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GEOMETRIC PROPERTIES OF SOLUTIONS TO
MAXIMIZATION PROBLEMS

FABRIZIO CUCCU, KANHAIYA JHA, & GIOVANNI PORRU

ABSTRACT. We investigate the geometric configuration of the maxima of some
functionals associated with solutions to Dirichlet problems for special elliptic
equations. We also discuss the symmetry breaking and symmetry preservation
of the solutions in some particular cases.

1. INTRODUCTION

Let Q Cc RY be a bounded domain with a smooth boundary 99 and let D C Q
be Lebesgue measurable. Consider the Dirichlet problem

—Au(z) = xp(x) inQ,
u(z) =0 on 99, (1.1)

where xp(z) = 1 if ¢ € D and xp(z) = 0if z € Q\ D. Since xp(x) is not
continuous, (1.1) is understood in the weak sense. By standard results on elliptic
equations, problem (1.1) has a unique solution u € H2(2) N C1(Q) N C°(Q) [14].
Of course, the solution does not change if D is replaced by a new set which differs
from D by a subset of measure zero.

In a previous paper [8], we have introduced and discussed the maximization
problem

max xaupdx, 1.2
|G|:a7ID\:B/Q (1:2)

where G C 2,0 < a <[], 0 < 8 < |9] and up is the solution to problem (1.1).
The sets D and G are defined apart subsets of measure zero. In [8] we have found a
result of existence for general 2, «, 3, and a result of uniqueness in case €2 is a ball
or, for general , in case o = |Q2]. We also have proved that when o = 8 problem
(1.2) reduces to the maximization of the energy integral

max / |Vup|?dz, (1.3)
D=6 Jq
extensively investigated in [1,5,6,7,9,11].

In section 2 of the present paper, we shall prove that if 5 < o and (D,G) is a
solution to problem (1.2) then D C G. As a consequence, for § = a we must have
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D = @. This special case has been investigated in [8] by using a different argument.
The interest of our result relies in that the solution of problem (1.2) is not unique
in general.

In section 3 we shall consider a special example to show that if €2 is symmetric, a
solution (D, G) to problem (1.2) may not be symmetric. This phenomenon, known
as symmetry breaking, was already observed in [6,9,11] for problem (1.3). Of course,
in this situation we have multiple solutions.

In section 4 we prove that if  is Steiner symmetric and if (D, G) is a solution
to problem (1.2) then both D and G are Steiner symmetric. This fact was already
observed in [8] by using a result described in [2]. Here we use a different approach
which may have independent interest.

Several open problems remain. One is the uniqueness of the solution to (1.2) for
larger classes of domains {2 and general « and 5. We think that the convexity of
Q should be sufficient to have uniqueness. Another problem is the investigation of
the shape of the optimal pair (D, G) in case uniqueness holds. We believe that D
and G are convex when (2 is convex.

A physical model of problem (1.2) is described in [8]. Many others models leading
to equation (1.1) and its generalizations are discussed in [10].

2. GEOMETRIC PROPERTIES

Problem (1.2) with @ = || reduces to

max/updxz max/ wdx,
D=8 Jq IDI=8Jp

where w = w(x) is the solution to the Saint-Venant problem
—Aw(z)=1 in Q,
w(z) =0 on oK.
The maximizing domain D is unique in this case and can be expressed as D =

{z € Q:w(x) >t} for a particular ¢ (see [8]). Therefore, from now on we consider
a < |Q]. We state now our main result of this section.

Theorem 2.1. Let | > a > 3> 0 and let (D, G) be a solution to problem (1.2).
Then D C G. Moreover, there are positive numbers t < 7 and positive functions
up(z) < ug(x) such that D ={x € Q:ug(x) > 7} and G ={z € Q: up(z) > t}
up to sets of measure zero.

Proof. Let (D, G) be a solution to problem (1.2) and let up and ug satisfy
—Aup(z) = xp(z) inQ,

up(z) =0 on 99, 21)
—Aug(x) = xg(z) in Q,
ug(x) =0 on 9. (22)
By [8] we know that
{up(z) >t} C G C {up(x) > t}, (2.3)
{ug(z) > 7} € D C{ug(z) > 7} (2.4)

for some non negative ¢, 7. Here and in the sequel, we denote by {u(z) > t} the
set {z € Q:u(z) > t}.
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Since |D| > 0 (and € is connected) we have up(z) > 0 in Q. If we had ¢t = 0
then, by (2.3), we would have G = Q. But this contradicts the hypothesis a < |Q].
Similarly, one shows that 7 > 0.

Let us prove that

/Q |V (ug — uD)|2dx <(r—t)(a—P). (2.5)

Indeed, subtracting equation (2.1) from equation (2.2), multiplying by (ug — up)
and integrating we find

/ IV (ug — up)Pdz = / (ue — up)(xe — xp)da
Q Q

= / (ug —up)dx —|—/ (up — ug)dz.
G\D D\G

Using (2.3) and (2.4) we find
/ (uG—uD)dxg/ (r —t)dz = (r —)|G\ D|
G\D G\D

and

/D\G(uD—uG)de/ (t—7)dz = (t— )| D\ CI.

D\G
Since |G\ D| = |G| — |DNG| and |D\ G| = |D| — |D NG|, inequality (2.5) follows.
Recalling that o > 3, (2.5) implies that ¢t < 7.

Introduce the subsets of Q2

Q0 ={ug(x) —up(z) > 7 —t},
Qg = {ug(x) —up(z) =7 —t},
Q3 = {ug(x) —up(z) < T —t}.

Of course, Q;UQ,UN3 = Q. By (2.4), ug(z) < 7 outside D, and by (2.3), up(x) > ¢
in G. Hence, ug(x) —up(x) <7 —tin G\ D. Therefore,

G\DCQQUQgZQ\Ql.

The last inclusion yields

Q CDU(Q\G). (2.6)
On the other side, using equations (2.1)-(2.2) we find
—A(ug —up)=xc—xp <0 in DU(Q\G). (2.7)

By (2.6), inequality (2.7) holds in ;. Since ug(x) —up(x) = 7 —t on the boundary
of Q1, by the maximum principle, we get ug(x) —up(z) <7 —t in ;. Recalling
the definition of €2y, we conclude that this set must be empty.

By (2.4), ug(xz) > 7 in D, and by (2.3), up(z) < t outside G. Hence, ug(x) —
up(xz) > 71—t in D\ G. Therefore, since  is empty,

D\GC QU =0,
On Qs, ug(z)—up(x) = T—t, therefore A(ug—up) = 0 almost everywhere in D\G.
On the other side, by using equations (2.1)-(2.2) once more, we get A(ug —up) =1
on D\ G. We conclude that the measure of D \ G must be zero, hence, D C G up
to a set of measure zero. The first assertion of the theorem is proved.
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We have Aug = 0 almost everywhere on the set {ug(x) = 7} N D. On the other
side, Aug = —1 in G. Since D C G, the set {ug(x) = 7} N D must have measure
zero. Therefore, by (2.4), D = {ug(z) > 7} up to a set of measure zero.

Decompose the set {up(z) = ¢t} NG into By = {up(z) =t} NGN D, Ey =
{up(z) =t} NG N (dD), E3 = {up(zr) =t} NG N (Q\ D). E; has measure zero
because Aup = —1 in D, therefore up cannot be constant on a set of positive
measure. Fy has measure zero because ug(x) = 7 on 0D and Aug = —1 on G. Ej
has measure zero because the function up(z) is harmonic (and positive) in the open
set 2\ D and u = 0 on 99Q. Therefore, by (2.3), we must have G = {up(z) > t}
up to a set of measure zero. The theorem is proved. ([l

Remarks. By (2.1), (2.2) and Theorem 2.1, the functions v = up and v = ug
satisfy the equations

—Au=HWw-—1), ulgg=0, (2.8)
—Av=H(u—1t), vloa =0, (2.9)
where H(s) = 0 for s < 0 and H(s) = 1 for s > 0. The system (2.8)-(2.9) may

have solutions different from up, ug even when o = (3. Indeed, if a = 3 then
up = ug = u, and u satisfies

—Au=H(u—1t), ulpg=0. (2.10)

If Q is a thin annulus and ( is small enough then problem (1.3) has a non radial
solution w = up which satisfies (2.10) [9,11]. Let w(z) be the (radial) solution to the
Saint-Venant problem associated with €. Using the method of monotone operators
(starting from w) we find a radial solution v = v(x) to (2.10) with up(z) < v(z) <
w(z). Of course, up(x) # v(x) because up(z) is non radial.

3. SYMMETRY BREAKING

In [6,9,11] it was shown the symmetry breaking of the solution to problem (1.2)
in case @« = 3. Now, we examine an example to discuss the case a # (. Recall
that if © is a ball then the maximum of (1.2) is reached when D and G are balls
concentric with  [8]. Let B; and By be open unit balls in R? centered at (—2,0)
and (2,0) respectively, and let 2 = By U By. Let D = D; U Dy with Dy a ball
concentric with By and radius R, and D> a ball concentric with By and radius S.
Similarly, let G = G7 UG2 with G; a ball concentric with B; and radius T', and G4
a ball concentric with By and radius Q. We have |Q| = 27, |D| = n(R? + 5?) and
|G| = 7(T? + Q?). Assume

R*4+8%2=b, T?°4+Q°’=a, b<a<2.
We study the problem

max /uDdx (3.1)
|D|=nb, |G|=ma Jg

with b/2 < R? < min[1,b] and a/2 < T? < min[l,a]. Since b < a, by Theorem 2.1,
the maximum in (3.1) is attained when D C G. Therefore, we may suppose R < T.
If u = up is the corresponding solution to problem (1.1) we find

R* _r R?
{4—4—210gR O§T<R nBl

—TIOgT R<r<«1
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and

S22 s S?
2 5 2 JogS 0< S
u(8)2{4 4 2 08 =8 in Bo,

%logs S<s<1

with 72 = (21 +2)? + 23 and s? = (z; — 2)? + 3. Hence,

R , p2 2 2 2 T
R r R R
~/GUDd$_27T{/O (I—Z—7logR)rdr—7/R rlogrdr

S Q2 2 2 2 rQ
S s S S

If we put J(T?,R?) = 2 [, updz, we find

2 2 2 R2 2 2 2
ngR):R[—?—Tl%T4Jﬁ
2
+(be2)[fb 2R ~ (a—T*)log(a —T?) + (a—T?)].

We look for solutions to (3.1) which are symmetric with respect to the line 21 =
0. The symmetric configuration corresponds to T? = a/2 and R? = b/2. Easy
computation yields
a a a b
J szZQf—q f—ﬁ.
(a/2,b/2) =b|5 — Slog 5 — 7

For b<a<1,T? =a and R? = b (non symmetric configuration) we have
b
J(a,b) = b[a —aloga — 5]
For b <1 < a (non symmetric configuration) we find
b
Ly =b[1-2].
J(1,) :
Define
a 0<a</e/2
z(a) =  2alog 5 Vve/2<a<l1
2[2—alog%] 1<a<?.
For 0 < a<1and0<b< z(a) we have J(a/2,b/2) < J(a,b), and for 1 < a < 2
and 0 < b < z(a) we have J(a/2,b/2) < J(1,b). Hence, for 0 < b < z(a) the
symmetric configuration is not optimal.
Now, connect By with Bs by a straight channel of width h. Arguing as in [9] and

using our previous result one can prove that for h small enough and 0 < b < z(a)
the optimal configuration cannot be symmetric.

4. SYMMETRY PRESERVATION

Let € be bounded, connected and Steiner symmetric with respect to a hyperplane
II. In [8] we have proved that problem (1.2) has a solution (D, G) such that D and
G are Steiner symmetric with respect to the same hyperplane. We now describe a
new method for proving that all solutions to problem (1.2) are Steiner symmetric.

Theorem 4.1. Let Q) be a bounded domain, Steiner symmetric with respect to a
hyperplane II and let u and v be positive solutions to the problems

—Au = f(v), wulag =0, (4.1)
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—Av=g(u), wvlgg =0, (4.2)
where f and g are increasing in [0,00) and vanish in some interval [0, k]. Then,
both u and v are symmetric with respect to the hyperplane I1.

Proof. Since f and g may have discontinuities, equations (4.1) and (4.2) are satisfied
in a weak sense. However, by standard results on elliptic equations, u and v must
belong to C*(Q2) N CO(1Q).

The method of moving planes for C?(€2) solutions of scalar equations is described
in [13,3]. The method has been extended to C'(f) solutions in the book [12].
We follow very closely the approach described in [12] to get symmetry results for
solutions to the system of equations (4.1)-(4.2).

For x € Q, we put « = (x1,y), with y = (22, -+ ,2n). We may assume that the
hyperplane IT has equation ;3 = 0. Let

M =supzy, d(z)=dist(x,0Q).
e

Our assumptions on uw and v imply that

Jh>0:d(z) <h=u(z) <k and v(z) < k. (4.3)
For such h and for u € [0, M) we define
S ={z ez >put, Zpp)=3Xp)Nn{zreQ:dx)<h}. (4.4)

Let o* = (2u — x1,y). If € ¥(u) then a* € Q because Q2 is Steiner symmetric.
For x € ¥(u) define

w(z) = u(z) — u(z?), z(x) = v(z) —v(zh).
We claim that these two functions satisfy, in a weak sense, the inequalities
Aw >0 and Az >0 Vz e Xp(p). (4.5)
For the proof of (4.5), take ¢ € C§° (X (1)), ¢(x) > 0. Using equation (4.1) we find
/ Vu(z) - Vodr = / flu(x))odx. (4.6)
h(p) n(p)

Denote by X, (1) the symmetric image of ¥, (u) with respect to the line z; = p.
Of course, 3, (1) C 2. For x € X, (1), define 9(x) = ¢(2*). By equation (4.1) we
also have

/Ehm) Vle) Vo do = / f(v(@))y da.

= (1)
Using the change of variables (z1,y) — (2u — 21, y), the last equation becomes
/ Vu(z") - Vodr = / flo(z")pde. (4.7
Zh(p) Zh(p)
Subtracting (4.7) from (4.6) we find
/ Vw-V¢dr = / [f(v(z)) = flv(z*))] ¢ dx. (4.8)
n () n(p)

Recalling that 0 < v(z) < & in Xp, (1), that f(¢) vanishes on [0, x] and that f(t) > 0
n (0,00), (4.8) yields

[ Vuvedrzo voeCEEi). o) 20
Zn(p)

Hence, Aw > 0 in ¥p, (). The same proof holds for z, therefore (4.5) is proved.
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Observe that equation (4.8) also holds for ¢ € C§°(X(u)). Hence, if we know
that v(z) < v(z*) on X(u) then, using the monotonicity of f, we get Aw > 0 in
¥(p). A similar remark holds for z. We summarize this fact as

Aw >0 and Az >0 whenever z(z) <0 and w(z) <0 VzeX(p). (4.9)

Apply now the method of moving planes. Assume h small enough so that (4.3)
holds. For p such that M —pu < h, we apply the maximum principles ([12], Theorem
2.19 and Theorem 2.13) to the inequality Aw > 0 in X(u). Since u(z) = 0 on 99
and u(z) > 0 in 2, we have w(z) < 0 on 9% (p) with w(x) < 0 at some point of the
boundary of each connected component. We conclude that w(z) < 0 on ¥(u) for
such values of u. The same conclusion holds for z(z). Recall that w(x) and z(x)
depend on p.

Let (m, M) be the largest interval of p such that both

w(r) <0 and z(x) <0
hold on ¥(u). By contradiction, assume m > 0. Since w and z are continuous with
respect to u, we have
w(z) <0 and z(x) <0 Vze X(m).

Then, Aw > 0 and Az > 0 on X(m) by (4.9). The strong maximum principle ([12]
Theorem 2.13) and the assumption m > 0 yield

w(z) <0 and z(x) <0 Vze 3(m).

The boundary point Lemma ([12] Lemma 2.12) applied to the flat boundary x; =
of ¥(u), m < p < M yields

ow 0z -
— — b)) Q.
021 <0 and 21 <0 VzeX(m)\o
Recalling the definition of w and z we must have
Ju v =
— d — b)) Q. 4.1
2, <0 an Ay <0 VzeX(m)\o (4.10)

Following again the argument described in [12] (pag. 97), for ¢ > 0 and 7 > 0
small, choose a set

E.=(m—em+7]x8, SCRY"! E CX(m-—e)

as well as a compact subset F' C X(m). Using (4.10) one proves that w(z) and z(z)
are strictly negative on E. provided {m} x S is a compact subset of {x1 = m}NQ.
Let Ge = X(m—e¢)\ (E.UF). S and F can be chosen so that, for e small, w(z) < 0
on F' and G, C ¥ (m — €). Using the strong maximum principle again one gets
w(z) < 0 and z(zx) < 0 on X(m — €). This contradicts the maximality of (m, M)
for the negativity of w(z) or z(z).

We conclude that m = 0. Hence, u(x1,y) < u(—2x1,y) and v(z1,y) < v(—z1,y)
on X(0). Repetition of the same proof starting from the left side of € leads to the
inequalities u(x1,y) > u(—x1,y) and v(z1,y) > v(z1,y) on 3(0), and the theorem
follows. O

Remark. The result of Theorem 4.1 can be extended the the more general system
—Au = h(u) + f(v), ulon =0,
—Av =k(v) +g(u), v]aa =0,
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where f and g are as before, whereas h and k are locally Lipschitz continuous in
(0,00). Indeed, in this case, instead of (4.5) one finds

Aw+ci(z,p)w >0 and Az+co(z,pu)z >0 Ve Xp(u),

where ¢; (z, ) and ca(x, 1) are bounded uniformly with respect to g. The maximum
principles for thin sets apply in this situation [12].
Symmetry results for systems in case of smooth functions are discussed in [18].
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