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BLOW-UP OF SOLUTIONS FOR A SYSTEM OF NONLINEAR
WAVE EQUATIONS WITH NONLINEAR DAMPING

SHUN-TANG WU

ABSTRACT. We study the initial-boundary value problem for a system of non-
linear wave equations, involving nonlinear damping terms, in a bounded do-
main 2 with the initial and Dirichlet boundary conditions. The nonexistence
of global solutions is discussed under some conditions on the given parameters.
Estimates on the lifespan of solutions are also given.

1. INTRODUCTION

In this article we shall consider the following initial-boundary value problem for
a system of nonlinear wave equations:

Ou + |ug|P~ uy +miu = 4\ (u + av)® + 2puv®  in Q x [0,7), (1.1)
Ov + |v|7 Yoy + miv = da(u + av)® + 26vu®  in Q x [0,7), (1.2)
with initial conditions

u(z,0) = up(x), w(x,0) =ui(z), z€€, (1.3)
v(z,0) = vo(z), v(z,0) =v1(x), x€Q, (1.4)

and boundary conditions
u(z,t) =0, €0, t>0, (1.5)
v(z,t) =0, x€dQ, t>0, (1.6)
where O = g—; A A= Z?=1 8‘9—% and 2 C R? is a bounded domain with a smooth

boundary 02 so that Divergence theorem can be applied and A, 8 and « are real
numbers, and p, ¢ > 1, T > 0.
The initial-boundary value problem for a single wave equation:

e — Au(t) + alus (8P~ ug(t) = f(u), (L.7)

where a > 0, p > 1, was considered by many authors. For f(u) = |u|™ tu, m > 1,
this model was first studied by Levine [7, [§] in the linear case (p = 1). He showed
that solutions with negative initial energy blow up in finite time. When p = 1,
Tkehata [5] proved that for sufficiently small initial data, the trajectory (u(t), v(t))
goes to (0,0) in H}(Q) x L%(Q) as t — oco. Georgiev and Todorova [2] extended
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Levine’s result to nonlinear case (p > 1). They showed that solutions continue to
exist globally if p > m and blow up in finite time if p < m with sufficiently negative
initial energy, that is, in the L°°—norm for suitable large initial data. Later, Ikehata
[4] showed that admits a global solution for sufficiently small initial data for
p > 1. In unbounded domain, for f(u) = —A(z)?u + |u|™ tu, m > 1, here \(z)
satisfies some decay conditions, there are some results about global existence and
asymptotic behavior in [I4]. Aassila [I] treated for f(u) = —u + |u|™ tu,
m > 1, and gave the global existence and energy decay property. Reed [15] proposed
this interesting problem of — without damping terms in and . As
a model it describes the interaction of scalar fields u, v of mass mq, mo respectively.
This system defines the motion of charged mesons in an electromagnetic field which
was first introduced by Segal [16]. Later, Jorgens [6], Makhankov [11], and Medeiros
and Menzala [12] studied such systems to find the existence of weak solutions of
the mixed problem in a bounded domain. Further generalizations are also given
in [12,13] by Galerkin method. Recently, the existence of global and nonglobal
solutions of a system of semilinear wave equations without dissipative terms were
discussed in [9] [10].

In this paper we are interested in the blow-up behavior of solutions for a system
— in a bounded domain €2 in R®. This work improves an earlier work [10],
in which similar results have been established for — in the absence of the
damping terms. The paper is organized as follows. In section 2, we give some
lemmas which will be used later, and we mention the local existence Theorem [2.4]
In section 3, we first define an energy function E(t) by and show that it is a
nonincreasing function of ¢. Then, we discuss the blow-up properties of —
in two cases. In first case, p = ¢ = 1, the main result is given in Theorem [3.4] which
contains the estimates of upper bound of the blow-up time. In second case, 1 < p,
q < 3, the nonexistence of global solutions is given in Theorem Moreover,
estimates for the blow-up time 7" are also given.

2. PRELIMINARY RESULTS

In this section, we will give some lemmas and the local existence result in The-

orem [2.41

Lemma 2.1 (Sobolev-Poincaré inequality). If 2 < p < 6, then
[ull, < C (€, p)[[Vull2,

foru € HE(Q), where

U
C(Q,p) = sup { ”Lﬂﬁz cu € Hy(Q),u # O},

and || - ||, denotes the norm of L? ().

Lemma 2.2 ([9]). Let 6 > 0 and B(t) € C?(0,00) be a nonnegative function
satisfying
B'(t)—4(6+1)B'(t) + 4(6 + 1)B(t) > 0. (2.1)
If
B/(O) > TQB(O) + Ko, (22)
with ro = 2(0+1) —24/(0 4+ 1)4, then B'(t) > Ky fort > 0, where Ky is a constant.
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Lemma 2.3 ([9]). If J(¢) is a nonincreasing function on [tg,00) and satisfies the
differential inequality

J' ()2 > a+bJ(t)2TF,  fort >t (2.3)
where a > 0,b € R, then there exists a finite time T™* such that
lim J(t) =0.
AT

Upper bounds for T* are estimated as follows:
(i) If b <0, then

T <ty 1 1 v/—a/b

n

Vb /—ajb— J(to)

(ii) If b=0, then
I (to)
J'(to)

T <ty+

(iii) If b >0, then
J(to)
\/a

where ¢ = (%)QJF%.

T < T < b+ 290 S 1 ()] ),
a

Now, we state the local existence result which is proved in [19].

Theorem 2.4 (Local solution). Let p, ¢ > 1, and ug,vo € Hg(2), ui,v; € L*(),

then there exists a unique local solution (u,v) of (L1.1)-(1.6) satisfying (u,v) € Yr,
where

Yr = {w = (u,v) :w € C([0,T]; Hy () x Hy(Q)), wy € C([0,T]; L*(Q) x L*(Q)),
up € LPTH(Q x (0,7)), ve € LT (Q x (0,7))}.

3. BLOW-UP PROPERTY

In this section, we will discuss the blow up phenomena of two problems, where
p = ¢ = 1 in subsection 3.1 and 1 < p,q < 3 in subsection 3.2. Let (u,v) be a
solution of (1.1)-(1.6), we define the energy functional

1
E(t) = /HVU\Q + | V)2 +u? + vf + miu® + mav?
0

T2 (3.1)
—2X\(u + av)* — 28u*v*] dx, for t > 0.
Lemma 3.1. E(t) is a nonincreasing function for t > 0 and
d 1 1
—B(t) = —llullpiy — llvellgia- (3.2)

dt

Proof. Multiplying (1.1)) by u; and (1.2) by v, and integrating them over Q2. Then,
adding them together, and integrating by parts, we obtain

t
waszfAOm%ﬁ+Mﬂﬁmtbmz&

Being the primitive of an integrable function, E(t) is absolutely continuous and
equality (3.2) is satisfied. O
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3.1. Case p =g = 1. In this subsection we consider (L.1)),(1.2) with p=¢ = 1:
Ou + ug +m2u = 4\ (u + av)® + 26uv®  in Q x [0,T), (3.3)
Ov 4 vy +m3v = dal(u + av)® 4+ 26vu?  in Q x [0,7T). (3.4)
Assumption:
(A1) m2€2 +m3n? — 2\(€ + an)* — 2B€%n? <0, for all £, n € R.
Definition: A solution w(t) = (u(t),v(t)) of (3.3), (3.4), and (1.3)-(L.6) is called

blow-up if there exists a finite time 7™ such that

t
tim { [ (@ 0% do+ [ (Julf + [ol3)de) = oc.
Q 0

t—T*—

Let .
a(t) = / (u2 + v2) dx —|—/ /(u2 + 1)2) dxds, fort>0. (3.5)
Q 0 Ja

Lemma 3.2. Assume (Al), and that 0 < < 1/2, then we have

o' (1) — 4(5 + 1) /Q(uf +02)da

. (3.6)
> (4= 89)E(O) + (14 88) [ (Jual} + uul)e
0
Proof. Form (3.5)), we have
a'(t) =2 / (uuy +vvp) dze + |Jull3 + [|v]]3. (3.7)
Q
By (3.3)), (3.4) and Divergence theorem, we get
a’(t) = 2/9(”? +07) da = 2([|Vull3 + [[Voll3 + [maull3 + [mav]13) (3.8)
+ 8\ ||u + avl||] + 86|juv|)3.
By (3.2), we have from (3.8)
a’(t) —4(6+1) / (u? +v?) dx
Q
t
— (4= 8O)BO) + (4-+89) [ (ul} + )
+ [40([IVull3 + [[Vol3) + 2(lmaull3 + [ma2v]|3)]
+ (46 = 2)[[[mau)3 + [[mov|3 — 2X[Ju + av|§ — 28]|uv][3].
Therefore, from (Al), we obtain (3.6). |

We remark that (A1) is automatically true if E(0) < 0. Now, we consider three

different cases on the sign of the initial energy E(0).
(1) If E(0) < 0, then from (3.6), we have

a'(t) >a'(0) —4(1 +20)E(0)t, ¢>0.
Thus we get a’(t) > |Juol|3 + [[vo||3 for ¢ > t*, where

v = SO o) (5.9)
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(2) If E(0) = 0, then a”(t) > 0 for t > 0. If a’(0) > ||ug||3 + ||vol|3, then we have
a'(t) > Juol3 + [lvol3, ¢ > 0.
(3) For the case that E(0) > 0, we first note that

//uutdxdt ull2 = [[uol2. (3.10)

By Hélder inequality and Young’s inequality, we have from (3.10)),

t t
Jul < ol + [ el + [ e (3.11)
Similarly,
t t
2 2 2 2
ol < ool + [ lolde+ | ol (3.12)
0 0

By Holder inequality, Young's inequality and then using (3.11) and (3.12]), we have
from (B7),

t
& (8) < alt) + [luol3 + looll3 + / (u? + 0?) da + / (el + [oe|2)de.  (3.13)
Hence by (3.6 and (3.12)), we obtain

a’(t) —4(6 + 1)a'(t) + 4(6 + 1)a(t) + K1 > 0,

where
Ky = (4+85)E(0) +4(5 + 1)(|fuoll + [|vo]l3)
Let
Ky
b(t) = alt —_, .
(0 =alt)+ e t>0
Then b(t) satisfies (2.1). By Lemma [2.3| we see that if
K,
a’(0) > r2[a(0) + m} + (lluoll3 + [lvoll3), (3.14)

then a’(t) > (||uol|3 + [vol|3), ¢ > 0, where 5 is given in Lemma 2.2} Consequently,
we have the following result.

Lemma 3.3. Assume (Al) and that either one of the following statements is sat-
isfied:

(i) E(0) <
(i) 2(0) —0 and a’(0) > Jluo|[3 + [Jvoll3,

(iii) E(0) > 0 and (3.14) holds.
Then, a'(t) > |Juol|3 + ||lvol|3 for t > to, where to = t* is given by (3.9) in case (i)
and to = 0 in cases (4) and ().

Now, we find an estimate for the life span of a(t). Let
-5
J(t) = [a(t) + Ty = t)(|[uoll3 + llvoll3)] ", for ¢ € [0,T1], (3.15)
where T7 > 0 is a certain constant which will be specified later. Then we have
T(t) = =8J(8)F5 (@' (8) = [luoll3 — Ilvoll3),

) (3.16)
J'(t) = =6J () TV (1),
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where . ) )
V(t) = a"(t) [a(t) + (T1 — t)(luoll3 + l[voll3)] (3.17)
= (L+0)(a’(t) — lluoll3 — [lvoll3)*.
For simplicity of calculation, we denote
Pu:/u2alac7 P, :/v2dx,
Q Q
t t
Qu= [ ulBar. Q.= [ IolBar
0 0
R, = / ufdr, R,= / v? du,
Q Q
t t
Su= [ Nulde, S.= [ Bt
0 0
From (3.7), (3.10)), and Holder inequality, we get
¢
a'(t) = 2/ (uuy + vog) dx + |Juol|2 + |lvol|3 + 2/ /(uut + vvy) dx dt
Q 0 Ja (3.18)

< 2(VRuPu + V/QuSu + VRoPy + V/QuSy) + uol3 + [|vo|3.
By , we have
a’(t) > (=4 —80)E(0) + 4(1 4+ §)(Ry + Su + Ry + Sy). (3.19)
Thus, from (3.18)), (3.19), (3.17) and , we obtain
V(t) > [(—4 — 80)E(0) + 4(1 + 0)(Ry + Sy + Ry + S,)] J(t)71/°
—4(1+ 0)(VRuPu + V/QuSu + VRPs + /QuSy).
And by and , we have
V(t) > (—4—88)E(0)J (1)~ "/°
+4(1 4 8)[(Ry + Su + Ry + 5,)(Th — £)([|uoll + [voll3) + O ()],

where
O(t) = (Ry + Sy + Ry + 8u)(Py + Qu + Py + Q)

By Schwarz inequality, ©(t) is nonnegative. Hence, we have

V(t) > (=4 —88)E0)J(t)~Y, &> t,. (3.20)
Therefore, by (3.16)) and (3.20]), we get
J5 > . (3.21)

Note that by Lemma J'(t) < 0 for t > to. Multiplying (3.21)) by J'(¢) and
integrating it from ¢y to ¢, we get

J? > a+ B> fort > to,
where
a = 82 (te)* T [(a' (to) — [luoll3 — [[vol3)? — 8E(0)J(te) 7 ], (3.22)
B = 852F(0). (3.23)
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We observe that
(@’ (to) — |luol3 — [[vol3)?
8[a(to) + (T1 — to)(luol3 + llwoll3)]
Then by Lemma there exists a finite time 7 such that lim;_,7+— J(¢t) = 0 and

the upper bound of T* is estimated respectively according to the sign of F(0). This
means that

a>0 ifandonlyif FE(0)<

lim {/Q(u2+v2)dx+/0 (ull? + ol2)dt} = oo. (3.24)

t—T*—

Theorem 3.4. Assume that (A1) and that either one of the following statements
is satisfied:

(1) E(0) <0,

(i) E(0) =0 and a'(0) > ([luol|3 + [[vo]13)

(111) 0< E(O) < (a/(to)—lluoll3—llvoll3)? )] and holds.

8| a(t0)+(T1 —to) ([luo |3+ lvo 13
Then the solution (u(t),v(t)) blows up at finite time T™* in the sense of (3.24). In

case (i),

. I (to)
0 )

Furthermore, if J(to) < min{l,\/—a/B}, we have

. 1 V—a/p
st \/Tﬂln\/T/ﬁ—J(to)'

In case (i),
(ii) .
J'(to)

J(to)
e

T <ty — T* <to+

In case (iii),

J(to) . 3541 OC -1
< — 2
T 7 T <tg+2 \F{l (14 cJ(to)] ™ },

20 —
«
where ¢ = (o/B3)2+5, here o and 3 are given in (3.22), (3.23). Note that in case
(i), to =t* is given in (3.9) and to =0 in case (i) and (iii).

We remark that the choice of T3 in (3.15) is possible under some conditions as
in [I7, [I8].

3.2. Case 1 < p, ¢ < 3. In this subsection we consider (1.1)), (1.2) with 1 < p,
q<3:

T* <

Ou + |ug|P uy +miu = 4\ (u + av)® + 2puv®  in Q x [0,7),
Ov + |v|7 Yoy + miv = da(u + av)® + 26vu®  in Q x [0,7).

Definition: A solution (u,v) of (1.1)-(1.6) is called blow-up if there exists a finite
time T > 0 such that

lim [/(|Vu\2+|Vv|2)dx] ~ oo,
Q

t—T—
Lemma 3.5. For all A > 1, a # 0, there exists 8 > 0 such that
e atnt < ANEH+an)t + BER?,  for all €,m € R. (3.25)
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Proof. If n = 0, then is true for A > 1, £ € R. Now, let z = %, where ¢,1 € R,
and 7 # 0. Then to show is equivalent to claim that for all A > 1, # 0, there
exists 8 > 0 such that h(z) < 322, here h(z) = z*4+-a*—\(z+a)?*, = € R. Since h(z)
is a continuous function, h(0) = a* — Aa* < 0, and h(+oc) = —oo, there exists a
finite number M such that M = sup,cp h(z). If M < 0, we could choose any 8 > 0.
If M > 0, since h(0) < 0, there exists ¢ > 0 such that h(x) < 0 for || < 6. Thus,
we could choose # = M in this interval. For |z| > 6, h(z) < M = 362 < a2,
Therefore, from above discussion, we can take 8 = max{%,M }, and we have
h(z) < Ba?, for x € R. O

Theorem 3.6 (Nonexistence of global solutions). If 1 < p, ¢ < 3, E(0) < 0 and
(13.25) holds, then the solutions of (L.1))-(1.6]) blow up at a finite time T, 0 < T <

;(?i:rr), where z(0) = k1(—E(0))' = + [, (u1ug + v1vo) dx, here ky, ay, and r are

certain positive constants given in the proof, and ¢y is given in (3.43)).
Proof. Let

a(t) = é/ﬂ(u2 + 1)2) dx, fort>0. (3.26)

By differentiating, we obtain
a'(t) = / (uru + vpv) dz,
Q
a’(t) = / (u? + uggu + v7 + vyv) de, for t > 0.
Q

By using (L.1), (1.2) and (3.2)), we obtain
o (t) = 2/(u§ +02)de — 2E(t) + 2B(1)

@ (3.27)
— |ut|p71utudx—/ v |7 v da,
Q Q
where
B(t) = MN|u+ av||} + Bluv]|3. (3.28)
By Holder inequality, we observe that
3—p
I/ e P~ g dae] < |QTEED ug|lp 4 [lulla-
Q
Then from (3.25)),
|/ fue [P~ wpu de| < (9 THD luelb 4 B(t)3. (3.29)
Q
Noting that from (3.2) and (3.1)), we have
B(t) > —E(t) > —E(0) > 0. (3.30)
Thus, from (3.29)), (3.30), and 1 < p < 3, we obtain
| [ ] <l T BOR B AL @3

Then, by Young’s inequality,

ptl 1

.
[ ] < [ B0 + o) 0 il ] (<B@)E L (332)
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here £1 is a positive constant to be spemﬁed later. Letting 0 < a; < min{—= —

p+1
z117q+71 — 1}, and by (3:32) and ( , we have

| / e [P~ ugu dar| < c(slr‘”*f\m%”<—E<0>>“1+%Til<—E<t>>-al<—E’<t>>

e
b
=

+el B () (—E(0))
In the same way, we have

| [ it o de] < clea)” 5 01 (- BO) T (- B©) (-E'()
Q
+e§ " B(t) (- E(0)i T,
(3.34)
here e5 is a positive constant. Now, we define

Z(t) = ki (=E(t))' ™ +d/(t), t>0, (3.35)
where k; > —a”'= is a positive number to be chosen later. From (3.35)), we see
Z'(t) = k(1 — aq)(—E®#) " (—E'(t)) + a"(t), t>0.

By (3.27), (3.33) and (3.34), we get
Z'(t) = W(—=E@) " (=E'(t)) + (-2E(t)) + 2/9(”? +7) dx

+[2 - (=E(0)

(3.36)

I

i €g+1(_E(O))i*ﬁ]B(t),

where
pt1 3—p 1 h
p=ki(l—a)—c(e)” 7 Q% (—E(0)H 17
(52)_(1%;1‘Q| 4q (_E(O))Otl-i-i—q—_}_l
‘We choose

1 1
St = SEO)FTTE, gt = S(-B(0) R,
and k; is sufficiently large such that p > 0 and Z(0) > 0. Then (3.36) becomes
Z'(t) = [ = 2B(t) + lluell3 + lloell3 + B(1)]. (3.37)

Hence Z(t) > 0 for t > 0. Note that » = 1/(1 — o) > 1, from (3.35), and by
Young’s inequality and Holder inequality, it follows that

Z(t)" < 22— 1)[kT +}/utudx| +|/vtvdx}

< 220=D[EN (= E()) + |lwel3]ullb + lJvell5lloll5].

On the other hand, using Holder inequality, we have

(3.38)

lJuellzllullz < exlluellzllullz,
here ¢; = |2]"/%. And by Young’s inequality, we obtain

a5y < eallluells™ + luly®), (3.39)
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where é + ﬁ—lz =1, ¢a = ca(c1, B1, B2) > 0. In particular, we take r8; = 2; that is,
81 = 2(1 — ay). Therefore, for a1 small enough the numbers ﬂl and [y are close
to 2. For 0 < a; < rnin{p}rl — 1741 — 4} by (:25) and (3.30), we have

082 rB2/4 B2
%2 (|lull4)"*"* < Bty
1
==z
E(0)
S CgB(t)

[elly

B/~ B(0)

because
2

1—20&1

TP =

<4,

where ¢3 = (—E(O))m2 . Then, by (3-25), we obtain

l[uell5lulls < ca(lluel3 + B(?)). (3.40)
Similarly, we also get

lvell3llvllg < es(loell3 + B(t)), (3.41)

here ¢y = co max(1, ¢3), and ¢ is some positive constant. Then, from (3.38)), (3.40)
and (3.41]), we deduce that

Z(t)" < 220 Veg[2B(t) + Jugll3 + [lvell3 + B(®)], (3.42)
where cg = max{%;, ¢4 + ¢5}. Therefore, by and , we have
Z'(t) > ez Z(t)", (3.43)
cr = W A simple integration of - over (0,t) yields
Z(t) > (Z(0)'" — er(r — 1)t) =T (3.44)
Since Z(0) > 0, shows that Z becomes infinite in a finite time 7" < i((or):)
From , we have
—2E(t) + [luell + llo: )13 < 2B(t). (3.45)
Thus, by and , we get
Z(t)" < 3B(t). (3.46)
By Poincaré inequality and Holder inequality, we have
B(t) < es(|[Vulls + [IVoll2)", (3.47)

cg = cg(a, 5,€) > 0. Hence, from ) and (3.47), we obtain
Z(t)" < 3es([|Vull2 + [Vo]l2)*.

Therefore, the proof is complete. |
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