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OSCILLATION AND NONOSCILLATION CRITERIA FOR
TWO-DIMENSIONAL TIME-SCALE SYSTEMS OF
FIRST-ORDER NONLINEAR DYNAMIC EQUATIONS

DOUGLAS R. ANDERSON

ABSTRACT. Oscillation criteria for two-dimensional difference and differential
systems of first-order linear difference equations are generalized and extended
to nonlinear dynamic equations on arbitrary time scales. This unifies and
extends under one theory previous linear results from discrete and continuous
systems. An example is given illustrating that a key theorem is sharp on all
time scales.

1. PRELUDE

Jiang and Tang [14] establish sufficient conditions for the oscillation of the linear
two-dimensional difference system

Ay = pYn,  AYn—1 = —quTn, nEZ, (1.1)

where {p,}, {¢.} are nonnegative real sequences and A is the forward difference
operator given via Az, = Z,11 — Z; see also Li [16]. The system (1.1)) may be
viewed as a discrete analogue of the differential system

2'(t) =p(t)y(t), ¥ (t) = —q)x(t), teR, (1.2)

investigated by Lomtatidze and Partsvania [17].

Oscillation questions in difference and differential equations are an interesting
and important area of study in modern mathematics. Furthermore, within the past
two decades, these two related but distinct areas have begun to be combined under
a powerful, more robust and general theory titled dynamic equations on time scales,
a theory introduced by Hilger [I3]. We wish to generalize and to the
nonlinear time-scale system of the form

z2(t) =p()f (y(1), y2(t) = —a(t)g(x(t)), teT, (1.3)

where T is an arbitrary time scale (any nonempty closed set of real numbers)
unbounded above, with the special cases of T = Z and T = R yielding systems

2000 Mathematics Subject Classification. 34B10, 39A10.

Key words and phrases. Nonoscillation; nonlinear system; time scales.
(©2009 Texas State University - San Marcos.

Submitted January 20, 2009. Published January 29, 2009.

1



2 D. R. ANDERSON EJDE-2009/24

related to (1.1)) and (1.2)), respectively, as important corollaries. In this general
time-scale setting, A represents the delta (or Hilger) derivative [4, Definition 1.10],

zA(t) = lim 2(o(t)) — 2(s) _ lim 27(t) — 2(s)

s>t o(t)—s s>t o(t)—s

where o(t) := inf{s € T : s > t} is the forward jump operator, u(t) := o(t) — ¢t
is the forward graininess function, and z o ¢ is abbreviated as z?. In particular, if
T =R, then o(t) = t and 2 = 2/, while if T = hZ for any h > 0, then o(t) =t +h
and
- x(t+ h})l - x(t)

A function f : T — R is right-dense continuous provided it is continuous at each
right-dense point ¢ € T (a point where o(t) = t) and has a left-sided limit at each
left-dense point ¢ € T. The set of right-dense continuous functions on T is denoted
by Cia(T). It can be shown that any right-dense continuous function f has an
antiderivative (a function ® : T — R with the property ®*(¢) = f(t) for all t € T).
Then the Cauchy delta integral of f is defined by

/1ﬂmu=¢an—@wx

where ® is an antiderivative of f on T. For example, if T = Z, then
t1 t1—1
[ rwac=3 s,
to t=to

and if T = R, then
tl tl
f)At = ft)dt.

to to
Throughout we assume that tg < ¢; are points in T, and define the time-scale
interval [to,t1]r = {t € T : tp < t < t1}. Other time-scale intervals are defined
similarly.

Time scales and time-scale notation are introduced well in the fundamental texts
by Bohner and Peterson [4, [5]. For related oscillation and nonoscillation results for
dynamic equations on time scales, please see some of the many recent papers in this
area, including Akin-Bohner, Bohner, and Saker [I], Bohner, Erbe, and Peterson
[3], Bohner and Saker [0 [7], Bohner and Tisdell [§], Erbe and Peterson [9], Erbe,
Peterson, and Saker [10, 1T, 12], and Saker [I8]. Recent papers on extensions
of second-order self-adjoint equations to dynamic systems on time scales include
Anderson and Hall [2], and Xu and Xu [19].

2. PRELIMINARY RESULTS ON OSCILLATION

Let T be a time scale that is unbounded above, and let tg € T. In , assume
p: T — R is right-dense continuous with p > 0 on [ty,00)r, and ¢ : T — R is a
right-dense continuous function satisfying ¢ > 0 on [tg, 0o)t with ¢ nonzero and not
eventually zero; note that p and ¢ are delta integrable. Moreover, we assume that
f,9 : R = R are nondecreasing continuous functions that satisfy zf(z),zg(z) > 0
for z # 0, and that there exist positive real numbers F' and G such that f(y)/y > F
and g(z)/z > G.

A solution (z,y) of is oscillatory if both component functions x and y
are oscillatory, that is to say neither eventually positive nor eventually negative;



EJDE-2009/24 NONLINEAR DYNAMIC SYSTEMS 3

otherwise, the solution is nonoscillatory. The nonlinear dynamic system (1.3 is
oscillatory if all its solutions are oscillatory.

Lemma 2.1. The component functions x and y of a nonoscillatory solution (z,y)
of (1.3)) are themselves nonoscillatory.

Proof. Assume to the contrary that x oscillates but y is eventually positive. Then
2 = pf(y) > 0 eventually, so that x(t) > 0 or z(t) < 0 for all large t € T,
a contradiction. The case where y is eventually negative is similar. Likewise,
assuming that y oscillates while = is eventually positive or eventually negative
leads to comparable contradictions. (I

Lemma 2.2. If

/OO p(r)Ar = 0o and /Oo q(s)As = oo, (2.1)

to to

then each solution of nonlinear system (1.3)) is oscillatory.

Proof. Let (z,y) be a nonoscillatory solution of (L.3). First assume that z > 0; then
y® = —qg(z) <0, and in view of Lemma y must be of constant sign eventually.
If y(t1) < 0 for some t; € [ty,00)T, then y < 0 on [t;,00)r and 2 = pf(y) < 0 on
[t1,00)T; after delta integrating from ¢, to t, we have

£(t) = x(ty) + / p(r)f (y(r)) Ar. (2.2)

t1

Since y is negative and nonincreasing, and yf(y) > 0 with f nondecreasing, we
know f(y) < 0, and by the first assumption in the right-hand side of
tends to —oo, a contradiction of z > 0. Consequently, ¥y > 0 with y® < 0 on
[to, 00)t, and 2 > 0 on [tg, 00)r by the first equation of (L.3). Thus there exists
a constant ¢ > 0 and t; € [tg,00)r such that x(t) > ¢ for t € [t1,00)r. Delta
integrating the second equation of , we obtain

e / " d(8)As < y(t) < o0,

and this contradicts the second assumption in (2.1). Similar contradictions are
reached for x < 0. (]

Lemma 2.3. If
/ p(r)Ar < oo and / q(s)As < 0o, (2.3)
to to

then nonlinear system (1.3 is nonoscillatory.
Proof. Suppose that (2.3)) holds. Then there exists t € [tg, oo)T such that

/ o) f(1 +9(2) / b q(s)As) Ar < 1. (2.4)

tl T

Let B = C.4q(T) be the Banach space of right-dense continuous functions on T, with
norm [|z|| = sup;s,, et [(t)| and the usual pointwise ordering <. Define a subset
S of B as follows:

S={zeB:1<z(t) <2, t€[t1,00)T}
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For any subset Q of S, we have that inf @ € S and supQ € S. Let L : S — B be
the functional given via

(La)(t) =1+ /tp(T)f(l + /00 q(s)g(ac(s))As)Ar7 t € [t1,00)T.

tl T
By the assumptions on z € S and p and ¢ and the fact that f and g are nonde-
creasing, (Lz)(t) > 1 for all ¢t € [t1, 00)T, and

@O <1+ [ pnf(1+ [ aolas)ar <2
by . Moreover,
(Lz)2(t) = p(t)f(l —l—/t q(s)g(w(s))As) >0, (2.5)

ensuring that L : § — S is increasing. By Knaster’s fixed-point theorem [15], we
can conclude that there exists an x € S such that x = Lz. If we let

v =1+ [ aegle(s) a5, t€ 00
using the fixed point z € S, then we have
2®(t) = (La)(1) = p() f (y(1)) and  y>(1) = —q(t)g(x())
for t € [t1,00)r by using . Thus (z,y) is a nonoscillatory solution of . O
In view of Lemmas [2.2] and respectively, we could assume that either

/ p(r)Ar =00 and / q(s)As < o0, or (2.6)

to to

/ p(r)Ar < oo and / q(s)As = oo; (2.7)
to to

in fact, we will focus on (2.6). Moreover, in preparation for what follows, we
introduce the following notation. Let

P(t) ::/t p(r)Ar. (2.8)

Lemma 2.4. Assume that (2.6)) holds, P is given by (2.8), and X € [0,1) is a real
number. If

- pp(t) ‘ o 27 _

tli)rgo U 0, (equwalently, tli)rgo P 1) (2.9)
then given € > 0 there exists a t; = t1(€) € (to, 00) such that for any t € [t1,00)T,

(G () NP PR

——— = Ar< 1 A prl 2.1
/t P A S T (49 (1), wmd  (210)
= _p(r) L+ s

Ar < P . 2.11
/t Y (S I R} ®) (2.11)

Proof. For r € (tg,00)T, by the chain rule [4, Theorem 1.90] we have
PXo(r)) — P(r)
A r) >0,
(P)2(r) = u(r) Hr)
Ap(r) P~ (r) sp(r) = 0.
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By [, Theorem 1.16 (iv)], uP® = P°— P, so that uyp = P°—Pon T. If r € (ty,00)r
is a right-scattered point, then p(r) > 0 and, suppressing the 7,

[(P)\)A}Q D A 2
pPY  2pPPX ((P ) - PA)

_p () Py
P P — P

WD, e (P, P,
PAZ _

=P i<

= AszA_Q.

If r € (tg, 00)T is a right-dense point, then p(r) = 0 and
[(PY)) _ DwP ]

= = \pP 2.
pP* pP? P
It follows that in either case,
2
{(PA)A(T)] < A2y A2 . o1
P ) = p(r) (r), 7€ (to, o)t (2.12)

Similarly, if r € (tg,00)T is a right-scattered point, then once again p(r) > 0 and,
suppressing the r,

_(Pk—l)A _ ;72]77 ((P”))\_l B Pk_l)

-1 pr-1
)

= p(l - >‘)77)\_27 ne (P<T)7PG(T)>R

> p(1 = A\)(P7)N 2

If r is a right-dense point, then P = P, u(r) = 0, and p(1 — \)P* 2 = —(P)‘_l)A.
Summarizing, in either case we have

— (P12 > p(1 = NP2 1 € (to, 00)r. (2.13)
Combining (2.12)) and (2.13), we see that

(P20 _ N PO\ A
()P (r) §1_A<Po(r)) [= ()70

By (2.9), given € > 0 there exists a t; € [tg,00)r such that P?/P < (1+¢€) on
[t1,00)1. Consequently, for any ¢ € [t1,00)T,

I (P20, ¥

2o [T (R )| Ar
PP ) ST y1+e) /t [— (P77 ()]A
)\2

9.9

S (PP (),
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which is (2.10]). Moreover, again for any r € [t1, 00)T,

pr) _plr) PG o)
O R I T R 2 ) B
OF 2 prenyagy,

- A—1

Delta integrating ([2.14]) from ¢ to infinity, we obtain

/OO p(?‘) Ar < (1 + 6)27)\ /OO (P)‘il)A(T)AT £ (1 + 6)27)\ P)\fl(t)
t t I=A ’

J N (S R

which is (2.11)). ([l

Note that if T = R, then (2.9) is automatically satisfied, as u(t) = 0.

Lemma 2.5. Assume that (2.6) holds, that P is given by (2.8), and that (2.9)
holds. If for some real number A < 1 we have

/OO q(r)PMr)Ar = 0o for t; > o(ty), (2.15)

ty
then nonlinear system (L.3)) is oscillatory.

Proof. By Lemma [2.3] we can focus on A € (0,1). Assume that (z,y) is a nonoscil-
latory solution of nonlinear system , and assume that = > 0 on [tg, 00)T; the
case where x < 0 on [tg, 00)T is similar and consequently omitted. As in the proof
of Lemma y > 0 with y® < 0 and 22 > 0 on [ty,o0)r. Let w := y/z. Then
w > 0, and suppressing the argument, we have by the delta quotient rule and
that on [tg, 00)T,

o, A _ ,0..A
wd =Y Uy T _qg(x) —pww”w < —qG — pww? F < 0. (2.16)
Tx x Y
In fact this gives us
w? < —qG — p(w®)?F, (2.17)

and from the previous line we obtain on [tg, c0)r that

EEPPVAN o
(7)A: w ZqG—i—pww F2
w ww’ ww’

pF;

delta integrating from tg to ¢t we see that

1>1-—

w(t) ! _
> Fult) /t p(VAF = Fw(®)P(t) > 0, L€ [to,00)r.  (2.18)
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Again by the mean value theorem, (P)‘)A < ApP*~! for A € (0,1). Multiplying
(2-17) by P* and delta integrating from ¢; > o(t) to t we obtain

G/ q(T)P/\(’I’)ATS 7/ P)‘(r)wA(r)Ar—F/ p(T)P)‘(r)(w”)z(r)Ar

t1 t1 t1

parts —PMt)w(t) + P (t)w(ty) —|—/ (P/\)A(r)w"(r)Ar

t1

= F [ o) P o) R ) ar
< fP)‘(t)w(t) + P)‘(tl)w(tl) Jr/ )\p(r)P)‘fl(r)w”(T)Ar

t1
t

= F [ p(r)P(r)(w”)?(r)Ar

t1

= —PMt)w(t) + P (t1)w(t:)

+ / (VP2 () [P (1) (A= FP@we ()] Ar.

ty

Since by we have 219
0 < FP(t)w’(t) < FP(Hw(t) <1, t € [ty,o0)T, (2.20)
there exists a positive real number & such that
|[P(r)w? (r) (A = FP(r)w” ()| < k.

As a result we have lim;_, o, —P*(t)w(t) = 0 by - ) for 0 < A < 1, and

| / )P ( r) [P(r)w’ (r)(A = FP(r)w’(r))] AT| < k/oo p(r)P 2 (r)Ar

t1
l» 14627
= WP )
for all ¢ € [t1,00)r. Therefore,

/OO q(r)P(r)Ar < oo,

t1

a contradiction of (2.15). O

Due to (2.6 and the establishment of Lemma we will henceforth restrict our
analysis to the case

/ p(r)Ar = oo, and / q(r)PMr)Ar < oo for A<1, t; > o(to).

to ty
(2.21)
We also adopt the following notation. Set
P1=A(t rAr A<,
gt,\) =G Y ft "
P j; Ar A> 1.

In either case, take

g« () := litminfg(t,)\) and g¢g*(\) ;= limsup g(¢, \).

t—o0
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Lemma 2.6. Assume that (2.21) holds, that P is given by (2.8), and that (2.9)
(.3}

holds. If (z,y) is a nonoscillatory solution of nonlinear system (L.3)), then

lim inf w(t) P() > % (1 —/1- 4Fg*(0)), (2.22)
lim supw(t) P(1) < % (1 F/1o 4Fg*(2)>, (2.23)

where again w :=y/x.
Proof. By (2.18]), we can introduce the constants
ro= litm infw(t)P(t), R:=limsupw(t)P(t), (2.24)

t—oo

and by (2.21]), we must have
tlim w(t) = 0. (2.25)

From (2.16) we have w® < —¢G — pww’ F; delta integrate this from ¢ to oo, use
(2.25)), and multiply by P to see that

w(t)P() > GP(t) /t T (AT + FP(H) /t ()l (1) AT (2.26)
holds for ¢ € [t1,00)r. From this yields
7> g.(0). (2.27)

This time multiply (2.17) by P? and delta integrate from #; to ¢ to get

2

G q(T)PQ(T)ATS —/ P2(T)wA(T)AT—F/ p(T)P2(T)(wU) (1)AT

t1 11 t1

— P2 (Bw(t) + P2(t)w(t) + / (P2 (1) (r)Ar

t1

_F /t ()P (r) (") (1) AT

— P2(t)u(t) + PX(ty)w(ty) + / ()P () (r) Ar

+ / p(r)P(r)w’ ()2 — FP(r)u? (7)|Ar
for ¢ € [t1, 00)T, which leads to
w(t)P(t)

t

<GP () /t g(r)P2(r)Ar + P~(t) /t Hr)p (et (AT (2.28)

+ P7L )P (t)w(ty) + P7(1) /t p(T)P(T)w’ (7)[2 — FP(T)w’(7)]AT.

Using (2.20), 0 < (1 — FPw?)?, leading to FPw’[2 — FPw°] < 1. Thus for large
teT,

P(1) / p(F) P (7) [2 — P(r)u’ (1)) AT < 1/F.

ty1
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Applying L’Hopital’s rule [4, Theorem 1.120], (2.20) again, and (2.9)) we have

ftt u(m)p* (T)w (1) AT wu(t)p(t)
<1 X : T _
0< thm 0 = thm p(t)pt)w (t) < thm P 0.
Altogether then, inequality (2.28)) implies that
R <1/F — g.(2). (2.29)

If g.(0) = 0 = g.(2), then estimates (2.22) and (2.23) follow directly from (2.27)
and ([2.29)), respectively. Thus we pick a real number € € (0, min{g. (0),9*(2)}) and

to € [t1,00)r such that for t € [t2, 00)T,

r—e<w(t)P(t) < R+e w(t)P(t) > GP(t) /00 q(T)AT > g.(0) — €,

GPil(t)/ q(T)P?(T)AT > g.(2) — €.

to

From (2.26) and L’Hépital’s rule we have for ¢ € [ta, 00)7 that
w(t)P(t) > g.(0) — e+ F(r —e)*

Multiply (2.16) by P? and delta integrate from ¢; to t to see that this leads to
t

w(t)P(t) < ~GP(1) / o(r)P2(r) A + PL(1) / ()PP () () Ar

+ P7Y)P2(t)w(t) + P7(1) / p(T)P(T)w’ (7)[2 — Fw(T)P(71)]AT.

¢
' (2.30)
From ([2.30) we have for ¢ € [t2, 00)T that

P2(t)w(th) + J;, p(r)p*(r)w” (1) AT

w(t)P(t) < Z0) —9x(2)+e+(R+¢€)(2—F(R+¢)),
since Fw? P < FwP < 1. These two inequalities lead to

r>g.(0)+ Fr?, R<R(2-FR)— g.(2). (2.31)
Consequently,

1 1
> — (1-\/1—-4Fg, ) <7(1 1—4F*2),
r= o ( 0.0). R< 5 (14 V1-4Fg.2)

and the lemma is proven. ([

3. MAIN OSCILLATION RESULTS

We use the lemmas obtained previously to prove our main results.

Theorem 3.1. Assume that (2.21) holds, that P is given by (2.8), and that (2.9)
holds. If

. o0 1
g*(O)zllgng(t)A q(T)AT>E, or (3.1)
(2) = liminf / (P P(r)AT > - (3.2)
9-(2) = limin 0 toq7’ TIAT > .

then every solution of nonlinear system (1.3)) is oscillatory.
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Proof. Suppose to the contrary that (z,y) is a nonoscillatory solution of (|1.3) with
x(t) > 0 for t € [tg,00)r. Let

r:=liminfw(t)P(t), R :=limsupw(t)P(t),

t—oo t— o0

where w = y/x. By Lemma and its proof (in particular (2.31))) and simple
calculus, we have

1 1
L) <r—Fr2< — L(2) < FR?< —,
g«(0) <r r < IF and ¢.(2) < R-—FR < I

a contradiction of both (3.1) and (3.2). The case with x(t) < 0 for ¢ € [tg, c0)T is

similar. O

Theorem 3.2. Assume that (2.21) holds, that P is given by (2.8), and that (2.9)
holds. Let g.(2) < 1/(4F), and assume there exists a real number X\ € [0,1) such

that
') > ﬁ + % (1 +/1— 4Fg*(2)> . (3.3)

Then every solution of nonlinear system (1.3)) is oscillatory.

Proof. Suppose to the contrary that (z,y) is a nonoscillatory solution of (1.3 with
z(t) > 0 for t € [to, 00)7. By (2.17) we have

Gq(t) < —w?(t) = Fpt)(w?)2(t), t € [to,00)r,
where w = y/x; multiply this by P* and delta integrate from ¢ to infinity to get

G/ TIAT < — /too wA(T)PA(T)AT — F/tOo p(T)(w")Q(T)P”\(T)AT
= P t)w(t) + / b (P2 (r)w” (r)Ar

_F / PP () (w7 (1) Ar

1 °°(<PA>A)2<T> A

AF p(T)P> (1)

B (P (r) >2A’T
2/ Fp(T)P*2(T)

It follows that
P G/ AT < Pl + L0 /too (P2 ) (3
By (2-10), (2-23), and ( -,
() < (1+\/ " 4Fg.(2 ) 41?12—)\)

a contradiction of (3.3). Similarly if z(t) < 0 for ¢ € [to, 00)T. O
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Corollary 3.3. Assume that (2.21)) holds, that P is given by (2.8)), and that (2.9)

holds. If g.(2) < 1/(4F) and g*(0) > 7= (1 ++/1—4Fy. (2)), then every solution
of nonlinear system (1.3)) is oscillatory.

Theorem 3.4. Assume that (2.21) holds, that P is given by (2.8), and that (2.9)
holds. Let ¢.(0),g«(2) < 1/(4F), and assume there exists a real number \ € [0,1)
such that

A2-=))
4F 7
. 9x(0) 1
— 1—4Fg, 1—4Fg.(2)) . .
7N > 2 (VI 4R (0) + V1 47 (2)) (3.6)
Then every solution of nonlinear system (1.3)) is oscillatory.

9-(0) > and (3.5)

Proof. Suppose to the contrary that (z,y) is a nonoscillatory solution of (|1.3) with
x(t) > 0 for t € [tg,00)1; the case with x(t) < 0 for ¢ € [tg, 00)T is omitted. Let
r = liminf, o w(t)P(¢t) and R = limsup,_, ., w(t)P(t), where w = y/x. By (2.22)

and,
rzm:%(l— 1—4Fg*(0)), R<M = 2F(1+\/1—4Fg* )

Using (3.5) and ( we find that m > A\/(2F), whence given ¢ € (0,m — 2/})
there ex1sts at) € [to, oo)r such that

m—e<w(t)P(t) <M+e t€]lty,00)T. (3.8)

Similar to what we did in (2.19)), multiply (2.17) by P» and delta integrate from ¢
to infinity to get

G/ T)AT
< w(t)PA(t) + /too p(r)P*~2(7) [\w? (1) P(7) — F(P(7)w’ (1)) "] Ar;
this leads to

P0G [ an P ar < w@ro - PO [T o)

(3.9)
x [\w? (1)P(r) — F(P(r)uw’ (1))*] Ar.
Since the functlon v(2) := Az — F2? is decreasing over the real interval [2 7, 00), it
follows from ([3.§ , ., and Lemma [2.4] E that
PG [ a(r)P A
t
<M+t (m—— Fm— )P (1) / p(r) PP~ (r)Ar
t
< M4t (m—e)(A— Fl(n_l ; ) (1 + e
This in tandem with (3.7) yields
, mA—Fm)  g.(0) | 1
< = i _ _
g <M+ T = Ty (VIR (0) + V- 4Fg.(2)),

a contradiction of ({3.6]). O
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Corollary 3.5. Assume that (2.21)) holds, that P is given by (2.8)), and that (2.9)
holds. Let 0 < g*(0) < 1/(4F) and g.(2) < 1/(4F). If

0°(0) > 0.(0) + 5 (VI 4F.(0) + /T~ 4Fg.(2))

then every solution of nonlinear system (1.3)) is oscillatory.

4. EXAMPLE

We illustrate Theorem [3.1] with the following example.

Example 4.1. Let T be an arbitrary time scale unbounded above, and let p and
F be positive constants. Then the linear system

1

a®(t) = pFy(t), y>(t)= ta(t)x(t)’ t € [to, 00)r (4.1)

for to > 0, is nonoscillatory for 0 < p < 1/(4F) and oscillatory for p > 1/(4F). In
other words, the inequality in (3.1]) is sharp on all time scales.

Proof. Note that p(t) = p, f(y) = Fy, q(t) = %, and g(z) = x. Thus we have
P(t) =p(t —to), f(y)/y=F, and G =1, so that

9+(0) = liminf GP(t) / q(r)Ar = lim inf M =p
t—oo ‘ 00 t

Converting ( to a second-order dynamic equation for x, we arrive at a Cauchy-
Euler equation [5, Section 2.3] of the form

By Theorem and (3.1), any solution (x,y) of (4.1)) oscillates if p > 1/(4F).
0]

to(t)z2(t) + pFz(t) =0,
with general solution
.’E(t) = A€1+m(t,t0) +B€1_m(t,t0)7 (42)
2t 2t

where we have used a linear combination involving the time-scale exponential func-
tion [4, Section 2.2]. From elementary analysis and Euler’s formula we know that
x is nonoscillatory for p < 1/(4F) and oscillatory for p > 1/(4F), showing in
particular that the 1/(4F) in is sharp for all time scales T. O

Remark 4.2. In Example we can identify the exponential functions that occur
in for specific time scales [B, Example 2.19]. Letting A = I+7V1274Fp’ we get
that
EAA
T=R:eiyiar(t,to) = (*) )
2t to

t logq[1+(q—l))\]
m
L(t+ M) (to)
LTt +A)’

'IF:qZ:@@(WO):( ;

2t

T=7Z:eiry=rs(t to) =
2t

where I' is the gamma function.



EJDE-2009/24 NONLINEAR DYNAMIC SYSTEMS 13

REFERENCES

[1] E. Akin-Bohner, M. Bohner and S. H. Saker, Oscillation criteria for a certain class of second
order Emden-Fowler dynamic equations, Electron. Trans. Numer. Anal. 27 (2007), 1—12.

[2] D. R. Anderson and W. R. Hall, Oscillation criteria for two-dimensional systems of first-order
linear dynamic equations on time scales, Involve (2009), to appear.

[3] M. Bohner, L. Erbe, and A. Peterson, Oscillation for nonlinear second order dynamic equations
on a time scale, J. Math. Anal. Appl. 301 (2005), no. 2, 491—507.

[4] M. Bohner and A. Peterson, Dynamic Equations on Time Scales, An Introduction with Ap-
plications, Birkhauser, Boston, 2001.

[5] M. Bohner and A. Peterson, editors, Advances in Dynamic Equations on Time Scales,
Birkhauser, Boston, 2003.

[6] M. Bohner and S. H. Saker, Oscillation of second order nonlinear dynamic equations on time
scales, Rocky Mountain J. Math. 34 (2004), no. 4, 1239—1254.

[7] M. Bohner and S. H. Saker, Oscillation of second order half-linear dynamic equations on
discrete time scales, Int. J. Difference Equ. 1 (2006), no. 2, 205—218.

[8] M. Bohner and C. C. Tisdell, Oscillation and nonoscillation of forced second order dynamic
equations, Pacific J. Math. 230 (2007), no. 1, 59—71.

[9] L. Erbe and A. Peterson, Boundedness and oscillation for nonlinear dynamic equations on a
time scale, Proc. Amer. Math. Soc. 132 (2004) 735-744.

[10] L. Erbe, A. Peterson, and S. H. Saker, Oscillation criteria for second-order nonlinear dynamic
equations on time scales, J. London Math. Soc. 67 (2003) 701-714.

[11] L. Erbe, A. Peterson, and S. H. Saker, Oscillation criteria for second-order nonlinear delay
dynamic equations, J. Math. Anal. Appl. 333:1 (2007) 505—522.

[12] L. Erbe, A. Peterson, and S. H. Saker, Oscillation criteria for a forced second-order nonlinear
dynamic equation, J. Difference Eq. Appl. 14:10 (2008) 997—1009.

[13] S. Hilger, Analysis on measure chains—a unified approach to continuous and discrete calculus,
Results Math. 18 (1990) 18-56.

[14] J. C. Jiang and X. H. Tang, Oscillation criteria for two-dimensional difference systems of first
order linear difference equations, Comput. Math. Appl. 54 (2007) 808—818.

[15] B. Knaster, Un théoréme sur les fonctions d’ensembles, Ann. Soc. Polon. Math. 6 (1928)
133—134.

[16] W. T. Li, Classification schemes for nonoscillatory solutions of two-dimensional nonlinear
difference systems, Comput. Math. Appl. 42 (2001) 341—355.

[17] A. Lomtatidze and N. Partsvania, Oscillation and nonoscillation criteria for two-dimensional
systems of first order linear ordinary differential equations, Georgian Math. J. 6 (1999) 285—
298.

[18] S. H. Saker, Oscillation of nonlinear dynamic equations on time scales, Appl. Math. Comput.
148 (2004) 81-91.

[19] Y. J. Xu and Z. T. Xu, Oscillation criteria for two-dimensional dynamic systems on time
scales, J. Computational Appl. Math. 225:1 (2009) 9—19.

DoucLas R. ANDERSON
CONCORDIA COLLEGE, DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCE, MOORHEAD, MN
56562, USA

E-mail address: andersod@cord.edu



	1. prelude
	2. preliminary results on oscillation
	3. main oscillation results
	4. example
	References

