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POSITIVE SOLUTIONS OF A THREE-POINT
BOUNDARY-VALUE PROBLEM ON A TIME SCALE

ERIC R. KAUFMANN

ABSTRACT. Let T be a time scale such that 0,7 € T. We consider the second
order dynamic equation on a time scale
uV (1) +a(t)f(u(t) =0, t€(0,T)NT,
u(0) =0, au(n) =u(T),
where n € (0,p(T))NT, and 0 < o < T'/n. We apply a cone theoretic fixed
point theorem to show the existence of positive solutions.

1. INTRODUCTION

The theory of time scales and measure chains was initiated by Stefan Hilger
[6] as a means of unifying and extending theories from differential and difference
equations. We begin by presenting some basic definitions which can be found in
Atici and Guseinov [3] and Bohner and Peterson [4]. Another excellent source on
dynamical systems on measure chains is the book [9].

A time scale T is a closed nonempty subset of R. For ¢ < supT and r >
inf T, we define the forward jump operator, o, and the backward jump operator, p,
respectively, by

ot)=inf{reT|7>t} €T,
p(ry=sup{r €T |7<r}eT,

for all t € T. If o(t) > t, t is said to be right scattered, and if o(t) = t, t is said
to be right dense (rd). If p(t) < t, t is said to be left scattered, and if p(t) = ¢, t
is said to be left dense (1d). A function f is left-dense continuous, ld-continuous, f
is continuous at each left dense point in T and its right-sided limits exist at each
right dense points in T.

For x : T — R and t € T, (assume ¢ is not left scattered if ¢ = supT), we
define the delta derivative of x(t), z®(t), to be the number (when it exists), with
the property that, for each € > 0, there is a neighborhood, U, of ¢ such that

|2(a(t)) — x(s) — a2 (t)(o(t) — 8)| <elo(t) — s,
forall s € U.
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For z : T — R and ¢t € T, (assume ¢ is not right scattered if ¢ = inf T), we define
the nabla derivative of z(t), zV(t), to be the number (when it exists), with the
property that, for each € > 0, there is a neighborhood, U, of ¢ such that

|2(p(t)) — a(s) = 2 (£)(p(t) — 5)| < elp(t) — ],
forall s e U.

If T =R then f2(t) = fY(t) = f'(t). If T = Z then f2(t) = f(t +1) — f(t)
is the forward difference operator while fV(t) = f(t) — f(t — 1) is the backward
difference operator.

In 1998, Ma [15] showed the existence of a positive solution to the second order
three-point boundary-value problem

W+ a(t) f(u) =0, te(0,1),
u(0) =0, au(n) =u(l),

where 0 < 7 < 1,0 < a < 1/n and f was either superlinear or sublinear. Later
Cao and Ma [5] extended these results to the m-point eigenvalue problem u” +
Aa(t) f(u,u') = 0,u(0) = O,ZZ_IQ a;u(&) = u(l). Ma and Raffoul [18] showed
the existence of positive solutions for a three-point boundary-value problems for
difference equation. Recently, Anderson [2] showed the existence of at least one
positive solution (using the Krasnosel’skil fixed point theorem) and the existence of
at least three positive solutions (using the Leggett-Williams fixed point theorem)
for the three-point boundary-value problem on a time scale. For other references on
multi-point boundary-value problems we refer the reader to the papers [16, 17, 19]
and references therein.

Many authors have studied the existence of multiple positive solutions for bound-
ary value problems for differential and difference equations, see [7, 8, 10, 11, 13]
and references therein. The book [1] is an excellent source for information on the
theory of positive solutions for differential, difference and integral equations. One
of the first papers to consider countably many positive solutions for boundary-value
problems on a time scale is [12].

In this paper, we show the existence of multiple positive solutions for a second
order three-point boundary-value problem on a time scale. Let T be a time scale
such that 0,7 € T and denote the set of all left-dense continuous functions from T
to E C R by Ciy(T, E). Consider the second order dynamic equation

utV () + a(t) f(u(t)) =0, te (0,T)NT, (1.1)
u(0) =0, au(n) =u(T), (1.2)

where n € (0,p(T))NT, and 0 < a < T/n. We will assume throughout that
f:T — [0,400) is continuous. We will also assume that a € C4(T, [0, 400)) and
there exists at least one ¢y € [n,T) N'T such that a(tg) > 0.

Define

fo= lim M and f, = lim M
u—0t U u—oo U

Note that fo =0 and f,, = oo correspond to f being superlinear and that fo = oo
and fo, = 0 correspond to f being sublinear. We show the existence of two positive
solutions for the boundary-value problem (1.1), (1.2) when fy = 0 and fo, = 0 and
when fy = oo and fo, = c0.

In section 2 we state some lemmas that will be needed in order to prove our main
theorems. We also define an operator whose fixed points are solutions to (1.1), (1.2)
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and state a fixed point theorem due to Krasnosel’skii, see [14]. In section 3 we state
and prove two theorems for the existence of two positive solutions of (1.1), (1.2).
We begin section 4 with a modification of Lemma 2.5 in section 2. This new lemma
will allow us to define a sequence of cones in which we will find fixed points of our
operator.

2. PRELIMINARIES

We will need the following lemmas, whose proofs can be found in Anderson [2],
in order to prove our main theorems. Consider the linear boundary-value problem

utV () +y(t) =0, te(0,T)NT, (2.1)
w(0) =0, oau(n)=u(T). (2.2)
Lemma 2.1. If an # T then for y € Cjq(T,R) the boundary-value problem (2.1),
(2.2) has the unique solution
T
/ (T —s)y(s) Vs.
0

u(t) = f/o(tfs)y(s) Vs —

Lemma 2.2. If u(0) = 0 and u®Y < 0, then @ < @ for all s,t € (0,T]NT
with t < s.

at

J - $)y(s) Vs +
0

T—an T —an

Lemma 2.3. Let 0 < a < T/n. If y € Ciq(T,R) and y > 0 then the solution u of
boundary-value problem (2.1), (2.2) satisfies u(t) > 0 for allt € [0,T]NT.

Lemma 2.4. Let an > T. If y € Ci4(T,R) and y > 0 then the boundary-value
problem (2.1), (2.2) has no nonnegative solution.

In view of Lemma 2.4, we will assume that an < T for the rest of the paper.
Our Banach space is B = Ciq(T, R) with norm ||ul| = sup,¢(o )7 |u(t)]. Define
the operator A: B — B by

Au(t) = - / (t — 5)a(s) f(u(s)) Vs —

t
T —an

at

o [ = s)a)suts) Vs

T
/0 (T — s)a(s) f (u(s)) Vs,

The function u is a solution of the boundary-value problem (1.1), (1.2) if and only
if u is a fixed point of the operator A.

Lemma 2.5. Let 0 < an < T. Ify € C14(T,[0,00)), then the unique solution u of
(2.1), (2.2) satisfies

i ) > 2.3
te{;}}?mr“()—ﬂ'“" (2.3)

~ i %Mﬁ}
7_mm{T’ T—an ' TS

Remark: Since an < T and since n < T, it follows that 0 <y < 1.

where

Definition 2.6. Let B be a Banach space and let P C B be closed and nonempty.
Then P is said to be a cone if

(1) au+ pv € P for all u,v € P and for all o, 8 > 0, and
(2) u,—u € P implies u = 0.
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As in [2] we define the cone

P={uveB:u(t)>0,tcTand min u(t)>v|ul}.
te[n,T]NT
From Lemma 2.5 we have A: P — P. Standard arguments show that the operator
A is completely continuous.
Before we state the fixed point theorem, we establish some inequalities. Since
both a and f are nonnegative then for all u € B

T
Au(t) < T_tom A (T — 8)a(s)f(u(s)) Vs. (2.4)

Furthermore,

aut) =~ [ (0 s)a(s)f(u(s) Vs — e (0 s)a(s) F(u(s)) Vs

T
n
e [T = e r(s) v
- _ T ! —s)a(s)f(u(s s 1 ! —s)a(s)f(u(s s
_ /0(n Jals) f(u(s)) Vs + /0<T Ja(s)f(u(s)) V

T—an —an

nT

T
- / als) f(u(s)) Vs +

T—Cm/o sa(s)f(u(s)) Vs

n T
- | o) Vs

T
> gl | @ e e Vs

That is,

an
The inequalities (2.4) and (2.5), which are also found in [2] and [19], will play
critical roles in the proofs of our main theorems. We will also need the following
fixed point theorem found in [14]

T
) 2 2 [0 = s)ats) fu(s)) O (25)

Theorem 2.7 (Krasnosel’skil). Let B be a Banach space and let P C B be a cone.
Assume Q1, Qo are bounded open balls of B such that 0 € Q1 C Q1 C Qy. Suppose
that
A:PN(Q\) =P

is a completely continuous operator such that, either

(1) |Aul| < ||ull, v e PN O and |Au|| > |lul|, vwe€ PN, or

(2) | Au|| > |Jull, w e PN and |Aull < |Jul, u € P NONs.
Then A has a fived point in PN (g \ Q7).

3. TwO POSITIVE SOLUTIONS

In this section we use Theorem 2.7 to establish the existence of two positive
solutions of the boundary-value problem (1.1), (1.2). In Theorems 3.1 and 3.2, the
inequalities we derive that are based on fy and f., are similar to those found in [2],
[15], and [19] and are included for completeness.

Theorem 3.1. Assume that [ satisfies conditions



EJDE-2003/82 POSITIVE SOLUTIONS TO THREE-POINT BVPS 5

(A1) fo =400, foo = +00; and
(B1) there exists a p > 0 such that if 0 < x < p then f(x) < up where p =

(T an fo VS)

Then the boundary—value pmblem (1.1), (1.2) has at least two positive solutions
ui, Uy € P such that
0 <fluall <p < JJuell.

Proof. Choose m > 0 such that

mipy [T
T an /n (T —s)a(s) Vs > 1. (3.1)

By condition (A1), (fo = 4+00), there exists an 0 < r < p such that
f(u) > mu (3.2)

forall 0 <u<r.
Let w € P with |Ju|| = r. From (2.5), (2.3), (3.1) and (3.2) we have

Aulo) = 77— / g ) f(u(s)) Vs
> Tmnan /nT Ju(s) Vs
> (7 / (T - 5)a <>v8)||u||
> lull.

Define Oy = {u € B: |Ju|| < r}. From the above string of inequalities we have
[Aull > Jlull,  wePno. (3.3)
Now consider u € P with |lu|| < p. From (2.4) and condition (B1) we have

T
Ault) < _tan /O (T = s)a(s) f(u(s)) Vs
T T
< o | =) f(u() Vs
T
< (7= | 0 =9a)V5)up =

Define Q = {u € B: |ju|| < p}. Then
[Aul| < |jull, wePnoQ,. (3.4)
Using the inequalities (3.3) and (3.4) there exists, by Theorem 2.7, a fixed point u;
of Ain PN (Q2\ Q). This fixed point satisfies r < |Juy|| < p.
Using condition (Al) again, (foe = 00), we know there exists an R; > p such
that
f(u) > Mu (3.5)
for all u > R; where M is chosen so that

T
Tj\{n;n / (T —s)a(s) Vs > 1. (3.6)
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Set R = Ry /~ and pick u € P so that ||u|| = R. Since 0 < v < 1 then R > Ry > p.
Furthermore, mingep, rjnr u(t) > vR > Ry. From (2.5), (2.3), (3.5), and (3.6) we
have

Auln) 2 2 [0 = )ato) 1 (uts) O

T

> T]\f[z"?/n (T — s)a(s)u(s) Vs

T

> (7 / (T~ $)a(s) Vs) ul

2 ul-
Define Q3 = {u € B: |Ju|| < R}. Then

|Au|| > |lull, wePNoQs. (3.7)
Theorem 2.7 together with (3.4) and (3.7) implies that there exists a fixed point ug
of A that satisfies p < |Juz|| < R and the proof is complete. O

Theorem 3.2. Assume that [ satisfies conditions
(A2) fo=0, foo =0; and
(B2) there exists a q > 0 such t{mt if v¢ < x < q then f(z) > vq where v =
@QmﬁﬂT—gqgvg .
Then the boundary-value problem (1.1), (1.2) has at least two positive solutions
u1,us € P such that

0 < luall < g < luzf.

Proof. Choose m > 0 such that

T T
T _”(Lm ; (T —s)a(s) Vs < 1. (3.8)
By condition (A2), (fo = 0), there exists an 0 < r < g such that
f(u) < mu (3.9)

for all 0 < u < r. Define O = {u € B: ||u|| < r} and let w € PN 9IQ;. Then,

¢ T
AM@ST_QUA(T—@M@ﬂMQHk

Tm T

T—an J

(T — s)a(s)u(s) Vs

<(T?ZUO?T_@M@vghm

< .
And so,
|Aul| < flul|, wePno. (3.10)
Now define Q9 = {u € B : |Ju|| < ¢}. Notice that if u € P N 0Ny then

i t) > > .
te[?ﬁlTr]lmr“( ) = Allull = vq
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By condition (B2) we have

T
U
Autt) > 71— /?7 (T = s)a(s) f(u(s)) Vs
T
n
> (T — 0”7/77 (T — s)a(s) Vs)uq
=q = |ul.
Hence,
IAul > [lull, we P a0, (3.11)

Consider the second condition in (A2), foo = 0. There exists an R; > ¢ such
that f(u) < Mu for all u > Ry where M is chosen so that

M T(T —s)a(s) Vs < 1.

T —oanJjg

There are two cases to consider: f is bounded or f is unbounded.
Suppose that f is bounded. Let K be such that f(u) < K for all v and choose
T [T

R = max {24, T
max qT—om ;

(T — s)a(s) Vs}.

Let w € P be such that ||u|| = R. Then

T
Ault) < ! - /O (T — s)als)f(u(s)) Vs
T
< Tzilim ; (T — s)a(s) Vs
<R

Hence || Au| < ||u.

Now suppose that f is unbounded. From condition (A2) there exists an R > %
such that f(u) < f(R) for all 0 < w < R. Since v < 1 then ¢ < R; < % = R. Let
u € P be such that ||ul] < R. Then

T
Ault) € 7= — [ (T = s)a(e) (<) Vs
T T
S T an /0 (T — s)a(s)f(R) Vs
TMR (7
< T—an Jo (T — s)a(s)uVs
<R.

Hence ||Au| < ||ull.
In either case, if we define Q3 = {B: ||u| < R} then Qs C Q3 and

|Aul| > flull, wePnNoQs. (3.12)

The conclusion of the theorem follows by applying Theorem 2.7 to the inequalities
(3.10), (3.11), (3.12). |
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4. COUNTABLY MANY POSITIVE SOLUTIONS

In this section we show the existence of countably many positive solutions when
f satisfies an oscillatory like growth about a wedge. We begin with a modification
of Lemma 2.5.

Lemma 4.1. Let 0 < an < T. Let 1, € TN (n,p(T)). If y € C1qa(T,[0,00)), then
the unique solution u of (2.1), (2.2) satisfies

min _u(t) >y |ull

te[ry, TINT
where
_ min { ant, an(T — 1) @}
T T2 "1(T —an)’ T?

Proof. Suppose that 0 < a < 1. Let tg € (0,7) N'T be such that u(ty) = ||ul]. By
the second boundary condition in (1.2) we have u(n) > u(T"). There are two cases
to consider. Suppose to <1 < p(T) then minye(,, 7jnr u(t) = w(T) and

ulto) < u(T) + “(TT) - 3}57’“) (0—1T)
_ —amgu(n) + Tu(r)
T — Tk

By Lemma 2.2, we know that “(:k") < M) Hence

u(to) S i T _ ™
(T — an)
S T =) u(n)
(T — an)
S @ =gy T

. an(T—
Consequently, min,¢(r, 7t u(t) = u(T) > %Hu”

Now suppose that n < to < T. Again we have min,c[,, rjnru(t) = w(T). By
Lemma 2.2 we know @ > %ZO) Hence, u(n) > n%ﬁ‘)) and so, u(T) = au(n) >

an%ﬁ‘]) > Flu(to). Since 7 < T, then minsepr, 7t u(t) = u(T) > ZF||u.
If 1 < a < T/n. Then u(n) < u(T). Let ¢y be such that u(ty) = ||u. In
this case to € [, 7] N T and minyep, rjnr u(t) = u(n). From Lemma 2.2 we have

u(n) > n%ﬁ)"). Consequently,

N7k

. n n
t) = > — > — > —
min () = (o) = Ll = 2l = 2 .
Since 73, > 1), then minge(,, rjnr u(t) > % [|ul| and the proof is complete. O

In Theorem 4.2 we show the existence of a countably infinite number of solutions.
We will require that there exists at least one right dense point 7* € T N (n, p(T)).
In addition, we will need a countable collection of cones. For each k € N define the
cone

Pe={uveB:ut)>0,teTand min u(t) > yelul}
te[ry, T]NT
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Theorem 4.2. Let 7* € T be r.d. and suppose that 7* > 1. Let {r.} C T be such
that n <1 < p(T) and 7, | 7. Let to be such that to € [11,T) NT and a(ty) > 0.
Let {Ap}72 | and {By}32, be such that

Ak+1 <’}/kBk<Bk<CBk<Ak, keN

C= max{(T *770”] /T(T — s)a(s) Vs)il, 1}.

T1

where

Assume
(A3) f(x) < MAy for all x € [0, Ag], k € N where

T -1
/0 (T — s)a(s) Vs) ;
and

(B3) f(x) > CBy, for all x € [y, Bk, Bx).
Then the boundary-value problem (1.1), (1.2) has infinitely many positive solutions
{ur}p2, such that By, < ||ug|| < Ag for all k € N.

M (
< T —oan

Proof. First note that since T%m’fOT(T —s)a(s) Vs > L fT(T — s)a(s) Vs, it

T—an Jm
follows that M < C (otherwise the theorem is vacuously true).
Fix k € N. Define Q15 = {u € B: |ju|| < Ax}. Let u € Pr N IN,. Then

u(t) < A = |lu| for all t € [0,7]NT. So,

T
Au(t) < T_tan /0 (T — s)a(s) f(u(s)) Vs
™™ [T
ST —an ), (T — s)a(s) VsAg
< A

Thus || Au|| < A = ||ul| for uw € P N ON1.
Now define Qqr, = {u € B: ||u|| < Bi} and let u € P, NONay. Let t € [, T)NT.
Then

By = |lull Zu(t) = min_u(t) == yl[ul| = 7By
te[r,, TINT

So,

T
) 2 7 [0 )ato) f(uts)) 95

> (T —nom /TlT(T —s)a(s) Vs)C’Bk

> By.
Thus ||Aul|| > By = |ju|| for all u € P N 0Ny

By Theorem 2.7 there exists a fixed point uy of A such that By < |ug| < Ag.
Since k was arbitrary the result follows and the proof is complete. (Il

The proofs for our last two theorems require slight modifications of the proofs
for Theorems 3.1, 3.2 and 4.2 and as such will be omitted. Theorem 4.3 shows the
existence of an odd number of solutions and Theorem 4.4 shows the existence of
an even number of solutions. It is not difficult to establish other theorems of these
forms stating the existence of multiple positive solutions.
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Theorem 4.3. Let m > 1 be a fived integer. Let {m}7, C T be such that
N < 1 < 7 < p(T). Let tg be such that tg € [, T)NT and a(ty) > 0. Let
{Ar}7, and {By}}", be such that

Ak+1<’)/kBk<Bk<CBk<Ak, k=1,2,...m—1
and 0 < B,, < CB,, < A,, where
T -1
_ n _
C—max{(T_an/ (T s)a(s)Vs) ,1}.

T1

Assume
(A4) fo =0 and foo = +o0;
(B4) f(x) < MAy for all z € [0, Ax],k =1,2,...m where
T T -1
M < (T /0 (T — s)a(s) Vs) ;

—an

and
(C4) f(x) > CBy, for all x € [y By, Br|,k =1,2,...m.
Then the boundary-value problem (1.1), (1.2) has at least 2m + 1 positive solutions
{u }g2 such that 0 < |lugmi1]| < B < [lugmll < A < -+ < Bi < lug| <
A < ||U1H < 00.

Theorem 4.4. Let m > 1 be a fized integer. Let {m}7, C T be such that
N < Thp1 < 7 < p(T). Let to be such that tg € [, T)NT and a(ty) > 0. Let
{Ag} | and {Bi}2)' be such that

Apy1 < By < By <CBy < Ag, k=1,2,...m—1,
and A,, > 0, where

C = max { (T _770”7 /T(T —s)a(s) V5>_1, 1}.

T1

Assume
(A5) fo =00 and fo = +00;
(B5) f(z) < MAy for all x € [0, Ag],k = 1,2,...m where

M < (T —Tom /OT(T —s)a(s) Vs)_l;

and
(C5) f(x) > OBy for all x € [yBy,Bi], k=1,2,...m — 1.
Then the boundary-value problem (1.1), (1.2) has at least 2m positive solutions
{ug}3m, such that 0 < ||ugm|l < Am < ||ugm|| < Bt < -+ < By < flug|| < 4; <
lur| < 0.
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