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POSITIVE SOLUTIONS OF BOUNDARY-VALUE PROBLEMS
FOR 2M-ORDER DIFFERENTIAL EQUATIONS

YUJI LIU & WEIGAO GE

ABSTRACT. This article concerns the existence of positive solutions to the
differential equation
(=)™ (1) = F(t,2(t),2'(t),...,2 (), 0<t<m,
subject to boundary condition
z(29(0) = z*)(x) = 0,
or to the boundary condition
z(29(0) = 22D (7) = 0,

for s = 0,1,...,m — 1. Sufficient conditions for the existence of at least one
positive solution of each boundary-value problem are established. Motivated
by references [7, 17, 21], the emphasis in this paper is that f depends on all
higher-order derivatives.

1. INTRODUCTION

The study of the existence of positive solutions of boundary-value problems for
second-order and higher-order ordinary differential equations has gained promi-
nence recently and is a rapidly growing field. This happens because of the applica-
tions of this problem, especially fourth-order differential equations; see for example
the articles [5, 7, 9, 12, 13, 16, 17, 19, 20, 21] and the monographs [1, 2, 3].

For the second-order case, the existence of positive solutions of boundary-value
problems for nonlinear differential equations has been studied by many authors.
The differential equation

"(t)+ f(t,z(t) =0, 0<t<]l, (1.1)

subjected to different boundary conditions has received much attention. Specially
in seeking conditions on the nonlinearity f for which there are at least one, at least
two, or at least three positive solutions. See for example [4, 8, 10, 11, 24].
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However, there are not many publication about the existence of positive solutions
of the differential equation
() + f(t,x(t),2'(t) =0, 0<t<]l, (1.2)

under various boundary conditions. This because the presence of 2’ in the nonlin-
earity f causes considerable difficulties [6, 17, 18, 22].
Recently, Chyan and Henderson [7] studied the 2m-order differential equation

2 () = f(t,z(t), 2" (t),..., 22 V@), 0<t<1, (1.3)
with either the Lidstone boundary condition
+290) =23)(1)=0 fori=0,1,...,m—1, (1.4)

or with the focal boundary condition
22 (0) =2®)(1) =0 fori=0,1,...,m — 1. (1.5)

They proved the existence of at least one positive solution when f is either super-
linear or f is sub-linear.

Similar problems were also investigated by Palamides [21] using an analysis of the
corresponding field on the face-plane and the Sperner’s Lemma. The method there
is different from that in [7, 17]. In the papers mentioned above, the nonlinearity f
depends on z,z”, ..., z20m=1),

In this paper, we consider the 2m-order differential equation

(=)™ () = f(t,z(t),2'(t),..., 2™ (), 0<t<m, (1.6)
with either the Lidstone boundary conditions
229(0) =2®) (1) =0 fori=0,1,...,m—1, (1.7)
or the focal boundary conditions
229(0) = 2@ *V(n) =0 fori=0,1,...,m—1. (1.8)
We assume f : [0,7] x Ip x I X -++ X I, — [0,+00) is continuous, where Iy =
[0,4+0), [1 = R, I = (—00,0], ... for BVP (1.6)—(1.7), and Iy = I, = [0, 4+0c0),
I, =I5 = (—00,0], ...... for BVP (1.6) and (1.8). It is easy to check that if x(¢)
is a positive solution of BVP (1.6)—(1.7), then
(=1)mz®™ (1) >0, (~1)" 2Dy >0, ... xz(t) >0
for ¢t € [0, 7] and
(=1)mz®™ (1) >0, (—=1)"2Cm V@) <0, ... () >0, x(t)>0

for ¢t € [0, n] if (¢) is a positive solution of BVP (1.6) and (1.8).

The emphasis of this paper is that f depends on each of the m higher-order
derivatives; i.e., f depends on x,2’,...,z(™). To obtain the main results, we need
the following notation and an abstract existence theorem, whose proof can be found
in the text books [14, 23].

Definition: Let X be a real Banach space. A non-empty closed convex set P C X
is called a cone of X if it satisfies the following conditions:

(i) z € Pand A >0 implies \x € P.

(i) x € P and —x € P implies z = 0.

Every cone P C X induces an ordering in X, which is given by < y if and only
ify—z € P.
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Let X and Y be Banach spaces, L : dom L C X — Y be a Fredholm operator of

index zero, P: X — X and ) : Y — Y be projectors such that
ImP=KerL,KerQ=ImL, X=KerL®&KerP, Y=ImL®ImQ.
It follows that
Llgom prkerp : dom LN Ker P — Im L

is invertible, we denote the inverse of that map by K.

If €2 is an open bounded subset of X, dom L N Q # ®, the map N X =Y
will be called L—compact on Q if QN () is bounded and K,(I — Q)N : @ — X is
compact. Now, we present the fixed point theorem.

Theorem 1.1 ([14, 23]). Let X and Y be Banach spaces, K1 C X and K CY be
cones in X and Y, respectively, and the operators L and N be defined above such
that NX C K, L=YK) C K; and Ker L = {0}. Let ; and Qg be open bounded
subsets in X such that 0 € Q1 C Q1 C Qo. If N : Qy — Y is L-compact on Qs and
there is h € L™Y(K) with h # 0 such that

(i) Lz # ANz for A € (0,1) and v € dom LN O N Ky; Lv — Nx # A\Lh for
A>0 and x € dom LN 9O N Ky, or

(ii) Lv — Nz # ALh for A > 0 and x € dom L N9 N Ky; Lz # ANz for
A€ (0,1) and x € dom L N 9N N K,

then Lx = Nx has at least one solution x € dom L N ((Tg/Ql) NK;.

2. POSITIVE SOLUTIONS OF BOUNDARY-VALUE PROBLEMS

In this section, we present the main results and then give some examples to
illustrate the main results.

Theorem 2.1. Suppose
(A) The following inequality holds uniformly in t:
t e 1
lim sup I 220 0 ) < )
S @i | oo Zi:o |5 m+1
(B) The following inequality holds uniformly in t:
hmlnf f(ta'r07£17"~7xm)
>ite lzi|—0 Zi:o |4
Then BVP (1.6)—~(1.7) has at least one positive solution.

Proof. Let X = C™[0,7] and Y = C°[0,7] be endowed with the norms ||z| =
max{||Zoo, [|2]|oos - - - » |20 || oo} and [|z|lee = maxyeo,n |(t)], respectively. For

r €Y, denote
T ™ 1/2
folls = [ letolat, el = ([ fote)ar)
0 0
Define

dom L = {z € C*™[0,7] : 2*?(0) = 2®*)(7) =0, i = 0,1,...,m — 1}.

Define the linear operator L : dom LN X — Y and the nonlinear operator N : X —
Y by

>1.

La(t) = (=1)"z®™(t) for z € domLNX,
Nax(t) = f(t,z(t),2'(t),...,z"™(t) forze X.
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Then the differential equation (1.6) can be written as Lz = Nz. It is easy to see
that KerL = {0} and ImL =Y. Define the projectors P : X — X by Pz(t) =0
forallt € [0,7] and Q : Y — Y by Qy(t) = 0 for all ¢ € [0, 7|, respectively. So L is
a Fredholm operator of index zero, and L™!: Y — X Ndom L can be written by

Ly(t) = / " G5 y(s)ds,

where
st pg<s<t<nm
Go(s,t) = {t(,{rs) -

2 0<t<s<m,

Gr(s,t) = / Go(s,u)Gr_1(u,t)du fork=1,...,m.
0

It is easy to check that L~! is completely continuous, together with that N : X — Y
is continuous and bounded, it follows that N is L-compact. We divide the proof
into two steps.

Step 1. Prove the first part of (ii) in Theorem 1.1. By (B), there is » > 0 such
that if > |z;| < r, then

m
ft,xo 21,y T > Z|xl| > 0.
i=0

Choose
U ={reX: |z <r/(m+1)},
Ki={zedomLNX:z(t)>0and (=1)™z?™)(t) >0 for t € [0, 7]},
K={zxeY:z(t)>0fortel0nr]}

Then Ker L = {0}, NX C K, L"'(K) C K; and K; C X and K C Y are cones.
If £ € dom L N9y N Ky, then ||z|| <r/(m+ 1), so

D EOOI< Y el < (m+ Dl <.
=0 1=0

It follows that
ftzt), 2 (1), ..., ™)) > x(t) fort e [0,7]. (2.1)

Thus
sintf(t,z(t),z'(t),..., ™ (t)) > z(t)sint for t € [0, 7).

Integrating the above inequality from 0 to 7,, we obtain
/ sintf(t,z(t), 2’ (t), ...,z (t)dt > / sin tx(t)dt
0 0

= —costxz(t)|] —l—/ 2’ (t) cos tdt
0

™
sintz’(t) | —/ sintz” (t)dt
0

= / sin t(—1)"z 3™ (¢)dt.
0
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ie.,
/sintNx(t)dtZ/ sin t Lz (t)dt. (2.2)
0 0

On the other hand, let h(t) be the unique solution of the following problem (it is
easy to know, from [7], that it has unique solution)

(~1)mz®™ () =1, 0<t<m,
2®9(0) = 2@V () =0 i=0,1,....,m— 1.
Then h € dom L and Lh(t) = 1. We will prove that
Lx — Nx # \Lh

for A > 0 and x € domL NN N Ky. In fact, if there is Ay > 0 and x; €
dom L N 9; N K; such that

La:l — NZ‘1 = )\1Lh,

then
/ sintLay (t)dt = / sint Nz (t)dt + A\ / sin tdt
0 0 0

> / sintNxq(t)dt,
0

which contradicts (2.2). So the first part of (ii) in Theorem 1.1 is satisfied.
Step 2. Prove the second part of (ii) in Theorem 1.1. Choose 1/(m+1) >¢€ >0
and M > 0 such that

f(ta$07331,332,-~-a$m)_ m—€ Z|JJ1|—|—M (2.3)

for all t € [0, 7] and x; € I; for i =0, ..., m. In fact, from (A), there is H > 0 such
that

f(t7x07m17'r2a"'7xm)_ T‘H_e Z|xl|

for t € [0,7] and >_1" |2;| > H, where x; € I; for i =0,1,...,m. Let

M= max flt,xo,x1,...,x
te(0,7], 50 |wil <H (t:20, 31, 3m),

then we have (2.3). So for x € dom L N K3, we have

(8, 2 (0), ..., a™ () < (—— e (mex ) + M.

m+1
In order to get 25, we now prove that the set
S={redomLNK;, Lt = ANz, 0 <A< 1}

is bounded. In fact, if S is unbounded, then there is A € (0,1), and = € S such
that x satisfies

(=1)"zCm) (1) = Mf(t, z(t), 2/ (t), ..., 2™ (1), t € [0,7]. (2.4)
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< A(%_H - e) (:ﬂ(t) + éﬂc(tﬂm(i)(tﬂ) + () M.

Integrating above inequality from 0 to 7w, we get

/ TS0t @™ (t)at
0

= (=1)"x(t)z®m [ + (=1)m-t /07r 2D ()2 () dt

_ (_1)m—1 /07r x/(t)dx(Qm—Q) (t)

w 2
= / (z(m)(t)) dt,
0
we obtain

1
2™ |2 gA(m—H—e)[/ dt+Z/ 1)z (1)]dt +M/

<A e (|x||2+2||x|| 12 2) + w0 ]l

Since z(t) ~ Yo7 | an sinnt, where a,, is the Fourier coefficient of z and

"(t) ~ g na,, cos nt,
n=1

by Parseval equality, ||z||2 < ||2’||2. Similarly, we have
lzllz < fla’ll2 < -+ < ™2

Again,
()] = |(t) — 2(0)| = | / /(s)ds)

/|a: \ds</ |2/ (s)|ds

/2

S(/ o (t) Pt / d’f) = 1'/2||a/||2.
0 0

Then we obtain |||/ < 7'/2||2’||2. Thus

1
203 < Ay = ) m e D + M ).
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Hence
M7T3/2
M, < —— =i ¢.
A B e(m+1) “
Thus, we obtain
Mr?
< g2y, <« M7
2] oo < /2|22 < p—— Cca,
_ M 3/2
ol < 2 £ ZEs = fori= 0,1, m.
Similarly, we have
, , M2
2] oo < /2 ||20HD5 < _ar co fori=1,...,m—1.
e(m+1)
(From (2.3),
|2 (1)] < (7m+ . €) (x(t) + Z |20 ( )|> +M
i=1
<¢i77@@wm+ﬂ+lﬁiﬂWMﬂ+M
“'m+1 2 24
1 m 1
_ m., 2 (@) g
< (7 Q(@+2<+2gyx O ) + M.

Integrating above inequality from 0 to 7, we get

1 1 1
1 —6)(62%-@)—#*(7—6)6%4-]\471' =:c3.

@2m)). «
=l < (2 2’ T

Since 22™=2)(0) = 2™~ (1) = 0, there is ¢ € [0, 7] such that 2™~V (¢) = 0,
thus

=D ()] < 2™ 1.
So ||lz?™=1 ||, < c3. Similarly, one gets
|23 Ve <5, i=1,...,m—1.

This implies ||| < max{cs,ca,¢1}+ 1 for all z € S.
Choose R > max{max{ci,co,cs} +1,7/(2m + 1)}. Let

Qy={z e X:|z|| <R}

Then S C Q3. So Lz # ANz for A € (0,1) and € dom L N9y N K;. Thus by
Theorem 1.1, Lx = Nx has at least one solution z € dom L N (@/Ql) NKy. zis
a solution of BVP (1.6)—(1.7).

Next, we prove that x(t) > 0 for t € [0,7]. Since (—=1)"z?™)(t) > 0 for all
t € [0, 7], together with the boundary value conditions (1.7), we get z(¢t) > 0 and
2"(t) < 0 for all ¢ € [0,7]. If there is ty € (0,7) such that z(¢y) = 0, then the
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concavity of x(t) implies

T — 1o to—1 )
0==(to) x(w—t +7r—t7r
—t to—t
> T O2(t) + 2—a(n)
T™—t T™—t
T — to
= ———x(t).
— ()
This implies that z(t) = 0 for all ¢ € [0, ], which contradicts z € Q/Q;. The
proof is complete. O

For our convenience, we introduce the following notation:

A = max/ Gn(s,t)d

tel0,n]

bs T s
Agfmax{Al, max / 7er 1(s, t)ds+/ (17;)Gm_1(s,t)ds },
¢

tel0,n]

Ag:max AQ, max/ Grm-1(s,t)d }
te[0,m)

t T
A, = rnax{Am,l7 max </ %Gm/g(s,t)ds +/ (1- %)Gm/g(s,t)ds)}
0 t

telo,]
if m is an even integer,
A,, = max {Am, m(z)ix / Gm—-1)/2(5, t)ds} if m is an odd integer.
te(0,mn)

Clearly, we have A,,, > A; fori=1,2,...,m
Theorem 2.2. Assume the following two conditions are satisfied:

(C) The inequality f(t,xo,21,...,Zm) > xo holds for all (xg,x1,...,%m) in

R™ Y and all t in [0, 7].
(D) The following inequality holds uniformly for t € [0, x]:

limsup f(taanxlv'--7xm) < 1
Srolnlo0 Dol (m+ 1)A,
Then BVP (1.6)—(1.7) has at least one positive solution.

Proof. We divide the proof of the theorem into two steps.
Step 1. To prove the first part of (i), choose r > 0 and 6 € (0,1/[(m + 1)A,,]
such that

f(t,xo,x17...,xm)§52|xi| (2.5)
=0
for t € [0, 7] and (zg, z1, ..., Ty) € R™T with Y0 2| < r. Let

1.

T
O ={zedomLNK,, |lz| <
1={2€dom 15 [|z]] 1
For z € 0, we have ||z| = -, then

m m

Y 12O <3 2P loo < (m+ 1)l = .
1=0 =0
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So, we get
ftz(t), 2 (1), ..., ™ (1)) < 52 |2@)(t)], for t € [0,7].
If Lx = ANz with A € (0,1) has a solution z € dom L N K7 N 9, then
2(t) = AL"'Na(t) )\/ Gt 5)f(5,2(5),2'(5), ..., 2™ (s))ds.
Hence, we get

l2]|co = A n%ax/ G (t,8)f(s,2(s),2'(s),..., 2™ (s))ds
telo,

< 6 max / Gm(t, S)Z 120 (s)|ds

t€[0,7] 0
< 0A (m+ 1)z
It is easy to check that

2o = A max / ZGmo1(t,s)f(s,2(s),2'(s), ..., 2™ (s))ds

tel0,n]

+/ (1- 7)Gm L, 8) f (5, 2(5), x'(s),...,x(m)(s))ds}
< max / ZGma(t,8)f(s,2(s),2' (), ..., x™)(s))ds
+/t (1—;)Gm_l(t,s)f(s,x(s),x'(s),...,x(m)(s))ds)
< max (/Ot 2 Gt s)ds+/7r (1= 2)Gnrt,9)ds) 5 + 1]

tel0,m t
< Agd(m + 1)z

Finally, we can get ||2("™)]|o < dA,,(m + 1)||z|. Hence, we have
2]l < 6Am (m + 1)ll].

Thus (m + 1)dA,, > 1, which contradicts § € (0,1/[A,,(m + 1)]). The first step is
complete. o
Step 2. Choose 5 sufficiently large such that Q; C €1 C Q9, by condition (C),
we have that

f(tax()axl,"'axm) > Zo

holds for all ¢t € [0, 7] all (zg, 21, ...,7m) € R™TL. Hence,

ft,z@t), 2 ),..., 2" (1) > z(t)

holds for all ¢ € [0, 7], i.e. (2.1) holds. Similar to Step 1 in Theorem 1.1, we can get
a contradiction, hence the second part of (i) in Theorem 1.1 is satisfied. It follows
from (i) of Theorem 1.1 that BVP (1.6) and (1.8) has at least one positive solution

x(t). The proof is complete. O



10 YUJI LIU & WEIGAO GE EJDE-2003/89

Remark. Consider the boundary-value problem
(—1)"aC™ () = f(t,a(t), 2 (1),...,.a™ (), 0<t<T,
z2)(0) =2®N(T)=0 fori=0,1,...,m—1,

where T > 0 is a constant, f and m are defined in (1.6)—(1.7). Let s = nt/T,
we transform BVP (2.6) into a BVP similar to BVP (1.6)—(1.7). Then a similar
existence result can be obtained.

(2.6)

Theorem 2.3. Suppose (A) and (B) of Theorem 2.1 hold. Then BVP (1.6) and
(1.8) has at least one positive solution.

Proof. Consider the boundary-value problem

flt, (), (t), ..., x™(t)), for 0 <t <,
(~1)mzC™ () = { f2r —t,x(2m —t), =2/ (2m — 1), ...,
(=)™ (21 — t)) for m <t < 2m,

x(2i)(0) = x(zi)(%) =0 for¢=0,1,...,m—1.

This problem is exactly similar to that of Theorem 2.1, we can obtain at least one
positive solution x(t), which is defined on [0, 27], of above BVP and so z(t)(t €
[0,7]) is a positive solution of BVP (1.6) and (1.8). The proof completed. O

Theorem 2.4. Suppose Conditions (C') and (D) of Theorem 2.2 hold. Then BVP
(1.6) and (1.8) has at least one positive solution.

The proof is similar to that of Theorem 2.3 and is omitted. Next, we present
two examples to illustrate the main results.

Example 2.5. Consider the boundary-value problem

a® () = f(t,x(t),2'(t),2" (), 0<t<m,

" " (2'7)
z(0) = 2"(0) = a(m) = 2" () = 0,
where f is a nonnegative continuous function. From Theorem 2.1, if
. ftzy2) 1
limsup ——F—"F—"— < —,
| +lyl+z—oo 12 + Yl + 12| 3
and
. f(t,z,y,2)
iminf —
el +Hyl+z1-0 [x] + [y + 2]
hold uniformly, then (2.7) has at least one positive solution.
Example 2.6. Consider the boundary-value problem
2
®)(4) = —
V(1) = , O<t<m,
W="13 z(8)] + |2 ()] + =" ()| + |2 (1)) (2.8)

2(0) = 2"(0) = 2""(0) = z(n) = 2" (7) = 2" (%) = 0.

It is easy to check that all conditions of Theorem 2.1 are satisfied. So (2.8) has at
least one positive solution.

Acknowledgement. The authors wish to express their gratitude to the referee
and the editors of Electronic Journal of Differential Equations.
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