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SOLUTIONS FOR A HYPERBOLIC SYSTEM WITH BOUNDARY
DIFFERENTIAL INCLUSION AND NONLINEAR
SECOND-ORDER BOUNDARY DAMPING

JONG YEOUL PARK & SUN HYE PARK

ABSTRACT. In this paper we study the existence of generalized solutions for
a hyperbolic system with a discontinuous multi-valued term and nonlinear
second-order damping terms on the boundary.

1. INTRODUCTION

The main purpose of this paper is to investigate the initial boundary value prob-
lem for a hyperbolic system with differential inclusion on the boundary

—Au' — M(|Vul|*)Au = f in (2,t) € Q =2 x (0,T),
u(z,0) =u'(2,0) =0 inze€Q,
u=0 onXy=Tx (0,7), (1.1)

)
9 (| vul? )7 + K(uu” + [|Pv' + =0 on ¥ =Ty x (0,7),

ov
‘—‘(xat) € 90( ( T, )) a.e. (xvt) €Yy =TIy x (O7T)a

where () is a bounded open set of R"(n > 3) with sufficiently smooth boundary
I' =09 such that ' = Tg Uy, [ NIy = 0 and T'g, 'y have positive measures, p €
(1,00), M (s) is a C! class function such that M(s) > mg > 0 for some constant mo,

K(s) is a continuously differentiable positive function, Au = >, 81,2 [Vl =

D it fQ “|2dx, v is the outward unit normal vector on I, ¢ is a discontinuous
and nonhnear set valued mapping and T is a positive real number. The precise
hypothesis on the above system will be given in the next section.

The background of these problems is in physics, especially in solid mechanics,
where non-monotone and multi-valued constitutive laws lead to differential inclu-
sion. For a brief account of the works on such variational inequalities we refer
the reader to [3,4,5]. Doronin et al. [1] investigated the existence of generalized
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solutions for the hyperbolic equation of the form
v —Au=f in(2,t) €Q,

0
=4 Ku)u" +|u'|’u' =0 on Xy =T x (0,7),

ov
u=0 onXg=Tyx(0,7),
u(z,0) =u'(2,0) =0 on Q.

Motivated the results of [1], in this paper we study the existence of solutions of
the variational inequalities (1.1). It is important to observe that as far as we are
concerned it has never been considered differential inclusion acting on the boundary
in the literature. The plan of this paper is as follows. In section 2, the assumptions
and the main results are given. In section 3, the existence of a solution to problem
(1.1) is proved.

2. ASSUMPTIONS AND MAIN RESULTS

Throughout this paper we denote

Hi(Q)={uec H(Q):u=00nTy}, (u,v)= /Qu(a:)v(x)da:,

<wwn=éuumwﬂnnwwfﬂﬁwwmmmw.

For simplicity, we denote || - [|z2(q) and || [|o,r, by ||- || and || - [|r,, respectively. We
formulate the following assumptions:
(Al) K(s) is a continuous real function satisfying the conditions

|K' ()] 7T < Ka(1+ K(s)), (2.2)

for some Ky, K1, Ko > 0.
(A2) b:R — R is a locally bounded function satisfying

b(s)] < (L + |s]), Vs € R, (2.3)

for some p; > 0.

The multi-valued function ¢ : R — R is obtained by filling in jumps of a function
b:R — R by means of the functions b,, b, 0,0 : R — R as follows:

be (t) = essinf |s—t|§eb(5)7 Be (t) = €esssup |s—t|§6b(5)7
b(t) = lim b,(6), B(t) = lim B(t).
p(t) = [b(t),b(t)].
We shall use the regularization of b defined by
b™(t) = m/ b(t — 7)p(m7)dr,

where p € C§°((—1,1)),p > 0 and fil p(T)dr = 1.

Remark 2.1. It is easy to show that b™ is continuous for all m € N and that b,
be, b, b, b™ satisfy condition (A2) with a possibly different constant when b satisfies
(A2).
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Definition A function u(x,t) such that
u e L>®(0,T; H1 (),
u' € L?(0,T; Hi(Q)) N L>(0,T; LPT(T'y)),
u” € L*(0,T; L*(Q) N L*(Ty)),
u(z,0) = ' (x,0) =0
is a generalized solution to (1.1) if there exists = € L?(0,T; L*(T';)) and for any
)

functions v € W = Hy(Q)NLPT2(T) and ¢ € C1(0,T) with ¢(T) = 0 the relations
hold:

T
/0 L") + (Yo, Vo) + M(|Vul]?)(Vu, V)
T
(P~ K@)+ 2,0, b0 [ G o 0dr 24
0

T
- [ o
0
Z(z,t) € p(u/(x,t)) ae. (z,t) € 1. (2.5)
Now we are in position to state our existence result.

Theorem 2.2. Assume that (A1) and (A2) hold and f € L?(0,T; L?(Q2)). Then,
for all T > 0 there exists a generalized solution to the problem (1.1).

3. PROOF OF MAIN THEOREM

In this section we are going to show the existence of solution for problem (1.1)
using the Faedo-Galerkin’s approximation. For this end we represent by {w;};>1
a basis in W = H;(Q) N LPT2(T'y). Let W, = span{ws,wa,...,w,}. Next we
define the approximations u,,(t) = Z;n:l gim (t)w;, where g;,,(t) are solutions to
the Cauchy problem

(U w5) + (Vitry, Vaog) + M [V |[*) (Vetm, V)
(B ()t + [0, [Pt + 0™ (), wi)ry = (f5w5),
um (0) = ul,(0) = 0. (3.2)

(3.1)

By the same argument as in [1], the approximate system (3.1) and (3.2) has solutions
U (t) in [0,%,,). The extension of these solutions to the whole interval [0,7] is a
consequence of the priori estimate which we are going to prove below.

Step 1 : A priori estimate. Multiplying (3.1) by g},,(f) and summing from
7 =1%o 5 =m, we get

5@{”%@(75)”2 + M([|[Vum (t)[*) +/F K(um(t))(ujn(t))QdF}

7 (), O, + IV (O + [,
—5 [ K 0)uh(0)ar

= (f(1), un (1)),
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where M(s) = [ M(r)dr. By the condition (A2), we have
6™ ()12, = / (b™ (1 (1)) T
glé;cﬂ1+ﬂumtmtﬂ)dF (3.4)

<2, / (1 + July (2, DP)T = e + 26 il ()2
I

where ¢, ¢o are positive constants(dependent on the geometry of I' but independent
of m). In what follows ¢;(i > 3) denote generic constants independent of m.
Inequality (3.4) and Holder’s inequality imply that

|/ b™ (u ul (s)) Flds\
/ 157 0 ()2, ds) /2 ( / el ()12, ds) /2

g(/@melnu ()12, )ds) /2 / et (5)2,ds) /2

< ea(l / e (5)|12, ds).

Note that, by Young’s inequality,

tu’sp+2 L "(um(s))(ul, (5))* s
g, = [ 1 ) (5 -

t / 2 ! P _ el (8P — € "o (s p%l o
> [ ] P 0 = (9 =~ COR ()Y,

where € is an arbitrary positive number. Therefore, integrating (3.3) over (0,¢) and
taking e = 1 in (3.6), from (2.2), (3.5) and (3.6) we obtain

U + 0 OF) + | K00 (07}
1 NACACIRE Y UACT A

<ol / el ()12, ds) + / 17(s)|%ds + / () 2ds

+ 64/ lu! (5)]?(1 4 K (up,(s)))dTds.
o Jr,

On the other hand, note that K(u) > Co(1 + K(u)) where 2Cy = min{1, Ky}.
Thus, letting

En(t) = 5 (I ()1 + S| T (1)) + Co / (14 K (tm (6)) 1, (1) T,

Iy

(3.6)

from (3.7) we have F,,,(t) < ¢5(1 + fo s)ds). Thus, by Gronwall’s lemma, we
conclude that

En(t) < cg, Vt € [0,T). (3.7)
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This inequality and (3.7) imply that for all ¢ € (0,7T)

/ Vel (s)]|ds < cr, / ! (1)]2dT < cs. (3.8)
By imbedding theorem, from (3.9) we have
[ s < o (39
Furthermore, from (3.4) and (3.9) we obtain
/ 167 (up,, () |2, ds < c10. (3.10)
Since M (||Vum (£)[|?) > mol|Vun ()], by (3.8)
[Vt (8)]1* < 1. (3.11)

Next, multiplying (3.1) by g},,(t) and summing from j =1 to j = m, we have

[ OI + 3 5 IV, 1 + MV (0)]?) 5 (T (), Tt (1)
= MVl (O + 67 (6), (),
Kl )+ s Sl O

= (7(t), (1)

Integrating this inequality over (0,¢) and using (2.1) and Young’s inequality, we
obtain

1
/ |l ()] ds+*||Vu ()||2+K0/ [|u, (s ||r1d5+p [y, (¢ )Hzig,rl

(3.12)

< /0 MVt () 1)V ur, ()1 ds — M ([[Vat ()]1) (Ve (£), Vg, (£)

+2M' ([ V() %) (Vum (t), Vi, (1)* + 6/ i (3)I[7, ds (3.13)

/HW mymffnw J[2ds + C(e /nfnds

where we have used u,,(0) = u/,(0) = 0. Since € is arbitrary and M(s) is a C*
function, from (3.8),(3.9),(3.11) and (3.12), we conclude that

t t
| @R+ Va0 + [ @l ds O, < e (14
From (3.8)-(3.12), and (3.15), taking into consideration that u|FU = 0, we obtain

(Um) is bounded in L*°(0,T; H1(£2)),
(ul,) is bounded in L>(0,T; H;(Q)) N L*>(0,T; LP2(T1)),
(u!’)) is bounded in L?(0,T; L*(Q) N L*(Ty)),

(b™(ul,,)) is bounded in L?(0,T; L*(T1)).

(3.15)
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Step 2 : Passage to the limit. Multiplying (3.1) by ¢ € C*(0,T) with ¢ (T) = 0
and integrating over (0,7), we obtain

T
{0+ (a0, ,) + MVt (02) (T (1), T )

O W (0) 1), + (i (O] (1) — K (1 (1)) (0 (1)), 0 ), b2
T (3.16)
- / (K (1t (8)) e (8), 051, ()l

T
= [ o
From (3.16), we have subsequences (in the sequel we denote subsequences by the
same symbols as original sequences) such that
Um — u  weakly star in L>°(0,T; H1(Q)), (
ul, — ' weakly star in L>(0,T; Hy(Q)) N L>(0,T; LPT*(T)), (3.18
ull, — v’ weakly in L?(0,T; L*(Q) N L*(Ty)), (
b™(ul)) — = weakly in L?(0,T; L*(T)). (

From (3.18)—(3.21), considering that the imbedding H;(2) < L?(T') is continuous
and compact and using Aubin compactness theorem [2], we have

2
ol 0 K K )07 € 9050), 0 =222 50 ga)
Um — ua.e onX; and wu,, — u a.e. on Y. (3.22)

Therefore,
[t [Pty — [P0, K (i )y, — K (u)d
K'(um)(u),)* — K'(u)(u')*> a.e. on X.

Step 3 : (u,Z) is a solution of (1.1). Letting m tend to infinity in (3.17) and
using (3.18)-(3.24), we have

(3.23)

/0 {@"(#),w)) + (Vo' (t), Vawy) + M(|[Vu(t)|*)(Vu(t), Vw;)

+ (E(t), wj)r, + (Ju' ()P () = K (u(®)) (W' ()%, w;i)r, }(t)dt
T (3.24)
(K (u(t)w (), wy)r, ¢ (t)dt

S—

T
= [ g

Since {w;} is dense in H;(Q) N LPT2(T"), we conclude that (2.4) hold. It remains
to show that (2.5), i.e., E(z,t) € p(u/(z,t)) a.e. (x,t) € ¥1. By the Aubin-Lions
compactness Lemma[2], we get from (3.19)-(3.20) that

ul — ' strongly in L*(0,T; L*(T')).

This implies ul,(z,t) — u'(z,t) a.e. in ¥y. Thus, for given n > 0, using the
theorems of Lusin and Egoroff, we can choose a subset w C ¥ such that meas(w) <
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n,u’ € L*(3; \ w) and u},, — « uniformly on ¥; \ w. Thus, for each € > 0, there
isan N > % such that

i, (z,) — (2, 1)] < g V(z,t) € 91\ w.
Then, if |ul,(z,t) — s| < 1/m, we have |[u'(x,t) — s| < € for all m > N and
(z,t) € ¥1 \ w. Therefore,
b (v (z,t)) < b™(ul,(z,t)) < be(u/(x,t), Vm > N,(z,t) € L1\ w.
Let ¢ € L®(1),¢ > 0. Then
/ \ b (W (z,t))p(x, t)dldt < / b (ul, (z,t))¢(z, t)dldt
S \w

Si\w

(3.25)
< / be(u'(x,t))p(x, t)dldt.
El\w
Letting m approach oo in (3.26) and using (3.21), we obtain
/ b (o (2, 8))6(w, £)dTdt < / (2, )6 (x, £)dTdt
T\ e (3.26)

< /E Bl ot

Letting € — 0T in (3.27), we infer that
E(xz,t) € o(u/(z,t)) a. e in Xy \w,
and letting n — 0% we get
E(z,t) € p(u/(z,t)) ae. in Xy.
This completes the proof.
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