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GLOBAL ATTRACTOR FOR A SEMILINEAR PARABOLIC
EQUATION INVOLVING GRUSHIN OPERATOR

CUNG THE ANH, PHAN QUOC HUNG, TRAN DINH KE, TRINH TUAN PHONG

ABSTRACT. The aim of this paper is to prove the existence of a global attractor
for a semilinear degenerate parabolic equation involving the Grushin operator.

1. INTRODUCTION

In recent years, many works have been devoted to study the existence and nonex-
istence of solutions to a class of semilinear degenerate elliptic equations and systems
involving an operator of Grushin type

Gru = Agu+ |2 Ayu,  (z,y) € Q CRM x RM2 k> 0.

The Grushin operator Gy, was first introduced in [6]. If &£ > 0 then G, is not elliptic
in domains in RN x R™2 which contain the origin of RV, The local properties
of Gy were investigated in [I], [6]. The existence and nonexistence results for the
elliptic equation

Gru+ f(u)=0, z€Q,
u=0, x¢€d.

was obtained in [5 [11] [12]. Especially, in [I1] the authors prove the Sobolev embed-
ding theorem and show that the critical exponent of the embedding S3(Q) < LP(£2)
is 2} = 13625’?2, where N (k) = N1 + (k+ 1)Ns. Furthermore, the semilinear elliptic
systems with Grushin type operator, which are in the Hamilton form and potential
form, were also studied in [3] 4, @].

In this paper we are interested in the global existence and the long-time behavior

of solutions to the following problem

up — Grgu+ f(u)+g(z) =0, z€Qt>0
u(z,t) =0, ze€0t>0 (1.1)
u(z,0) = up(x), x €,
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where  is a bounded domain in R x R™2 (N, Ny > 1), with smooth boundary
990, ug € SE(Q) given, g € L*(Q), and f : R — R satisfies
2

1) = FO) < Colu=ol(L+ [l + o). 575 <2 < g =g+ ()
F(u) > —qu - Ch, (1.3)
flu)u > —pu? — Co, (1.4)

where Cy, C1,Cs > 0, F is the primitive F(y) = foy f(s)ds of f, < A1, Ap is the
first eigenvalue of the operator —Gj, in 2 with homogeneous Dirichlet condition.
Denote A = —Gy, the positive and self-adjoint operator with domain of the
definition
D(A) = {u € S§(Q) : Au € L*(Q)},
(see Sec. 2.1) and define the corresponding Nemytski map f by

flu)(z) = f(u(z)), ue S5(9).
Then, (L.1) can be formulated as an abstract evolutionary equation

%+Au+f(u)+g=0, u(0) = up. (1.5)

The main purpose of this paper is to study the existence of a global solution and
of a global attractor for the dynamic system generated by (L.5)).
Note that when the exponent p in (|1.2)) satisfies 0 < p < W, the Nemytski

f is a locally Lipschitzian map from S§(€2) to L?(€2). This combining with the fact
that A is a sectorial operator in L?({)) ensures the existence of a unique classical
solution u € C([0,7T),55(2)) N C((0,T), D(A)) NC((0,T), L*()). By computing
directly we see that the solution u satisfies

d 2
7 2®) = —llu @), (1.6)

where )
D(u) = iHuH%é + /Q(F(u) + gu) dx dy. (1.7)

The equality (1.6]) implies that ® is a strict Lyapunov functional. Then the proof of
existence of a global solution is quite straightforward by using the strictly Lyapunov
functional ®. Therefore, in this paper we will focus on the case of W <p<

W. Firstly, under the assumption (|1.3]), one can check that the Nemytski f

is a locally Lipschitzian map from Si(Q) to LI(), ¢ = pQTZl. Secondly, by the
fixed point method, we prove the existence of a unique local mild solution wu, i.e.

u € C([0,T), S5()) is the solution of the following integral equation

T
w(t) = e Mug — e~ AU=5)(f(y(s s.
(t) 0 / (f(uls) + g)d

In this case, however, it is not easy to show that ®(u) is a strict Lyapunov functional.
Indeed, the equality is obtained, at least formally, by taking the scalar product
of the equation with u;. Note that we only have u; € S™1(Q2), the dual space of
S§(£2), and so one cannot multiply the equation by u;. Hence we have to study
the regularity of u;. We show that, in particular, u; € S}(€2). This enables us to
use the natural Lyapunov functional ®(u) and condition to prove that the
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solution exists globally in time. Besides that, we also show that orbits of bounded
sets are bounded. Finally, by proving the asymptotically compact property of the
semigroup S(t) generated by and using the dissipativeness condition for
proving the boundedness of the set E of equilibrium points, we obtain the existence
of a global attractor A in S (). Furthermore, we show that every solution tends to
the set of equiblirium points as t — +00. We state our main result in the following
theorem.

Theorem 1.1. Under the assumptions —, problem defines a semi-
group S(t) : S3(Q) — SL(Q), which possesses a compact connected global attractor
A =WUY(E) in the space SE(Q). Furthermore, for each ug € S§(Q), the correspond-
ing solution u(t) tends to the set E of equiblirium points in S§(Q) as t — +oc.

This result can be extended to some more generalized systems with the slight
modifications on hypotheses and functional spaces, which are described in Remark
3.1. The rest of the paper is organized as follows. The next section recalls some
notations and results related to Grushin operator and semigroup. Section 3 is
devoted to deal with problem , for which the existence of the global solution
and the global attractor is proved.

2. PRELIMINARY RESULTS

2.1. Functional Spaces and Operators. We begin by recall some results in [I1].
Denote by S(2) the set of all functions u € L?(Q) such that 2 e, |z|F 5 9u ¢ 12(),
i=1,...,Ny, 3 =1,..., Ny, with the norm

_ 2 V 2 Zk:V 2 d d 1/2
[ullsr () = (|u| +[Voul* + [2[*Vyul®) dedy)

where V,u = (%‘17...,%N ) Vyu = (%7""83/ ). The S}(€) is defined as the
closure of C}(Q) in S1(€).

The following embedding inequality was proved in [11]

1/p ) 1/2
(/Q|U|Pdacdy) < C(/ (|UI2+ ‘V“f“|2+|w\2klvyu|2)dxdy) :

where 2 < p < iggk 5 — 7, C >0, k>0, provided small number 7. Moreover, the

number 2} = ]\Q,é\ligka is the critical Sobolev exponent of the embedding S&(Q2) —
LP(Q) and when 2 < p < 2j, the embedding is compact.
Denote X = L?(2) and (.,.) be the scalar product in X, the operator A = —G,

is positive and self-adjoint, with domain defined by
D(A) ={u € S§(Q): Au € X}.

The space D(A) is a Hilbert space endowed with the usual graph scalar product.
Moreover, there exists a complete system of eigensolutions (e;, Aj) such that

(ej,ek) = 0jk, —erj = )\jej, j=12...
O0<Ai<A<...., Aj—o00, asj— oo

For any 6 € R, denote X as the space of formal series > pey ckey such that

o0
E AN < 0.
k=1
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{x°}, < 18 called the family of fractional power spaces of A.
Let 6 € R, we define the operator A? as following

Ae(z ckek) = Z ck)\Zek
k=1 k=1

for any formal series Zz’;l crer. Hence we can consider A? as the operator from
X" to X" Y and we have

AP Xy = X170 A%it02 — g0 g0
From the above definition, one can see that
X' ={ueS;Q): Auc X = L*(Q)},
X2 =85(Q), X°=X=IL*Q),

and for any 6 € R, X? is a separable Hilbert space endowed with the inner scalar
product

(u,v)x0 = (A%, %), Jlullxo = [|A%] x.

One can see that X? is continuously imbedded into X" if # > n, moreover, this
imbedding is compact if § > 7.

Note that, for every # > 0, operator A=Y : X — X? defined above can be
represented as following

1 o0
A0y = 1_‘(9)/ 0 te Aty dt, we X.
0

Thus, A? : X% — X is the inverse of A=¢ : X — X? X9 is also the dual space of
X9,
We have the following basic result [8, Theorem 1.4.3].

Theorem 2.1. Suppose that A is sectorial and Re c(A) > § > 0. For 6 > 0, there
ezists a positive number Cy < oo such that

A%~ A < Cot %™ for all t > 0,

and if 0 <0 <1, z € X9,
1
(e ~ Dl < 5C1 "] 4%]

From this theorem, in particular, we have some results which we will use in the
next section

e~ < Me™%, forall t > 0.
(e~ —T)z|| < Ct|Az| for any z € X', ¢t >0.

e My e ﬂ X% for any 2 € X",t > 0.
0cR
e t 42| y12 < Cot™V* ||z x -, forany z€ X7, ¢t>0, y€(0,1/2).
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2.2. Existence of Global Attractors. For convenience of the readers, we sum-
marize some definitions and results of theory of infinite dimensional dynamical
dissipative systems in [2] [7, [T0] which we will use.

Let X be a metric space (not necessarily complete) with metric d. If C C X and
be X we set p(b,C) :=inf.ccd(b,c), and if B C X,C C X we set dist(B, () :=
sup,cp p(b, C). Let S(t) be a continuous semigroup on the metric space X.

A set A C X is invariant if S(t)A = A, for any ¢t > 0.

The positive orbit of z € X is the set vyt (z) = {S(t)z|t > 0}. If B C X, the
positive orbit of B is the set

YH(B) = Uiz0S(t) B = U.epy™ ().
More generally, for 7 > 0, we define the orbit after the time 7 of B by
77 (B) =7*(S(7)B).

The subset A C X attracts a set B if dist(S(¢)B, A) — 0 as t — oo.

The subset A is a global attractor if A is closed, bounded, invariant, and attracts
all bounded sets.

The semigroup S(t) is asymptotically compact if, for any bounded subset B of X
such that ;" (B) is bounded for some 7 > 0, every set of the form {S(¢,)zy}, with
zn € B and t,, > 7,t, — +00 as n — oo, is relatively compact.

A continuous semigroup S(t) is a continuous gradient system if there exists a
function ® € C°(X,R) such that ®(S(t)u) < ®(u), for all t > 0, for all u € X, and
the relation ®(S(t)u) = ®(u), for all ¢ > 0 implies that u is an equilibrium point,
ie. S(t)u=w for all t > 0. The function ® is called a strict Lyapunov functional.

Let E be the set of equilibrium points for the semigroup S(t). We give the
definition of the unstable set of E by

WYE)={y € X :S5(—t)y is defined for t > 0 and S(—t)y — E as t — oo}.
From [10, Proposition 2.19 and Theorem 4.6], we have the following result.
Theorem 2.2. Let S(t),t > 0, be an asymptotically compact gradient system,
which has the property that, for any bounded set B C X, there exist T > 0 such
that v (B) is bounded. If the set of equilibrium points E is bounded, then S(t) has

a compact global attractor A and A = WY(E). Moreover, if X is a Banach space,
then A is connected.

If the global attractor A exists, then (see cite[page 21]Chu) it contains a global
minimal attractor M which is defined as a minimal closed positively invariant set
possessing the property

. lir+n dist(S(t)y, M) =0 for every y € X.
—T0Q
Moreover, if M is compact then it is invariant and M = U,ecyw(2).

2.3. Singular Gronwall Inequality. To prove the existence of a local solution
and the asymptotic compactness of the semigroup generated by (1.5)), we need the
following lemma ( see [7, Chapter 7]).

Lemma 2.1. Assume that p(t) is a continuous nonnegative function on the interval
(0,T) such that

t
o(t) < cot™ ™ + 1 / (t—s)"M(s)ds, te(0,T),
0
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where co,c1 2 0 and 0 < 9,71 < 1. Then there exists a constant K = K(v1,¢1,T)
such that
Co

L=

(P(t) < t_’YOK('ylaclaT% te (07T>

3. MAIN RESULTS

3.1. Global solution.

Lemma 3.1. For every p € (2,2}), there is a positive real v € [0,1/2) such that
X7 is continuously embedded in LP ().

Proof. Using Holder inequality we have

- 2(2;, —p)
s 1-6 _ k
Jull < ol 7, where = ZEE=T
Hence
ull e < Cllullkull )2 (3.1)
By the interpolation of fractional power spaces
lull e < Jul X2 ll?,  vue X (32)

Let B be the inclusion map from X'/2 to Y = LP(Q), it follows from (3.1)) and
(3-2) that

5 1/2 1/2\1-6 5 -3 5 -5
1Bully < Ilull (Cllul 2l 32) ™ = Cullulldo lulli° = Cull Aull flulli,

where § = %(1 —-J) < % By [8, page 28] we obtain that B has a unique extension

to a continuous linear operator from X7 to Y for every v satisfying § < v < %

5.
Lemma [3:1] is proved. O
Putting ¢ = pQTZl, p= #. Since W <p< ﬁ then 1 < g < 2. Thus,
q 2k .
= — = €(2,27).
p -1 2-1 (2,2)

It is inferred from Lemma [3.1] that there exists v € (0,1/2) such that X" is contin-
uously embedded in LP(2). Hence L4(Q2) = (LP(2))’ is continuously embedded in
X7

Lemma 3.2. Assume that f satisfies the condition (1.2)), then f : X'/? — L9(Q)
is Lipschitzian on every bounded subset of X /2.

Proof. Let u € X'/2 it follows from (1.2)) that |f(u)| < C(1 + |ul**!). Hence
/ |f (w)]|?dzdy < C/ (1 + \u|q<p+1)) dx dy
Q Q
= C’/ (1 + \u|22) dx dy < 400
Q

since X'/2 is continuously embedded into L2+ (). This shows that f is a map from
X1/2 to LI(Q).
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Let u,v € X'/2 and ||u x1/2 < 7, ||v]|x1/2 < 7, we have
/ |f(u v)|?dx dy < C/ lu—v|7(1 4 |[u]? + [v]?) dz dy
< C/Q lu — v|qdmdy—|—C/Q |u\q”\u—v|ngcdy—i—0/Q [v|%P|u — v|? dx dy.
Applying Holder’s inequality, we have

J

/Q 019] — o] da dy < 0] 1w — v]3

2*’

2

Since S3(9) is continuously embedded into L2+ () and 1 < ¢ < 2§, there exists a
positive number M (r) such that

[f(w) = f(W)l[ze < Mi(r)llu = vl x1/2.
This completes the proof. O

Since L?() is continuously embedded in X ~7, we can consider that f, as a map
from X'/2 to X7, is Lipschitzian continuous on every bounded subset of X'/2.
JFrom this property of f and properties of the semigroup e~*4 generated by the
operator —A (see Sec. 2.1), using the arguments as in [8, Chapter 3|, we obtain
the following proposition on the existence and the smoothness of the local mild
solution.

Proposition 3.1. Assume that f satisfies the condition . Then for any R >
0 and ug € X2 such that |jug|x1/2 < R, there exists T = T(R) > 0 small
enough such that the problem has a unique mild solution u € C([0,T); X1/2).
Moreover, u is differentiable on (0,T) and u:(t) € X° for any § € (1/2,1—+), and
for allt € (0,T).

Denote by <7> the pairing between X ~/2 and X'/2. From we have
<ut7ut> + <AU, Ut> + <f(u)7ut> + <97Ut> =0.

Hence
laelZ + £ L2 + L [ (F@) + guydz =0
uellx + 5 lullxe + o A u) + gu)dz = 0.
Putting
1
®(0) = gl + [ (Pl)+ gu)da (33)
we obtain ;
D (it = ). t € ©.1). (3.4)

Theorem 3.2. Assume that f satisfies conditions (1.2), (1.3). Then for any ug €
X172 the problem (L.5) has a unique global solution u € C([0,00), X/?).

Proof. Suppose that the solution u is defined on the maximal interval [0,¢mpax).
Using hypothesis ([1.3)) and Cauchy inequality we get

D(u(t)) > %Hua)nim ~ L@l ~ 0@) ~ el - 1ol
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By choosing ¢ small enough such that p + 2e < A\; we obtain

W+ 2e
s~ C.

B(u(0) > B(u(t)) > 5(1 -

Hence
lu(®)|| x1/2 < M, YVt € [0, tmax)-

This implies tymax = +00. Indeed, let tmax < +o0 and limsup, - [Ju(t)|x1/2 <
+00. Then there exists a sequence (t,)n>1 and a constant K such that ¢, — ¢,
as n — +oo and ||u(ty)||x12 < K, n=1,2,.... As we have already shown above,
for each n € N there exists a unique solution of the problem with initial data
u(ty) on [tn,tn + T*], where T* > 0 depending on K and independent of n € N.
Thus, we can get tmax < tn + T, for n € N large enough. This contradicts the
maximality of ¢,,x and the proof of Theorem is completed. O

3.2. Global attractor. Using the arguments as in proof of Theorem [3:2] we see
that, for all R, ug with ||ug|| x1/2 < R, there exists a number M > 0 only depending
on R such that ||u(t)||x1/2 < M for all ¢ > 0. In other words, the orbits of bounded
sets are bounded.

Theorem 3.3. Under conditions (1.2)-(L.4)), the semigroup S(t) generated by (|1.5))
has a compact connected global attractor A= W*(E) in X'/2.

Proof. Firstly, from (3.4) and the proof of Theorem we see that y*(B) is
bounded for any bounded subset B of X'/2 and the function ® defined by (3.3) is
a strict Lyapunov functional.
Notice that the set of equilibrium points
E={2€ XY?|Az + f(z) + g = 0}.
Let z € E, we have
0= el + [ (F(2)2 + g2)da,
Q
Using hypothesis (|1.4) and Cauchy inequality we obtain that
Izllx12 < M, forall z€ E,

i.e. E is bounded in X'/2. Thus, in order to prove the existence of the global
attractor, we only need to prove that S(t) is asymptotically compact in X /2,

Let (u,)n>1 be a bounded sequence in X'/ and t,, — +oo. Fix T > 0, since
{un} is bounded and orbits of bounded sets are bounded, {S(t, —T)u,} is bounded
in X'/2. Since X'/? is compactly embedded in X, there is subsequence {S(t,, —
T)u,,} and v € X'/2 such that vy = S(t,, — T)u,, — v weakly in X/2 and
vr — v strongly in X as k — co. We will prove that S(t,, )un, = S(T)vy converges
strongly to S(T)v in X'/2, and thus S(t) is asymptotically compact.

Denote v (t) = S(t)vg, v(t) = S(t)v, we have

i (t) = ey, — /0 e A (f(uk(s)) + g)ds,

o(t) = e Aty — /o e~ A=) (f(u(s)) + g)ds.

Hence

t
ok (t) — v(t) ]| x172 < Crt ™2 |lue — v]| + 02/ (t—5)7 27 Ju(s) — v(s)| x1/2ds.
0
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By the singular Gronwall inequality (see Lemma [2.1]), there is a constant C such
that, for ¢ € (0,7],

lor(t) = v(®)lx1/2 < Ot o — 0],

in particular,
lor(T) = o(T)llx1/2 < CT~2|Juy, — v

Since vy, — v in L*(), vp(T) — v(T) in X%/? as k — 4o00. This implies that S(¢)
is asymptotically compact. Applying Theorem [2:2] we obtain the conclusion of the
theorem. (]

The following proposition describes the asymptotic behavior of solutions of (|1.5))
as t — —+o00.

Proposition 3.4. Under the conditions (L.2)—(1.4)), the semigroup S(t),t > 0,
generated by (1.5) has a global minimal attractor M, given by M = E, in the space
X2 In particular, we have
, ligrn dist(S(t)y, E) =0 for everyy € X172,

Proof. The existence of M follows directly from the fact that the semigroup S(t)
has a compact global attractor (see Sect. 2.2). To prove the second statement, we
will show that M = F.

It is obvious that £ C M. We now prove that M C E. Indeed, since M =

Ul/zw(z), it suffices to show that w(z) C E, for all z € X'/2. Taking a € w(z)
zeX

arbitrarily, by the definition of w(z), there exists a real sequence {¢,},t, — +00,
such that S(t,)z = u(t,) — a. Hence and since the Lyapunov functional ® is
bounded below, it implies that

¥(a) =, lim_B(u(t,) = inf{@(S(1)2) = D(u(®)lt > 0}

i.e. @ is constant on w(z). Therefore, by the nonincreasing property of Lyapunov
function along the orbit S(t)z and the positively invariant property of w(z), we
conclude that a € F. This completes the proof. O

Proof of Theorem[I.1. The conclusion follows from Theorems and Propo-
sition [3.41 O

3.3. Remarks. (1) One can extend the results of this paper to the equation in the
following form

U — Gy, amt+ f(u) +9(x) =0, ze€Q,t>0,

where  is a bounded smooth domain in RN xRM x .- .xRNm | (29, 21, ...,2,,) € ,
Gonioovmy = Dag + |T0|>** Ay + -+ + |zo|**™A,,. Note that in this case we
still are able to define the space S}(£2) and have the embedding theorem which
are similar to those in Sec. 2.1 (for more details, see citeTh-T). Here N(k) =
N(] + (011 + 1)N1 + ... .+ (O[m + ].)Nm

(2) One can extend the results of this paper to the case the system in the potential
form

Ui —La,,...a, U+ VFU)+G(z) =0,
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where Q is a smooth bounded domain in RM x RN2, U = (uy,...,u,,) is the

unknown function, La, . 4, = diag(Ga,y,...,Ga,,) G = (g1,...,9m) € (L2(Q))™
given and F' : R™ — R satisfies the following conditions

STZ(U) - STZ(U)‘ < co(l +;|ui|P +; |Ui|p) ; lu; — v,

F(uy, ..., um) >—B(uf+---+ufn)—01

2
oF OF
UVE(U) =U187u1+"'+um% = —u(u%+~--+ufn)—02,
where 0 < p < W, N(a) =max{N(a1),...,N(am)}, N(a;) = N1+(c;+1)Ng;
1< A1, A1 is the minimum of the set containing first eigenvalues of -G, , ..., —Ga,,

in © with homogeneous Dirichlet condition; C; and Cy are the nonnegative con-
stants.

In the case a; = --- = a,;, = «, one can also extend these results to the more
general system

U, — DL, U+VF{U)+ G(z) =0,

where F,G as above; D is a positively definite, symmetric, m X m real matrix;
L, = diag(Ga, ..., Ga).
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