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THREE POSITIVE SOLUTIONS FOR A SYSTEM OF SINGULAR
GENERALIZED LIDSTONE PROBLEMS

JIAFA XU, ZHILIN YANG

ABSTRACT. In this article, we show the existence of at least three positive
solutions for the system of singular generalized Lidstone boundary value prob-
lems

(_1)mx<2m> = a(t)fl (t,CC7 _CC”7 AR (_1)m71x(2M72)7y7 _y//v
o (_1)77.—1y(Qn—2))7
(_1)’ﬂy(2’n) = b(t)fQ(t7 z, _I//7 ey (_1)M71x(2m72>7 Y, _y”7
o (_1)n—1y(2n—2))7
a1z (0) — b1z (0) = 12V (1) + d12 TV (1) = 0,
azy®(0) = by TV (0) = coy?) (1) + doy @ItV (1) = 0.

The proofs of our main results are based on the Leggett-Williams fixed point
theorem. Also, we give an example to illustrate our results.

1. INTRODUCTION

In this article, we study the existence positive solutions for the following system
of singular generalized Lidstone boundary value problems

(71)’”19:(2771) = a’(t)fl (t7 €L, 7‘T”7 R (71)’”’71*11,(27774*2), Y, 7y”7 R (71)n71y(2n72))7
(_1)ny(2n) — b(t)fg(t , _1,1/7 o (_1)m—1x(2m—2)7 n _y//7 e (_1)n—1y(2n—2))7
a1z (0) — b2V (0) = 12 (1) + dy2® V(1) =0 (i=0,1,...,m—1),

azy®)(0) — bay @+ (0) = oy (1) + doy@ V(1) =0 (j=0,1,...,n—1).
(1.1)
where m,n > 1, a(t),b(t) € C((0,1),[0,400)), a(t) and b(t) are allowed to be
singular at ¢ = 0 and/or t = 1; f; € C([0,1] x R7T" Ry)(Ry = [0,400));
a;, bi, Ci, d; € R+ with Pi = ;¢ + a;d; + bic; > 0,2=1,2.
Singular boundary value problems for ordinary differential equation describe
many phenomena in applied mathematics and physical sciences, which can be found

2000 Mathematics Subject Classification. 34A34, 34B18, 45G15, 47H10.

Key words and phrases. Singular generalized Lidstone problem; positive solution; cone;
concave functional.

(©2009 Texas State University - San Marcos.

Submitted October 7, 2009. Published December 21, 2009.

Supported by grants 10871116 and 10971179 from the NNSF of China.

1



2 J. XU, Z. YANG EJDE-2009/163

in the theory of nonlinear diffusion generated by nonlinear sources and in the ther-
mal ignition of gases, see [I, 4]. Very recently, increasing attention is paid to
question of positive solutions for systems of second-order or higher order singular
differential equations, see for example [2] [5] [6] [7] and references therein.

In [2], by using Leggett-Williams fixed point theorem [3], Kang et al obtained
at least three positive solutions to the following singular nonlocal boundary value
problems for systems of nonlinear second-order ordinary differential equations.

u'(t) + a1 (t) fr(t,u(t),v(t) =0, 0<t<l1,
V' (8) + ax(t) fa(t,u(t), v(t) =0, 0<t<1,

a1u(0) — B1u’'(0) =0, ~yu(l) + 6u'(1) = gl(/0 u(s)d¢1(s),/0 v(s)dgi(s)),

1 1

azv(0) — B2v'(0) =0, 2v(1) +d20'(1) = 92(/ U(S)d¢2(8),/ v(s)dga(s)),

" ’ (1.2)
where a; € C((0,1),R) is allowed to be singular at t =0 or t = 1; f; € C([0,1] x
Ry xRy, Ry) and ¢g; € C([0,1] x Ry x Ry, Ry) are such that aq(¢)f1(¢,0,0) or
as(t) f2(t,0,0) does not vanish identically on any subinterval of (0,1); a; > 0,
Bi >0, v >0,06 >0, and p; = a5v; + 0y + Biyi > 0; fol u(s)dei(s) and
fol v(s)d¢1(s) denote the Riemann-Stieltjes integrals, i = 1, 2.

Motivated by [2], we deal with the system of singular generalized Lidstone prob-
lems . To overcome the difficulties of resulting from the derivatives of
even orders, as in [§], we use the method of order reduction to transform
into an equivalent system of integro-integral equations, then prove the existence
of positive solutions for the resulting system, thereby establishing that of positive
solutions for (I.I))(see the main result in Section 3). The features of this paper
mainly include the following aspects. Firstly, our study is on systems of singular
generalized Lidstone problems. Secondly, a and b are allowed to be singular at t = 0
and/or t = 1. Finally, the system contains two equations, which can be of different
orders. Thus the results presented here are different from those in [2], 5] 6] [7].

The remaining of this paper is organized as follows: Section 2 gives some pre-
liminary results. The main result is stated and proved in Section 3, then followed
by an example to illustrate the validity of our main result.

2. PRELIMINARIES

Given a cone K in a real Banach space E, a map « is said to be a nonnegative
continuous concave functional on K provided that a : K — [0, +00) is continuous
and

a(tz + (1 —t)y) > ta(z) + (1 — t)a(y)

forall z,y e K and 0 <t < 1.

Let 0 < a < b be given and let a be a nonnegative continuous concave functional
on K. Define the convex sets P, and P(«,a,b) by

P.:={zeK:|z| <r},
P(a,a,b) :={z € K :a < a(z),|z| <b}.

To prove our main result, we need the following Leggett-Williams fixed point the-
orem.
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Lemma 2.1 (see [3]). Let T : P. — P. be a completely continuous operator and let
@ be a nonnegative continuous concave functional on K such that a(z) < [lz|| for
all x € P.. Suppose there exist 0 < a < b < d < ¢ such that

(C1) {z € P(a,b,d) : a(x) > b} #0, and o(Tx) > b for x € P(a,b,d),

(C2) |[Tz[| <a for |zl < a, and

(C3) a(Tx) > b forx € Pla,b,c) with ||Tx| > d.
Then T has at least three fived points x1,x2, and x3 such that ||z1]| < a, b < a(z2)
and ||zs|| > a with a(zg) < b.

For fixed nonnegative constants a, b, ¢, d with p := ac+ ad + bc > 0, we let

1] d—ct 0<s<t<1
Wt s) = 2O Fas)erd—ct) O<sstsl (2.1)
(b+at)(c+d—cs), 0<t<s<1,
By definition, k € C([0, 1] x [0, 1], R;) has the following properties:
(i) k(t,s) < k(s,s) for all t,s € [0,1].
(ii) For any 6 € (0,1/2), there exists v € (0, min{ eaajbb, accjj }] such that
k(t,s) > ~vk(s,s),Vt € (0,1 —0],s € [0,1].
Lemma 2.2. Let f € C[0,1],h(t) € C(0,1) and fo s)h(s)ds < +oo. The
boundary value problem
—u” = h(t)f(t),
au(0) — bu'(0) = 0,
cu(l) + du'(1) = 0,
has a unique solution
1
u(t) = [ Kt s)h(s) £(5)ds,
0
where k(t, s) is given by (2.1)).
Let
1 b dy —cit 0<s<t<1
bty s) = = (1 Fas)latdi—at), 0<sst<l, (2.2)
pr | (b1 +art)(c1 +di —c18), 0<t<s<1,
1 b da — caot 0<s<t<1
nlts)i= -t tdmal, 05 212h gy
P2 (b2+a2t)(02+d2—025), Ogtgsgl
Fori,j =2,..., define
1 1
ki(t,s) ::/ ki(t, m)ki—1 (T, 8)dr, g;(t,s):= [ gi1(t,7)gj—1(7,s)dr (2.4)
0 0
and the operators A4, : C[0,1] — C0,1] and B; : C[0,1] — C[0,1] by

(Au)(t) == /0 ki(t,s)u(s)ds, i=1,2,...,m,
1
(Bjv)(t) := /0 gi(t,s)v(s)ds, j=1,2,...,n
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For1<i<m-land1<j<n-—1,let

&i:

9<t<1—0 0<t<1

1 1
min / ki(t,s)ds, mn;:= max/ ki(t,s)ds,
0 0
1 1

W= egrtngi?fe/o gi(t,s)ds, wvj:= Oréltaécl/o g;(t, s)ds,
{7717’/]}

= min iy i = max
¢ 1§i§m71,1§j§n71{€“'u]}7 K 1<i<m—1,1<j<n—1

3. MAIN RESULT

Let u(t) = (=1)™ '2(™=2) and v(t) = (—=1)" "1y~ It is easy to see that
(1.1) is equivalent to the system of integro-ordinary differential equations

1

—u"(t) = a(t) f1 (t,/o km—1(t,s)u(s)ds, ..., /01 k1 (t, s)u(s)ds, u(t),
/01 gn-1(t, s)v(s)ds, ..., /01 g1(t, s)v(s)ds, v(t)),

1

—"(t) = b(t) f (t/o K1 (t, 8)u(s)ds, . .., /01 oy (¢, s)u(s)ds, u(t),
/01 In—1(t,8)v(s)ds, ..., /01 g1(t, s)v(s)ds, U(t)),

subject to the boundary conditions
a1u(0) — b1’ (0) = cyu(l) + diu'(1) =0, agv(0) — bav'(0) = cav(1l) + dgv’(1) = 0.

Furthermore, the above system is equivalent to the system
1 1 1
u(t) = / kl (tv s)a(s)f1 (37 / km,1(8, T)U(T)dT7 LR} / kl (87 T)U(T)dTu ’LL(S),
0 0 0
1 1
/ In—1(s,T)v(T)dT, ... ,/ g1(s, 7)v(7)dr, v(s))ds,
0 0
1 1 1
v(t) = / g1(t, 8)b(s) fa (s,/ Em—1(s, T)u(r)dr,. .. ,/ k1 (s, T)u(r)dr, u(s),
0 0 0

/0 1 Gn1(s, T)o(T)dr, . .., /0 1 g1(s,7)o(r)dr, v(s))ds.

(3.1)
Let E := C([0,1],R) x C([0,1],R) endowed with the norm ||(u,v)| := |lul| + ||Jv|,
where ||u|| := maxo<;<1 |u()|, and define the cone K C E by

K= {(wv) € Bru(t) 2 0,0() 2 0.t € 0.1, | min (u(t) +v(1)) 2 1l|(w,0)] }.

Clearly, (E, || -||) is a real Banach space and P is a cone on E. Define the operator
T: K — K by

T(u,v)(t) = (T1(u, v)(1), T2 (u, v)(1)),
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where

Now f € C([0,1] x R?*" Ry ) and g € C([0,1] x R R, ) imply that 7 : K —
K is a completely continuous operator. In our setting, the existence of positive
solutions for (3.1)) is equivalent to that of positive fixed points of T'.

Lemma 3.1. The operator T maps K into K.

Proof. If (u,v) € K, then

(T3 (u, 0) ()"

= —a®)f1 (t, (Am_10) (D), ..., (A1) (t), u(t), (Bp_10)®),. .., (Bio)(), v(t))
<0,

(Ta(u, v)(¢))"

~b(8) f2 (1 (Am 1) (D), ., (Arw) (1), u(t), (Bua0)(D), . (Bro)(8), v(1))
0.

IA

So T1(u,v)(t) and T(u,v)(t) are concave on [0,1]. If (u,v) € K, then from the
properties of k1 (¢, s) and g; (¢, s), we have

1

T 0)O) < [ Fa(s.9a(6) s (5. (A1) (v,

and

On the other hand,

1
min T (u,v)(t) > 'y/o k1 (s, s)a(s)f1 (s, (Ap—1u)(8), ..., (A1u)(s),u(s),

0<t<1—0

2 T (u, 0)(®)],
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and

min Ty (u,v)(t) > 7/0 91(8,8)b(8) f2 (57 (Apm—qu)(8), ..., (A1u)(s), u(s),

9<t<1—0
(Bu-10)(s), . (Biv)(s), v(s) ) ds
> [Tz (u, v)(D)]-

Combining the preceding inequalities, we arrive at

,min (T3 (u,0)(6) + To(u,v) (0) > | min (T3 (u,0)(0) +, min (Ta(u,0)(0)

2 V(I (w, ) () + T2 (w, 0) @)])-
This completes the proof. (Il

In this paper, we use the following assumptions:

((H1) a(t) and b(t) do not vanish identically on any subinterval of (0, 1), and there
exists to € (0,1) such that a(tg) > 0, b(tp) > 0 and 0 < fol k1(s, s)a(s)ds <
+00, 0 < fol g1(s,8)b(s)ds < +oc.

Finally, we define the nonnegative continuous concave functional

a(u,v) = egrtngike(u(t) + ().

We observe here that, for each (u,v) € K, a(u,v) < ||(u,v)|]. Let

1 1
& := min / k1(t,s)a(s)ds, 1 := max/ k1(t, s)a(s)ds,
0 0

0<t<1—0 0<t<1

1 1
f1 := min / g1(t, s)b(s)ds, vy := Inax/ g1(t, s)b(s)ds.
0 0

9<t<1—0 0<t<1

Theorem 3.2. Let 1 <i<m—-1,and1 < j <n —~1.Assume there exist non-
negative numbers a,b,c such that 0 < a < b < min{~y, & /1, & /n:, @1 /1, s /vy ke,
and f(t, @1, o Tme1, Ty Yls -« oy Yn—1>Yn)y GE L1, e oy T 1y Ty Yy« -+ s Y15 Yn)
satisfy the following growth conditions:
(H2) fi(t, @1, oy Tty Ty Yls -+ s Yn1, Yn) < ¢/201,
fo(t, 1, oo T 1, T, Y1y -+ Y1, Yn) < ¢/207, for allt € [0,1], z; +y; €
[0, n¢], @m + yn € [0,¢].
(H3) filt, 21, s T 1, Ty Y1y -+ 5 Yn—1,Yn) < @271,
ot @1, T 1, Ty Y1, - -+, YUn—1,Yn) < /207, for allt € [0,1], x;+y; €
[0,na], @ + yn € [0, q]. B
(H4) fl(t,wh e Tm—1,Tm, Y1, - - - aynflayn) > b/2£1;
fot, 1y oy 1, Ty Y1y - - s Yn—1, Yn) > b/2011, for all t € [0,1 — 0], z; +
yj € [€b,1b/A], Tm + yn € [b,b/7].
Then has at least three positive fized points (u1,v1), (u2,vs), (us,vs) such
that ||(u1,v1)| < a, b < ming<i<i—g(uz(t) + v2(t)), and ||(us,vs)|| > a, with
minggtgl_g(u:),(t) + ’Ug(t)) <b.
Proof. We note first that T : P, — P, is a completely continuous operator. If
(u,v) € P, then ||(u,v)||<ec. For1<i<m-—land1<j<n-1,

(Aiu)(t) + (Bjo)(t) = /O ki(t, s)u(s)ds +/O 9;(t, s)v(s)ds < millul| + vsllvl| < ne.
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From (H2), we have

I ) (0)] = i 73w, 0) (8)] + max, [T (o))

1
— max / kl(t,s)a(s)fl(s, (A1) (), -, (Aru)(s),
0

0<t<1

u(s), (Bu10)(s), -, (Buv)(s), o(s) ) ds
+ max / g1<t,s>b<s>f2(s, (Amo1w)(s), ., (Ayu)(s),

0<t<1
u(s), (Buo1v)(s), - (Byo)(s), v(s) ) ds
1 1
< 7 v <ec.
<c/2m Org%xl/o k1(t, s)a(s)ds + ¢/2 Orgta;{l/o g1(t,s)b(s)ds < ¢
Therefore, T : P, — P.. In an analogous argument, one can verify that (H3) implies
condition (C2) of Lemma [2.1] Clearly, {(u,v) € P(a,b,b/7) : a(u,v) > b} # (. If

(u,v) € P(a,b,b/7), then b < u(t) +v(t) <b/v, t €[0,1—0].
For1<i<m-—1land1<j<n-—1, we have

(A (1) + / a(t, s)u(s)ds + / 0,1, $)o(s)ds > &b,
(A;u)(t) + (Bjo)(t) —/0 ki(t, s)u(s )d8+/0 g;(t, s)v(s)ds < mb/~.

By (H4),
a(T(u,v)(t)) = min (71 (u,v)(t) + To(u,v)(t))

0<t<1-0
2 o, T )0+, i, Tal 0) )
1
= 6‘§Itn§illl—0/0 kl (t7 S)G(S)fl (57 (Am—lu)(5)7 ceey (Alu)(5)7

u(s), (Bao1v)(s).- - (Ar0)(s), 0(s) ) ds
+ min / 9 (tv s)b(s)f2 (sv (Amflu)(sx ct (Alu)(s)v

0<t<1-0

u(s), (Bu10)(s); . (Bv) (s), ols) ) ds
> b/26, min_a/0 k1(t, s)a ()ds+b/2,u1 min /Ogl(t,s)b(s)ds

0<t<1 <t<1-6
=b.

Therefore, condition (C1) of Lemma [2.1]is satisfied.
Finally, we show that (C3) is also satisfied. If (u,v) € P(a,b,¢) and ||T'(u,v)|| >
b/~, then
o, 0)(1)) = | min (T3 (u,0)(1) + To(u,0)(0)) = [T, )] > b
Therefore, (C3) of Lemma [2.1]is also satisfied. By Lemma[2.1] the system (L.I]) has
at least three positive fixed points (u1, v1), (ug, v2), (ug, v3) such that || (u1,v1)|| < a,
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b < minggt§1_9(U2(t)+U2(t)), and ||(U3,’U3)H > a, with minggtgl_g(U:),(t)—FUg(t)) <
b. [

An example. Consider a system of nonlinear second-order and fourth-order ordi-
nary differential equations (with m = 1,n = 2):

#(0) — 2/(0) = 2(1) + 2'(1) = 0, (3:2)
y(0) —y'(0) = y(1) +¢'(1) = 0,
y"(0) —y"(0) =y"(1) +y"(1) =0
Let u := z and v := —y”, then the problem (3.2)) is equivalent to the following
system of nonlinear integral equations
1 1
u(t) :/ kl(t,s)a(s)fl(s,u(s),/ q1(s, T)v(T)dr,v(s)),
0 0 (3.3)

o(t) = / 01 (t,9)b(5) fa(s, u(s), / a1 (5, 7)o(r)dr, v(s)),

where
1 14+5)(2—-1),0<s<t<1,
ki(t,s) = g1(t,s) :== = ( ) )
31(1+1(2-35),0<t<s<l1.
We choose a(t) := (1 —)~Y2 b(t) :=t"1/2, 0 := 1/4, fi(t, 21,29, 23) equals
10 + 10 (21 +23)%, t€0,1], 0<a + a3 <2, 23>0,
ﬁ +6[($1 +£C3)2 72(1‘1 +SC3)] + %7 t e [O, 1}7 2<x1+x3<4, x90 >0,
155 + 201ogy (1 + 23) + 2(x1 + x3) + %, te[0,1], 4 <z +x3 <16, 29 >0,
b5+ Yoy 4 23) + 222, t€10,1], 1 + 23 > 16,29 > 0.

and fa(t, 21,22, x3) equals

1t + 19 (x1 + x3)?, te0,1], 0 <z +23 <2, 22 >0,
ﬁ—f—%’[(lj —|—l‘3)2—2(.’171 +$3)]+%, te [0,1], 2<x14+2a3<4, 215>0,
mis + Slogy (w1 + @3) + 2(x1 +x3) + 2, t€[0,1], 4 <ay 433 <16, 72 >0,
ﬁ—k%(ml—&—xg)—kl%, tE[O,l], z1 +x3 > 16,29 > 0.

Then by direct calculation, we obtain
£~ 04120, 7n=0.5, El ~ 0.0417, g1 ~0.9273, 17 ~0.8889, v =~ 1.1111.

It is easy to check that (H1) holds. Choose v = i, a=1,b=4,c=2800. Also, it is
easy to verify that f; and f, satisfy conditions (H2)-(H4). So the system has
at least three positive solutions (u1,v1), (u2,v2), (us,vs3) such that ||(uy,v1)| < 1,
4 < ming g<p<g/a(ua(t) + v2(t)), and [|(us,vs)|| > 1, with ming s<;<3/4(us(t) +
v3(t)) < 4.
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