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EVOLUTION OF FLUID-FLUID INTERFACE IN POROUS
MEDIA AS THE MODEL OF GAS-OIL FIELDS

CERASELA-ILIANA CALUGARU, DAN-GABRIEL CALUGARU, JEAN-MARIE CROLET,
& MICHEL PANFILOV

ABSTRACT. This article proposes a generalized model for describing deforma-
tions of the mobile interface separating two immiscible weakly compressible
fluids in a weakly deformable porous medium. It describes a gravity non-
equilibrium processes, including evolution of the gravitational instability and
can be reduced in two cases. This paper deals with the first case in which
elastic perturbations are propagating much slower than gravity perturbations.
The obtained model has analytical solutions and is applied to simulate the
behavior of oil-gas or water-oil interface in oil-gas reservoirs.

1. INTRODUCTION

This paper studies the behaviour of the mobile interface between two immiscible
fluids which can be distinguished by viscosity and density. Two-phase flow with
mobile interface is one of the more complicated objects in mathematical analysis
and is usually described by a system of partial differential equations which are
true on either side of the interface. They are linked by some dynamic and kinetic
conditions on the interface. The major difficulty is the transform of such a system
to some explicit closed differential equation for a selected coordinate of the mobile
surface. More generally speaking, if the interface equation is F'(z,y,z2;t) = 0, or
z = h(z,y;t), then the problem is to deduce the closed differential equation for the
function F(x,y, z;t) or h(x,y;t).

In fluid mechanics, it can be done in three basic cases. First of all, this is the
case when the viscous forces can be neglected for both fluids [9], which does not
concern flow in porous media.

Secondly, this is the case when one of two fluids has no viscosity, as for instance
in case of water-air flow. The theory of shallow water [9] yields a classical example
of such an explicit model for the function A describing the surface waves on water.
The model for h gets the form of the Korteweg-de Vries equation. Another example
corresponds to the groundwater flow in unconfined aquifer [1, 2] which leads to the
nonlinear parabolic Boussinesq equation with respect to h. In [1] this model has
been deduced by a simple integration of flow equations over the vertical coordinate
z and assuming the hydrostatic pressure distribution along z. In [6] the same
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model has been obtained by asymptotic expansion method, assuming the vertical
size of the porous reservoir is much smaller than its horizontal length. More general
models have been obtained in [4, 7] where the gravity equilibrium hypothesis has
been removed.

When both fluids are viscous, the explicit equations were deduced in [8] assuming
the steady-state flow for two the fluids and that the horizontal flow velocity is
constant along z. The first condition is often replaced by the gravity equilibrium
condition.

In case of two-liquid flow, the condition of gravity equilibrium, i.e., the hy-
drostatic pressure distribution, becomes excessively strong. It does not allow the
description of development of fast gravity perturbations. In particular, it is impos-
sible to analyze the evolution of instability within the framework of such a model.
Condition of steady-state flow does not allow the study of flow of rather compress-
ible liquids, when the elastic perturbation is propagating slower than the gravity
perturbation.

In this paper both fluids are assumed to be viscous and compressible. The hypo-
thesis of gravity equilibrium is removed. The flow is non-stationary.

2. FORMULATION OF THE PROBLEM

Physical model. Let us introduce an orthogonal coordinate system (z1,x2, 2),
where z is the “vertical” coordinate, which has the same direction as the gravity
vector, while (z1,x2) are coordinates of the horizontal plane.

Let us examine a horizontal porous stratum of a height H, in a domain QCR?
where two immiscible fluids are separated from each other by an interface, which
does not cross the top and bottom boundaries, as is shown in Fig.1.

FIGURE 1. Scheme of the process

Let the value h(x1,x2;t) denote the height of the interface with respect to the
bottom of the stratum, and the indexes ¢ = I, I correspond to the lower and the
upper fluid.
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Mathematical formulation. The porous stratum is assumed to be homogeneous,
but anisotropic, in such a way that the tensor of permeability K E{Kij}?,jzl is
diagonal with K,=K33, K5 =K1 and K;,=Ko».

FEquations of flow. Flow of the weakly compressible i—th fluid in a weakly elastic
medium can be described by the usual system of equations with respect to the fluid
pressure P and the flow rate V*:
oP? 0 0P*
= — (ap— 2.1
B B M oy ) (2.12)

. K ,
Vi=——grad® i=1,11 (2.1b)
I

where p is the fluid density, g the gravity acceleration, p is the fluid viscosity and
®'=P'+pigz. The summation is done with respect to repeated indexes k and j. The
piezo-conductivity tensor ey, is defined as aey; = (Kj;/5%)/u’, where the parameter
(¢ has a dimension of pressure and is a measure of fluid/medium compressibility.

Cinematic equation for the interface. For further deductions, an explicit cinematic
equation for the height of the mobile interface h(x1,x2;t) can be written in the
following way.

Let the interface equation be:

z = h(xy,z2;t) (2.2)

This function is assumed to exist and to be unique, therefore, formation of some
loops is excluded.

Assuming the interface remains always smooth, we get the following cinematic
equation:

oh -
5 +U(h)gradh = U,(h) (2.3)
with U being the true velocity of the surface, while grad being the 2-D operator:
I
g = D1, q1 D a2

where ¢, is the basis vector along the axis .

Conditions at the interface. The following three necessary conditions should be
imposed on the interface:

i) continuity of the pressure;
ii) continuity of the normal flow velocity;
ili) equivalence between velocity of the interface and physical velocity of the
fluid in each point of the interface.

Then
PI‘ - P”‘ =p (2.4a)
h h
vi =vH (2.4b)
h h
6h g I
ma—l—VI(h) grad h =V, (h) (2.4c)
m@ﬂﬁf(h) grad h = VI (h) (2.4d)

ot
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because the true flow velocity is equal to 1% /m, with m being the medium porosity.
Only two from three last relations are independent. We will use the equation
(2.4c¢) and the following one, which results from (2.4c) and (2.4d):

VI(h) grad h — V() = VII(h) grad h — VI (h) (2.5)

Conditions at the top and bottom of the medium. The top and the bottom surfaces
of the stratum, which are horizontal, are assumed to be impermeable:

VI _,=V._,=0 (2.6)

2=0

3. AVERAGED EQUATIONS

Since the study of such a system of equations with a mobile boundary is too
complex, it is easier to deduce an explicit equation for the interface height h(z,t).
This can be done by integrating (2.1a) over the vertical coordinate z within the
intervals 0<z<h and h<z<H. This technic allows a simplification of the equations
in such a way that the unknowns don’t depend on z. However, this integration
leads to some loss of information. Such a loss must be restored by introducing
some hypothesis about the vertical distribution of the velocity or the pressure field.
An assumption of linear behavior of the vertical velocity along z is used.

Deduction of equations averaged over the vertical coordinate. The simple
integration of (2.1a) over intervals 0<z<h and h<z<H yields the following set of
equations:

OhP ) P% = div (aei grad (h51)> - aeﬁrcai o
ot ot Oxj hawj (31&)
I
— div (el ®' (h) grad h) + aeiai
1pl! 1 I
oW P ) —Pah =div (aei.j grad (hnin)) + aeila(b ‘ Oh
ot ot 8;vj hal'j (3 1b)
NI Py 11 102" .
—div (e @' (h) grad h'') — e % ‘h
WO T 00) o o0 1o
ot ul dxjlndx;  pl 9z In '
IGO0 Oh_JCOU| K00 Oh K90
pl Oz lnox; pl 0z |l pll Oz \nodx; pll 0z In ’
R''=H—h, (3.1e)

where
_ 1 [P - 1 [
ffzﬁ/0 fd, f”zﬁ/h fdz,  f(h) = f(ar,22,h)

for any function f(z1, 2, z), and P is the pressure at the interface.



EJDE-2003/73 EVOLUTION OF FLUID-FLUID INTERFACE IN POROUS MEDIA 5

Hypothesis about the vertical distribution of velocity. Let us assume that
the vertical distribution of flow velocity is linear:
Kznl(xla 1'2) P
l
7
VI (21,20, 2) = W(Z_H)
where conditions (2.6) have been taken into account.

Usually an hypothesis on hydrostatic pressure distribution which is equivalent
to zero vertical flow velocity is retained [1, 2]. Such an assumption seems to be
sufficient if the interface deformation is rather small, if the boundary is free (the
upper fluid has no viscosity and density) and if the transition phenomena are not
taken into account.

For a rather general case studied in this paper a more general assumption is
needed. Moreover, one can show that the hypothesis dealing with a zero vertical
flow velocity leads to an overdetermined, contradictory system of equations. On
the other hand, any other law of velocity distribution (quadratic, etc) leads to a
non closed system.

Using this hypothesis we can define the functions ®/ and ®/! in the following
form:

VZI(xl,xg,z) =

T(,2_p2 I
of = @I(h)—LQ), o = ol (n)- "= [(—HP - (h-H)?]  (32)
and, at last, the derivatives % and % at the interface in (3.1):
0! I 09! 0% (h) 1 ;0n?
S ‘ = St 8 3.3
oz I =T 0z |n 0z 2" oz (3:38)
oo I oo o0 (R)y 1 ;,0(H-h)?

_ _ h— H ‘ = gl 3.3b
0z ‘h e ) oz In oz X oz (3:3b)

New parameters n° can be defined via 6i7<1>i(h) after integrating equations (3.2):

3 (=1 3 (=II
' = > (q> —cbf(h)) LWy = o (q> —<I>”(h)) (3.4)
Closed form of the averaged equations. After substituting (3.3) and (3.4) in
(3.1), we get

Tgh? 30! R 3R!
L’ (RI+%)+hL1P = 2 el (p'g+ ?)(grad h)?
IT (1,112 I 1T pIl
L11<RII P g(h'") )+hIILIIP _ aeil(png . 311%1 2)(grad h)2 . 336ZHR2
(h11) (h'1)
I'm Oh 3R! 3e.R!
MKI i grad P grad h — (plg—i— ﬁ)(gradh)2 -7 = 0
_ RI - RII
(1—q) grad P grad h + 3sz(ﬁ + MW)
3R _ 3R
+1p'g+ Tz n(p'g - W)} (grad h)? =0,
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where

L' = % —a' A, i=11I
R =n(® — o' (h), RI=h"(@" - a'(h)
Then, four equations define four functions, 51, 6”, P and h.

Small deformations of the interface. Assuming the deformations of the inter-
face and the lateral pressure gradients are small, and neglecting the small values of
second order, we obtain the simplified system:
3zl R!
h2
3ell R

LII(RII_IOHg(hH)Q)—|—h”LHP:_7 3.5
B (h”)2 ( : )

I
I(pl P Y92 I _
L(R+—2h)+hLP—

w'moh  3e,R! R' _ RY

- e g P =0
K, ot h h (hIT)
This system can be written in the following dimensionless form:

ANwTt, 400 Oy
I(, 2, MWT 9 I¢_
L+ 3. ® 87) + AopL'E W (3.6a)

oY _ PAOWTs O
220) F XodopLlE = — —
seng Y ar) T ARMPULTE T or
¢ = —)\0904-)\04-1 (360)
where new variables are denoted as:
hII
s

N2 pw,

£ (—y? + (3.6b)

t T

Pt e
“Po Tt =1

h

90:?07 ’l,[}:

where L is the horizontal scale of the domain; hg, h{! are the heights of the lower

and the upper layers in an unperturbed state; Py is the pressure at the interface in
the unperturbed state.

The new operators are:

0 7.8 0

ﬁIET*ngyy ) EHZ *ﬁf

where the symbol A,, denotes Laplace’s operator written via variable y. The

following set of parameters defines the process:

@ Ot —Buy

yoho oy _ho 2Py 2mBl g tel
=77 =—, = w= =5 T«=——
TR TTTL T plghg Plgho ~ ta ‘.
(3.7)

I _K,

5:W7 Nzﬁv p:ﬁv é‘z:Km
Two characteristic times have been introduced:

. l ,LLIL2 7 2,uImL2

TK BT Koplgho

where t.; defines the time of propagation of an elastic perturbation within the scale
L, while t,, is the time of complete extraction of the fluid from the medium due to
the gravity drop.
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The time ¢, may be chosen in two various ways:

ter, when tg,<t,, or w<l
t*—{el WHER EgrStet, OF @ (3.8)

tgr, when to<tg,, or w>1

The first case, where the elasticity of fluid/medium can be neglected respectively
to the gravity governed motion, will be examined in section 4.

Relation for flow rates and averaged pressures. For further consideration
the relation for flow rates averaged over the layer thickness will be necessary to
set boundary conditions. Let us examine any cylindrical surface F orthogonal to
the plane (z,y) and intersecting the top and the bottom of the domain Q. Let G
be a closed plate line which results as the intersection of the surface F with any
orthogonal horizontal plane. Volume flow rate of the upper and the lower fluids
across the interface F is defined as:

h H
Q'= / / V,dzdG, Q"= / / V,d=dG
GJo GJh

where V,, is the component of flow velocity normal to F.
Let us introduce the dimensionless densities of the flow rates across F as:

it " r_ t "
== V,d == V,.d
q hOL 0 nz , q héILA az

which are related to Q? as

hoL hiTL
Q' = L/qldg, Q' === /quQ’ (3.9)
te Jg te Jg
For dimensionless flow rates it is easy to get the following relations via variables ¢,
v, &
1 (0 NwT, ,0p o
I_ _ O 2 AMWTx o A
q wr*{an( 3e., 14 or )+ QSD@ }
_ P \2 9 o€ (3.10)
11 H 2, MPWTx o
=— —(— A2 APt —
1 wT*ﬁ)\g{Gn( w+35 u)\w or o) TR 01/1 }

where 0/0n means the derivation along the normal direction to the surface F.

—I —II
For the averaged pressures P and P the following relations are true by defi-
nition:

— I ah? _ I (RIT)2
R ks 9(2 S 4R

and then we get from (3.5):
Plghz_i_hZMIm% 7 pIptt — hIIP_PHg(hII)2 _ (h”)2,uim@,
2 3e, K, ot 2 e, K, Ot

or in the dimensionless form:

WP = hP+

Mot 0
op! = 2+ T 208 L Nt
3c,  Or
Nor. 00 (3.11)
Pp'h = —yp?4 2 *w2 AT

RITN
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where
—] — ]I
2P 2P
p'gho P! ghg!

Note the function & can be excluded from (3.11), if we multiply the first equation
by Aopy , the second equation by ¢, and substract the second equation from the
first one.

dp

o5 (312)

A2\ PwTs
Mo —p! = 2o (p—1) p+ 14 A0+ L2 (o

= TR T )

Aido
Partial linearization. The condition of small perturbation being accepted, the
following simplification is justified. In the left-hand part of system (3.6), the second
term can be linearized assuming that ¢~1, ¥)~1. Then system (3.6) gets the form

NwT. 50p dp
1,2, MWTx
L' (o*+ 3. ©° o7 T+X€) = —wr. oy (3.13a)
NpwT. 5O _ PAowTs oY
I 2
LM (=2 +35zuA W 5, ——+XAopk) = T o (3.13b)
Y= —dop+Aot+l (3.13c)

In the next section only this partially linearized system of equations will be studied.
Relations (3.10) for the dimensionless flow rates across any vertical surface F take
the form

1 0 NwT, ,0p
= (P24 222 A 14
q WTx 8n( 3¢, 14 or or " 5) (3.14)
IT I 2, AT pwTs 2‘%’
= A2 1
4 wT*p)\Q an( L REMTIN ¥ + 2X07¢) (3.15)

Note that the function £ might be excluded from these relations:
DWTx , A
P (21
p+Xo
_ 2( 2 2(Aot1) AT pwr, ( 2_~_L
~an Ptho © 3e.(ptho) T Aol

(3.16)

2, 0
[1+X0—Xow] )E)

4. SLOW ELASTIC PERTURBATIONS

Examine the case of strongly deformable fluids and medium, where the time of
elastic wave propagation is large with respect to the gravity time (w<1).

It is necessary to note that such situation may happen when the layer is rather
thin, i.e., the condition A\;<1 should be added.

The scale of the time ¢, should be chosen as equal to t;, according to (3.8).
Then 7, = 1. Therefore, we get from (3.13):

LH(*+A06) =0, LY (42 HA0hopt) =0, & = —dopt Ao+l

N (1)
7

or v

Let us introduce the new functions

ST=p24X0€ and ST =—12 A \opE (4.2)

0
or Ayy
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which represent the averaged pressure over the corresponding layer height, as it
follows from (3.11). Then, the system (4.1) can be written in the following form

o5 B
G —AwS! =0, S5 —Ay, 8T =0,

or
P = a[l—i—\/p)\OSI_S” P ] ,

(4.3)

aXg (1-1-/\0) o

where a=(14+X9)/(p+Xo). By solving two linear parabolic equations with respect to
ST and S'1, the function ¢ is obtained as a simple solution of a quadratic equation.
The function £ may be found as: £ = )\% (SI*QOQ).

Problem of oil-water or oil-gas interface. Let us examine the problem of oil
extraction from a porous reservoir by a well in the framework of the model (4.3).
The lower layer is saturated by water (index I). Construction of the well is assumed
to be multitube, in such a way that each fluid can be extracted separately one
from other through its own tube. The engineering problem consists of controlling
deformations of the oil-water interface in order to reduce extraction of water. Such
technology has been analyzed, for instance, in [5].

The similar problem arises in a gas-oil system. Then, the indexes I and I are
associated to oil and gas correspondingly.

Examine the following problem of radial flow towards a single well located in
the center of a cylindrical porous domain with the radius R,, the height H, the
porosity m and the permeability K.

Let the well be a vertical cylinder of radius R,. Let Q%, (i = I,II) be the
volumic flow rate of extraction of the i-th fluid by the well, which are specified. Let
us assume the normal flow velocity at the well border does not depend on the polar
angle. Then, using (3.9), we get the following equation relating Q° with ¢|,—,,
where 72 = yi+y3, 1y = Ry/L:

h
21 R2h, 2r R2pET
QI=2wa/Vn|T:r do= 2000, ot QU = 2T, o)
v tel =T Leil =T
0
(4.4)
Then using (4.3), we obtain
ost 10, 08! Bos 10, 08I
i) =0 B2t~
or ror: Or o or ror: Or
SI|T:0 = 14+ \o, 511’T=0 = —14+X2M0p, (45)
SI"I"*)T = 1+)\2’ SII’THT = _1+/\2/\Op’ .
TLSI _wem TZ?SH‘ _weymg
or lr=ra = 3 0 "oy lr=ru T T og
where
R te 1,1 o I R2h 7)\2
r= Bl @p 5 @ p_TRAm P
R. T  whomK,pB! Q Q I

T is the time of full extraction of the fluid I by the well. This value defines some
new “technological” time scale of the system. Boundary conditions at the well
border represent the fixed flow rates of each fluid and are written using relations
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(3.14). After this problem is solved, the interface height (7, 7) can be determined
using the last equation in (4.3).

Self-similar solution. When the reservoir is infinite (R.—00), and the well radius is
zero (R, —0), then the problem (4.5) written in dimensional variables has the exact
analytical solution in term of ST = S7(¢), S = ST (¢), ¢&=R/v/t. The problem
takes the form

t, €ds’ 1d,.dS!
Ry E g ae)
t, £BdS  1d, ds!

RaE e ek
Moo =1+ 22, S| =~1+Xop

€d751| _ wem deU’ _ wemyAg

d¢ '¢=0 2 7 d¢ '¢=0 20

The solutions have the form
] wem _. &%,
St = 1 Ez(—4RE)+1+)\2,
o ... E2ft. _

ST — YEMA0 gy Ao dop—1

4Q Z( 4ﬁR2)+ 2700 )

where Ei is the integral exponential function defined as
xT eu

Ei(x)= / —du
oo U

Using the property of this function, we get for £—0:

wem 2,
St~ [1niR2+Ce+...]+1+/\2,
WEMYA 23, _
Sil 45 0 [lniﬁRQ +Ce+...]+>\2)\0p—1

where C'e = 0.5772... is the Euler constant. Then the function ¢ is

Plotires okl — i) B )] 5

= ]_ _——
* aro (1+A0) Ao

SEAS

Numerical solution. A numerical solution of problem (4.5) has been obtained. For
the space discretization, a conventional scheme of order 2 obtained by a finite
difference method has been used. For the time discretization a 6 - scheme has been
considered. In the presented numerical tests the value # = 0.5 has been used, which
corresponds to the Cranck-Nickolson scheme.

For all numerical tests we supposed that the initial position of the interface is
horizontal and it corresponds to the unperturbed interface, such that ¢(r,0)=1
(i.e. ho(-) = h(-,0)=20m). The physical dimensions of the reservoir are given by
its depth (H = 40m) and its radius (100m).

Figures 2, 3 and 4 show the evolution of the oil-water interface for different values
of flow rates. In each case, the interface is presented at four time instants: 1 day,
20 days, 40 days, 60 days.
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For the first numerical test, the flow rates of the upper liquid (oil) and of the
lower liquid (water) are considered to be equal, i.e. QI = QY = 1000m3/day.
The pumping of oil leads to an ascent of water from below (fig. 2) even if water
is extracted with the same flow rate. This characteristic of the process can be
explained by the difference of viscosity (the viscosity ratio u/! = 10! has been
used for all tests).

/ INITIAL STATE’

720 DAYS’ -
140 DAYS’

24 | B

23 e q

22 | EEEY 4

18
-100 -50 0 50 10

FIGURE 2. Evolution of the interface oil-water for Q7 = Q! =
1000 m3 /day

In fact, using the previous analytical solution, it can be proved the existence of a
critical value (denoted Q") of the ratio between the flow rates. If the flow rates verify
QT/QT < @*, then one can predict that, around the well, the interface evolves
above its initial position. In the contrary case, the interface evolves below the initial
position. When the initial layers are equal (as in our tests : hg = h}! = 20m), this
critical value becomes p!! /uf. A complete analysis dealing with the stability of the
interface will be described in a forthcoming paper.

The evolution shown in fig. 3 corresponds to the critical value QT /Q! = 10 =
Q*. One can observe that the interface remains relatively close to the initial state
and tends towards this state. Therefore, the evolution of the interface can be easily
controlled, but the amount of pumped water has to be ten times larger than the
amount of pumped oil.

In the last test, the water flow rate is maintained at 1000 m?3/day, but the
oil flow rate is increased: Q! = 10000 m®/day. In fig. 4, one can observe an
evolution similar to the first test. However, the deformation is more significant :
the interface approaches the higher limit of the reservoir. The quantity of oil which
was already pumped is significant, but the well can become not exploitable because
of the complete covering of the oil layer by water near the well.

CONCLUSION

A new model to simulate interface evolution between two fluids in porous media
has been developed. It generalizes previous models by removing the classical con-
dition of hydrostatic pressure distribution and considering a non-stationary flow.
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20 f=

19.95 - T L 4

19.8
-100 -50 0 s0 10

FIGURE 3. Evolution of the interface oil-water for
Q! = 1000 m?/day, Q' = 100 m?3/day

fINITIAL STATE, ——

720 DAYS’ -

FIGURE 4. Evolution of the interface oil-water for
Q! = 1000 m?/day, Q! = 10000 m?/day

Instead of these hypothesis, an assumption of linear behavior of the vertical velocity
along vertical coordinate is used.

The application of this model to simulate the oil-water or gas-oil interface de-
formations in oil reservoir is shown. The physical parameters of this problem are
supposed to verify that gravity perturbations are propagating much faster than
elastic perturbations. Then, the model consists of two linear diffusion equations
respectively to the two averaged fluid pressures, while the vertical coordinate of the
interface is related with them by a nonlinear algebraic equation.

However it can describe many other real situations, including the classical well-
known cases of groundwater flow with free surface. It is able also to take into
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account more complex phenomena, as gravitational instability with finger growth.
These different applications of the model are studied in [3].
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