ll(w,w) = (@, D) xxx  (3.24)
for all (u,w), (a,w) € K. Using (2.19)), we have

1A[ (w0, wo)]l|x xx = I (x(,0), 7(2,0)) | xxx = [[(u0, wo) [ xxx < VA (3.25)
Thus for (u,w) € K,

[ A[(w, w)] [ xxx

< [|A[(uo, wo)]ll x < x + [l A[(u, w)] — Al(uo, wo)]|lxxx

S\fA—FC(\/T—s—T\/T—I—T)I/Q

/
X (1l 0,2y + 10l o220 + N0l + oo )
X (1 + [ (uo, wo) I3 x x + ||atu|\2Loo[o,T;H1(Q)] + ||3tw||2Loo[o,T;H1(Q)])
|| (u, w) = (uo, wo)llxxx (using (3.22), (3.25))
1/2
<VE+C(VI+TVT+T) " (14 40+ luoll3a(ay + w03z ey )
x (1+8A)(4VA)
< 2VA
where we used (3.23)), for T sufficiently small, such that
AC(VT + TVT + T)"* (1 + 47 + [[uoll32(0y + lwol3pg) /(1 +8A) < 1.

Thus A[(u,w)] € K for all (u,w) € K. Furthermore, if T is chosen sufficiently
small, such that

1/2

1
C(VT + TVT +T) 2 (1 4+ 40 + [fuol 32y + llwol32iay) > (1 +8A) < 5
Then (3.22)) implies
o 1 .
1A (us w)] = A[(@ @)l xxx < 51wy w) = (@ @) [ xxx, (3.26)

for all (u,w), (&, w) € K. Thus the mapping A is a strict contraction for sufficiently
small T > 0. Hence, there exists a unique fixed point (u,w) € K such that
Al(u,w)] = (u, w).
6. Given any T > 0, we select T > 0 small so that
1/2 1/2 1
C(VT +Ti/Ti +T1) 2 (1 +4A + luoll 2y + lwolir(oy) (148A) < 5
We can thus apply Banach’s fixed point theorem to find a unique strong solution
(u,w) of (1.21)-(1.28)) existing on the interval [0,77]. Since (u(zx,t), w(z,t)) € K
for almost everywhere 0 < t < T3, we can upon redefining 7} if necessary, assume
(u(z,Ty),w(x,T1)) € K. The argument above can then be repeated to extend
our unique strong solution to the interval [T, 271]. Continuing after finitely many
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steps, we construct a unique strong solution of (1.21)-(1.28)) existing on the full

int

erval [0,T]. O
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