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LARGE ENERGY SIMPLE MODES FOR A CLASS OF
KIRCHHOFF EQUATIONS

MARINA GHISI

ABSTRACT. It is well known that the Kirchhoff equation admits infinitely many
simple modes, i.e., time periodic solutions with only one Fourier component
in the space variable(s). We prove that for some form of the nonlinear term
these simple modes are stable provided that their energy is large enough. Here
stable means orbitally stable as solutions of the two-modes system obtained
considering initial data with two Fourier components.

1. INTRODUCTION

Let H be a real Hilbert space, with norm |- | and scalar product (-,-). Let A be a
self-adjoint linear positive operator on H with dense domain D(A) (i.e., (Au,u) > 0
for all uw € D(A)). We consider the evolution problem

u” (t) +m(|AY?u(t))?) Au(t) = 0, (1.1)

where m : [0,4+00) — (0,+00) is a C! function. Equation (1.1) is an abstract
setting of the hyperbolic PDE with a non-local non-linearity of Kirchhoff type

Uy — m(/ \Vu|2dx)Au =0, inQxR, (1.2)
Q

where Q C R” is an open set, Vu is the gradient of u with respect to space variables,
and A is the Laplace operator. When 2 is an interval of the real line, this equation
is a model for the small transversal vibrations of an elastic string.

When H admits a complete orthogonal system made of eigenvectors of A (this is
the case e.g. in (1.2) if 2 is bounded), (1.1) may be thought as a system of ODEs
with infinitely many unknowns, namely the components of w.

Many papers have been written about equations (1.1) and (1.2) after Kirchhoff’s
monograph [7]. The interested reader can find appropriate references in the surveys
[1] and [8]. We just state that, at the present, the existence of global solutions for
all initial data in C'*° or in Sobolev spaces is still an open problem.

In this paper, we consider a particular class of global solutions of (1.1). Let us
assume that A is an eigenvalue of A, and e) is a corresponding eigenvector, which
we assume normalized so that |ey| = 1. If the initial data are multiples of ey, say
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u(0) = weey, u'(0) = wyey, then the solution of (1.1) remains a multiple of ey for
every t € R; i.e., we have that u(t) = w(t)ey, where w(t) is the solution of the ODE

w” (t) + dm(Aw?())w(t) =0, w(0) =wo, w'(0)=w;.

Such solutions are called simple modes of equation (1.1), and are known to be time
periodic under very general assumptions on m.

In this paper, we are interested to stability of high energy simple modes for
particular choices of m. This program is too optimist since stability problems are
often hard already for systems with 3 unknowns, and we have seen that (1.1) has
infinitely many degrees of freedom. For this reason we limit ourselves to consider
the two-mode system

W(t) + AmOwR(t) + pz2(6)u(t) = 0,
() + pm(w? (t) + pz®(t))z(t) = 0,
where p1 # A is another eigenvalue of A, corresponding to an eigenvector e, such
that |e,| = 1, and u(t) = w(t)ex+z(t)e,. It is clear that simple modes are particular
solutions of this system, corresponding to initial data with z(0) = 2’(0) = 0. What

we actually study is the stability of simple modes as solutions of (1.3).
To simplify the notation, let us set

(1.3)

.—H U = wi v = Zi
vi=f. ult) = VA (ﬁ), (t) ==/ (ﬁ)»

so that (1.3) is equivalent to
u () + m(u?(t) + v*(t))u(t) = 0,
0" (t) + vm(u?(t) + v3(t))v(t) = 0.
This system (as well as (1.3) and (1.1)) are Hamiltonian, with conserved energy
[v']?

v

(1.4)

1
H(u,u' ,v,v") == 5{[1/]2—1— +M(u2+v2)}, (1.5)
where M (r) = [ m(s)ds. As far as we know, stability of simple modes was studied
in at least four papers (see section 2.2.1 for precise definitions).

e Dickey [3] proved that simple modes are linearly stable provided that their
energy is small enough. Roughly speaking, linearly stable means that
v(t) = 0 is a stable solution for the linearization of the second equation
in (1.4).

e In [4] it was proved that simple modes as solutions of (1.3) are orbitally sta-
ble provided that their energy is small enough. Roughly speaking, orbitally
stable means that every solution (u(t),v(t)) of system (1.4) with initial data
near (ugp, u1,0,0) remains close to the periodic orbit of the simple mode for
every t € R.

e Cazenave and Weissler [2] assumed that there exists a > 0 such that

lim m(or) =re
o—+00 m(a )

uniformly on bounded intervals (e. ¢g. m(r) = 1+ ). They showed that
if

ve [ (m+1D)(@+Dm+1),(m+1)((a+1)m+1+2a)),
meN
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then every simple mode of (1.4) with large enough energy is unstable. If
a =1, and 2 is an interval of the real line, this result implies the instability
of every simple mode of (1.2) with large enough energy.

e In [5] it was proved that if m is nondecreasing and for every r € [0,1) one

has
m(or)

)

a—1>r—|r-loo m(o)

then every simple mode of (1.1) with large enough energy is unstable.

Remark 1.1. Let m > 0 be a continuous function such that for all r € (0,1) there

exists
lim m(m“).
o—+00 m(a)

Since this limit is a multiplicative function, then there are only three possibilities:

e The limit is 7* for some o > 0.
e The limit is 0 for every r € (0,1).
e The limit is 1 for every r € (0,1).

In [2] and in [5], the first two cases were treated (and proved instability). Here
we treat the third case and prove orbital stability. Our main result is the following.

Theorem 1.2. Let v # 1 be a positive real number. Let m : [0,+00) — (0,+00)
be a smooth function with m'(x) > 0 for all x > 0 such that

(H1) There exists a constant c such that, for every real k > 0, sup,¢ (o 1) %Eg’) <

c
(H2) For every y € (0,1) limg— 4o %&y)) = %

Then there exists ko > 0 such that, if H(ug,u1,0,0) > ko, then the simple mode of
(1.4) with u(0) = ug, u'(0) = uy s orbitally stable.

Let us remark that any function with m’ > 0 such that zm/(z) — I > 0 as
T — 4o (e. g. log(2+ 2?)) satisfies (H1) - (H2).
We conclude with a few comments on Theorem 1.2.

e Since there exists lim, ., m(r), by (H2) we get limy_, 4 oo m(ky)/m(k) =1
for every y > 0.

e Assumption m/(x) > 0 for all > 0 is not essential but this would only
complicate proofs without introducing new ideas.

e To prove orbital stability we use KAM theory to Poincaré map (see section
2.2). Smoothness of m is used only to give the smoothness required by
KAM theory. To this end, m € C® is enough.

e Since (1.4) is reversible (if (u(t),v(¢)) is any solution, then (u(—t),v(—t))
is another solution), then a consequence of Theorem 1.2 is the following:
“if the energy of a two-mode solution of (1.4) is large enough, then it is not
possible that asymptotically all this energy is absorbed by one of the two
components”.

This paper is organized as follows: in section 2 we rescal the problem and give
preliminaries on stability and Poincaré map; in section 3 we state our results; in
section 4 we give the proofs. Section 4 is divided in four parts: in the first two
parts we prove all we need about function m and simple mode; in the third part
we get the proof of Theorem 3.2 and in the last one we prove Theorem 3.3.



4 MARINA GHISI EJDE-2003/96

2. PRELIMINARIES

2.1. Rescaling. In this section we rescale the solutions of (1.4) and find an equiv-
alent system, in which is simpler to work. Given k > 0, let us consider the simple
mode Ty, of system (1.4) which solves

ay(t) + m(@s(t))ur(t) =0, 7r(0) =k, 1@} (0)=0. (2.1)

We recall that @y is a periodic function, and so we can assume 7 (0) > 0 and
. (0) = 0 without loss of generality. Moreover assuming that & is large is equivalent
to assuming that the energy of wy is large.

Let 71, be the period of Gy. Applying conservation low (1.5) it is easy to see that

(2.2)

k 1 1 )
nei M@%—Aﬂffw4@A»¢M%%—Aﬂwf)@'

Now let (ug, vg) be the solution of (1.4) with initial data ug(0) = a1k, u},(0) = b1k,
vk (0) = 21, v, (0) = y1. Setting

wk(t) = y Zk(t) = ’Uk(’rkt),
it turns out that (wg, 2zx) is the solution of

wi (8) + mem(k*wi (8) + 27 (0)wi(t) =0, wi(0) = a, wi(0)=1b

" 2 12 2 2 / (2.3)
zp () + vrim(E*wi () + 25(¢)) 2z (t) =0, zk(0) =2, 2z,(0)=y

where a = a1, b = 71:b1, * = x1 and y = 7,y1. In the sequel we study the stability of
simple modes of (2.3). Indeed following result holds, whose simple proof is omitted
(see also Definition 2.2 below).

Theorem 2.1. Let k > 0 be fized and let Ty, be defined in (2.1). If Up(t) =
g (1it) /K is orbitally stable as solution of (2.3) then Ty, is orbitally stable as solution

of (1.4).

We remark that for (2.3), we can write the conserved energy as

Hi(weswy 7 #) = 2 dpot? + B 4 7 g2 o))
’ T 2 k2v k2

2.2. Kam Theory and stability. We recall the notion of stability, and then we
describe the Poincaré map Py, associated with a simple mode Uy, of system (2.3).

We refer to [6] for general facts about dynamical and Hamiltonian systems, and
to [2, 4] for specific results related to the particular system (2.3). Before we enter
into the details, we fix some notation.

We assume that m : [0, +00) — (0, +00) is a nondecreasing function of class C.
We denote by May o the set of 2 x 2 matrices. For each A € Maya, a;; is the element
in the i-th row and j — th column, unless otherwise stated, and TrA = a1; + ago is
the trace of A. For every w € R, R,, denotes the rotation matrix

cosw  sinw
R, = . .
—sinw cosw
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2.2.1. Stability. In this section we recall some definitions of stability from the clas-
sical theory of Hamiltonian systems. For the sake of simplicity, we adapt definitions
to the case of simple modes for system (2.3). In the phase space R* we consider
the energy level

Hy = {(z1,22,23,24) € R* 1 Hy(w1,22,23,24) = Hr(1,0,0,0)},

and the orbit
Ty := {(Uk(t),U;(t),0,0) : t€R}.

Definition 2.2. The simple mode Uy is called orbitally stable if, for every € > 0
there exists § > 0 such that for every solution (w(t),z(t)) of system (2.3), the
following property holds: if the initial datum (w(0),w’(0), z(0), 2’(0)) belongs to a
0 neighborhood of (1,0,0,0), then for every ¢ € R the point (w(t),w’(t), z(t), 2'(¢))
lies in an € neighborhood of T'y.

Definition 2.3. The simple mode Uy, is called isoenergetically orbitally stable if the
condition of Definition 2.2 is satisfied with the restriction (w(0),w’(0), 2(0), 2’(0)) €
Hp.

Definition 2.4. The simple mode Uy is said to be linearly stable if z(t) =0 is a
stable solution of the linear equation 2”(t) + v 72m(k*U?(t))z(t) = 0, (that is the
linearization of the second equation in (2.3)), i.e., for every € > 0 there exists § > 0
such that

1(2(0), 2" ()| <6 = NI(2(t), 2 (W)l <e, VtER.

It is obvious that orbital stability implies isoenergetical orbital stability. In
non-degenerate situations, isoenergetical orbital stability implies linear stability.
Here “non-degenerate situation” means that (0,0) is not a parabolic point for the
associated Poincaré map (see section 2.2.2 and 2.2.3 below). It is not essential to
explain now such condition; we just remark that it is satisfied by our large energy
simple modes.

2.2.2. The Poincaré map. Let us consider the open set U), C R? defined by
Uy, == {(z,y) € R*: Hy(0,0,z,2m/vy) < Hy(1,0,0,0)}.
For every (x,y) € Uy, let a(z,y) > 0 be the unique positive number such that
Hi(a(x,y),0,z,2m/vy) = Hi(1,0,0,0).
Let (w(t), z(t)) be the solution of system (2.3) with initial data

w(0) = a(z,y), w'(0)=0, 2z(0)==z, 2(0)=2m/vy.
Finally, let T := T'(x,y) be the smallest ¢ > 0 such that w'(¢) = 0 and w(t) > 0.
The interested reader can verify that such a T exists for every (x,y) € Uy. On the
other hand the existence of T is classical up to restricting U.

The Poincaré map Py, : U, — R2?, relative to the simple mode Uy of (2.3), is

defined by
Py(z,y) == (z(T), (47r21/)_1/2z'(T)) :

We point out that both z and T depend on (z,y) and k. When (x,y) =
w(t) = Ug(t) and z(t) = 0 for every ¢t € R. It follows that P;(0,0) =
(0,0) is a fixed point of the Poincaré map.

The interested reader is referred to the quoted literature, and in particular to
[4], for a heuristic description of the Poincaré map.

(0,0), then
(0,0), ie.,
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Now we recall the classical definition of stability of fixed points for planar maps.

Definition 2.5. Let & C R? be an open set containing (0,0), and let P : U — R?
be a map such that P(0,0) = (0,0). The fixed point (0, 0) is said to be stable if for
every € > 0 there exists § > 0 such that

(z,y) €U, |(z,y)] <6 = [[P"(z,y)| <€ VneN,
where P™ denotes the n-th iteration of P.

The stability of U as a periodic solution is clearly related to the stability of
(0,0) as a fixed point of Py. This relation is stated in Theorem 2.7 below.

2.2.3. KAM theory for planar maps. Stability of planar maps has long been studied.
In this subsection we sum the basic results we need in the sequel. Let &/ C R? be an
open set containing (0,0), and let P : & — U. The theory of planar maps has been
developed for very general maps P; however we state the results under suitable
assumptions which allow to simplify some notations, and are trivially satisfied in
our case. Therefore let us assume that:

(P1) P € C®(U,U) and P(0,0) = (0,0);

(P2) P is area-preserving;

(P3) if P(z,y) = (a,b), then P(a,—b) = (z, —y);

(P4> P(—.Z', _y> = —P(l‘,y).

The first object to look at in order to study the stability of the fixed point (0,0)
is the differential of P at (0,0), which we denote by L. It is well known that the
canonical form of L is one of the following three.

o <)\ 0 ) for some A € R, |A| > 1. In this case (0,0) is said to be hyperbolic

0 A1
and it is unstable.
. <:E1 ial for some a # 0. In this case (0,0) is said to be parabolic. The

map L is unstable, but nothing can be said about P. However, we will not
find this degenerate case in this paper.

e R, for some w € R. In this case (0,0) is said to be elliptic. The map L is
stable, but this is in general not enough to guarantee the stability of P.

Therefore, L gives only necessary conditions for stability (i.e., non hyperbolicity).
KAM theory provides sufficient conditions in the case of elliptic fixed points. To
describe such conditions, it is better to write P in polar coordinates up to terms of
order three. If we choose coordinates where L is written in the canonical form of a
rotation, then, in the corresponding polar coordinates, P becomes

p\ _( p+ald)p’ 3
P (0) = (9 Zw b)) T
where w is the same as in the linear term L, and () and b(#) are trigonometric

polynomials of degree 4. The absence of even powers of p in the first component,
and of odd powers of p in the second component, is due to (P4). Finally we set

2m
y(P) = 2 /O b(6) do. (2.4)

T o

Then we have the following KAM result.
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Theorem 2.6. Let P:U — U be a planar map satisfying (P1)-(P4). Let (0,0) be
an elliptic fized point, and let w and v be defined as above. Let us assume that
(KAM 1) : eh@ £ 1 for every h € {1,2,3,4};
(KAM 2) : ~(P) #0.
Then (0,0) is stable for P according to Definition 2.5.

The following result relates stability, Poincaré maps, and KAM theory. It is the
fundamental tool in our analysis.

Theorem 2.7. Let Uy, be a simple mode of system (2.3), and let Py, be the associated
Poincaré map. Then
e Uy is linearly stable if and only if (0,0) is an elliptic fized point of Py;
e Uy is isoenergetically orbitally stable if and only if (0,0) is a stable fized
point of the Poincaré map Py,
e if (0,0) is an elliptic fived point of Py, and Py, satisfies (KAM 1) and (KAM
2), then Uy is orbitally stable.

Thanks to Theorem 2.6 and Theorem 2.7, the orbital stability of a periodic
solution in the four dimensional space can be proved by verifying that a planar
map satisfies two algebraic conditions.

3. STATEMENT OF RESULTS

Let us denote by Py : Uy, — U the Poincaré map associated with Uy as in section
2.2.2, and by Lj its differential in the fixed point (0,0). In the next result we sum
up the main properties of P, and Ly.

Theorem 3.1. For every k > 0, let P, and Ly be as above. Then
(1) Py satisfies (P1)—(P4);
(2) det Lk = 1,‘
(3) if sz are the entries of Ly, then Lj' = L32.

We do not prove such properties, since they are well known in the literature (see
).

Thanks to Theorem 2.1 the main result of this paper (Theorem 1.2) is reduced to
prove that Uy is orbitally stable if k is large. Thanks to Theorem 2.7 and Theorem
2.6, the main result will be proved if we show that P} satisfies assumptions (KAM
1) and (KAM 2) of Theorem 2.6. Assumption (KAM 1) follows from statements
(1)—(3) of the following result, where the behaviour of Ly, for large k is considered.

Theorem 3.2. Let v # 1 be a positive real number. Then there exist k1 > 0,
w: (ki,4+00) = R, and 6 : (k1,+00) — (0,400) such that

(1) for every k > ky the eigenvalues of Ly are {eii“’(’“)};

(2) w(k) — 2m/v as k — +oo;

(3) w(k) # 2m\/v for k large enough if 2m\/v = hx for some h € Z;
(4) setting D(k) = (1) 5(0k)> we have that [D(k)]”" LyD(k) = Royy;
(5) 6(k) =0 >0as k — +oo.

Statements (2) and (3) prevent e“(*) from being a h-th root of 1 for h €
{1,2,3,4} and k large. Indeed, if e>™V¥M #£ 1 for h € {1,2,3,4}, then by (2)
the same holds true for e*(®)? provided that k is large enough; if on the contrary
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e?™VVi is a h-th root of 1 for some h € {1,2,3,4}, then for k large e“*)? is not
because of (3). This shows in particular that (0,0) is an elliptic fixed point of Py
for k large. Statement (4) says that Ly can be written in the canonical form by a
diagonal matrix D(k).

The following result implies that P, satisfies assumption (KAM 2) for k large.

Theorem 3.3. Let v := v(Px) be as in formula (2.4). Then vy, # 0 for k large
enough.

We have therefore reduced the proof of Theorem 1.2 to the proof of Theorem 3.2
and Theorem 3.3.
4. PROOFS

Throughout this section we denote by c various constants depending only on
function m.

4.1. Properties of the function m. In the following lemmata we state all prop-
erties of function m we need in the proofs.

Lemma 4.1. As k — +o0,

Lemma 4.2. For all y € (0,1),

m(k*y)
m(k?)

=1+ Melogy + or(y)

where:

(m1) |or(y)| < cArllogyl,
(m2) for all 0 < a <1, limg 400 SUP,<,<q Mo (y)] = 0.
Lemma 4.3. For all x > 0:
(M1) m(z) < c(1+ V),
(M2) M(z) =am(z) — [ sm'(s)ds;
(M3) k2m(k?)(M(k?))™t =1+ \x +0(A\);
(M4) limg_ oo M (kz)(M(k))™! = 2;
(M5) sup{(1 — y*) M (k*)(M(k*) = M(k*y*))~": y € (0,1)} <c.
In the next lemma we state some properties of 7, as defined in (2.2).

Lemma 4.4. The following equalities hold

4k 272 Jy (1—y2)3/2

Moreover

VM (k Me [P yPlogy?
V) T A [ VIR o) = Tt Ak o(h). (42)

m2m(k?) = 4r? + (472 + 16hom) A\p + o(\g).
Proof of Lemma 4.1. Since

LS (s ds +m(0) | [t (k)
= 2 ) e
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for all € > 0, using hypotheses (H1)—(H2) we get

1,712 1
k 1
liminf A 1> liminf m'(k7y) dy = / —dy.
k—+4o00 k— 400 c m,(kQ) e Y

Since € is arbitrary we have obtained that limy_, ;oo )\,;1 = +00. (I

Proof of Lemma 4.2. Firstly let us observe that

(k20 — m(k2 1 k200 (k2s 1
W_)\klogy:_/ km(l(qlz))ds—k/ %dSZQ%(y)'

To prove (ml) it suffices to remark that by hypothesis (H1), we obtain

m’ k2
[Pk (y)] S)\k/ kQ;l‘ ds < —Aiclogy.
Moreover for y > a > 0 holds true
m’ k:2
[Pk (y)| < /\k/ k:2§ - 1’ ds.

Passing now to the limit using Lebesgue’s Theorem for the dominate convergence
and (H2) we have (m2). O

Proof of Lemma 4.3. To prove (M1) it suffices to remark that by (4.1) we have
m/(x)/m(z) < 1/(8x) for large x. To show property (M2) it is enough integrate by
parts the function m. Using property (M2) and hypothesis (H1) we then get:
k2m(k?) 1= L kAym/ (K2y)
M(K?) e M3
(L )y
M (k2)(k*m(k?))~!
k2 / k2 1d
(e
L=\ fo ym! (k2y)(m (k2))~1dy
(B ) 2y
1+0(1)

Since by Lebesgue’s Theorem limy_, 4o Rx = 0, we have obtained (M3).

Property (M4) follows from L’ Hopital’s Theorem. Finally, to show property
(M5) it is enough to remark that, using Cauchy’s Theorem and the monotonicity
of m we find

dy—)\k

) —: ARy

M) miey?)
i~ mig Y SV

Proof of Lemma 4.4. Let

Yr(y) =

V121 = ME22)ME?) (V1 =y + /1= M(R2y%) /M (k)
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Applying Lemma 4.3 and Lemma 4.2 it turns out that

Ty M(k?)  w
4k 2
1 1

=),
1
:/ q/,k(y)(fyZ i M) dy
0

M(k2)
2k2

B /0 (y2k2(m(k292) —m(k?) +y° /Okz sm’(s) ds — /Oy sm/(s) ds) Az/;k(;y;) dy

1 m(k2y?)
= */0 y? [1 - W} (14 o(1))Yx(y) dy+

1 A [ o k? sm/(s) ky? sm/(s)
ool [ 2agas [ SeS aslu iy
1
:/0 —y? [~ Ak logy® — dr(y®)] (1 + o(1)) vk (y) dy+

o [t [ e [ alun

m/ (k?) m/ (k?)
Therefore,
Tk M(/ﬂz) T 1
( 4k 2 hOA’“)Ak

1
1
= /0 y*logy? (1/%(3/) - W) dy+
o (y?)

+ [ ol o) + 1+ o(1)yPun () 25 dy+
0 k

# [ ot - [~ [ g L / ) ]

0

Let us remark that by Lemma 4.3, properties (M4)-(M5), (1 — y?)3/?x(y) is a
bounded function and converges for y € (0,1) to the function identically = 1/2,
hence, using once more hypotheses (H1)—(H2) and Lemma 4.2, by Lebesgue’s The-
orem we obtain
. Tk M(k)
lim <7
k—+o00 4k
In order to prove the second part of the lemma it suffices to observe that

2m(k?) = (”“7 Vi\Z(kz‘))ka? ATZ((’;;)) - 16(% + hodi + 0o(Ae))2(1 + A + 0(Ar)).

_T_ -1 _
: hodk ) At = 0.

O

4.2. Properties of the simple mode Uj. Let us recall that Uy, is the solution of
the problem:

UY + m2m(K*UR) U =0 Ug(0) =1, U}(0) = 0. (4.3)

In the sequel we need the following simple properties of Uy:
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(U1) Uy is a 1-periodic function, and for every t € [0,1/4],
U(t) = Up(1 = t) = =Ur(1/2 = 1) = =Uk(1/2 + 1);

(U2) Uy is decreasing in [0,1/2] and increasing in [1/2, 1];
(U3) for every t € [0, 1] we have that

(U4) |Ug(t)] <1 for every ¢ € [0, 1];

(U5) |U(t)| < Z=/M(k?) for every t € [0,1].
Properties (U1) and (U2) follow from the symmetries of Uy; (U3) follows from the
conservation of the Hamiltonian for Uy, and (U4) and (U5) are consequences of
(U3).

The simple mode verifies also the following properties.

Lemma 4.5. One has:

(B1) Ug(t) = cos(2nt) + o(1) where o(1) is uniform in t in bounded intervals;

(B2) there exist A > 0, 0 < to < 1/4 and ko € R such that for all k > ko,
\UL(®#)| > X for all t € [to, 1];

(B3) there exists c(t) € L'([0,1]) such that for k large: |log(UZ(t))| < c(t) for
all t € [0,1].

Throughout the paper we need also some properties of integrals of Uy.

Lemma 4.6. The following inequalities hold true

1 2
/ 1 T m(RU ()| dt < e\ (4.4)
0
1
Uk ()] log k
—dt < : 4.
/O 1+ k202" =Tk (45)
1
/O ! (RU(s)%) ds < ©. (4.6)

Proof of Lemma 4.5. By Lemma 4.2 and Lemma 4.4 we obtain
U/ 4 (47 + 0o(1))(1 + Mg log UE + ¢1(UR)) Uk = 0,
that we can rewrite as
Uy +4n°Uy = (47° + o(1)) (Ae log UR + ¢ (UR))Ux + o(1)Ug..
Since, thanks to (ml) and (U4)

or(UR)
Ak

[log U} + Uk

is a bounded function, we get U}’ + 47Uy = o(1). Moreover, setting vg(t) =
Ui (t) — cos(27t), we find v} + 47%v; = o(1), hence (B1) follows from

VIO + 42l (D)2 < o(1)1.
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By (B1) there exists to € (0,1/4) such that |Ug(t)] < 1/2 for all t € [to,1/4] and
k large. To prove (B2) it is enough to remark that, by Lemma 4.2, Lemma 4.4 we
have

1 1
- Al — 212 > 2 12 2
togltngfl/4|U,€(t)| togltngfl/4‘/U2(t) mim(k?s)ds > /1/4 T;m(k?s)ds — 3w
Let now ¢ be as in (B2). By (B1) and (U4) for large k we get 1 > |Ui(t)| > ¢ >0
for all ¢ € [0,t0]. Using (B2) and Cauchy’s Theorem, for large k and t € [to,1/4]
we get

Ui (t
1/4(—)t = _Ul/ﬂ(gt) > )‘7
hence
‘ v/ Uk (t) log( U k ‘
VU(t V1 / 4—
Then (B3) follows from the symmetries of the function Uy. g

Proof of Lemma 4.6. To show (4.4) it suffices to observe that, by Lemma 4.2
Lemma 4.4 and Lemma 4.5, we have that

/ ll—lzfgm(kQUk(s)”ds:/ ‘1—(1+(1+4];()))\k+0()\k))(]€((]’€|ds
0 0
1
< C/\k/o L+ ‘ log(Uk(S)Z) + %’ ds < cAg.

Thanks to (Ul), in order to prove (4.5) it is enough to show that

V4 ULt log k
/ | ’“2( )2| dt < =22,
o L+EU2(t) k

Let us take to as in Lemma 4.5, (B2) and let us divide the integral as follows

ATy YO TR TR

o 1+E2UE() o 1+ Kk2UR(t) w1+ EUZD)

Now we can estimate the two terms separately. By (U4) and Lemma 4.5, (B1), for
large k we have that: 1 > |Ui(t)| > ¢ for all ¢ € [0, ¢o], hence

/ U]y ©
o 1H+EUZ() — k2

)
Let A be as in Lemma 4.5, (B2). Since U (1/4) = 0, we get

Y |k ()] e Ur (1)U (1)
7&:—/ k dt < < log(1 + KUt
f, mregmt ), arevie e S e+ PO,
To prove (4.6) we can proceed as to prove (4.5). Only we remark that, since by

(4.1) and (M1) one has

em(z?) c
(1+22) = 14 27/4

m'(2?) <
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then in [0, o] we get m/(K2UZ(t)) < ¢/k7/* and in [to, 1/4]:

1/4 VA 1 (202 (sV U (s 1/4
/t m/(K*U2(s)) ds = f/t (k |((]]]Z((s)))|Uk( ) ds < fc/t m! (K*UZ(s))UL(s)

0

c [° c [T
= —f/ m'(2?)dz < 7/ m'(2%) dz < +oc.
k kU (to) k 0

4.3. Linear stability.

4.3.1. Preliminary results for k fixed. Let Py be the Poincaré map associated with
Uk, and let Ly, be its differential in (0,0). Then the linear operator Ly : R? — R?
can be characterized in the following way:.

Given (x,y) € R?, let z;(t) be the solution of the linear problem

20 () + v Em(KPUE () ze(t) =0, 2.(0) =z, 2,(0) =27V y. (4.7)

This problem is the linearization of the second equation of system (2.3). Then we
have that

Li(w,y) = (z(1), (4n2) " /22(1) )

We do not give the proof of this characterization, since it is completely analogous
to the proof of [2, Proposition 2.1]. However, Ly is the first term in the Taylor
expansion of P, and in section 4.4 we find the first three terms of the expansion of
Py.

The fundamental tool in the analysis of the behaviour of L, for k large is the
following linear algebra result, whose proof is omitted since it is analogous of the
corresponding one in [4] (Proposition 4.1).

Proposition 4.7. Let kg > 0, and let A : (ko,+00) — Mayo. Let us assume that

(i) det A(k) =1 for every k > ko;

(ii) a11(k) = aga(k) for every k > ko;

(iil) there exist wyg € R and B € Maxo such that, for k — +o0o, A(k) = Ry, +
A B+ o(A);

) wo and B satisfy one of the following conditions:

(iv-1) wo # hw for every h € Z;

(iv-2) wo = hm for some h € Z, TrB = 0, and bya - bay < 0.

Then there exist k1 > ko, w : (k1,+00) = R, and ¢ : (k1,4+00) — (0,+00) such that

(1) for every k > ky the eigenvalues of A(k) are {e*™ ()},
(2) w(k) = wo as k — +oo;

(3) w(k) # wg for k large enough if wg = hr for some h € Z;
(4)

()

(iv

w
w
4) setting D(k) = (1) 5(0k)> we have that [D(k)]"" A(k)D(k) = R ky;

5) 6(k) — 0 as k — 400 when 6 = 1 if wo # hxw for all h € Z and 6 =

v/ —ba21/b12 otherwise.

We use also the following lemma.

Lemma 4.8. The following equalities hold true.
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(S1) For all h > 1 we have that

w/2 .
ap, = / sin(2hx) ST gy = (—l)thlz.
0 cosx 2

(S2) If ho is as in (4.2) then
T 1 /2
- T - 1 22) da.
ho 5 2/0 og(cos” x) dx

(S3) For allh > 1, h € N one has

/2 /2
/ 2sin?(hx) log(cos® ) = (—1)h% +/ log(cos? ) da.
0 0

Proof of Lemma 4.8. We prove (S1). Obviously we have ay = 7/2; moreover for
h > 1 thesis follows from

sinx

dx

w/2
/ sin(2(h — 1)z + 2x)
0

CoOsT

/2 /2 sin
= / 2cos(2(h — 1)z) sin® z dx + / sin(2(h — 1)x)(2cos® z — 1) dz
0 0 COoST

/2 /2
= / cos(2(h — 1)) (1 — cos2z) dx + / sin(2(h — 1)z) sin 2z dx — ap—q
0 0

sin(2(h — 1)x) |7/2

/2
= g — /0 cos((2(h — 1) + 2)z) dx + 2(h — 1)

= —Qp—1

To prove (S2) it suffices a change of variables and an integration by parts. To prove
(S3) we need only to remark that

/2
/ 2sin?(hx) log(cos? x) dx
0

/2 w/2
= / log(cos® ) dx — / cos(2hx) log(cos? ) dx
0 0

/”/2 sin(2hz) , ™
0

2 j— j—
log(cos” z) dx 5T log(cos” x) . o

O

4.3.2. Polar coordinates for zy(t). We write (4.7) as a first order system. To this
end we set z(t) = zx(t), yx(t) = (v4n?)~1/22] (t), so that (4.7) becomes

@i, (t) = Vodr? yi(t),  yi(t) = —(van®) "2 v fm(KPUE (1)) 2 (t),

with initial data z(0) = z, yx(0) = y.
If (z,y) # (0,0), then (xr(¢t),yr(t)) # (0,0) for every ¢ € R. We can therefore
study this system introducing polar coordinates pg(t), 6x(t) such that

2 (t) = pr(t) cos O (t), yr(t) = pi(t)sin Ok (t). (4.8)
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In a standard way it turns out that p, and 6y solve the system

kU
Pr = 2m\/V pi sin by cos O, {1 — 2%}, (4.9)

k2U?
0;, = —2m/v{sin’ 0, + 2% cos® O }, (4.10)
with initial data pg(0) = p, 0,(0) = 0, such that z = pcosf, y = psin.

4.3.3. Behaviour of pr and 0y, for large k. We look for functions pg i, 2.k, 00k,
0 1 such that, as k — +o0:

Pr(t) = po,k(t) + p2,e(t) Ak + o(Ar), (4.11)
Or(t) = 0o k(t) + 02,1 (t) A + o(Ak), (4.12)
where o()y) is uniform in ¢ € [0, 1]. We prove that po x(t) = p and pg i (t) solves
)

4hyg .
ph(t) = —prv/r (14 =2+ 1og(UR(1)) ) sin(20 — mv/vt)  p2(0) = 0,
while g ,(t) = 0 — 2mw/vt, and 0,1 solves

H’Q’k(t) = —271'\5(1 + iﬂ + log(U,?(t))) cos?(0 — 2m\/ut)  621(0) = 0.

Thanks to (4.9) we find:
t 2
k2UZ(
pi(t) < C/ Pk(s)‘l - Tk&ig‘ ds + p,
0
hence using (4.4) we obtain that, for all ¢ € [0,1], |pr(t) — p| < cAk. In the same

way we also get |0 (t) + 2m+/vt — 0| < cAg. Moreover using Lemma 4.2 and Lemma
44 for t € [0,1],

ok (1) —P— >\kﬂ2 k(t)]

< Ak/ \1 DT 4 1+ 22 oo s
b zwmpk@ — ol Isin(26(s)) — sin(20 — 4 /7)) ds
< [ oV og(UR(s)] + o0h) + [on(UF(5)) s
k Jo
b [ Out10u0) -0+ 2mym|t - 2 EED) g
/ ‘1— M’—Fo (|log(UZ(s))| + 1) ds+c/ Mds.

By Lemma 4.2, (m1)—(m2) and Lemma 4.5, (B3), in a standard way we get

Pk Uk s))
k—>+oo/ ds =0,

hence using once more (B3) and (4.4) it turns out that:

lim  sup lpr(t) — p — Axpai(t)]
k—+00 4¢(0,1] Ak

207
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that is (4.11). In a similar way one can prove also (4.12). By Lemma 4.5 we can
now pass to limit using Lebesgue’s Theorem, then

1
4h
kmf po.i(1) = 77T\/ij\/ sin(20 — dmy/wt) (1 + —2 + log(cos?(2mt)) dt := py. .0,
— 400 0 ™

1
4
klirf 021(1) = —QWﬁ/ cos?(0 — 2my/vt) (1 + 4ho + log(cos?(2t)) dt := 61 .,
——+00 0 e
hence
pk(]-) =p + )\kpl’p’e + 0()\]6), and Qk(l) =0 - 27T\ﬁ + )\kﬁl,p,e + O()\k). (413)

4.3.4. Behaviour of Ly for large k. Now let us denote by Lfcj the entries of the
matrix Ly. Then it holds true that (L}, L21) = (24(1), (472v)~1/22 (1)), where z,
has initial data = 1, y = 0, corresponding to p = 1, § = 0. By (4.8) and (4.13)
we obtain that

Li' = cos(2m/V) + A (p1.1,0 cos(2m/v) + 011 08in(27v/1)) + 0( M),
L' = —sin(2my/v) + Ae(—p1.1,08in(2m/V) + 011 0 cos(2my/V)) + o(Ar.).

Making the same computations with initial data z = 0, y = 1, corresponding to
p=1,0=m/2, we find that L3? = L}!, and

L2 = sin(2mv/v) + Ao (p1,1,7/2 SIn(2m/V) = 01 1 72 cos(2my/V)) + 0(Ak).
We have thus proved that
Ly = Ry, + M\ B + o(\),
where wg = 27+/v, and B is a matrix whose entries are
b1 = bas = (p1,1,0 cos(2m\/V) + 011,0sin(2m\/v)),
b2 = (pl,l,ﬂ-/Q sin(27rﬁ) - 91,1,7r/2 005(27ﬁ))7
bo1 = (—p1,1,0Sin(2T\/v) + 61,1 0 cos(2m\/v)).

4.3.5. Properties of B. If wg = hr for some h € Z, then the matrix B becomes

B =4+ (;01,1,0 _9171,7r/2> )
91,1,0 £1,1,0

In this case we have p1 19 = 0, indeed it is the integral of a periodic (of period 1)
odd function over the interval [0, 1]; therefore TrB = 0. Moreover it holds

L 4hg 5
—01,1,7/2=7h [ sin (Whlf)(l + — + log(cos (27rt)) dt
0 ™

' 2 4hg 2
0110 =—7mh [ cos®(mwht) (1 + — + log(cos (27rt)) dt.
0 m

If h is odd, by Lemma 4.8, (S2), computimg7 one has

b 1-— 2h t)
ZLim/2 :/ cos(2hm (1 + — —|—10g(cos 27rt)) dx
wh 0

4 1 1 [
=(1+ ﬂ -+ 7/ log(cos? x) dr — 4—/ cos(ht) log(cos? t) dt
0 0

7
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indeed in this case

™ 2m
/ cos(ht)log(cos® t) dt = — / cos(ht) log(cos® t) dt.
0 ™

In an analogous way we get also

0110 1 Orix
wh 2 Th

If h = 2j is even, then using once more Lemma 4.8 and computing, one has

a2 _/1(1-5‘4]10)51112(271' it)dt +1/2ﬂsin2('x)lo (cos® z) dx
2ri  Jo m J 2 Jo o
dhg 1 1 /(=1) /2
:(1-!—70)54-;(( 2; W—i-/o log(COSQx)dx>
1 (=1p
= §+ 5 < 0.

Since v # 1, hence we get j # 1; then work as before we find

01,10 1
o 2" 25

We have hence proved that in all cases B satisfies hypothesis (iv) of Proposition
4.7.

4.3.6. Proof of Theorem 3.2. By Subsections 4.3.4 and 4.3.5 and Theorem 3.1 we
get that Ly satisfies all the assumptions of Proposition 4.7. Therefore statements

(1)—(5) of Theorem 3.2 follow from the corresponding statements of Proposition
4.7.

4.4. Orbital stability. In proofs, we need expansions of solutions of Cauchy prob-
lems depending on some small parameter. We will always work formally as follows.
Assume that the Cauchy problem is

7' = F(Z, ), Z(O) = (I’(:u)v (4.14)

where 1 is the small parameter, and Z(t) € R* is the unknown. Then we look for
an expansion like

Z(t) = Zo(t) + Zy(t)p + Zo(t)p® + ...+ Zp ()" + o(u™). (4.15)

We replace Z in (4.14) with this expression, and using the Taylor formula, we
write also FI(Z, u) and ®(u) as polynomials of degree h in p (in the first case the
coefficients depend on Zy, Z1, . .. Z;,) plus o(u"). Finally, considering the coefficients
of u, pt, ..., u", we find the Cauchy problems solved by Zy, Z1, ... Zp,.

It is well known that, if F' and ® are smooth enough, then this procedure can
be rigorously justified, and that (4.15) turns out to be uniform on bounded time
intervals. To avoid useless terms in writing expansion (4.15), we always omit from
the beginning the terms which a posteriori would turn out to be zero.
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4.4.1. Taylor expansions in p for k fized. In this section k will be fixed. We compute

the first three terms in the Taylor expansion in a neighborhood of (0,0) of the

Poincaré map P associated with the simple mode Uy given in (4.3). In order to

fix notations, we write once more the definition of Py, following section 2.2.2.
Given (x,y) € Uy, we consider the solution of the system

W+ 7',3771(1@2W2 + Z2)W =0, W(0)=«a, W'(0)=0, (4.16)
Z" +vritm(BPW?+ Z2%)Z =0, Z(0)=z, Z'(0)=2m/vy, (4.17)

where « is the positive solution of

471_2 y2 7_2 7_2
T k—’;M(kQaQ +2?) = k—’;M(k2).

Let T be the smallest ¢t > 0 such that W’(¢) = 0 and W (t) > 0. Then

Py(z,y) == (Z(T), (47r21/)_1/2Z'(T)) .

Since we plan to use polar coordinates we assume that x = pcosf, y = psiné.
Formally this definition is very similar to the definition of L. However the
situation is here much more complicated, because o depends on k, p, 6, hence also
W, Z and T depend on k, p, . We use capital letters to avoid confusion with
the corresponding functions used in the study of the linear term. We also write
W(k,p,0,t), a(k,p,0), and so on, to recall the dependence on all these variables.
The symbol ' will always denote differentiation with respect to the time variable ¢.
In this first part of the proof we consider the asymptotic behaviour of these
functions as p — 07 (k fixed). All the terms o(p’) we introduce are uniform on
6 € [0, 2x], and on t belonging to any bounded time interval.
Asymptotic behaviour of o. We prove that as p — 0T, we have that

1 1472%sin?6 51 2 3
Since a(k,0,6) = 1 we look for an expansion of « as
a(k, p,0) =1+ a(k, 0)p2 + 0(p3)'

Since

4 2 2 . 20 a2+(p2c0520)/k2 1
%-&-/ mm(k%s) ds=/ 2m(k?s) ds,
0 0

then taking into account the Taylor expansions,

472 p? sin” 6 cos?
—z— (k) (1 -’ —pt—s ) +o(p*) = 0.
Hence thesis follows immediately by
cos?

472 p? sin’ 0
T +

(k) (—2a2<k, o) - ) 2+ o(s%) = 0.

k2
Polar coordinates for Z. We argue as in section 4.3.2. Setting

X(k,p,0,t) = Z(k,p,0,1), Y(k,p,0,t) = (v4*)"?Z'(k, p,0,1),
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and using polar coordinates R(k, p,0,t), O(k, p,0,t) such that X = Rcos©, Y =
Rsin ©, it turns out that R and © solve the system

T,fm(kQVV2 + R%cos? ©)

R =2m/V R sin© cos ©{1 — s

o Rk, p,0,0) = p,
(4.19)
2m(k*W?2 + R? cos® ©)
42

0" = —2my//{ sin? @ + cos’ O}, O(k,p,0,0) = 0.

(4.20)

Asymptotic behaviour of W, R, ©. We look for functions Wy, Ws, Ry, R3, ©q,
©, such that, as p — 0T,

W(kv 12 97 t) = WO(kv 97 t) + WQ(ka 03 t)p2 + O(ps)a (421)
R(k,p,0,t) = Ri(k,0,t)p + R (k,0,t)p° + o(p°), (4.22)
O(k, p,0,t) = Og(k,0,t) + Oa(k,0,t)p* + o(p®). (4.23)

Using these expansions, we have
m(k*W? + Z%) = m (K*W§ + (2k*WoWs + R} cos® ©g)p? + o(p?))
= m(E*WE) +m/ (K*W)(2WoWak? + R? cos® ©g)p* + o(p?).
(4.24)
Setting (4.21), (4.24), and (4.18) in equation (4.16), and looking at the terms
without p, we find that Wy solves
WY+ m(E*WE)Wo =0, Wo(k,0,0) =1, W,(k,0,0) =0, (4.25)
while, looking at the terms in p?, we find that W5 solves
W3 + em(KPW§)Wa + mim! (KPW§) (2WoWak? + R cos® ©9) Wy = 0, (4.26)
with initial data
1 r472%sin’ 6
Walk,0,0) = = o [t — cos? 6], Wi(k,,0) = 0. 4.27
2(8,0,0) = 5 [Tty — cos 4(k,0,0) (427)

From (4.25) we can see that W is just the simple mode Uy. In particular, it is
independent on 6, and so from now on we write U (t), instead of Wy(k, 6,t). Setting
(4.22), (4.23), and (4.24) in equation (4.19), and looking at the terms in p, we find

that Rq solves
2 2772
m:%ﬁ@_ywﬂﬁ
472

In an analogous way, looking at the terms without p in (4.20), we find that ©¢
solves

}R1 COS @0 Sin@(), Rl(k,Q,O) =1. (428)

Tem(k*UR)
472
Finally, using in equation (4.20) expansions (4.22), (4.23), and (4.24), and recalling

that by Taylor formula

0, = 727“5{ sin® © + cos? @0}, O (k,0,0) = 0. (4.29)

sin? © = sin% ©g + 2p?O cos O sin Oy + o(p?),
cos? © = cos? O — 2p*O4 cos Oy sin O + o(p?),
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looking at the terms in p?, we find that ©, solves
2 k2 U2
0, = —27rﬁ{2@2 cos O sin O [1 — W]
7r
| T U
472

We do not write the equation for R3 because we don’t need it in the sequel.

Asymptotic behaviour of T. We prove that, as p — 07,

(4.30)
cos? O [2k2U Wy + R2 cos? O] } 05(k,6,0) = 0.

T(k,p,0) =1+ Ty(k,0)p* + o(p®), (4.31)
where | )
Wi(k,0,1

T = ——". 4.32

2(k70) ’T,? m(k2) ( 3 )

It is natural to look for an expansion like (4.31) since for p = 0, W is exactly the
simple mode Uj. Replacing the expansions of W and T in the condition W/(T) =0
we obtain that

0=W'k,p,0,T(k,p,0))
= Up(T(k,p,0)) + p*W5(k, 0, T(k, p,0)) + 0(p°) (4.33)
= Ui(1) + p* {U{ (1) T2(k, 0) + W3(k,0,1)} + o(p°).
The first summand is zero. Moreover by equation (4.3)
Ui (1) = U (0) = —7m (k*UR(0)) Ug(0) = —7¢m(k?).
Setting equal to zero the coefficient of p? in (4.33), and using the last equality, we
get (4.32). It is easy to see that with this choice also condition U(T") > 0 is satisfied
for p small.

Asymptotic behaviour of the Poincaré map. Using the expansions in (4.22)-
(4.23)-(4.31), we obtain that

Ok, p,0,T(k, p,0)) = Oo(k,0,T(k,p,0)) + Oa(k,0, T(k, p,0))p* + o(p°)
= 0g(k,0,1) + {O)(k,0,1)Ts(k,0) + Oa(k,0,1)} p* + 0(p?),
and similarly
R(k, p,0,T(k,p,0)) = Ry(k,0,1)p + {R}(k,0,1)To(k,0) + R3(k,0,1)} p> + o(p*).
Therefore, in polar coordinates the Poincaré map is
3
P (5) = (86 morion) = (hedr )+ (Seane) + oo
where
ay(k,0) = Ry(k,0,1),
as(k,0) = R (k,0,1)Ty(k,0) + Rs(k,0,1),
Bo(k,0) = O¢(k,0,1),
B (k,0) = O (k,0,1)Ts(k,0) + Oa(k,0,1).

Let us now recall that if we choose coordinates where Ly is written in the canonical
form of a rotation, then, in the corresponding polar coordinates, P, becomes

A(0) (o ) o

(4.34)
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The coordinate change from the cartesian coordinates (X,Y’) to the original coor-
dinates (z,y) is given by the diagonal matrix D(k) introduced in Theorem 3.2. The
expression of the corresponding change D, (k) from (I,0) to (p,0) is not so simple:
it is given by

p=oak,o)l, 0=0.(k,0), (4.35)
where a,(k,0) = {cos? o + 02(k) sinza}l/Q, and 0, (k,o0) = arctan(d(k) tano) for
o € (—m/2,7/2), and similarly for all other values of o. If we denote the inverse
change by D*(k) := [D.(k)]”", then his components o*(k,0)p and 6*(k,0) are
defined in analogy with o, d., but with §71(k) instead of §(k).

Considering the second component of P} = D*(k)P,D.(k) we have that, up to
o(I?),
o —w(k) +b(k,0)I* = 6* [k, Bo(k,6.(k,0)) + Ba(k, 6. (k,0)) - &2(k,0) I*] ,
so that, making the Taylor expansion of the right hand side and looking at the

coefficients of I?, it turns out that

OO k. Bl 8.k, )] - Balh, .k, ) - 02(k, ).

4.4.2. Behaviour for large k of coefficients in Taylor expansions. Behaviour of
the coordinate change By statement (5) of Theorem 3.2 we obtain:

b(k,o) =

. (k,0) — (cos? o + 6%sin? 0)/? = pg(0) > ¢ > 0, (4.36)

0« (k,0) — arctan(d tan(o)) = p1(0), o€ (—g, g) ) (4.37)
00, 1 +tan?o

— (ko) 2 6 —F——— = > 0 4.38

80< ) 1+ 4d2tan’ o Halo) 2 ¢>0, (4.38)

as k — +o00, uniformly in o. The same holds true for the inverse change D*(k).
Behaviour of W, We prove that

log k
[Wa(k,0,8)| + |Wa(k,0,t)| <c kgz

vt e [0,1]. (4.39)
Indeed let us set
E(kvt) = |W2(ka 0,t)|2 + |W2(ka Qat)/|2'
Thanks to (4.26), since m’ > 0, in a standard way we get
E'(k,t) <E(k,t)[1 + 2m(E*Ug(t)?) + 272m’ (K*Ui (t)*) k> Uy (t)?]
+72m/ (K2Ux (t)*)R3(k, 0, 1) |Ux (t) |/ E (K, t).

Now, using (U4), m’ > 0, Lemma 4.4 and (4.1) we obtain:

Tem(k*Ug(t)?) < mim(k?) < ¢ (4.40)
i (20U (07 < ) TGO o a.y
st (U0 00| < P Do) < e BOLC

Moreover, by (4.28) we obtain that the function R;(k,6,t) is bounded in [0,1].
Therefore, integrating on [0, ¢] the inequality
Uk ()l

/
< - 7
E'(k,s) <cE(k,s)+c E(k:,s)1 FETIASE
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and using Lemma 4.6 and (4.27) we get the desired estimate.
Behaviour of ©; We prove that

27 *
lim inf —km(k?) 90

lirm inf ; 50 [k, Bo(k, 6. (k,0))] O2(k, 6. (k,0),1)a?(k,0) do > 0.

(4.43)
To this end we need the following lemmata.

Lemma 4.9. The function ©q satisfies km(k?)|O2(k,0,t)| < ¢ for all t € [0,1],
k> k.

Proof. Integrating (4.30) we find
O(k,0,1) = —27rﬁ/t sin(20(k, 0, s))(l - %m(kZU’?(S)))GQ(k,Q, s)ds
—27rf/ 2k247r2 m'(K*UZ(s)) cos®(0g(k, 0, 8))Ur(s)Wa(k, 0, s) ds

—omyy / 4—7’:2m’(k2U§(s))cos4(@0(k,0,s))Rl(k,G,s) ds.
0

Hence by m’ > 0, Lemma 4.4, (4.39), (4.42) and Lemma 4.6 we obtain

t 7_2 m/(k2U2(S))
< 14+ £ 2 — k7 1 1
©:(1.6.0)] < ¢ [ 1+ Trm(i?)| (k0.9 + " U9 0k + 1) ds
¢ " |U(s)]
< (k,0,s)|d log k —d
c/ |O2( s)|ds + ——< Fm () + clog /0 [+ k202(s) s
t c clog? k
< k,0,s)|d
[ 1Oalh 0]+ s+ S
Hence thesis follows by Lemma 4.3, (M1), and Gronwall’s Lemma. O

Lemma 4.10. The next equality holds:

1
lkim+inf —km(k*)Oq(k,0,1) = 27rﬁ1kim+inf km/ (k2Up(s)?) cos*(0 — 2m\/vs) ds
TP —+oo Jg

Proof. Integrating equation (4.30) we find:
— km(k*)O5(k,0,1)

1 2
_ zﬂﬁ/ sin(204 (k, 0, ) km (k) (1 - %m(szg(t)))Gg(k,O,t) dt
RN / m(k2) cos®(Qg(k, 0, t))m/ (KU (£)2)Ux () Wa (k, 0, 1) dt

+27rf/ m(k*)kR3 (k,0,t)m’ (k*Uy(t)?) cos* (0o (k, 0,t)) dt

Now we estimate all terms in previous equality. Using Lemma 4.9 and Lemma 4.6
we obtain

/ 1 sin(20y (k, 9,t))km(k2)(1 -
0

2
M’gm(kQU,z(t)))@z(k,e,t)‘ dt

(4.44)
/‘1—— kQUk())’dtgc)\k.
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Thanks to (4.39), (4.42), Lemma 4.6, Lemma 4.3 (property (M1)) we also obtain

/

47’3 E*m(k?) cos®(©o(k, 0,t))m’ (K> Uy (t)*) Uy (t) Wa(k, 0,1)| dt

1
< c/ klog kU (t)|m/ (k*Ux(t)?) dt
0

U (8)]
1+ k2UR(t)
1
TR
Let us remark that, thanks to Lemma 4.6 and (4.28)—(4.29), Ry (k,0,t) = 1+ o(1),
Oo(k,0,t) = 0 — 2m\/vt + o(1) (where o(1) do not depends on t € [0,1]), and, by
Lemma 4.4, 77m(k?) = 47 + o(1), hence

(4.45)

1
<c / klog km(K2UZ(8)) dt
0

log? k

<ec m(k?) <c

/ 1 4722 (K*)kR3 (k. 0, tym’ (K2Uk(1)*) cos* (B0 (k. 6. t)) dt
0 ™

_ /0 (1 + o(1))*km! (K2U3,(1)%) (cos* (0 — 2mv/5t) + o(1)) dt.

Now we can use once more Lemma 4.6 and obtain

1

. mf o(1)km/ (k2Ux(t)*)[1 + cos* (0 — 2m\/vt)] dt = 0. (4.46)
—+o0 Jo

]

We are now able to prove (4.43). Lemma 4.10 says that, for large k, —©2(k, 6,1)
is a non negative function, hence, by (4.36) - (4.38), and a change of variable

0

27 * o
‘/ O . Bolk, 3. (5, )] ©(k, 8. (k,0), 1)a2(k,0)do > ¢ [ O5(k,0,1) .
0

(4.47)
As in the proof of Lemma 4.10 (using (4.44), (4.45), (4.46) ) we get
2m
lim inf —km (k%) O2(k,0,1)do
k——+oco 0
27
—lklmmf%'f / ! (k20 (5)2) / cos} (0 — 2m/vs) do ds

77 fhminf k:m’(kQUk(s)Q) ds.

Let to be as in Lemma 4.5, (B2). Since thanks also to (U5) and Lemma 4.4 we find
0 <c1 <|UL(t)| < eg for t € [tg,1/4], it turns out that:

1 1/4 _U/ (S) k}Uk(to)
/ Em/ (K*Uy(s)?) ds > / Em/ (E*Ug(s)?) ,k ds > c/ m’' (y?) dy,
0 to |Uk(8)| 0

and passing to the limit

kUk(to) +o0
/ dy—>/ dy>0 as k — +oo.
0
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Hence, we have

27

1/4
lim inf —km(k?) Oq(k,0,1)do > climinf/ km/ (k2Up(s)?) d6 > 0.
k—-4o00 0 k—-4o00 to

Thanks to (4.47) we then obtain (4.43).
Behaviour of b(k, o). We prove that, for k large,

27 2m *
b(k,o)do = aa% [k, Bo(k, 6. (k,0))] - Ba(k,6.(k,0)) - a2(k,0) do < 0.
0 0
(4.48)
Let us recall that in (4.34), Ga2(k,0) = ©4(k,0,1)T2(k,0) + O2(k,0,1). Since o,
%‘Z and O (k, 0,t), are bounded functions, by (4.32) and (4.39), we obtain

/2” 6™
0

—— [k, Bo(k, 5. (k,0))] ©4(k, 8. (k, o), ) Ta(k, 6. (k,0))a(k,o)| do
< c/o W4 (k. 6, (k, 0),1)] do < ¢

00

log
k2 -

Since log k/k = o(1/m(k?)) to get the desired inequality it is now enough to remark
that (4.43) says that for large k:

T 95
= | g Ik Bolh, 8.k, 0)] @2k, 6. (h,0), Dk, 0) dor 2 s

Proof of Theorem 3.3. To proof Theorem 3.3, we have to show that for large k,
vk < 0, but this is exactly (4.48).
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