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NONLINEAR POTENTIAL FILTRATION EQUATION AND
GLOBAL ACTIONS OF LIE SYMMETRIES

MARK R. SEPANSKI

ABSTRACT. The Lie point symmetries of the nonlinear potential filtration
equation break into five cases. Contact symmetries provide another two cases.
By restricting to a natural class of functions, we show that these symmetries
exponentiate to a global action of the corresponding Lie group in four of the
cases of Lie point symmetries. Furthermore, the action is actually the com-
position of a linear action with a simple translation. In fact, as a crucial step
in applying the machinery of representation theory, this is accomplished using
induced representations. In the remaining case as well as the contact symme-
tries, we show that the infinitesimal action does not exponentiate to any global
Lie group action on any reasonable space of functions.

1. INTRODUCTION

The theory of Lie groups began as a tool to study partial differential equations.
Subsequently, the theory of Lie symmetries developed into a very powerful and
systematic mechanism for the analysis of PDE’s. For instance, the method of
reduction of variables via Lie point symmetries is an extremely useful technique
for simplifying or solving PDE’s [5, 6 [M4] 18, [3 22, 24, 25, 29| 27, 34l 37, [7].
However, the main body of Lie theory and representation theory quickly diverged
from the study of Lie point symmetries of PDE’s. This separation occurred due
to the fact that Lie point symmetry analysis of PDE’s is based on the notion of
local one-parameter actions of Lie groups. As a result, the various algorithms give
rise to infinitesimal symmetries that only generate a Lie algebra. Typically, the
corresponding local one-parameter actions do not exponentiate to a global action
of the corresponding Lie group. As a result, the enormous body of literature devoted
to the study of Lie groups and representation theory is frequently not applicable to
the study of symmetries of PDE’s.

However in [10} [11], M. Craddock made an important discovery. He found that,
in certain cases, a global action of a Lie group is made possible by restricting to an
appropriate subset of the solution space. This allows the full weight of represen-
tation theory to be brought to bear. For instance when this machinery is applied
to the wave equation, representation theory naturally picks out a distinguished
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orthonormal basis that is extremely well behaved with respect to energy and mo-
mentum (actually consisting of smooth, rational, finite energy solutions when the
space dimension is odd), [I9]. Similarly nice results are achieved in the case of the
heat and Schrédinger equations with links to the harmonic oscillator [35] B36].

Of course the cases mentioned above consist of linear PDE’s and so it is not
surprising that representation theory can be used on the problem. In this paper
we examine a particular type of nonlinear diffusion equation. Diffusion-convection
equations are used to model many types of problems from physics, chemistry, and
biology [12} 8, [33]. They are well studied from the point of view of Lie symmetry
analysis [31], [32], 30, B8, 20} 28| 211, 13}, 26, 15, B9, 16l @, 4 1, 2], to name only a
few). The equation we study here is the nonlinear potential filtration equation

ddK is not a constant.
w

The classification of Lie point symmetries, contact symmetries, and equivalence
transformations of Equation are well known, [3| I7]. The Lie point symmetries
of this equation fall into five categories and contact symmetries give two more cate-
gories, each of which will be examined. A priori, there is no reason to suppose that
an algebra of Lie symmetries exponentiates to an action of the entire corresponding
Lie group.

Nevertheless in four of the five cases of point symmetries, we show that the
Lie algebra of symmetries extend to a global action of a corresponding Lie group
by restricting to a natural subclass of functions. In each of these four cases, we
explicitly write down this global action. Especially important, we accomplish this
by means of the theory of induced representations which will allow much of the
machinery of representation theory to be applied and which is a crucial step in [35]
and [I9]. Remarkably in each of these cases, we show that the action of the group
is actually given by a linear action composed with a relatively simple (nonlinear)
translation. Also interesting in its own right, in the remaining case and for both of
the contact symmetries, we show that the Lie algebra of symmetries does not extend
to a global action for any corresponding Lie group on any reasonable subclass of
functions.

where

2. SYMMETRY CLASSIFICATION

The equivalence transformations for the nonlinear potential filtration equation
Wy = K(wmr)7

not a constant, are given by

t+71, T=/p+ Bowg + 2,

dK
AWy g

«
w= [ (5410 + %ﬂgxz + ’)/3£C> + Yat + s
+ B2 (ﬂz(mwx —w) + 3wz + %5410:25)7
77— DB Bafs o
(0% (&%

where @ # 0 and (184 — B203 # 0 [3L I7]. Up to these transformations, the
classification of the Lie point symmetries break into five cases: the generic case,
K =e%s K = 1wl witho >0and o # 1,4, K = 3wil and K = In(wgy).

o ? 30
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Furthermore, additional Lie contact symmetries occur in two cases: K = arctan w,,
and K = feraretanves for X > 0 [3,[17]. We will examine each case and determine
when the symmetries exponentiate to a global action of a Lie group.

3. GENERIC CASE

In the generic case, the symmetry Lie algebra is five dimensional and spanned
by

0 0 0
Xl—a, X2_(‘97’ Xs—%;
0 0 0 0

To find a globalization of the corresponding local one-parameter actions, consider
the solvable group G given by
2

r~ 0 0 w
Glz{ 8 Z ;)2 : :r,s,v,u,ze]R,r>O}
0 0 0 1
along with the subgroup
” 0 0 0
Dlz{ 8 ; TOQ S :T,s,zE]R,r>O}.
0 0 0 1
Define the character x; : D; — C* by
> 0 0 0
alle oo )=
0 0 0 1

and consider the representation of Gy,

Indgi X1 = {<p € C™®(Gy) : p(gd) = Xl(d)*lgp(g) forge Gy, de Dl}
with G1-action given by
(g1 f)(g2) = fl91 ' 92)

for g; € G1. Using what would be called the noncompact picture if we were working
in the semisimple case [23], let

1 0 0 ¢
01 0

T, = {f € C®°R?): f(x,t) = o 00 1 g ) for someapelndgi X1}
0 0 0 1

By requiring that the map ¢ — f be an intertwining operator, Z; inherits an action
of G1 so that 7; = Indgi Xx1- Writing

2 0 0 w 1 0 0 w r 0 0 0
0O 0 uw| 101 0 u 0O r 0 O
0 s r z| |00 1 0 0 s 12 2|’
0 0 0 1 0 0 0 1 0O 0 0 1
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we see that ¢ can be reconstructed from f by

0 0 v
0 r 0 wl, o

ol g b n =)
0 0 0 1

so that Z; = C°°(R?). Of course it is easy to move out of the smooth category
by studying, say, L?-functions. All of our theorems can be easily extended to this
case.

Theorem 3.1. The (linear) action of G1 on Iy is given by

2 0 0 w
0 r 0 wu e T—u t—w
( 0 s 72 2 f)(.%,t)—?’f( r ) 2 )
0 0 0 1
Proof. Observe that
20 0 v\ /100 ¢
0 r» 0 wu 01 0 =«
0 s 7% =z 0 01 0
0 0 0 1 0 0 0 1
1 0 0 r2(t—v) r—2 0 0 0
101 0 rz—uw 0 r—t 0 0
10 0 1 0 0 —r3s 772 r3(su—sx)—1r"22
0 0 0 1 0 0 0 1
It follows that
2 0 0 w
0 r 0 wu g r—u t—w
( 0 s T2 P f)(xvt)_rf( r ) 72 )
0 0 0 1
where ¢ corresponds to f under the isomorphism 7; & Indgi X1- [

To complete our picture, let 7 : G; X Z; — Z; be given by

” 0 0 v
| &S D ne = e+ s -+
0O 0 0 1

Lemma 3.2. The map 171 does not define an action of G1 on ;. However, it is
related to the the original action of G1 on Iy (given in Theorem by

T1(g192) - f =71(gn) - (g1~ (11(g2) - (9" - 1))
for g; € Gy and f € I;.

Proof. To see that 7 is not an action, write

70 0 v 2 0 0 v
_ 0 1 0 U1 _ 0 T2 0 u
9= o s oz | 2= 1o Sy T3 2

0 0 0 1 0 0 0 1
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and note that

r%r% 0 0 v + 7’%’1}2
g192 = 0 2 2 20 2 UI2+ e
0 r1S2 +1r2S1 TITy  Z1 +Ti22 + S1uU2
0 0 0 1

Thus
(11(9192) - f)(z,1)
= flz,t) + 7'yt (rise +7r2s1) (2 — ug — ryug) + (21 + 1z + s1uz)
= f(x,t) +2z1 + r%zz + xrl_lsl — rl_lslul — 7“%7“2_1521@ + xr1r2_152 - rlrglsgul
while
(1(g1) - (11(g2) - ) (2, 1)
= (11(g2) - )@, t) +r{ ' s1(z —wr) + 21
= f(2,t) +rytsa(x —ug) + 20 + 77 Ls1(x —wr) + 21
= f(:v,t) + 21+ 22 + mrflsl - rflslul — r5152u2 + xr;lsg.

Therefore, 7 is not an action. On the other hand, we can verify the relation
71(g9192) - f = 711(91) - (91 - (11 (g2) - (gl_1 - f))) by using Theorem and calculating

(r1(g1) - (91 - (1a(g2) - (9" ) (=, 1)

= (91 (m1(g2) - (g " P (@, t) + i tsi(w —w) + 21
r—u; t—v

= ri(moa) - o AN ) e - m)
:T%((gfl'f)(w t_gvl)-i-r{lsz(x_ul —ug) + 22) + 17 s1(w —w) + 21

T1 ’ 7‘1 T1

_ _ T _
— r%(rl 2f(x,t) + 7, 152( L ug) + 22) + 1] 151(x —u1) + 21

1
_ ; 2 -1 -1 2 —1 -1 -1
= f(x,t) + 21 +rize+ar] s1—r] S1up —riry SoUz + TTriTy  So — T1T5  SalUi.

O
As a result, consider §; : Gy X Z; — Z; given by
a(g) - f=mlg) (g-f)
Explicitly, we see that
r2 0 0

v
Gl oot D@ = N s w e (3)
0 0 0 1

Theorem 3.3. The (nonlinear) action of G1 on Iy given by §1 gives a globalization
of the local one-parameter group action generated by the Lie point symmetries of
the nonlinear potential filtration equation wy = K(wg,) in the generic case.

Proof. First we check that d; defines an action. For this use Lemma [3.2] to see that
01(g192) - f = 72(9192) - (9192 - f) = T2(9192) - (91 - (92 - f))
=7a(g1) - (91~ (r2(92) - (91" - (91 - (92 - )))))
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=72(91) - (91 - (12(92) - (92 - [)))
=72(91) - (91 - (01(g2) - f))

as desired. Next, let

2 0 00 00 0O 0 0 01
01 00 00 0O 0 0 0O
R700207570100’V70000’

0 0 0 O 00 0O 00 0O

0 0 0 O 0 0 0O

0 0 01 0 0 0 O

U70000’270001

0 0 0 O 0 0 0 O

be a basis for the Lie algebra of G;. Using Equation [3.1} it follows that
(O1(e*F) - f)l@,t) = € fe™"z,e7*°)
(6:(e%%) - f)(x,t) = f(a,t) + sz
(@1(e*") - )l t) = f(a,t = s)
(@1(e*™) - ), t) = fz —s,1)
( (z,t) = f(x,t) + s.
Applying %|s:0 shows that

0 0 0
a(él(em) )z, t)]s=0 = —x%f(x,t) — 2taf(x,t) +2f(x,t)

S E(ES) - Do = 2

) F) e Oemo =~ 1)
) P lamo = — o (1)
() Dt = 1

Under the prolongation formalism [25], an easy application of the chain rule shows
that the vector field Lie point symmetry

0 0 0
hl(x,t)% + hg(x,t)a + h3(1‘,t7w)%

on R? x R gives rise to a local one-parameter group action on a function f whose
partial with respect to s at s = 0 is given by

£ 1) — halar 1) 50 F (2, 0) + s, £(2.).

Therefore the one parameter groups corresponding to {R,S,V,U, Z} give rise to
the symmetry vector fields

0]
—h1 (LE, t) a

xT

0 0 0 0
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0 0 0
Xi=—, Xo=—, X3=—.
TS 27 oz 27w
Since the Lie point symmetries of w; = K (w,;) in the generic case are spanned by
{X1, X5, X3, X4, X5}, the proof is complete. O
4. K = W=

Consider the case of K = e"»=. Then the symmetry Lie algebra is six dimensional
and spanned by

0 0 0

X1 5% Xo e X?’_@Tu
0 0
X, =2 T oL
T

) o 1,0

XS_SL’%’ 6 ta_gx 8711}

To find a globalization of the corresponding local one-parameter actions, consider
the solvable group G5 given by

r2e” 72 0 0 O v
0 r 0 O U
Gy =/ 0 s 1 n z crys,myv,u,z €R,r >0}
0 —ru 0 12 —%uz
0 0 0 O 1

along with the subgroup

2”@ 0 0 0 0
0 r 0 0 O
Dy =/ 0 s r2 n z|:rmsmnzeR, r>0}
0 0 0 2 0
0 0 0 0 1

Define the character yo : Dy — C* by

_n
r2e 2

xa(

o o o o
SO w 3 O

and consider the representation of Go

Indgz X2 = {cp € O™(Gy) : p(gd) = x2(d) *p(g) for g € Gy, d € Dg}
with Gs-action given by
(91 F)(g2) = (91 ' 92)

for g; € G2. Using what would be called the noncompact picture if we were working
in the semisimple case [23], let 7y be the set

1 0 00 ¢
01 00 =z

{feC®R?): flz,t)=9(|0 0 1 0 0 |)forsomep € ndf? ya}.
0 —z 0 1 —3a?
00 00 1
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By requiring that the map ¢ — f be an intertwining operator, 75 inherits an action
of G5 so that 7y = Indgz X2. Writing

2 n

rée % 0 0 0 v
0 r 0 0 U
0 S r2 n z
0 —ru 0 72 %uz
0 0 0 0 1
1 0 0 0 v 2" 0 0 0 0
0O 1 0 0 U 0 r 0 0 0
=({0 0 1 0 0 0 s 2 n oz,
0 —u 0 1 %uQ 0 0 0 r2 0
0 0 0O 1 0 0 0 0 1
we see that ¢ can be reconstructed from f by
r2e” 2 0 0 0 v
0 r 0 0 U
o( 0 s on z ) =r"2f(u,v)
0 —ru 0 72 —%u2
0 0 0 0 1
so that Zo = C*°(R?).
Theorem 4.1. The (linear) action of Go on I is given by
r2e” 2 0 0 O v
0 " 0 0 v rT—u = t—v
| o s 2 oa 2 | peo=rrEtex Y
0 —ru 0 72 —%uQ " "
0 0 0 0 1
Proof. Observe that
P20 0 0 v\ /1 0 00 ¢
0 0 0 u 0 1 00 x
0 s r? n z 0 0 1 0 0
0 —ru 0 72 —%uQ 0 —z 0 1 —%xz
0 0 0 0 1 0 0 0 0 1
1 0 0 0 r2e2(t—u)
0 1 00 =z — )
=10 0 1 0 0
0 —r Hoz—u) 0 1 —1r2(x—u)?
0 0 0 0 1
r=2ev® 0 0 0 0
0 rt 0 0 0
1,.—4/ .2 2 2
4y —o a4 r H(nuf +nxt —2r0z
X 0 r~*(—nu—rs+nx) r T 2 s — 2nu — 2rsz)
0 0 0 r—2 0
0 0 0 0 1
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It follows that

e 0 0 0 v

0 r 0 0 U

(1 o r2 n oz
0 ru 0 12 %u

0 0 0 O 1

where ¢ corresponds to f under the isomorphism 7y &2 Indgz X2-

NONLINEAR POTENTIAL FILTRATION EQUATION

To complete our picture, let 7 : Go X Zo — Zs be given by

r2e” vz 0 0
0 r 0
(7o 0 s r?
0 —ru 0
0 0 0
1
= f(l’,t) t+gr n

2

0
n
r2
0

(x —u)® + 7 ts(z —u) + 2.

Lemma 4.2. The map 12 does not define an action of Go on Zs. However, it is
related to the the original action of Go on Iy (given in Theorem by

72(g192) - f = m2(q1) - (g1 - (12(92) - (97" - f)))

for g; € Go and f € Is.

Proof. Since it is trivial, we leave the proof that 7 is not an action to the reader.
For the relation of 7 to the original action, write

n1

0 O
0 O
T% n1
0 7‘%
0 O
0 O
0 O
’I“g No
0 r3
0 0
0
0
ngr% +ny r;
r2p2
172
0

rie 1 0
0 T1
g1 = 0 S1
0 —riux
0 0
) _ng
rye "2 0
0 T2
g2 = 0 So
0 —T2U2
0 0
and note that g;go is the matrix
_nyr3+4ngr?
ririe 12 0 0
0 172 0
0 527“% + res) + niraus rrfrg
0 77“1"“2(71,1 + Tlug) 0
0 0
Thus
(12(9192) - f) (1)
1
-2 -2 2 2 2
= f(x,t) + 31 T2 (nory + nyr3) (x — ug — riusg)

+ rflrg_l(szr% + 7381 + nyrous)(x —uyp — riug) + (227“% +

ny
-
’L)1+’I“?’U2€ 51
Ul + riuz
2 1 2
zor] + 3n1us + s1u2 + 21
1 2
—5 (u1 + r1uz)
1

Ly
57U + s1u2 + 21).
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We then verify the relation m2(g1g2) - f = 72(g91) - (91 - (72(g2) - (gl_1 - f))) by using
Theorem and calculating

(m2(g91) - (91 - (72(g2) - (91" - F)))(x, 1)

= (91 (ra(92) (9" ) 0) + 7 — )’
+ rflsl(x —u1)+ 2

=2 {(male2) (o7 P

—i—rflsl(x —u1)+ 2

xT—uy 3 t—v 1 5 9
ST g = w)

_ r—u 2 t—w 1 _ T — U 2
:T%((gll'f)( " ’67‘%( 2 ))+§r22n2( , _u2)
1

U 1 _ _
. - —us) + 22) + 51y na(z —ui)? 4tz —ur) + 2
1

_ 1 _ T—u
:T%(7“12f($»t)+§7“2 “na o L

_ T
+ 7, 182(

2 4
—ug)” +73 Lso( ! —ug) + 22)

T1
1
+ érfznl(:ﬁ — u1)2 + Tflsl(:zc —u)+ 21

= (12(9192) - f)(z,1).

As a result, consider dy : Gy X To — Iy given by da(g) - f = m(g) - (9 - f).
Explicitly, we see that

r2e 2 0 0 0 v
0 T 0 0 U
(02 0 s 1 on z ) )z, t)
0 —ru 0 72 f%u2
0 0 0 O 1
= r2f(x " u,er%(tr;))) + %riQH(x —u)? +rts(x —u) + 2.

Theorem 4.3. The (nonlinear) action of Gy on Iy given by 02 gives a globalization
of the local one-parameter group action generated by the Lie point symmetries of
the nonlinear potential filtration equation w; = e“==.

Proof. The proof that do defines an action follows from Lemma [£.2] just as in the
proof of Theorem Next, let

2 0

0 0 0 00000 10000
0100 0 00000 0 00 00
R=|0o 020 0|, S=|l0o 100 0|, N=|o0o 00 1 0],
00020 0000 O 0 000 O
0000 O 00000 0 0000
0000 1 0 0 000 00000
0000 O 0 0 00 1 0000 O
v=|o o o0 o0 o|l, u=|[o 0o 00 0], Zz=]0 00 01
0000 O 0 -1 00 0 00000
0000 O 0 0 000 00000
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be a basis for the Lie algebra of G2. Using Equation [41] it follows that
(5a(e") - f)(a,1) = €2 f(e~a, e~ 2)
(2(%%) - f)(x,t) = f(a, )+8$
(62(e*N) - f)(z,t) = f(z,e’t) + %st
(02(e SV) )(z,t) = flz,t —s)
(

D 0o ) Dlomo = [, 1) — 200 1) + 20,1
D (52(e"%) - P 1)lamo = 2
B 5a(e™) - D) lamo = 12 1) + La?
A Ee) - F) om0 =~ 1)
S 52(e) - F) Do = — o 1)
0

55 (02(e ) - D@t = 1.

Under the prolongation formalism [25], an easy application of the chain rule shows
that the vector field Lie point symmetry

+ h?,(oc,aw)i

0 0
h t)— + h t)—
1(w + ha(z,t) 50

’ )333 ot
on R? x R gives rise to a local one-parameter group action on a function f whose
partial with respect to s at s = 0 is given by

O b t) + hy(ast, f(,1)).

i, 0) 5 0, 0) — P, )51

Therefore, the one parameter groups corresponding to {R, S, N,V,U, Z} give rise
to the symmetry vector fields

P 9 0. P
X 22 4+ ow Xs =22
1= T FAUG TG A =T
o 1,0 o
Xo=—tytaris, Xi=gp
B 0
Xy= 2 Xy=-2.
27 o 37 dw

Since {X1, X2, X3, X4, X5, X6} span the Lie point symmetries of w; = e¥==, the
proof is complete. |
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5. K = Lwe

o Yzxx

Consider the case of K = éwgm with ¢ > 0 and o # 1, % Then the symmetry
Lie algebra is six dimensional and spanned by

0 0
Xl &a X2 %7
0 0 0 g
)(3—%7 X4—2t§+x%+2w%,
0 g 0

To find a globalization of the corresponding local one-parameter actions, consider
the solvable group G3 given by

= 0 0 w
Gs =1 0 v 0w irys,n,v,u,z €ER, ryn >0}
3 = 0 s ’I”QTL P Ty o, 76, Uy thy ) )
0 0 0 1
along with the subgroup
r’nl=® 0 0 0
0 r 0 0
D;={ 0 s 2n s iry8,m,z €R) ryn > 0}
0 0 0 1

Define the character x5 : D3 — C* by

r?nt=e 0 0 0
0 r 0 0

xs( 0 s r’n oz )= r’n
0 0 0 1

and consider the representation of Gg

Indgz X3 = {cp € C™(G3) : p(gd) = x3(d) *p(g) for g € G3, d€ Dg}
with Gz-action given by
(91 F)(g2) = (91 ' 92)

for g; € 3. Using what would be called the noncompact picture if we were working
in the semisimple case [23], let

1 0 0 ¢
010

I3 = {f € C®(R?) : f(z,t) = p( 00 1 3 ) for some ¢ € Indgg X3}
0 0 01

By requiring that the map ¢ — f be an intertwining operator, Z3 inherits an action
of G5 so that 73 = Indgg X3- Writing

r’nt= 0 0 v 1 0 0 v r?nt= 0 0 0
0 r 0 wu 01 0 wu 0 r 0 0
0 s rn z| [0 0 1 0 0 s mn z|’
0 0 0 1 0 0 0 1 0 0 0 1
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we see that ¢ can be reconstructed from f by

= 0 0

v
0 r 0 wu _9 _

o 0 s 1rn oz )=r “n 1f(u7v)
0 0o 0 1

so that Z3 = C°(R?).

Theorem 5.1. The (linear) action of Gs on I3 is given by

0 v
0 r 0 u o gT—u t—w
o s r2n 2| DEO=r(7 )
0 0 0 1

Proof. Observe that

r2pl=e 0 0 W\ ' /1 0 0 ¢
0 r 0 u 01 0 =z
0 s r’n oz 00 1 0
0 0 0 1 0 0 0 1
1 0 0 r2n°Yt—v)
|0 1 0 r~(x — )
10 0 1 0
0 0 0 1
r~2no1 0 0 0
« 0 r—1 0 0
0 r3n7ls r72n7l r3nTl(su— sz —r2)
0 0 0 1
It follows that
r?’nt=° 0 0 w
0 r 0 wu o U t—v
( 0 s rn oz 1) =ronf( r ’W)
0 0 0 1
where ¢ corresponds to f under the isomorphism 75 22 Indgg X3- (I

To complete our picture, let 75 : G3 X Z3 — Z3 be given by

r’nt= 0 0 w
0 T 0 u -1
(T3( 0 s r2n =z )f)(%,t):f(l‘7t)+T s(x—u)+z
0 0 O 1

Lemma 5.2. The map 13 does not define an action of Gs on Zs. However, it is
related to the the original action of Gs on I3 (given in Theorem by

73(9192) - f = 73(g1) - (91 - (73(g2) - (97" - )
for g; € Gg and f € I3.
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Proof. Since it is trivial, we leave the proof that 75 is not an action to the reader.
For the relation of 73 to the original action, write

im0 0 v r3niT7 0 0 v
_ 0 1 0 w _ 0 ry 0 ug
g1 = 0 S1 T‘%Tll z1 ’ 92 = 0 S92 T‘%Tlg zZ9
0 0 0 1 0 0 0 1

and note that
r%r%ni76n57” 0 0 v1 + n%far%vg

. 0 r17r9 0 U1 + rius
9192 = 0 n1827"% + 71981 nlngr%rg 77,1227“% + 21 4+ S1usg
0 0 0 1
Thus

(13(g192) - f)(z,t)

= fz,t) + ritry Y(nuser? + rest) (@ — up — riug) 4 (N1 201 4 21 + s1u2).

We then verify the relation 75(g1g2) - f = 73(g1) - (91 - (73(g2) - (97" - f))) by using
Theorem [3.1] and calculating

(t3(91) - (91 - (13(g2) - (91 - F)))(z, 1)

= (g1~ (73(g2) - (g7 " - ) (@) + 7 Ps1 (@ —ua) + 2
r—u t—u

=rin((rs(g2) - (91" - ) =5 ) s —w) + 2
T1 ring
_ r—u t—u _ T —u
=rini((g; " F)( s ——i=s) + 73 sa( —ug) + 22)
1 Tiny 1

+rf131(ac —u1) + 21

_ r—Uu _
r%nl(rgngf(x,t) + 75 182( LI ug2) + z2) + 17 131(96 —uy)+ 21

= (13(9192) - f)(z,1).

As a result, consider d3 : G3 x Z3 — Z3 given by

d3(9) - f =73(9) - (9- f)-
Explicitly, we see that

r’nt=e 0 0

v
0 r 0 wu r—u t—v _
(05( 0 s 12n s ) - ), t) = r’nf( . ,W)—Fr Ys(z —u) + 2.
0 0 0 1

(5.1)

Theorem 5.3. The (nonlinear) action of G3 on I3 given by 03 gives a globalization
of the local one-parameter group action generated by the Lie point symmetries of
the nonlinear potential filtration equation wy = *w?, with o >0 and o # 1, %

g
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Proof. The proof that d3 defines an action follows from Lemma [5.2] just as in the
proof of Theorem Next, let

2 0 00 0 0 0O l1—-0c 0 0 O
01 0 0 0 0 0O 0 0 00
R= 00 2 0}’ 5= 01 0 0} N= 0 01 0}’
0 0 0 O 00 0 O 0 0 00
0 0 01 0 0 0 O 0 0 0 O
0 0 0 O 0 0 01 0 0 0 O
V= 00 0 0}’ U= 0 0 0 0} Z= 0 0 01
0 0 0O 0 0 0 O 0 0 0 O

be a basis for the Lie algebra of G3. Using Equation [5.1] it follows that

9 r—u t—w 1 B
rnf(ir ’77'2711—‘7)—'—70 s(z —u) + z,

(03(e”) - f)(x,t) = € f(e "z, e™ 1)
(d3(e%%) - f)(x,t) = f(z,t) + sz

Applying %L;:o shows that

9 (53 - (e,

g om0 =~ (e t) = 20 (,) + 27,1

" ot
2(5 (635) ! f)(xat”s:o =T

s
D 55(e™) - P, Dlamo = (0~ D12 1) + [ 1)

(53(e™) - F) (&)l omo = — o F 1)
(35(e™) - F) (@)l omo = - 1)

(83(e*7) - ), t)ls=0 = 1.

0
s
0
s

3(e”
0
s

Under the prolongation formalism [25], an easy application of the chain rule shows
that the vector field Lie point symmetry

+ h(z,t,w)— 0

0
hl(LL' t)— + hg(l‘,t) o0

’)333

on R? x R gives rise to a local one-parameter group action on a function f whose
partial with respect to s at s = 0 is given by

ot

(1) 5 £ 1) — b 1) 5 7 t) + s, 52 1).
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Therefore, the one parameter groups corresponding to {R, S, N,V,U, Z} give rise
to the symmetry vector fields

7 7] 0 0
Xo=20—+2t—~+2w—, Xs=zx—
T T e T e T Ty
0 0 0
Xe=(1—o0)t=— — = —
o= -olig tugy X155
0 0
Xo=——, Xg=_—
7 o 7w
Since the Lie point symmetries of wy = Lw, with 0 > 0 and o # 1, § are spanned
by {X1, X2, X3, X4, X5, X6}, the proof is complete. O

6. K = 3(wyy)'/?

Consider the case of K = 3(wm)1/3. Then the symmetry Lie algebra is seven
dimensional and spanned by

0 0 0
Xlza, X2:87:c’ X3=%
0 0 0 0
2 0 0 0
Xﬁ—gta +'U)87w, X7—U}%

It turns out that local action of X; does not globalize except in trivial cases.

Theorem 6.1. Let Q C R? contain a nonempty open set and let T C {f : Q — C}
contain a nonzero function. Then the local infinitesimal action of X7 on T extends
to a global action of a one dimensional Lie group if and only if @ = Rx T for some
T C R and I consists of functions constant in x.

Proof. Consider the local action (see [25]) of R on R? x R generated by the Lie
symmetry vector field X7 = wa%, written

s (z,t,w) = (Er s(x, t,w), Ea s(x, t,w), Ps(z, t,w))

for s € R in a neighborhood of 0. This action must satisfy the vector field equation

d
g(El,s(x,t,w),Eg,s(x,t,w),@S(x,t,w)) = (D4(z,t,w),0,0)

with initial condition
(Er0(z, t,w), Ea o(x, t,w), oz, t,w)) = (x,t,w).

Clearly
Eis(z t,w), Bg s(z, t, w), Ds(z, t,w)) = (x + sw, t,w).

In particular, this action is defined for all s € R and requires €2 to be of the form
RxT.

Now suppose G is a Lie group with Lie algebra identified with RX7 and that G
acts on Z in such a way to give a globalization of the local one-parameter group
action generated by Xy. Write this action as g - f for ¢ € G and f € Z. For
f € Z, this action is related to the above action by the requirement that s-I'y =
Pexpg (sx7)-f for all s € R where T'y = {(x,t, f(x,1)) : (z,t) € Q} € R? x R is the
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graph of f. More precisely, this means that when s-(z,t, f(z,t)) = (T, ts,Vs), then
(exp(sX7) - f)(Ts,ts) = Us for s € R and (x,t) € . In other words,

(expg(sX7) - f)(@,t) = [®s 0 (1 x f)lo[Es0 (1 x f)] 7 (z,1). (6.1)

In particular, this means that s-I'f is the graph of some function in Z. However, we
finish the proof by showing that this is possible if and only if 7 consists of functions
constant in x.

Arguing via contradiction, suppose there exists f € Z and (x1,t), (22,t) € Q
with f(z1,t) # f(z2,t). Then consider s = % and compute that

T1 — T2 Az - _ 1 f (wa,t) — waf (21,1) N
f(x2’t) _ f(xl,t) ( 17t7f( 17t)) ( (x ) (xl’t) t,f( ]_,t))
T — T2 A . _ l’lf (SCQ, ) — x2f (;Ch ) .
fxa,t) — f(x1,t) (w2, 1, f(x2,t)) = ( F(@a,t) = f (21,0) Jt (22, 1)).

Since s - I'y is the graph of a function, it follows that f(z1,t) = f(z2,t) and the
proof is complete. O

Since the Lie symmetries of {X1, Xa, X3, X4, X5, X6} globalize in the same way
as Theorem [5.3| (with o = $) and do not preserve the set of functions constant in z,
it follows that {X;, Xo, X3, X4, X5, X¢, X7} does not exponentiate to give a global

action of a Lie group.

Remark. Theorem shows there is no global action generated by X7 on noncon-
stant functions. Of course this result says nothing about the local action generated
by X7.

As an example, consider the nonconstant function

fl@)=azx+b,

a # 0, which is a solution to w; = 3(w.,)'/. Recalling Equation [Es0 (1%
H(x,t) = (x +s(ax+b),t) so that [Es0 (1 x )] (z,t) = (91”+:27t) It follows that
X, generates a perfectly fine local action on f given by

T — sb ar +b

* t: b:
(s )@ t) =ag——+b= T~

which is defined only when s # —% (and so does not give rise to a global action).

7. K =In(wg,)

Consider the case of K = 3(wm)1/ 3, Then the symmetry Lie algebra is six
dimensional and spanned by

0 0
X1 5% 2= 52
0 0 0 0
Xs =gy M= tig T gy
0 0 0
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To find a globalization of the corresponding local one-parameter actions, consider
the solvable group G4 given by

r2e” 0 0 v
0 r 0 U
G4*{ 7’?//"28n s 7“2€n 2 .T,S,TL,’U,U,ZGR, 7“>0}
0 0 0 1
along with the subgroup
rZe” 0 0 0
r 0 0
Dy ={ s P20 irys,m,z €R, r >0}
0 0o 0 1
Define the character x4 : Dy — C* by
rZe” 0 0 0
0 r 0 0 2 n
X4( nr2e® s r2e" ) =Tre
0 0 0 1

and consider the representation of Gy
Indgi‘1 X4 = {<p € C®(Gy) : p(gd) = X4(d)_1g0(g) forge Gy, de€ D4}

with G4-action given by

(91 - )(g2) = flg7 " 92)
for g; € G4. Using what would be called the noncompact picture if we were working
in the semisimple case [23], let

1 0 0 ¢
00 2 01 0 =

I, ={f € C®[R?) : f(z,t) = ¢( 00 1 0 )forsomegoGIndD X4}-
0 0 0 1

By requiring that the map ¢ — f be an intertwining operator, Z, inherits an action
of G4 so that 7, = Imdgi‘1 X4- Writing

rZe™ 0 0 v 1 0 0 v rZe® 0 0 0
0 r 0 w|] |01 0 u 0 r 0 0
nr¥e® s r?" z| [0 0 1 0 nrZe® s r?e" z |’
0 0 O 1 0 0 0 1 0 0o 0 1
we see that ¢ can be reconstructed from f by
r2e®™ 0 0 v
0 T 0 u _2 e
()0( 2 s 7“2€n - f ’U,,’U)
0 0 0 1
so that Zy = C*°(R?).
Theorem 7.1. The (linear) action of G4 on Iy is given by
rZem 0 0 v
0 r 0 u " —u t—w
( 2en g p2en 4 f)(a:,t)—r € f( ? r2en )
0 0 O 1
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Proof. Observe that
-1

r2e® 0 0 v 1 0 0 ¢
0 r 0 u 01 0 =z
nre® s r?e" z 00 1 0
0 0 0 1 0 0 0 1
1 0 0 r2e"(t—v)
(o1 0 rlz—u)
10 0 1 0
0 0 0 1
r=2en 0 0 0
y 0 r—t 0 0
—nr~2e  —r3eT"s r2e™m r3e s(u—x)+r 2e " (nv — 2z —nt)
0 0 0 1
It follows that
rZe™ 0 0 v
0 r 0 u  ogpgt—u t—w
( nr2e® s r2e" f)(l‘,t)—’/‘ € f( r O r2en )
0 0 O 1
where ¢ corresponds to f under the isomorphism 7, = Indgf1 X4- O

To complete our picture, let 74 : G4 x Iy — I, be given by
r2e® 0 0

0 r 0
nr2e® s r2et

0 0 O

(7a( ) D t) = fla,t) +r7 s(@ —u) +n(t —v) + 2

—a e

Lemma 7.2. The map 74 does not define an action of G4 on Z,. However, it is
related to the the original action of G4 on Iy (given in Theorem by

74(g192) - f = 1a(gn) - (g1 - (7a(g2) - (97" - 1))
for gi € G4 and f € I,.

Proof. Since it is trivial, we leave the proof that 74 is not an action to the reader.
For the relation of 74 to the original action, write

riem 0 0 v1 raen? 0 0 Vg
_ 0 1 0 (751 _ 0 T2 0 U
91 nlrfenl S1 r%e”l z1 |’ 92 ny‘%e"z So r%e”z 29
0 0 0 1 0 0 0 1
and note that g;go is the matrix
T%T%e"le"Q 0 0 v1 + T%’Uz@nl
0 riTe 0 ul + rius

en?2 e"lrfrg (n1 +n2)  ras1 + T%SQE”l rfr%e"le"2 z1 + s1us + rfzzenl + nlrfvgenl
0 0

Thus
(11(9192) - [)(z,t)
= f(z,t) + 7’1_11"2_1(7*251 + 7’%526”1)(17 — Uy — r1U2)

+ (n1 +n2)(t —v1 — rivee™) + (21 + s1up + 73 20€™ + nyTivge™).



20 M. R. SEPANSKI EJDE-2009/101

We can verify the relation 74(g192) - f = 7a(g91) - (91 - (1a(g2) - (97" - f))) by using
Theorem and calculating

(ra(g1) - (91 - (1alg2) - (91" - ) (@, 1)
= (g1 (1a(g2) - (g7 - FI))(@,t) + 7 s1(z —ug) +na(t —v1) + 21

9 rT—u; t—v

=rie" ((1a(g2) - (91" - ) (——

)) +T1_151(1'—’LL1) +n1(t—’01) + 21

e riem
2 —1 r—u t—uv 1, r—u t—ou1
=rye™ ((91 ol r rlem )+ 1y sa( . uz) + nz(W —vg) + 22)

+rf181(a: —up)+ni(t—v1)+ 2

=rZe™ (ry 2™ f(x, t) + r;lsg(x

T1
+ 22) —l—rl_lsl(x —up)+ni(t—v1)+ 2
= (11(g192) - f)(x,1).

U t—wo
1—U2)+n2( 1—02>

r%e"l

O
As a result, consider d4 : G4 X Ty — I, given by
64(9) - f=1a(9) - (9 f).
Explicitly, we see that
r2e” 0 0 v
0 r 0 U
(64( ’I’L’I’2€n s T2€n Py )f)('rat) -
0 0 0 1 (7.1)
 opgT—u t—w 1
rée” f( " 7T%n)—i—r s(x—u) +n(t—v)+ 2.

Theorem 7.3. The (nonlinear) action of G4 on Zy given by 04 gives a globalization
of the local one-parameter group action generated by the Lie point symmetries of
the nonlinear potential filtration equation wy = In(wy,).

Proof. The proof that 03 defines an action follows from Lemma just as in the

proof of Theorem First we check that §; defines an action. For this use Lemma
to see that

2 0 0 0 0 0 0 O 10 0 0
01 0 0 0 0 0 O 00 00
k= 00 2 0}” 5= 01 0 0} N= 101 0}”
0 0 0 O 0 0 0O 0 0 0 0
0 0 01 0 0 0 O 0 0 0O
0 0 0O 0 0 01 0 0 0O
V= 0 00 0}” U= 0 00 0}” Z= 0 0 01
0 0 0 O 0 0 0 O 0 0 0 O

be a basis for the Lie algebra of G4. Using Equation it follows that
(a(e*) - )@ 1) = 2 f(e "z, e~ 20)
(64(e*5) - f)(z,t) = f(x,t) + sz
(0a(e®™) - [)(w, 1) = € f(z,e7°t) + €t
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(61(e®V) - f)(@,t) = f(a,t —5)

(01(e™) - f)(z,t) = f(z — 5,1)

(6a(e*2) - ), t) = f(x,8) + 5.
Applying a%| s=0 Shows that

0

(™) - F) o) amo =~ (21) ~ 20 7,0+ 2f(,1)

G N )limo = @
0

LGN ) Oleco =~ f00) + 1) +

S Ge) P emo =~ F o0

LG ) )lamo = — o (0, 1)

ds 4\ T ls=0 = T A
) D)o = 1

Under the prolongation formalism [25], an easy application of the chain rule shows
that the vector field Lie point symmetry

0 0 0
hl(x,t)% + hg(a:,t)a + hg(x,t,w)%

on R? x R gives rise to a local one-parameter group action on a function f whose
partial with respect to s at s = 0 is given by

(1) ) — B ) o (0, 1) + o 1, £ ().

Therefore the one parameter groups corresponding to {R, S, N, V,U, Z} give rise to
the symmetry vector fields

0 0 0 0
Xg=2—+2t—+2w—, Xs=2—
T e T o T Tow
0 0 0]
6=l FUFwg, =g
0 0
Xo=—, X3=—.
> o 7w
Since the Lie point symmetries of w; = In(wsy,) in the generic case are spanned by
{X1, X5, X3, X4, X5, X6}, the proof is complete. O

8. NoN LIE POINT SYMMETRIES

The potential filtration equation also admits a further contact symmetries in two
cases. When K = arctan(wg), then

0 0
X = —w, t —w?))=—
6 w@x (+2(x w))aw—’—x@wm
is the first prolongation of a contact symmetry and when K = %eA arctan(waz) )\ > (),
then 0 o 1 0 0
Xi= M= —wy— + = (22 —w?)=— —
6 ot Urge T2 T g, TGy,
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is the first prolongation a contact symmetry. Neither of these lead to any interesting
additional global actions of a Lie group.

Theorem 8.1. Let 2 C R? contain a nonempty open set and let T C {f : Q — C}
be nonempty. Then the local infinitesimal actions of X¢ and X{ on T never extends
to a global action of a one dimensional Lie group on L.

Proof. Consider Xg first and its local action of R on R? x R x R generated by the
prolonged Lie symmetry vector field Xg, written

S (l‘,t,’lU) = (ELS(Ivtaw7w3¢)75273(x7t5w7w$)7q)s(x7taw7w$)7\Ils(xat7w7wx))

for s € R in a neighborhood of 0. This action must satisfy the vector field equation

%(El,s($>t7wu w$)752,s(x7t7w7 wz)> (bs(x7t7w7 wz)> \I]S(x7t7 w7wm))

= (_\Ils(ma t7 w, wm)a 07 EQ,S($7 t7 w, w:E) + (El,s(xa ta ’LU>2

N =

— U (2,t, w,wy)?), s (2, 8, w,w,))
with initial condition
(Ero(z, t,w,wy), Eao(x, t, w,wy), Po(x, t, w,wy), Yo(z,t,w,wy)) = (z,t, w, wy).
It is easy to verify that

s (x, t,w,wy) = (xcoss—wl.sins,t,w—kst
. 2 . 2 .
+§(51ns)(ac cos s — 2vxsins — v cos s), rsins + w, cos s ).

With an argument similar to Theorem [6.1| (but looking at % f instead of f), a
necessary requirement for Xg to exponentiate to a global action on f € 7 is that

{(xcoss — (,%f(a:,t) sins, ¢, xsins + C,%f(m,t) coss) : (z,t) € Q} (8.1)

be the graph of a function for each s € R. To see this cannot happen, fix any

D flp ) D
(x,t), (2',t) € Q with « # 2’ and pick s € (0,7) so that cots = w
Then

%f(l‘/,t) - ,‘%f(xat) 0

xcoss —sins f(x,t) = (x po f%f(x,t))sins
zl%f(xat) - :c%f(x',t) .

= (=2 — x’d )sin s

and

2 /7t -2 7t
x’ coss —sins f(a',t) = (2 o/ x)’ — gmf@ ) %f(xl,t)) sin s
_ (Z‘/%f(x,t) - x%f(xlvt))sins
z—x
so that

. 8 _ / . a /
(zcoss —sins %f(ac,t),t) = (2’ cos s sin s fl@,t),t).

However (noting that sin s # 0),

. a /. 8 /
[a:smercoss%f(x,t)} — [z smercoss%f(as )]
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D p 1) — D F(a
:([er‘% ( ’t), oz 1 7t)%f(m7t)]

_ [.23, 4+ Oz po %f(a:/,t)]) sin s

(@=a?+ (%f(m) - %f(x',t))z) #0.

sin s

r—x

It follows that (8.1)) cannot be the graph of a function and the proof is complete.

The argument for Xy is similar. The main difference is that the action on the

t-coordinate is now given by e~**t instead of just £. With this change, it is easy to
see that the above argument for X pushes through for X¢. O
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