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ASYMPTOTIC BEHAVIOR OF SOLUTIONS TO
CAUCHY-DIRICHLET PROBLEMS FOR SECOND-ORDER
HYPERBOLIC EQUATIONS IN CYLINDER WITH
NON-SMOOTH BASE

NGUYEN MANH HUNG, BUI TRONG KIM

ABSTRACT. This paper concerns a Cauchy-Dirichlet problem for second-order
hyperbolic equations in infinite cylinders with the base containing conical
points. Some results on the asymptotical expansions of generalized solutions
of this problem are given.

1. INTRODUCTION

Boundary-value problems for partial differential equations and systems in do-
mains with smooth boundary have been nearly completely studied in the works [1]
2]. General boundary-value problems for elliptic equations and systems in domains
with conical points were considered by Kondratiev [6], Nazarov and Plamenevsky
[8]. The initial boundary-value problems for non-stationary equations and systems
on non-smooth domains have been studied by many authors [3, 4,5 [7, @]. The Neu-
mann problem for hyperbolic systems in domains with conical point was described
in [7] and the same problem for the classical heat equation in a dihedral angle was
investigated in [9]. The first initial boundary-value problems for strongly hyper-
bolic systems in an cylinder with conical point on the boundary of base have been
investigated in [3], where the problem was only investigated in the finite cylinder.

In this paper we consider a Cauchy-Dirichlet problem for second-order hyperbolic
equations in infinite cylinders with non-smooth base. First, we study the existence,
uniqueness and smoothness with respect to time variable of a generalized solution in
the Sobolev space by Galerkin’s approximate method. After that, we take the term
containing the derivative in time of the unknown function to the right-hand side of
the equation such that the problem can be considered as an elliptic one. We can
apply the results of elliptic boundary-value problems to deal with the asymptotic
of the solutions.

The main goal of this paper is obtaining asymptotical expansions of solutions
of the problem. In section 2 we introduce some notations and the formulation of
the problem. We receive results on the unique existence and the smoothness with
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respect to time variable of solutions in section 3 and the asymptotical expansions
of the solutions in section 4. Finally, in the last section we apply the results of
section 4 to the problems of mathematical physics.

2. FORMULATION OF THE PROBLEM

Let © be a bounded domain in R™ with the boundary 9. Set Q; = Q x (0,1)
for each t € (0,00), Qoo = 2 x (0,00), S¢ = 9N x (0,t) and Soe = I x (0, 00).

We use the following notation: For each multi-index o = (ayq,....q,) € N,
lol . . o
ol = a1 + -+ ap, and D% = ﬁ = Uyo1gon s the generalized derivative
Sragn n

up to order a with respect to z = (z1,...,2,) ; U = %’CT}! is the generalized
derivative up to order k with respect to t.

We begin by recalling some functional spaces which will be used frequently in
this paper. W'(Q) is the space consisting of all functions u(x), z € Q, with the

norm
! 1/2
lllwrey = (S / D updr)
laj=0" ¢
W(Q) is the completion of C'C(€2) in the norm of the space W' (Q).
W () is the space consisting of all functions u(x) = (u1(x),. .., us(x)) which have

generalized derivatives D%u;, o] <1, 1 <1i < s, satisfying

1
HUH%/V[@(Q) = Z /§2T2(5+|a|_l)|D“u\2d9E < 400.

|a]=0

WhE(e=7 Q) is the space consisting of functions u(z,t), (z,t) € Qu, with the
norm

l k 1/2
[ (/ (S ID%ul + Y fug P e d:cdt) . k>
Q -
Jj=1

> |a|=0

WO (e Q) is the space consisting of functions u(z,t), (z,t) € Qoo, with the
norm

! 1/2
fullwroeomy = ([ (3 IDuP dwar)™
< Jal=0

Wl’k(e_Wt,Qoo) is the closure in Wh*(e=7* Q) of the set consisting of infinite
differentiable in Q. functions which belong to W%*(e=7* Q.) and vanish near

S,

-
Wé’k(e_"yt, Q) is the space consisting of functions u(z,t) satisfying

l

k
HU”%,V;&,k(efw,Qw) = /Q ( Z p2Bled=0 Doy |2 4 Z lugi [?) e da dt < oo.
< |al=0 j=1

Denote by L*(0,00; X) the space consisting of measurable functions u : (0,00) —
X, t — u(z,t) satisfying

[[ull Lo (0,00,%) = ess sup [u(z, t)|| < +oo.
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Let L(z,t, D) be a differential operator

"9 )
L(z,t,D) = Z a—%(aija?j) ta, (2.1)

3,j=1

where a;; = a;;(x,t),4,j = 1,...,n are infinitely differentiable bounded complex-
valued functions on Qu, a;; = @ji, a = a(x,t) are infinitely differentiable bounded
real-valued functions on Q... Suppose that aij,t,j = 1,...,n, are continuous in
x € Q uniformly with respect to t € [0,00) and

n

Z aij (2, £)&E; > pol€l? (2.2)

ij=1

for all £ € R™\{0} and (z,t) € Qu, where g is a positive constant.
We consider the following problem in the infinite cylinder Q..:

L(z,t,D)u —uy = f(x,t), (2.3)
U|t:0 = ut|t=0 = 0, (24)
uls,, = 0. (2.5)

A function u(z,t) is called a generalized solution of the problem (2.3)—(2.5) in
Whi(e=7t Q) if u(z,t) € Whi(e ™ Qy), u(x,0) = 0 and for each T > 0 the
following equality holds:

U] dxdtf/ iU, T, — aUT dxdt:/ fndzdt 2.6
[ (X ) N (26)

oo oo g,=1

for all test functions n = n(x,t) € Whi(e ", Q) such that n(z,t) = 0 with
t € [T,00). Set

n
Blu,v](t) = Z / QiU Uy, AT
i,j=1"9
The following lemma can be proved similarly to Garding’s inequality.
Lemma 2.1. Assume that coefficients a;; = a;j(z,t), i,j =1...n, a = a(x,t) of
the operator L(x,t, D) satisfy condition (2.2) and a;;j(z,t) are continuous in x € )

uniformly with respect to t € [0,00). Then there exist two constants po > 0, Ag > 0
such that

Blu, u](t) > pollu(z, )1 () — Aollu(z, )17,
for all functions v = u(z,t) € WH0(e=7t, Q).

Remark. It follows from the above lemma that if the function a(z,t) in (2.1)
satisfies

a(z,t) < —Xg, for all (z,t) € Qu,
then

Bilu, u](z,t) = Blu,u](t) — /Qa(x,t)|u(x,t)|2dx > u0||u(m,t)||%,vl(m (2.7)

for all functions u = u(x,t) € W0(e= 7t Q).
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3. SOLVABILITY OF THE PROBLEM

In this section we investigate the smoothness of generalized solutions with respect
to time. We begin by studying uniqueness of the problem.

Theorem 3.1. Assume that for a positive constant p,
Bai- Oa ..
sup{| 8t] |, ’§| sz, t) € Qooy 4, = 1...,n} < p.

In addition, suppose a(x,t) < —Xg, for all (z,t) € Qoo. Then (2.3)-(2.5) has at
most one generalized solution in Whi(e=7t QL) for v > 0 arbitrary.

Proof. Suppose that there are two solutions uq,us in Wl’l(e_Vt,Qoo). Putting
U = u1 — ug, so for each T' > 0 the following equality holds:

/ um, dx dt — / ( Z AjjUy Ty, — auﬁ) drdt =0
Qoo Qoo

ij=1

for all test functions n = n(x,t) € Whi(e " Q) such that n(z,t) = 0 with
t € [T,00). For b with 0 < b < T, we set

t
u(zx,s)ds, 0<t<b,
n(a,t) = Jy ules)
0, t>b.

It is easy to check that n(z,t) € Wll(e ", Qu),n(z,t) = 0 with t € [T, 00) and
ne(z,t) = u(z,t). We have

/ N7, dx dt — / ( Z i Nia; Ny, — antﬁ) dz dt = 0.
Qoo Q

o =1

Adding this equality and its complex conjugate, using a;; = @j;,4,j = 1,...n and
integrating by parts with respect to ¢, we obtain

i 8ai- Oa _

/Q (2, b)[*dze + Bu[n, n)(x, 0) + / ( 5 T~ ann) dxdt = 0. (3.1)

Qoo 7 j=1

Putting v;(z,t) = fto Up, (,8)ds, i =1,...,n, vo(z,t) = [

, u(w,s)ds, we can write

Ne, (T,1) = /b Ug, (2, 8)ds = vi(x,b) —vi(z,t), Ng,(2,0) = v;(z,b).

n(x,t) = /b u(zx, 8)ds = vo(x,b) — vo(x,t),n(x,0) = vo(x,b).

Substituting those into (3.1]), then using the Cauchy’s inequality and , we
obtain

JRCCURTEN™ oY NECIRE
Q PV )
n b n
< Cib Z/ |vi(x,b)|2dx—|—02/ (Z/ |U¢(x7t)|2dx)dt
i=0 /¢ 0 ti=0’0
n b n
< C1b Z/ |vi(x,b)|2dx+02/ </ Int(x,t)|2dx+2/ |vi(x,t)|2dx)dt
=0 Q 0 Q i=0 Q

(3.2)
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where C4, Cy are positive constants. Put

10 = [ IntebPde+ Y [ oot
Q /e
From (3.2) we get
b
b) < C/ J(t)dt
0

for all b € [0, pio/2C4], where C' is a positive constant. This implies that J(t) = 0
on [0, uo/2C1] by Gronwall-Bellman’s inequality. It follows uq = us on [0, 1o/2C],
where C7 does not depend on b. By similar arguments for two functions wuy,us on
[to/2C1, 7], we can show that after finite steps u1 = uz on [ug/2C4,7]. Since 7 > 0
is arbitrary, so u; = us in Whi(e=7% Q). The proof is complete. O

Now, we establish the existence of generalized solution of the mentioned problem
by Galerkin’s approximate method. We use the notation:
N
2110’
where n is dimensional number of the space R™, pu is the constant in theorem 3.1
and pg is the constant in lemma 2.1. We have following theorem.

Y =

Theorem 3.2. Assume that a(z,t) < —Xg, for all (x,t) € Qn and the following
conditions are fulﬁlled'

oF aij

(ii) Sup{’ T |} EQOO,Zj—l n;kﬁh—l}ﬁthl,

(i) fie € L*(0, 00 Lo (0 >>

(iv) ftk(af 0)= 0.k < h-
Then [2-3)-[2-5) has a unique genemlzzed solution u(x,t) in Whi(e™ Q) for
every -y > Yo. Moreover, u(z,t) has derivatives with respect to t up to order h
belonging to Wl’l(e_(%“)w, Qo) and the following inequality holds:

[ ||€v1,1(e—<2h+1)wz Qo) = CZ [ ||L°°(O o0;L2(2))?

where C' is a positive constant independent of u and f.

Proof. The uniqueness follows from theorem 3.1. The existence is obtained using
Galerkin’s method. Let {pr}32, C C>(€) be an orthogonal system in Ly ()
such that its linear closure in W'(Q) is the space W1(Q). For each integer N we
consider the function u™(z,t) = Eszl CN(t)pr(z), where (CN(t),...,CR (1)) is
the solution of the ordinary differential system

/Quﬁ@der/ Za”u Bra, — auNp))d /f(pldx I=1,...,N, (3.3)
7,7=1

CN(0)=—CN(0)=0, k=1,...N. (3.4)

Let us multiply (3.3) by dC (t)/dt and take the sum with respect to [ from 1 to
N. Then we integrate the equality obtained with respect to ¢ from 0 to ¢ and add
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this equality to its complex conjugate. Finally, integrating by part and applying
condition ([3.4)), we obtain

/ lul ()] dx—|—/ Z auuﬁui\’ — au™NulN)|—pdzx

3,j=1

~ Oaij n—x o Ny N
= -2 —2 N dz dt.
/Qt ( 5p ol — U U )dx dt Re o fuy dxdt

ij=1
Using (2.7) and Cauchy’s inequality, one has
[uf’ (x, t)\l%m) + ol (, 8)[[31 )

< / nuz |tz [*

np t
<5 [ (2 Mo+ L0 Dl )+ 1m0 ey

where 4 is a positive constant. Choosing § = % and putting

t
+ plu™N PP+ 6l ) da dit + S”f”%m(o,oo;Lg(Q))

TN(E) = [luf (2, 1) |70 + polle™ (@, ) [F o).
from inequality (3.5 we obtain
t
np Ho
78 < 2 [ ¥+ (B2 o snaion)
From this inequality and Gronwall-Bellman’s inequality it follows that

DLy
IN(t) < Crewo || 17 (0,00 ()

where C] is a positive constant independent of N and f. Since e™7* < 1 with v > 0
and ¢ > 0, putting Cyp = min{pg, 1} we have

Collu™[fr1 e ay < lug (2,017, ) + tollu™ (2,8) [ (q)

Tkt 2 (3.6)
< Crero || fll oo (0,00:L2(9))-
Let v be a positive constant such that v > 9 = % Multiplying both sides of
(3.6) by e=27* and integrating with respect to t from 0 to oo, we get
[N [ ety < Coll FI 70 0,002 () (3.7)

where Cs is a positive constant independent of N and f.

From it follows that there exists a subsequence of the sequence {u”} with
converges weakly to a function u(z,t) in the space Wh1(e=7* Q). We can check
that u(x,t) is a generalized solution of the problem.

Now we prove the smoothness with respect to time variable of the generalized
solution. We use the induction to show that the following inequalities are true for
all integer g > O:

2gtlnpte,

||u£\9]($7t)||%[/1(ﬂ) < Cge wome Z 1fe+ 17 o0 (0,00 L2 02)) (3.8)

“Ug(fa t)H%/Vl,l(ef@gHm Qo) = <Gy Z [ fix ||L°°(O 00;L2(2))> (3.9)
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where 0 < € < g, C; is a positive constant independent of N and f; ¢ = 3, 4.
For g = 0 inequalities (3.8) and (3.9) are true according to relations (3.6) and

(3.7). Assume that s > 1 and inequalities (3.8)) and (3.9) hold for all g < s — 1.
From identity (3.3) we have

n

_ 0° _ _ _
/Quﬁugoldx—i—/g ( Z %(aijuingom - aucpl))da: = —/thsgoldm.

ij=1

Multiplying both sides of this identity by d*T*C}N /dt**! and taking the sum with
respect to ! from 1 to N and integrating the result over (0,¢). Then adding this
identity with its complex conjugate, we get

/ % (ug+1 ﬂﬁﬂ) d.T dt
Q

+ 2Re/ ( Z (aijualcvj)ts (ai\i)tsﬂ - (auN)tsﬂi\Lrl) dx dt (3.10)
o) =
tog,g=1
_ _N
= —2Re fesUyayr dz dt.
Q
Denote
E\ s!
s)  Kl(s—k)
Since a;; = aj; with 4,5 = 1,2,...,n, we have

n

2Re Z (aijui\;)ts (’L_LII\Z)ts-H — ((LuN)ts’L_Li\strl

ij=1
9 - N _N N-N “ daij . N _N da N_N
= 375(2_:1 Qij (Uzj)ts (Uz, Jee — augs Uta‘) —Re i;I ot (uz]-)ts (U, )es + Pt L e
" S~k O ,0%a,; _ L /(k\ 0  0Fa _
rore( 30 Y () AT SRS () o (Gt a))
ij=1k=1 k=1
R O A Loy - 5L (kN 9F g -
— 2Re ( Z (5) ( 6tk+1J (uivj)tsfk (Ua]:\/;)ts) — Z (S 8tk+1 'U/tsfk’ui\s,)
i,j=1k=1 k=1
S (kN 0Fay _ °L(k\ dFa _
— 2Re ( Z Z (5) 3tkj ('U/I].)tS—kJrl (uiv.)ts — <S) ?Ui\;kﬂug)
i,j=1k=1 k=1
(3.11)

From the condition u™ (z,0) = 0 we get

a n ~ ~
/ E( Z aij(ui\[j)ts(uﬁ)ts — aui\s{ui\s’) dx dt
2 ij=1

n t=t

= /Q ( Z az‘j(ui\;)ﬁ(ﬂi\l)ts — auﬁﬂﬁ)‘ dr = By(ul¥,ul¥)(z,t).

t=0
i,j=1
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Therefore, from identities (3.10) and (3.11)) it follows that

[ )P+ Ba(u i )
Q

® k " akai- A 8’“
= —2Re]; (S) /Q (ZZ 8th (ugj)ts—k(ué\;)ts o —ull_ kuta)|t tdx

J=1
N (k nL kg, - oh+1g, )
+2Re) () / (0 S ) (ul),. = Sl vl ) ddt
k=1 Q Ny j=1
~ (k — 0*aj X oka 5
+ 2Rez (8> A ( Z atkj (ua]cvj)tsf’“rl (uivi)ts - wug—kﬁ»lug) dx dt
k=1 ¢ =1
+Re/ ( z”: aaij (UN)ts(ujV) + da —uNu s>dxdt—2Re/ ftsuﬁ de dt.
o N5 ot - vt Do o, T e

From this equality, (2.7) and Cauchy’s inequality, we obtain

e (2, )17, () + pollui (2, 6) 5 @)

< elluft (@, 0)[fy1 i) + Cr©) D I (@, )f o

s—1 t
00y / a2 (2, 1) 12y
k=0

+/ ((nu (2s+1)+e Z|uz Yes|? + (2s+1)+e)|uts\2)dxdt
Q

+/ (5|Uts+1|2dl‘dt+/ f|fts 2
Q¢ Q o

s—1
< ellufl (2, 0)[F1 ) + Crl€) Y llupd (@, 1)l[F o
ke

dx dt

s—1 t t
00y / el )21 vt + / (25 + 1) + ) [uld (2, D)1y g
k=0

t
1
L R e e
0 Q

where € is a positive constant and C;(e) is positive constant that depends e, i = 1, 2.
From this inequality we obtain

luples (2, )17 () + (o — l|urt (, )l[51 0

s—1
)Y Il (@, 0)[f o)
k=0

t nu(2s+1) +e€
+0 / 22D 2 o o ) sy + e ) )l
1
+/ 5| fee
Qy 5‘ '

dx dt,

(3.12)

s—1 t
2 dx dt + Co(e) Z/O [ugk (2, ) || () dt
k=0
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Substituting § = W into ([3.12)), one can see that

i (2, D)1, ) + (o — )llurt (, 1) )

nu(2s+1)+e€ [*/ 2 N 2
< - - s w
S o —c ; (HU’tSJrl(x’t)HLQ(Q) + (1o — €)||ugs (z, )| 1(9))‘“

s—1 s—1 t
+C(E IOl + 2 [ IOt + [ 16
k=0 k=0 t

2 dt),

where C is a positive constant independent of N and f. From this inequality and
by the inductive hypothesis for (3.8)), we get

e (2,017, () + (o = O)llur (2, ) [ (@)

nu(2s+1)+¢e [* N 2 N 2
< . — M 1
< P DL [ s + (0 = Ol ) )

s—1
nu(2s—1)te,
+Ci(L+t)e mo—e Z (| fen ||%°°(O,oo;L2(Q)) + Cot|| fe= ||2Loo(o,oo;L2(Q))»
k=0

(3.13)

where C; are positive constants independent of N and f;¢=1,2. Put

T = Juifan (@, Ol L0 + (o = O)llugt (@, )3 )

s—1
nu(2s—1)+e
¢(t) = Cr(1+t)e w0 Y | fir T (0,000 (c2)) + Cotll fie
k=0

2
L>(0,00;L2(2))"

From ([3.13)) we have

IN (@) < nu(2s+1) +e

t
JN(r)dr + ¢(t).
L [ e+ ot
From this inequality and Gronwall-Bellman inequality we obtain
nu(2s+)tey

JN(t) < Ce mo— Z 1 F 17 o0 (0,001 L (€2))

where C' is a positive constant is independent of N and f. Therefore,

gt (2, D)1, ) + (Lo = )llurt (@, 1) )

np@s 1) de, O (3.14)
<Ce ro=s Z ”ftk”%OO(O,oo;Lg(Q))’
k=0
where C' is positive constant independent of NV and f. Therefore,
@s+lnpute,
lugt (, ) 31y < Cre ome™ Z”ftkHLOO (0,00;L2(Q)) (3.15)
k=0
where C is a positive constant independent of N and f. Hence ({3.8)) holds for s.
Since v > 9 = ﬁ, there exists a constant € such that
2 1 2 1
225+ 1)y = MZSED st D Fe 00y, (3.16)

Ho Mo — €
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Multiplying both sides of (3.15) by e~2(2s*1)7 and integrating it with respect to t
from 0 to co. Then applying (3.16)), we obtain

S
||ui\£(x7 t)||%/vlyl(ef<2s+1>wt,gm) <C Z (| fer ||%°°(0,00;L2(Q))7
k=0

where Cs is a positive constant independent of N and f. Hence (3.9) holds for s

and (3.9)) is proved.
Since Cy from inequality (3.9) are independent of N, relation (3.9) yields the
inequality. The proof is complete. O

4. ASYMPTOTICAL EXPANSIONS OF SOLUTIONS

Let © be a bounded domain in R™(n > 2) with the boundary 92. We suppose
that 9Q\ {0} is a smooth manifold and €2 in a neighborhood of the origin 0 coincides
with the cone K = {z : z/|z| € G}, where G is a smooth domain on the unit
sphere S"71 in R™. Set Qo = 2 x (0,00) and So = 9N x (0,+00). We will

use notations: D = glol /921 .. 9% for each multi-index o = (ay, ..., a,) € N7,
1
la] = a4+ 4 o, ue = OFuOtF r = |x| = (>p_iz?)?.
Suppose that w = (w1, ..., w,_1) is a local coordinate system on the unit sphere

S7=1. Let Lo(0,t, D) be the principal part of the operator L(x,t, D) at the coor-
dinate origin. We can write Lo(0,¢, D) in the form
Lo(0,t, D) = r2Q(w,t, Dy, D,),
where Q(w, t, Dy, rD,) is the linear operator with smooth coefficients, D,. = i9/0,
Dy, =9/0w; ...0w,_1. Consider the spectral problem
Q(w,t, A\, Dy)v(w) =0,w € G, (4.1)
vlgg = 0. (4.2)

It is well known that for every ¢t € [0,00) its spectrum is discrete [I]. In the cone
K we consider Dirichlet problem for the equation

M
Lo(0,t, D)u = r—*®)=2 Z In® rfs(w,t), (4.3)
s=0
The following lemma can be found in [§].

Lemma 4.1. Assume that fs(w,t), s =0,..., M are infinitely differentiable func-
tions with respect to w. Then there exists the solution of the Dirichlet problem for

(4.3) in the form

M
u(a,t) =7~ N " In®rg,(w, ), (4.4)

s=0
where g5, s =0,... M + u, are infinitely differentiable functions with respect to w,
w=11if N\o is simple eigenvalue of problem (4.1)-(4.2)), and p = 0 if Ao is not a

etgenvalue of this problem.

Now we will study the asymptotical expansions of solutions of problem ([2.3))—
(2.5). Denote by K a infinite cylinder with base K : K., = K X (0,00). Rewrite
the equation (2.3) in the form

Lo(0,t, Dyu = F(,1t) (4.5)
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where F(z,t) = (ug + f) + [Lo(0,t, D) — L(x, t, D)]u.

Lemma 4.2. Assume that u(x,t) is a generalized solution of problem (2.3])—(2.5]) in
the space Wht(e=7t, K ) such that u = 0 whenever |z| > R, R a positive constant,

and up. € Wi 0>em Gt K ), Fye € Wil(e @M K ) for k < h, B/ <
0 <1+ 1. In addition, suppose that the straight lines

Im)\:—ﬁ+l+2—g, Im)\:—ﬁ’+l+2—g
do not contain points of spectrum of problem (4.1)-(4.2) for every t € [0,00), and
in the strip

—B41+2- T <Imh<—f4+1+2-3

there exists only simple eigenvalue A(t) of problem (4.1))-(4.2). Then the following
representation holds

u(z,t) = c(t)r~ M g(w, t) + uy (z, 1),
where ¢(x,t) is an infinitely differentiable function of (w,t), ¢y € La10c(0,00), and
(up)ew € WéTQ’O(e_(kH)Vt, K) fork <h.
Proof. From the result of [§] it follows that for almost every ¢ € (0, 00) we have
w(z,t) = c(t)r~ Do (w, t) + ui(,1), (4.6)

where ¢(w,t) is the energy function of the problem (4.1)-(4.2) which corresponds
to the eigenvalue A(t), u; € W;fl’o(ef(kﬂ)'yt,Koo) and

c(t) = i/KF(x,t)r_im”_"z/}(a:,t)dx,

where 1/)(3: t) is the energy function of the problem conjugating to the problem
([@.3)-(-2) which corresponds to the eigenvalue A(t). Since ImA(t) > ' —1—24+12 2

from F(ac t) € Wl O(e~ @R+t Y it follows that c(t) € Lajec(0,00). Hence the
assertion is proved for h = 0.
Assume that the assertion is true for 0,1,...,h — 1. Denoting u;» by v. From

(2.3) and (4.5)) we obtain
" (h
LO(O7t, D)’U = Fth - Z (k) LOtk (O,t, D)Uth—k, (47)

k=1

where

B "L 9%a,,(0,t) O 0
Los = > otk Ow; Oy

ij=1
Putting Sp(w,t) = r~*®¢(w,t). From (E7) it follows that

M=

(Z) LOtk (0, t, D)Uth—k
1

x>
Il

- i( >L0tk(o t, D) [(cS0) s +§h:1( )Lw 0,2, D) (uy )pnr

k=1
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Using the inductive hypothesis and by arguments used in the proof of case h = 0

we find that
h

h
Ugp =V = Z (k) cen—k(S0)er + d(t)So + ua,

k=1
where d(t) € Ls 10c(0,00), ug € WﬁQﬁ'l’O(e—(zhH)’”,K ). Putting S1 = Sy 1(U1)th 1,
Sy = Sylug — S52(S0)¢(ur)n—1r. Since (up)pm—1,uy € Wg,o(e @htDYE KLY s
S1,52 € Wg’g(ef(%“)’“, Ko). Therefore, I(t) = cin—1(t) — cpn—1( fo T)dT =
fot So(z, T)dT — Si(x,t) + Si(x,0) € WE%(K). Hence I(t) = 0 and cn = d €
L3 10c[0,00), (u1)n = ug € Wg,mﬂ’o(e_(hH)W, K). This completes the proof. O

Theorem 4.3. Let u(x,t) be a generalized solution of (2.3)-(2.5) in the space

Whl(e=" K.) such that u = 0 whenever |z| > R, and fux € L*(0,00; W(K))
fork <2l+h+1, fie(x,0) =0 for k <21+ h. Assume that the straight lines

n n

ImA=1-2, ImA=2+0-7

do not contain points of spectrum of (4.1)-(4.2) for every t € [0,00), and in the
strip

n n
l—-=<ImA<2+4+1——
2<m <2+ 5

there exists only one simple eigenvalue A(t) of . . Then the following
representation holds
l
u(a,t) =Y co(t)r MO Py (Inr) + uy(x, 1), (4.8)
s=0

where P35 is a polynomial of order less than 3141 and coefficients infinitely differ-
entiable functions of (w,t), (o) € Laiec(0,00), (u1)pw € WETH0(e=ht1at [ )
for k< h+1.

Proof. We will use induction on . If [ = 0 the statement follows from Lemma 4.2
with 8 =1, #/ = 0 and theorem 3.2. Let the statement be true for 7 < (I —1). We
distinguish the following cases:

Case 1: 1 — 5 <ImA(t) <2+ j— 5. From the induction hypothesis,

Z cs(O)r P OFs Py (Inr) 4 uy (2, 1), (4.9)

where P3; , is a polynomial of less than 3j+1 and coefficients infinitely differentiable
functions of (w,t), (¢s)px € Laoc(0,00), (ur)pw € Wt 0(e= kDt [y for k <
h + j. Therefore
LO(O,t,D)Ul = F] - LS + Stta
where Fy = (u1)w + f + [Lo(0,¢, D) — L(x, t, D)]uy,
J

Z 71>\ t)+sP 3 s(lnr)

=0

Since fu € L>(0,00; WIT'(K)) for k < 2(j )—1— h+1 and fu(2,0) = 0 for
k<2j4+h+1,50 fir € L%(0,00; Wl (K)), k <2j+ (h+2)+1, and fux(z,0) = 0,
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k < 2j+h+1. Therefore, (cs)i € La,loc(0,00) and (u1)x € W0 (e~ Dt )
for k < h+ j + 2. Hence it follows that (Fy)u € WJTH0(e= G+t K ) for
k < j+ h+ 1. On the other hand
Jj+1 _ _
—-LS + Stt = F2 + ZEs(t)’/'iv\(t)72+spgj+27s(ln ’I”)7
s=0

where ]33]'+2,s is a polynomial having order less than 3j + 3 and its coefficients are
infinitely differentiable functions of (w,t), (Fp)pw € WITH0(e=@FD7 K ), and
(€s)ix € L210c(0,00) for k < h + j + 1. Therefore we obtain

Jj+1
Lo (0 t, D ul F; +ch 71/\ 2+5P3j+2,s(1n71)7

where F3 = I +F5 € Wg+1’0(e_(2k+1)'yt,Koo) - H]_’?(e_(Qk"‘l)’Yt,Koo). By Lemma

3.1 we find
j+1

Z G () PO Py g (Inr) 4 ug(x, t),

where ]53]43,5 is a polynomial having order less than 3j + 4 and its coefficients
are infinitely differentiable functions of (w,t), (ug) € W20 (e~ @Dt K_ ) for
k < h+j+1. Therefore (ug)u € WiT20(e= @kt [ for k < h+ j+ 1. Hence
and from it follows that

u(zx,t) = Z cs(O)r=AOFT Py o (InT) + ug(, 1),
s=0

where Psj.3 4 is a polynomial having order less than 35 + 4 and its coefficients
are infinitely differentiable functions of (w,t), (¢s)g € Laoc(0,00), and (uz)x €
Wit (e~ K ) for k < h+j+ 1.
Case 2: 2+ j— 5 < ImA(t) < 3+ j — 5. From theorem 3.2 we have u;. €
Wh(e= @Dt K. Hence (see [3]) up € W0(em D7 K ) for k < h 4+ 2L.
On the other hand, the strip 1 — % < Im A < 2 — & does not contain points of
spectrum of the problem — for every t € (0,00). Hence and from theorems
on the smoothness of solutions of elliptic problems in domains with conical points
(see [8]) it follows that u € Wg%(e= @R+t K ) for k < h+ 2I.

We will prove that if fi. € L%°(0, 0o; Wg(K)) for k <2j4+h+1and fu(z,0) =0
for k < 2j+h, then uy € Wet0(e= k07t [y k < h+2l—j. This assertion was
proved for j = 0. Assume that it is true for j — 1. Since fu € L>(0, oo; Wg_l(K))
for k<2(j—1)+(h+2)+1and fux(z,0) =0 for k <2(j — 1)+ h + 2, then from
inductive hypothesis it follows that u;x € Wg+l’0 (e~ R+t K ) k < h+21—j+3.
Therefore, up> € W7 e @k+37¢ [ for k < h + 2] — j. Hence and from
the fact that the strip

n n

does not contain points of spectrum of (| . . ) for every t € [0,00), we obtain
wpe € W0 (e= @07t )k < h++20—j. Hence uye € W20 (e~ K )
for k< h+420—j.
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By Lemma 4.2 and from above arguments we obtain
u(z,t) = c(t)r" MO p(w, t) + uy (z, t),

where ¢ is an infinitely differentiable function of (w,t) which does not depend on
the solution, ¢ € Ly joe(0,00), and (uy)e € W0 (e~ B+t ) for k < h+1.
case 3: There exists to such that Im A(tg) = 2+ j — 5. We can assume that
2+j—e— 5 <ImA(t) <3+j—€e—5,0<e< 1 Byarguments used in case 1
and 2 we obtain . The proof is complete. (I

Theorem 4.4. Let u(x,t) be a generalized solution of (2.3)-(2.5) in the space
Whl(e=7t QL), and fur € L2(0,00; WE(Q)) for k <20+ h+ 1, fu(x,0) =0 for
k <20+ h. Assume that the straight lines

n n
ImA=1-2, ImA=2+1-7

do not contain points of spectrum of (4.1)-(4.2) for every t € [0,00), and in the
strip

n n
l—=<ImA<2+1——
2<In <2+ 5

there exists only one simple eigenvalue A(t) of . . Then the following
representation holds

l
= ety 0Py (Inr) + u (2, 1), (4.10)
s=0

where Py s is a polynomial of order less than 31+ 1 and coefficients infinitely differ-

entiable functions of (w,t), (¢s) € Laoc(0,00), (u1) € WOZH O(e= k417t Q)
for k< h+1.

Proof. Surrounding the point 0 by a neighbourhood U, with small diameter that
the intersection of Q and Uy coincides with K. Consider a function vy = pou,
where g € CO'OO(UO) and g = 1 in some neighbourhood of 0. The function ug
satisfies the system

L(‘T7t7D)u0 - (uO)tt = QOOf + L/(I,t7D)U7

where L'(x,t,D) is a linear differential operator having order less than 2. Coef-
ficients of this operator depend on the choice of the function ¢y and equal to 0
outside Uy. Hence and from arguments analogous to the proof of Theorem 4.1, we
obtain

pou(z,t) Zc O py (Inr) 4 ug(, t), (4.11)

where P3; s is a polynomial of order less than 3] + 1 and coefficients infinitely dif-
ferentiable functions of (w,t), (¢s)i € La10c(0,00), (ug)w € W02+l’0(e’(k+1)7t, Qo)
for k< h+1.

The function p1u = (1 — ¢p)u equals to 0 in some neighbourhood of the conical
point. We can apply the known theorem on the smoothness of solutions of elliptic
problems in a smooth domain to this function and obtain pu € Wo2+l (Q) for almost
every t € (0,00). Hence we have (¢1u)u € W0 (e R+t Q) for k < h + L.
Since u = pou + p1u so from we obtain . The proof is complete.  [J
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5. AN EXAMPLE

In this section we apply the previous results to the Cauchy-Dirichlet problem
for the wave equation. Let © be a bounded domain in R%. It is shown that the
asymptotic of the generalized solution of the problem depends on the structure of
the boundary of the domain, and the right-hand side. We consider the Cauchy-
Dirichlet problem for wave equation in .,:

Au —uy = f(z,t) (5.1)
with initial conditions
ult=0 = Ut|t=0 = 0 (5.2)
and boundary condition
uls,, =0, (5.3)

where A is the Laplace operator.

Assume that in a neighborhood of the origin of coordinates, the boundary 02
coincides with a rectilinear angle having measure wg. Then spectral problem —
(4.2) is Sturm-Liouville problem:

Vo — N0 =0,0 < w < wy, (5.4)
v(0) = v(wg) = 0. (5.5)

Eigenvalues of — are A\, = i(mwk/wp), k is a positive integer. They are
simple eigenvalues. Then it follows that mathopImA, = +(wk/wy).

If wy > m, then 0 < m/wp < 1. On the other hand 0 < wy < 27 so (k7 /wp) > 1
for all £k > 2. Therefore, in the trip 0 < ImA < 1 there exists only one simple
eigenvalue A(t) = im/wy of the problem (5.4)-(5.5). From Theorem 4.2 we obtain
the following result.

Theorem 5.1. Let u(x,t) be a generalized solution of (5.1)-(5.3) in the space
Whl(e " Q). In addition, suppose that fu. € L>(0,00; Lo(Q)) for k < h+ 1,
fer(2,0) =0 for k < h. Then the following representation holds

w(x,t) = c(t)r™ " P(Inr) 4+ uy (2, 1),

where P is a polynomial having order less than 1 and its coefficients are infinitely
differentiable functions of (w,t), ¢y € Laioc(0,00), (u1)w € W l(e= Rt Q)
for k <h.
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