Electronic Journal of Differential Equations, Vol. 2003(2003), No. 93, pp. 1-17.
ISSN: 1072-6691. URL: http://ejde.math.swt.edu or http://ejde.math.unt.edu
ftp ejde.math.swt.edu (login: ftp)

SEMICLASSICAL LIMIT AND WELL-POSEDNESS OF
NONLINEAR SCHRODINGER-POISSON SYSTEMS

HAILIANG LI & CHI-KUN LIN

ABSTRACT. This paper concerns the well-posedness and semiclassical limit of
nonlinear Schrédinger-Poisson systems. We show the local well-posedness and
the existence of semiclassical limit of the two models for initial data with
Sobolev regularity, before shocks appear in the limit system. We establish
the existence of a global solution and show the time-asymptotic behavior of a
classical solutions of Schrodinger-Poisson system for a fixed re-scaled Planck
constant.

1. INTRODUCTION

Equations of (nonlinear) Schrodinger type appear in areas of physics such as
quantum fluid mechanics (superfluid film), superconductivity, semiconductor, plasma,
electromagnetism, etc. [18, [7, 24] 27, 23] [1]. In the present paper, we consider the
Cauchy problem for the nonlinear Schrodinger-Poisson (SP) system

2
N € € € € € € € €
e + 5 AP = (V@) + f([0°1))y — (arg v)y© =0, (1.1)
—AVE =|* —=C(z), V —0as |z| — 0. (1.2)
subject to the rapidly oscillating (WKB) initial condition

Pe(z,0) = YP5(z) = Aj(x) exp (éSo(x)) , (1.3)

where f € C®(RT;R), Sp € H*(RN), N > 1, for s large enough, and A§ is a
function, polynomial in €, with coefficients of Sobolev regularity in . The scaled
Planck constant is here denoted by €. The superscript € in the wave function ¢(z, t)
and in the electric potential V¢ indicates the e-dependence. The function C(z) > 0
denotes the background ions. The function f depends only on the particle density
p¢ defined by

p(w,t) = Y (z, )y (z, 1), (1.4)
where the bar on top, ¥, denotes complex conjugation. The last nonlinear term
serves as a friction damping of phase, used recently in modelling semiconductor
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devices [16], where the argument arg ¢ = S€ is defined for irrotational flow by

€ - —
pVSE = Q—i(q/fwf — PVYO). (1.5)
When we introduce the geometric optic ansatz
i i
P (z,t) = A°(z,t) exp (gSe(m,t)) = /p(x,t) exp (gSe(:E,t)) ) (1.6)

the so-called Madelung’s transformation and define the hydrodynamical variables
p° as ([1.4), velocity u¢ and momentum J¢ by
u‘ =Vvse, J°=pu, (1.7)
we have the following quantum hydrodynamic form of the Schrodinger-Poisson sys-
tem (LI)-(T2)
Op© + div(pu®) =0, (1.8)

2
O (pu®) + div (p‘u® @ u®) + VP(p) + pVV* + puf = % div (p€V210g r°),

(1.9)
—AVE = p¢ —C(x), (1.10)

with initial data
p(2.0) = pi(a), u(2,0) = u(a). (1.11)

Here the hydrodynamics pressure P(p) is related to the nonlinear potential f(p) by

P(p) = pf'(p) = f(p). (1.12)
Equations f comprise a closed system governing p¢ and u® with potential
V¢ given by the Poisson equation which has a form of a perturbation of
the Euler-Poisson system. Letting ¢ — 0+, we have formally the following Euler-
Poisson system (the classical hydrodynamic model of semiconductors)

Op + div(pu) = 0, (1.13)
Oi(pu) + div (pu @ u) + VP(p) + pVV + pu = 0, (1.14)
—AV =p—C(z), (1.15)

which can be seen formally as the dispersive (semiclassical) limit of the Schrédinger-
Poisson system.

The mathematical rigorous analysis of the semiclassical limit for Schrodinger type
equations is an issue of much importance and full of complication. The elementary
principle of quantum mechanics informs that the (classical) Newton mechanics will
dominate in a system when the space and time scale is larger enough than the
Planck constant ¢ (quantum effect). The mathematical analogue of the principle is
that as € — 0, the system of quantum mechanics becomes the one obeying Newton
mechanics, which is called the “semiclassical” limit.

Recently, much progress has been made in such area. For linear Schrodinger
equation or Schrodinger-Poisson, the idea of kinetic formulation to solve it global-
in-time is the followings. By applying the Wigner transforms, we can obtain a
kinetic integral-differential equation—the so-called Wigner equation.

The investigation of kinetic structure of the Wigner equation and the applica-
tion of the moments methods to its solutions, which yield information of macro-
scopic densities, help us to pass limit ¢ — 0+ in the Wigner equation and the
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macroscopic densities. We have the Vlasov (Vlasov-Poisson) equation, which is
the quantum (hydrodynamic) limiting system of the linear Schrédinger type equa-
tions [27, 22] 28] [12] (2, 33]. The analysis of the limiting system gives us the similar
macroscopic densities and results to those obtained by the geometric optics ap-
proach to the WKB limit of Schrodinger equations and reveals a close relation be-
tween the dispersive limit of quantum fluid equations and the kinetic equations [10].

However, it is quite different for nonlinear Schrédinger type equations because
the theory of Wigner transforms passing limit ¢ — 04 are still under investi-
gation for nonlinear Schrodinger type equations. Up to now, the mathematical
rigorous theory is only established for the one-dimensional defocusing cubic nonlin-
ear Schrodinger equation where the inverse scattering technique for the integrable
system was used to obtain the global characterization of the weak limit of the en-
tire nonlinear Schrédinger hierarchy [I5], for multi-dimensional nonlinear (includ-
ing derivative or modified) Schrédinger equations included by the WKB-hierarchy
[13, Bl [6, 20, 9] by applying Lax-Friedrich-Kato’s quasi-linear symmetric hyper-
bolic theory in Sobolev space before vortices where due to the spatial vanishing of
wave function at infinity a strictly convex entropy was required, and also in [I1]
for analytic initial data. Moreover, the rigorous incompressible limit analysis of
nonlinear Schrédinger equation to incompressible fluids with vortices involved was
proven in R? [21]. For more detailed review on such topics, one is referred to [9, [32]
and the references therein.

For nonlinear Schrodinger-Poisson system 7, it is far from well un-
derstood on the well-posedness and semiclassical limit. As C = 0 the theory of
well-posedness, scattering phenomena, stability of soliton wave, finite time blow-up
and so on for 7 is well understood [4, 31 B2]. As Cy > 0 in our case,
however, the Poisson coupling requires that |¢¢(z,t)| = Cy > 0 as || — oo, which
implies that the value of phase depends on the direction at space infinity. Only the
existence of (nonconstant) travelling-wave solutions with nontrivial boundary con-
dition at space infinity is proven for a nonlinear Schrédinger equation in R? in terms
of conserved Hamiltonian [3]. For Schrodinger-Poisson system 7, however,
it is quite different since there is no (conserved and nonnegative) Hamiltonian. In
fact, even for the following Schrédinger-Poisson system

e + AU — (VY(a,0) + [ ([ =0, (1.16)
—AVE = [ - Co, (1.17)

with Cp > 0 a constant, the conservation laws only hold in the following sense
| 0P —code = [ (0 @.0) - Co)da, (1.18)
Ly (90 Ve + £06) - 1(@0) ) o)
= [ (319w HOV@OR + 100 - () 0z (119

which does not give the a-priori bounds of energy and density.
Our goals in the present paper are: a) present a local well-posedness theory of
Schrédinger-Poisson system (1.1)—(1.2) and a justification of the semiclassical limit
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from Schrédinger-Poisson ([1.1)—(1.2)) to Euler-Poisson (1.13)—(1.15); b) establish
global existence and long time behavior of (I.1)-(1.2) in RY (N > 1).

To obtain local existence and perform the dispersive limit, the idea here is to
transform the Schrédinger-Poisson system as a dispersive perturbation of the Euler-
Poisson system in the form of quasi-linear symmetric hyperbolic system by Modified
Madelung transform [I3] to which the Lax-Friedrich-Kato’s theory can be applied
as [13, B [6] 20]. Notice that the associated potential V¢ determined by is
served as an external force potential and the amplitude of the wave function should
be a complex-valued function. Unlike [13] 5] 6], 20] we do not need that the entropy is
strictly convex near vacuum. However, due to the hyperbolic nature of the limiting
system, it works before the shock singularity.

We show that, for certain initial data, a) solutions of the IVP for 7
exist on a time interval [0, T], where T is independent of ¢; and b) solutions of the
IVP for f converge to solutions of the IVP for 7, as € — 0.
Indeed, applying the theory of the quasi-linear symmetric hyperbolic system we
will obtain the existence of smooth solutions ¢ of 7 on a time interval
[0,T) independent of e. Furthermore, the bounds that we obtained are uniformly
bounded in € on the solutions ¢ will allow to pass to the limit € — 0 in 7
and justify the WKB hierarchy (Theorem . In addition, to ensure the strong
convergence of 1€ to a classical solution of the Euler-Poisson system lb
we require the hypothesis that we are near the solutions of l} initially
(Theorem [2.2)).

To prove the global existence and long time behavior of Schrédinger-Poisson
system 7 for fixed € > 0, the idea is to make use of the hydrodynamical
form of Schrédinger-Poisson system 7 so as to take advantage of the dis-
sipations of nonlinear term and Poisson coupling and establish uniformly a-priori
estimates by energy method. These extend local solution globally in time by a con-
tinuity argument. The problems to be overcome here are to keep the positivity of
density (to make the Madelung’s transformation valid) and to control the nonlinear
dispersion term in Sobolev space. Instead of fluid equations 7, we use
another equivalent system f (see section [3)) for variables (o¢,u¢,V¢) for
amplitude, velocity and potential. We show that when initial data are a perturba-
tion of a steady state of (L.I)-(L.2), the classical solution exists globally in time
and tends to the steady state exponentially as time grows up (Theorem [3.1)).

This paper is arranged as follows. In section [2, we consider the semiclassical
limit and local well-posedness of classical solution of IVP f. The global
existence and long time behavior of IVP f is solved in section

2. WELL-POSEDNESS AND SEMICLASSICAL LIMIT

2.1. Main results. Let H*(R") denotes the usual Sobolev space of order s. First
we prove the local existence of solutions to the Cauchy problem for Schrodinger-
Poisson system f for each e, we give sufficient conditions for the well-
posedness in Sobolev space H*(RY). Also, we obtain a-priori uniform estimates
with respect to € in order to pass limit. For simplicity, we assume that C(z) =C is
a constant here and after.

Theorem 2.1. Assume that {|A§| — V/C} is a uniformly bounded sequence in
H*(RN) with compact support, S € HTL(RN) with VSy compact supported,
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s > (N +4)/2, and f € C®(R*,R) with f"(p) > 0 for p > 0. Then solu-
tions (Y&, V¢) of the Schrdidinger-Poisson system — exist on a small time
interval [0,T], T independent of €. Moreover, (z,t) = A(z,t)e’S" @1/ with
Ac € L>=([0,T]; H*(RN)) and S¢ € L*([0,T); H¥T1(RYN)) uniformly in € and V¢
given by .
To investigate the behavior of (¢, V¢) of the Schrodmger Poisson system (|1.1))—
(1.2) as € — 0, we construct a solution of VP w1th initial data near a
i l

classical solution of the Euler-Poisson system ([1.13] . In fact we have

Theorem 2.2. Assume that (p,u,V) is a solution of the FEuler-Poisson system
(T.13)—(1.15) and satisfies (p—C,u,V) € C([0,T], H*+ 2(RYN)), s > (N +4)/2, with

initial condition

pol(@) = p(x,0) = |Ao(2) [,
up(z) = u(z,0) = VSy(z).

Then there exists a critical value of €, €. dependent of T, such that under the
hypothesis

(1) Ag(z) converges strongly to Ag in H*(RYN) as € tends to 0

(2) (\/po — VC,ug) € H*(RN) with compact support,

(3) 0<e<e,
the IVP for Schridinger-Poisson system (1.1] . has a unique classical solution
(¥, V) on [0,T], the wave function is of the form

Ve (z,t) = A%(z,t) exp (éSe(x, t))

with A€ and VS¢ are bounded in L™= ([0, T]; H*(R™)) uniformly in € and V¢ is given
by (2.13). Moreover, as € — 0 (p¢, pcV.S, V) with \/p¢ = A€, converges strongly
in C(0, T), H*-2(RY)).

Remark 2.3. 1). The existence of (local or global) classical solution of Euler-
Poisson system (L.13)—(L.15) was proved in [26, B] for C = 0, in [29] for C > 0, and
in [I4] without frictional damping.

2). If C is a positive function of x, one can get the same results as Theorem
[2:2) for spatial periodic case.

2.2. Proof of the main Results. To study the asymptotic behavior of solutions
of the Schrodinger-Poisson system 7 as € tends to zero we have to show
the existence of a smooth solutions (¢, V<) of (L.I)—(L.3) on a finite time [0, 7]
independent of e, for initial data A§(x), S§(z) and Vp(x) with Sobolev regularity
first. For classical solutions, it is convenient to write the Schrodinger-Poisson sys-
tem 7 as a dispersive perturbation of a quasilinear symmetric hyperbolic
system instead of quantum hydrodynamics model f. As suggested by
Grenier [I3] (see also [B} [0, [, 20]), the modified Madelung’s transform can be uti-
lized in the study of the semiclassical limit. More precisely, we will look for wave
function ¢° of the form ¢ (z,t) = A*(z,t) exp(£5(x,t)) , where the complex-valued
function A€ = a® 4 ib° represents the amplitude and the real-valued function S¢
represents the phase. Considering the change of variable

we = VS (2.1)
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and using the fact that A = a° + ib® we have the equivalent form of (1.1))—(1.2)) or

(8- (.10

1
O(a® —a1) + (w-V)(a® —ar) + EaSV Sw = —%Ab‘7 (2.2)
1
Op(b = b1) + (- V)(H = by) + BV - = %Aae, (2.3)
dwe + (w - V)w + f'V((a)” + (b)?) + VV + w =0, (2.4)

—AVE = (a%)? + (b°)? - C.
with initial data

(af’bﬁ)(gg’()) = (agabg)(x)v (agab(é))(x - (a17b1)7 as |:Z:| - 00, (26)

satisfying
(@) + (b5(2))” = 45(@)]*, e} +02=C, wi(z)=VSs(x). (2.8)

Here f” is the abbreviation of f”(p¢), p¢ = (a)?+(b¢)%. Notice that Eqs. f
are not the same as Egs. 1) where we split into the real and imaginary
parts. Here it is split into the order O(1/¢) and O(1) terms. Let us introduce
U¢ = *a®—ay, b — by, w) with w® = (w§,...,w$) then this system can be written
in the vector form

N
Us + 3" AU, + U = B+ %L(Ue), (2.9)
U¥(2,0) = Ug(x) = “(a§(x) — a1, b5(2) — a1, w§()) (2.10)

where B¢ = (a® — a1, b — by, —VV*) and the matrices A; and L are given respec-
tively by

w; 0 %aeej
A;(U¢) = 0 w§ sb%; |, (2.11)
2aef// tej Qbef// tej w;[
0 -A O ae—al —A(be—bl)
Lwy={a o of(b-b|={A@-a)|. (12
tO tO O twe tO

According to the Poisson equation, the potential is given explicitly in terms of the
Newtonian potential

pe(yvt) - C
ry N(2 — Nwy|z —y|V—2

where p¢(z,t) = |A%(x,t)]> = (a(x,t))? + (b°(x,t))? and wy denotes the surface
area of the unit sphere in R™. Thus we can rewrite B¢ as

V(w,t) = —

dy (2.13)

B¢ := B(p) = "(a* — a1,b* — b1, g5, ..., 9%) (2.14)
where g§(z,t),i=1,..., N, are given by
ove T — Yi
cpt)= D = [ TV e, ) — Cldy. 2.15
gi(a,1) = - . NwN|x—y|N[p (y,t) = Cldy (2.15)
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Notice that I is a N x N identity matrix, e; = (015,025,...,0n,) and L is an

antisymmetric matrix. The matrices 4;(U¢),j =1,..., N, can be symmetrized by
1 0 0]
Ag(U)=10 1 0 (2.16)
1
to 'O WI
which is symmetric and positive if f” > 0, for all U¢ = *(a® — ay,b® — by, w®).

This means that f must be a strictly convex function of p and corresponds to the
defocusing Schrodinger-Poisson system. Thus, we write (1.1))—(1.3) as a dispersive
perturbation of a quasilinear symmetric hyperbolic system:
a €
Ap(U)YUF + Y~ Aj(UYUE, + Ag(U YU = B(p) + FLW), (2.17)
j=1
U¢(z,0) = Us(x) (2.18)

where A; = AgA; (j = 1,...,N) is symmetric and B = AgB. The importance
of symmetry is that it leads to simple L? and more general H* estimates which
are often related to physical quantities like energy or entropy. The antisymmet-
ric operator §£ = §AgL reflects the dispersive nature of the Schrédinger-Poisson
system. Moreover, due to the antisymmetry, the energy estimate shows that this
term L contributes nothing to the estimate. The existence of the classical solutions
proceeds along the lines of the existence proof for the initial value problem for the
quasilinear symmetric hyperbolic system (see [17,[20]) with modifications. As usual,
start from the initial data U%(z,t) = U§(z) and define UPTY(z,¢;¢€) inductively as
solution of the linear equation; (p =1,2,3,...)

N
Ag(UPYUPH! + 37 A (U UEH + Ao(UP)UPH = B(P) + SL(WUPY),  (2.19)
j=1

UPt(x,0) = US(x). (2.20)
For further reference, we ignore the superscripts p and consider U € C'*, UeC®
satisfying

N
AT, + 3" AU, + A(U)T = G(t) + gc(ﬁ) : (2.21)
j=1

U(z,0) = US(x), (2.22)

where we rewrite B(pP) as G(t). Defining the canonical energy by

1Tt )13 = / (Ao, ) (2.23)

we have the basic energy equality of Friedrich

G+ 17w = [0 0)ds+2 (G0, 0o+ ¢ [(£(©), Dis
(2.24)
where T = divA = (8,,V) - (Ao, A1,..., Ax). The term f(L(ﬁ),(?)da: =0
by antisymmetry of £. Assume that the matrices Ag and A4;,5 = 1,..., N to-
gether with their derivatives of any desired order are continuous and bounded
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uniformly in [0,7] x RY. Moreover, the matrix Ay is uniformly positive defi-
nite in the sense that there exists a pu > 0 such that (AoU,U) > u||U|?, for
all U and (z,t). Since I' is bounded there will exists a constant M such that
(TU,U)| < M{AoU,U) for all (z,t). From Lemma below it foloows that
G € L>=([0,T); H*(RN)) n C([0,T); H5~2(RY)). Applying Cauchy-Schwarz then
Gronwall inequalities, we obtain the energy inequality

s 1005y < (105l + g )97 (225)
Higher derivative estimates for U are obtained by differentiating , taking the
inner product of the resulting equation with the corresponding derivative of U , and
applying the above procedure. We define Uy by U, := D°U for |a| < s then

N

U, U, ~ N € .~
Ao(U) 55+ ;Ajw)%j + Ao(U)Ua = G*(t) + 5 L£(Ua) . (2.26)
Uy (,0) = DOUS(z). (2.27)
with G defined by the commutator terms as
o o 60
G = Ay(U (D B- Z [D (% ) (2.28)

Since %IZ?*, Q%Q(U) € H*(RY), we can apply the Moser-type calculus inequality to
7 i

estimate the commutator terms;

U ), 94,(U)

dA;(U)
8$ HL2(RN)

HDM dx; ||HS(]RN)HTHHS(RN)

<CMZ  (2.29)

<c|g”

provided HUHHS(]RN) < 2Mj. (Note that ||Aj(U)||Hs(]RN) < C”UHHs(RN).) Thus we
have
IG¥ 2@y < DGl 2@y + C2Mg (2.30)
as long as [|U|| g=@®~) < 2My. This implies
U )| 1o gy < (Mo + (Cs Mg + M)T)e%MT < 21, (2.31)

for t € [0,T] provided that T is so small that the last inequality holds. The result
is a solution U€ on a time interval [0, 7] with T independent of € satisfying

[0 (t: ) loqany < €t € 0,T] (2:32)
as soon as Us € H*(RY). It follows from and (2.32) that
|0 UP (¢, E)||Hs—2(RN) < C, te[0,T]. (2.33)
Therefore, for any fixed €, we have constructed a sequence {U?}>2, belonging to
C([OvT];HS(RN))ﬂCl([U,T};HS*Q(RN)) (2.34)
satisfying and (| as well as the uniform estimates
max (HatUp(t )l o2 @ny + |UP (5 €) || e mmy) < C. (2.35)

0<t<
It follows from the Arzela-Ascoli theorem that there exists

U € L>([0,T]; H*(RY)) N Lip([0, T]; H**(RY)) (2.36)
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such that
Orgt:ixT |u? — UHHS—Q(]RN) — 0, asp— oo. (2.37)
Furthermore, for 0 < # < 2 we have the convergence
UP — U in C([0,T]); H*(RY)) (2.38)

by the standard interpolation inequality. Choosing s such that s — 6 —2 > [N/2],
then the space H*(R") becomes an algebra. Indeed, we can show that

U e C([0,T); H¥(RM)) n C*([0, T); HS~2(RY)) — C1([0,T] x RY)) (2.39)

by Sobolev embedding theorem. Thus the solutions we construct are classical. The
uniqueness of the classical solutions to the IVP for and follows from
a straightforward energy estimate for the difference of two solutions. To show that
pe(z,t) = (a(x, 1)) + (b°(z,t))? > 0 for all 0 < ¢t < oo, we will employ the polar
coordinates:

A€ = a4 ib° = /pe". (2.40)
Applying the chain rule to obtain
aAbS — b Aa = div(p°VE°) (2.41)
then from 7 we derive the continuity equation for p®
O p + div(p‘w® +€pVO) =0 (2.42)

which has an extra term of order O(e) comparing with the usual continuity equation.
We can interpret this as a classical transport equation disturbed by the quantum
fluctuation. Let (£,7) be an arbitrary fixed space-time point in RV x [0,77]. Since
w + €eVo© € CL([0,T); H*(RY)), the well-known theorem for ordinary differential
equations guarantees that the problem

d
df W@, t) + eVO(2,1), Tly =€ (2.43)
has a unique solution = ¥(t) € C1([0,7];RY). Equation (2.42) implies
d
ﬁpe(\ll(t),t) = —div(w® + eV)p° (2.44)

Integrating over [0, 7] we have

pe(&T):pe(\I/(O),O)exp[— /0 ' div(wf(@(t),t)+ev96(\1/(t),t))dt]. (2.45)

Thus p¢(&,7) > 0if p°(¥(0),0) = p§(¥(0)) > 0. Denote R{u} = sup{|z| : u(x) # 0}
for u € C(RN). If p¢(&,7) # 0 then p§(¥(0)) # 0 so that |¥(0)| < R{p5}, and
el = 1w(7)] = |w(0) + w0 + VO (W (1), 1)

§|w(0)\+/ 00| + €[ VO ot (2.46)
0

< R{py} + (1 +¢)CT.
The same proof can be applied to
O (p® —C) + (W€ + €pVO)V(p© — C) + div(w® + €pVO)(p*—C) =0  (2.47)

which yields
€l =¥ ()| < B{p5 — C} + (1 + €)CT. (2.48)
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Therefore, we have proven the existence and uniqueness of the classical solution of
the dispersive perturbation of the quasilinear symmetric hyperbolic system (2.19)—
(2.20)).

Theorem 2.4. Let f € C®°(R*,R) with f"(p) > 0 for p >0, and s > [N/2] + 3.
Assume that the initial data

U§ = '(a§ — a1, b5 — by, w§) € HY(RY) x H*(RY) x (H*(RV))N (2.49)
are compact supported and satisfies the uniform bound
106 275 mny = llag — arll s @ny + 105 — b1l s vy + |will s @y < Co,  (2.50)

and B¢ € C([0,T]; H*(RY)) N C*([0,T]; H*2(RYN)) with || B¢||gs®~) < C1. Then
there exists a time interval [0, T] with T > 0, so that the IVP for the (2.19)—(2.20)
has a unique classical solution U¢ = *(a® — aq,b — by, we);

(a€ —ay,b° —by) € C([0,T] x RN) nC* ([0, T]; C*(RN)) (2.51)
w® € C([0,T] x RY) (2.52)

Furthermore,
Uc e ([0, T]; H*RN)) nc ([0, T]; H*~2(RY)) (2.53)

and T depends on the bound C in (2.50) and in particular, not on €. The solution
Uc = (a® — ay, b® — by, w®) satisfies the estimate

MU s mvy = |la® — ax || s @y + 169 = b1l s vy + [[w]| s vy < C (2.54)

for allt € [0,T]. The constant C' is also independent of €. In addition, if p§(x) =
(a§)? + (b5)? > 0 then p(z,t) > 0 for all t > 0; if p§ has a compact support, then
pc(+,t) does too for any t € [0,T] and

R{p“(-,t)} < R{pp} + (1 +€)MT.
Proof of Theorem[2.1 Since A¢ = a® + ib® and w® = V.S¢, it follows from (2.51))—
that
A€ e C([0,T]; H¥(RNM)) nCL ([0, T); H*~2(RY)) (2.55)
S¢ e C([0,T); H T (RN))nC'([0,T]; H*(RY)) (2.56)
and thus
A€ e C1([0,T] x RN)n ([0, T]; C*(RY)), S e CY([0,T];C*RYN))  (2.57)
by Sobolev embedding theorem. The wave function )¢ = A%*"/¢ has the same
regularity as A€, thus
A€ C([0,T); H*(RY)) n CH([0, T); H**(RY))
— CH([0,T] x RN)n ([0, T]; C*(RM)). (2.58)
For classical solutions, the Schrédinger-Poisson system is equivalent to

the dispersive quasilinear hyperbolic system (2.9)) (2.10]). Applying this equivalent
relation, Theorem 2.1 follows immediately. ([l



EJDE-2003/93 SCHRODINGER-POISSON SYSTEMS 11

The limiting system of (2.9)—(2.10)) is the quasilinear symmetric hyperbolic sys-
tem (formally letting € — 0)

N
Ui+ Aj(U)U,, +U =B(t), Ulx,t)="(a,bw), (2.59)
U(z,0) = Up(z) = “(ao(z) — a1, bo(z) — by, wo(x)), (2.60)

which is equivalent to (1.13)—(1.15)) as long as the solutions are smooth. As a
corollary we also prove the existence and uniqueness of the local smooth solutions

of the Euler-Poisson system ((1.13)—(1.15).

Corollary 2.5. Assume the hypothesis of Theorem . Given U, Uy € H*(RY)
and U§(z) converges to Uy(z) in H*(RYN) as e tends to 0. Let [0,T] be the fized inter-
val determined in Theorem|2.4, Then as e — 0 there exists U € L>([0,T]; H*(RY))
such that

U —U inC([0,T); H=°(RY)) for alloc >0 (2.61)
The function U(xz,t) belongs to C([0,T); H*(RN) N CL([0,T); H*"1(RYN)) and is a
classical solution of (2.59)—(2.60) with initial data U(x,0) = Up(x).
Proof. By a classical compactness argument, Arzela-Ascoli theorem (applied in time

variable), the Rellich lemma (applied in the space variables), we deduce from (2.53)
the existence of a subsequence of {U¢} such that

U¢ converges strongly in C([0,T]; H*~°(RY)) to a function U (2.62)
for ¢ > 0. Furthermore, from the equation itself we also have
U¢ — U strongly in C*([0,T]; H*=277(RY)). (2.63)

Since U§(z) converges strongly to Up(z) in H*(RY), this limiting solution has initial
data Up(x). Also L£(U*¢) is uniformly bounded in H*(R¥) therefore the perturbation
term §L(U€) tends to zero as € — 0. This system admits a unique solution. It
follows that the convergence to U takes place without passing to subsequence. This
complete the proof of the corollary. O

Proof of Theorem 2.2. As usual we consider the difference of (2.9) and (2.59). Set-
ting U¢ = U® — U then we have

N
U+ 3" 4,008, + U =B+ F + g(L(ﬁf) + L(U)) (2.64)
U(x,0) = Us(x) — Up(x) (2.65)
where
N
Fe==Y " (A;(U°) = A;(U))UE, . (2.66)
j=1

Since the symmetrizer Ag(U) is positive definite, the previous energy estimates is
applicable to (2.64). The matrix A;(U),j = 1,2,..., N, is symmetrizable. The

energy associated with (2.64)) is

1T ()12 = /<A0(U)Ue,z76>dx (2.67)



12 HAILIANG LI & CHI-KUN LIN EJDE-2003/93

and the Friedrich energy equality becomes

GO + 101 = [0, 09 + 2 [ (o) (B + F), 0z
. ) ) (2.68)
+s /(AO(U)L(UE) + L(U), 0%)da
where B¢ = B¢ — B and
I = div A(U) = 8; Ag(U) + 80, Ay (U) + - - - + 0u An (U) (2.69)
The antisymmetry of L yields

5 [1An() L@, 0%dz =0, (2.70)

The Cauchy-Schwarz inequality implies
€ e rTe
5 [(A6(0)LW), 0o < U rsm 102 e (2.71)

Thus we only need to estimate the nonhomogeneous term F¢ + B¢. Indeed,
1+ Bl geany < CNT | egany (2.72)

By applying Gronwall inequality and the strict positivity of Ag(U), we deduce the
inequality ~

1T s vy < (C(€) + | A5 — Aol e (v Je" (2.73)
with C(e) — 0 as € — 0. This completes the proof of Theorem 2.2. O

Let p¢ — C € H*(RY) have compact support. Then the Newtonian potential
V¢ defined by (2.13) is well-defined. We can estimate the Sobolev norms of ¢g¢ =
(95,95 ---,95) = VV© as follows.

Lemma 2.6. Assume s is a nonnegative integer. If p5 —C € H*(RY) has compact
support, then g¢ € H*+1(RN) and

lg° [l zro+1 ey < C)(1+ (BE{pS = CHENM2)[1p° = Cll e ) (2.74)
Here the constant C(s) depends only on s.
Proof. Let (p¢ —C) € H*(RY) satisfy R{p® —C} <1 at this moment, we have

€ € dy € 1
(@) < 5" =l [ < Callp" =l

T N = RNYT [ I N_1
i<t |z —y[N—1 J1 4 [z[N-1

Hence g¢ € L*(RY) and ||| z2rn) < Callp® = Cllpo@ny. If R{p*—=C} =n>01is
arbitrary, then, by applying the above estimate to p®(z/n) — C, we obtain

9l L2mry < Collp® — c||LOO(RNm(2+N)/2

Since g€ is an L2-solution of the Poisson equation (1 — A)g¢ = g¢ + V(p¢ — C) we
know that ¢g¢ € H?(RY) and

912 @ny = 119 + V(0 = C)l|2@m)
< Cyllp® = Cllpoe@myn®*™2 + [lp° = Cllm @v) (2.75)
< C(1+nPN2)1p¢ = Cll )
Using the above equation again, we get the iteration scheme

gl s @~y = lg° + V(0 = Ol @y < CA+7PHN2) 0 = Cll 2y - (2.76)
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This is the estimate claimed for s = 2. We can prove the general case by induction
on s. This completes the proof of the lemma. ([

Remark 2.7. It follows immediately from the above lemma and the explicit form
of g¢ that if pc —C € C([0,T]; H*(RY)) then g¢ € C([0,T]; H*(RY)), and if p —C €
L(0, T); H* (RN)) 1 C([0, T]; H*~*(RY)), then

g9° € L2([0, T H*FHRY) n C([0, T); H*H(RY)).

Remark 2.8. In addition to the transport equation (2.42]), we can also obtain the
Hamilton-Jacobi equation for the phase function 6¢ (see (3.7) below)

€ € € € €|2 EAVpe
v \V4 2.7

where the O(€) term occurs due to the quantum effect and it converges to the pure

transport equation as € tends to zero. In fact, by (2.2)—(2.4]) and (2.41)) one obtains
that (p¢, 0¢,w®) satisfies an IVP for

OpS + V- (pSw + €epVEh) =0, (2.78)
€ € € € €2 € A\/piE

. —_ = — 2
0,0 +w* - Vo +2|V0| 3 Vo (2.79)
Owe + (w - V)w + Vf'(p°) + VV +w =0, (2.80)
—AV®=p*-C, (2.81)
p°(x,0) = p5(z), pg — C has compact support, (2.82)
0°(x,0) =0, w(x,0)=wi(x). (2.83)

By Theorem and ([2.41)), we conclude that (p€, 6, w*®) satisfying

(p° —C,w, V) € C([0,T], H*(RY) x H*(RY) x H*T2(RY)), (2.84)
0c € C([0,T], H*(RY)), Vo e C(0,T], HRN)). (2.85)

is the classical solution of IVP (2.78)—(2.83) for 0 < ¢t < T and is bounded with
respect to e. By passing limit in (2.78)—(2.83]), one has

Op + V- (pw) =0, (2.86)
80 +w - VO =0, (2.87)
Ow + (w-V)w+Vf(p)+VV +w=0, (2.88)
AV =p-C. (2.89)
p(x,0) = po(z), po— C has compact support, (2.90)
0(z,0) =0, w(x,0)=wy(x). (2.91)
It follows immediately from (2.87)) and (2.91)) that 6(x,t) satisfies
0(z(t),t) =0, along d%c = w(z(t),t), 2(0) =20 € RY;  (2.92)

hence the velocity v = V@ is zero all the time. Also, we conclude that Eqgs. (2.86]),
(2.88)—(2.89) are equivalent to the Euler-Poisson system ([1.13)—(1.15]).
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Remark 2.9. There is a very interesting stochastic analogue of the characteristic
equation (2.43). Replacing the quantum fluctuation by the Brownian motion W,
the Wiener process, then (2.43) becomes the It6 stochastic differential equation

dx = w(x, t)dt + edW (2.93)

Thus we can also serve the quantum hydrodynamics equations (2.78) — (2.81) as
the stochastic counterpart to the Euler-Poisson system in classical fluid mechanics
(see [30] and the references therein).

3. EXISTENCE OF A GLOBAL SOLUTION AND LONG TIME BEHAVIOR

With the help of madelung transform for irrotational fluid, it is possible to extend

the local solution (given by Theorem of Cauchy problem (L.1)—(L.3)) globally
in time and analyze its asymptotic behavior in Sobolev space for fixed € > 0 by

applying energy method to the hydrodynamic equations (|1.8)—(1.10) and obtaining
the a-priori estimate on the correspond macroscopic variables (density, velocity and
potential). Let

Ui = 145 () exp (LSo()).

Theorem 3.1. Let S. = —f'(C) and € > 0 fived. Assume that (|A§|—+/C, So—S.) €
H*(RN) with compact support. Then there is any > 0 such that if ||(|A§| —v/C, So—
Se)llms @~y < m there exists a global solution

Ve (x,t) = A(z,t) exp (ESC(LL', t))

of IVP (L.1)—(1.3)) such that
19 = el mro@ny + IV ey < CI(AG] = VC, So = Se)llm@mye™. (3.1)
where 1. = V/C exp (%SC) and B > 0 is a constant.

By Theorem and theorem with modifications, we obtain the local exis-
tence of IVP (1.1)—(1.3]) under the assumption of Theorem To extend the local
solution globally in time, the uniformly a-priori estimates are to be established.
Note that

19 — Yell s mvy < ClI(JA] — Ve, 8¢ — Se)ll ms vy, (3.2)
and that )
i
¥ (xz,t) = 0°(x,t) exp (ESC(QUJ))
solves Cauchy problem (|1.1)—(1.3), it is sufficient to prove

||(Q6 - \FC, ue)HHs(RN)XHs—l(RN) + ||V6||H3(RN) < CToe_ﬂt (3.3)
with

ro = [|(e5 — Ve, ug) || s mv) o1 (RN (3.4)

for (o, u®, V*), which satisfies the following initial value problems:
20° - of + div((0%)?*u‘) = 0, (3.5)

€ € € €\2 € € 62 AQC
u; + (u- V)u* + VP((p)) +u = VV —|—§V( - ) (3.6)
AV = (¢)* - ¢, (3.7)

0°(2,0) = g5 := |A(@)],  u(x,0) = u := VSo(z),
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with the velocity defined for irrotational fluids by u® = V§°.
For IVP (3.5)—(3.8) we have the following theorem.

Theorem 3.2. Assume that (0§ — V/C,ug) € H*(RN) x H*=YRN) with compact

support. Then there is ano > 0 such that if ||6§ — VCl| =~ + | 0§ zre—1 @y < M0
there exists a global classical solution (p¢,u,V¢) of IVP i . such that

16" = VOO gy + I Ollzo sy + [V 1oy < Croe", (39)
with ag > 0 a constant and rq is given by .
Since the transformation ¢ = ¢f exp (%Se(m, t)) gives for S¢ that
€2 Ap°

1 €2 ! €\2 € (S
F5IVS P (£ + V) 8 = ST

(3.10)

from which we can obtain

15¢ = Sell 72 @)

< C(lI(e° = VCIzzny + 1, V)lIT2 @) + ClIS = SellZ2@nye™
This and Theorem [3.2] yield theorem

Remark 3.3. Theorem[3.2]also implies the global existence and large time behavior
for IVP (1.8)—(1.11]) by setting (p¢,u¢, V) = ((0%)2,uc, Ve).

Proof of Theorem[3.3. The key point is to obtain the uniform a-priori estimates in
Sobolev space for (w,uc, V) with w = ¢ — V/C for the time period T > 0 when
the local solution (p¢, u¢, V) exists.

A computation shows that the perturbation (w,u¢, V¢) satisfies the the Cauchy
problem

Wyt + Wi + %82A2’U} — P/(C)AIU +Cw=fi (3.11)
u + (u® - V)u® + Q' (VC)Vuw + uf = fo, (3.12)
Ve= (2VC + w)w, (3.13)
where
fi(z,t) = — (w+VC) 'w? — %(3\@—}— w)w? — Vw - VV©
1 2\ _ p!/ w
? 2 € € 52 w 2
+ div ((x@+w) u ®u ) +74(w+\f(3)m 2,
falz,t) =VVE — (Q'(VC +w) — Q'(VC))Vw + EQV(w iljf)

with Q(p) = H(p?) and pH'(p) = P'(p). The corresponding initial values are

1
w(z,0) = wo =: g5 — VC, wy(z,0) = —uf - Vwy — 5(\[34— wp)divuf,  (3.14)

Then w and u are balanced through

2w; 4 2u® - Vw + (VC + w) V-u® =0, (3.16)
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Applying energy method to Cauchy Problem (3.11)—(3.16), we have, after a
tedious computation (we omit the details here), the following a-priori estimates.

Lemma 3.4. Let T > 0. Assume that the local solutions (w,u¢, V) of the Cauchy
problem ([3.11)—(3.16) belong to H*(RN) x H*~1(RN) x H*~2(RYN) and satisfy
N(T) =: max ||(w,u®)(t)||e"" < 1, (3.17)

0<t<T
with vy chosen to be arbitrary small. Then it holds
(6" = VC A V)0 3y errems avyrreavy < Croe ™ (3.18)
Here a > 0 and C are constants independent of v, and rq is given by (3.4).

In terms of Lemma we prove that the a-priori bounds (3.17) is true for

the local classical solution provided that [[(g§ — VC,u§)||grs@y)x mre—1(rn) is small
enough and v < «. The continuity argument shows that the classical solution
(p¢,uc, Ve) exists global in time. Thus, the proof of Theorem [3.2]is completed. [
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4. ADDENDUM: POSTED AucustT 17, 2006

The authors want to make the following two corrections:

On the sixth line of Theoremm the expression A€ € L>([0,T]; H*(R")) should
be replaced by |A¢| —+/C € L>=([0,T]; H*(RY)).

On the fourteenth line of Theorem the expression A€ should be replaced by
|A¢| = VC € L>([0,T]; H*(RN)).

After these corrections, the two theorem will read:

Theorem 2.1. Assume that {|A§| — /C} is a uniformly bounded sequence in
H*(RN) with compact support, S € HTL(RN) with VSy compact supported,
s > (N+4)/2, and f € C®R*,R) with f"(p) > 0 for p > 0. Then solu-
tions (¢, V<) of the Schrodinger-Poisson system (1.1) — (1.3) exist on a small time
interval [0,T], T independent of e. Moreover, (z,t) = A¢(x,t)e? @1/ with
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|A€| — v/C € L>([0,T); H*(RN)) and S¢ € L>®([0,T]; H*t (RN)) uniformly in €
and V¢ given by (2.13).

Theorem 2.2. Assume that (p,u,V) is a solution of the Fuler-Poisson system
(1.13)-(1.15) and satisfies (p — C,u, V) € C([0,T], H**2(RN)), s > (N + 4)/2,
with initial condition

po(z) = p(x,0) = [Ao(z)|?,
ug(z) = u(z,0) = VSy(z).
Then there exists a critical value of €, €. dependent of T, such that under the
hypothesis
(1) Ag(z) converges strongly to Ag in H*(RY) as € tends to 0
(2) (\/po — VC,ug) € H*(RYN) with compact support,
(3) 0<e<e,
the IVP for Schrédinger-Poisson system (1.1) —(1.3) has a unique classical solution
(¥, V) on [0,T], the wave function is of the form

Ye(x,t) = A%(x,t) exp (éSe(x,t))

with |A¢| —/C and VS¢ are bounded in L>([0, T]; H*(RN)) uniformly in € and V*
is given by (2.13). Moreover, as € — 0 (p, pV S, V) with /p¢ = A°, converges
strongly in C([0,T], H*=2(R™N)).
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