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ENERGY DECAY ESTIMATES FOR LIENARD’S EQUATION
WITH QUADRATIC VISCOUS FEEDBACK

ALEXANDER Y. KHAPALOV & PARTHASARATHI NAG

ABSTRACT. This article concerns the stabilization for a well-known Lienard’s
system of ordinary differential equations modelling oscillatory phenomena. It
is known that such a system is asymptotically stable when a linear viscous
(motion-activated) damping with constant gain is engaged. However, in many
applications it seems more realistic that the aforementioned gain is not con-
stant and does depend on the deviation from equilibrium. In this article, we
consider a (nonlinear) gain, introduced in [2], which is proportional to the
square of such deviation and derive an explicit energy decay estimate for so-
lutions of the corresponding “damped” Lienard’s system. We also discuss the
place of our result in the framework of stabilization of so-called critical bilinear
systems.

1. INTRODUCTION

Motivation and main results. This article concerns the stabilization of a single
oscillatory motion (or, more generally, of an oscillatory phenomenon) by means of
suitable damping. Without loss of generality (that is, one might need to perform
a routine change of variables first) such motion is described by a two dimensional
system of ordinary differential equations of Lienard’s type like

. 0 -1
= (1 0 > x + uBz, (1.1)

where © = (21,22) and uBz models a damping device of structure described by
matrix B with gain u = u(x1,x2).

A system like (1.1) is widely used to model various kinds of periodic oscillatory
phenomena, for example, in electrical or civil engineering (see, e.g., [4, 7] and the
references therein). In particular, if we assume that (1.1) models a motion of a
particle, then z;(¢) would describe the deviation (position) of this particle with
respect to equilibrium z; = 0 at time ¢, while —z4(t) would describe its velocity.

One of the most typical damping devices used in applications is so-called the
“viscous (or motion-activated)” damping which, in the framework of model (1.1),
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7= (o v)

and a negative gain u, in which case system (1.1) looks as follows:

is associated with the matrix

T1 = —x2, t>0, (1 2)
To = x1 + uxo, ’

21(0) = 210, 22(0) = T20. (1.3)

Note that the damping term in (1.2) is active only when the “velocity” xs(t) is not
zero and it “acts” in the direction which is opposite of the “motion of the particle”
at any given time t.

It is classical result that system (1.2)—(1.3) is asymptotically stable when a linear
viscous damping with a negative constant gain is engaged, that is, when u in (1.2)
is a negative number. (Note that in this case one can obtain the explicit formula
for solutions.) However, it seems more realistic in many applications that the
aforementioned gain u should depend on deviation from equilibrium. In this respect
we refer the reader to Jurdjevic and Quinn [4] who considered the quadratic gain

u(wy,x9) = —:C%, (1.4)

in which case the gain is proportional to the square of the magnitude of deviation.
It was shown in [4] that system (1.2)—(1.4) is asymptotically stable. On the other
hand, the method of [4] does not provide any explicit estimates for the energy
decay of the corresponding solutions, which evaluate the effectiveness of nonlinear
feedback (1.4) and thus are of principal importance in applications.

The main goal of this paper is to derive such an explicit energy decay estimate
for system (1.2)—(1.4). It is clear from the start that it cannot be of exponential
type, because system (1.2)—(1.4) is critical (see the discussion in the next section
for details). We have the following result.

Theorem 1.1. There exist positive constants 3, v, and t = (|| (z10,720) ||r2) such
that the energy

of system (1.2)—(1.4) satisfies

The values of the constants 3 and « are given in the proof of this theorem (see
(2.69) below).

EQ©) > t. (1.5)

Problem background: Critical bilinear systems. System (1.2)—(1.4) (or (1.1))
is an important principal case of planar, so-called critical bilinear systems (BLS),
which are of traditional interest in the context of asymptotic stabilization (see, e.g.,
[2] for more detail). Let us remind the reader that a planar BLS of the form

& = Az + u(xy, 22) Bz, x(0) = o, (1.6)
is called critical if the given matrices A and B satisfy the following two conditions:

e For each u* € R at least one eigenvalue of A 4+ u*B has nonnegative real
part.
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e There exists a ug € R for which all the real parts of the eigenvalues of

A + ugB are non positive.
Note that the latter condition implies that system (1.6) is stable when the constant
feedback u(x1,z2) = up is engaged, while the former condition implies that (1.6) is

not asymptotically stabilizable by any constant feedback.
It is well-known (e.g., [2]) that, by the standard linear change of coordinates and
time-rescaling, all the matrices A satisfying the above-cited two conditions can be

transformed either into the matrix
0 -1
1 0

as our matrix A in (1.1) or in (1.2)—(1.4), associated with a periodic oscillatory
motion, or into one of the following three “simpler” matrices:

GO 6% ()

We refer the reader to [1, 2, 3, 5] for various positive and negative results on
stabilization of planar critical BLS by means of constant, linear, quadratic and
piecewise constant feedback laws. However, it seems that all the available results

do not provide any explicit energy decay rates.
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FIGURE 1. Trajectory for system (1.2)—(1.4)

2. PROOF OF THEOREM 1.1

Our plan for this section as follows: First of all, as we are concerned with the
large time behavior of (1.2)—(1.4), without loss of generality (see Step 8 for the
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general case), we can assume that

1
{(z10,220)} € B = {(&,m)[€* + 7 < o) (2.1)
Select any angle 6y € (0, ) and split the ball B into eight sectors I, I, IT, I1

III, IIT and IV,IV' as shown on Figure 1, so that the central angles ZA;0Ag,
/A30A3, LZALOAs and LAgOA; are all equal to 20p. Again, without loss of
generality, we may assume that the initial point (x19,x20) is located at point Ay,
also denoted by go on Figure 1 (see Step 8 otherwise), where respectively the solid
line starting from gy describes the trajectory (z1(t),z2(t)) of system (1.2)—(1.4) as
it crosses all the eight aforementioned sectors.

Our plan is to derive the energy decay estimate for the solution to (1.2)—(1.4)
starting from ¢y by evaluating its energy subsequently in each of the above men-
tioned sectors I — I'V’. Then we extend this result to the general case.

Remark 2.1. Below we use the notation 1 = z1(t), 2 = x2(t), keeping in mind
that (x1,x2) = (21(t), z2(t)) represent the solution to (1.2)—(1.4) at hand.

Step 1: Denote by t,, the time required for the trajectory of (1.2)—(1.4) starting
from qo = (21(0), 22(0)) = (210, z20) to reach point p;. We have (see Figure 1):

z1(t) > 1/2E(tp, ) sin(fy), x2(t) > +/2E(0)sin(bp) (2.2)
and hence
e} (t)a3(t) > 4B (0)E(ty, ) sin' (). (2.3)

Multiplying equations (1.2)—(1.4) respectively by z; and x5 and adding them, we
obtain:

_dB(t) _ 1d]2(t) [F

()71 (1) + 22(t)as(8) = — 5 I = —z}(t)a3(t). (2.4)
Integrating this equation over (0,t,,) yields:
2 t 2 t tp,
Blty,) = A2 80) ™ i1 (), (25)
0
Applying (2.3) (2.5), we obtain
E(tpl) < E(O) - 4E(O)E(tp1) Sin4(00)t171 ) (26)

which yields:
E(0)
E(t < —mmFF—
(tp,) = 1+4E(0)6%t,,’

where § = sin?(fp). Thus, to estimate F(t,, ), we need to evaluate t,,. This evalua-
tion is accomplished in steps 2-4 below, based on the “visualization technique,” [5]
which makes use of the phase-portrait of system (1.2)—(1.4). Namely, to evaluate
tp,, we intend to derive first explicit estimates both (a) for the length of arc of the
trajectory of (1.2)—(1.4) lying in sector I and (b) for the speed at which the point
describing the position of system (1.2)—(1.4) at time ¢ moves along this arc. These
estimates, obtained in terms of the energy function, will provide us with the bounds
for the duration of the time-interval required by the system to traverse sector I,
that is, for ¢,,,. It turns out that the derived bounds for ¢,,, do not depend on the
energy of the system in sector I.

(2.7)
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Remark 2.2. From (2.4) we conclude that the distance || z(t) || gz monotonically
decreases as t — oo. This in turn implies that the trajectory initiated at ¢o remains
in B for all ¢ > 0. In other words, system (1.2)—(1.4) is stable (see also [4]).

Step 2: Estimate for /21 (¢)? 4+ 23(¢)? in sector I. In this step we obtain an

estimate for the value of the speed y/2'1%(t) + 25%(t) at which the point (21 (t), 2(t))
moves in sector I. Since (z1,x2) € B, in sector I we have

1 1 1

0<r; < —, O0<z2 < — d < -. 2.8
ns g B <5 and miep<g (2.8)

Hence, using (1.2) and applying (2.8),
(E.l = —X2, 1:2 =1 — Z%xg = 1’1(1 - 1’11’2) Z % (29)

Therefore, from (2.9) we derive:
2 24 22 E(t

712+ 72 > %4—1:%2 #:#. (2.10)

Since E(t) < 0, in view of (2.10), we have the followmg estimates:

V@2 (t) + 22 \/ VE pl t €[0,t,,]- (2.11)

Applying the triangular inequality to the second equatlon in (1.2) and using (2.8),
we obtain:

[a(0)] = [r2(8) — a3 (8)] < o1 (1)) + 23 Dlaa(®)] < (1] + U = F O]

2
(2.12)
Remark 2.3. Note that inequalities (2.10)—(2.12) hold everywhere in B.

Using (2.12) and the first equation in (1.2), we further derive that for ¢ € [0,,, ],

212 () + 252(t) < \/9:”3(’5) +a3(t) < \/9(:5%(75);@(15)) <3 2(0) . (2.13)

Combining equations (2.11) and (2.13) yields

\/? <22 (t) + 22°(t) < ?)\/\/E?v t€0,tp,]. (2.14)

These estimates will be used to evaluate ¢, in step 4 below.

Step 3: Estimate for |gop1|. In this step we obtain an estimate for the length of the
curve gop; connecting the points gg and p; (see Figure 1). It follows from (2.8) and
(2.9) that the curve gop; is rising as ¢ increases in [0, t,,]. Hence, we can describe
it geometrically as a graph of some monotone decreasing function zo = xa(x1),

x1 € [\/2E(tp,)sin(by), \/2E(0) cos(hy)] and

\/2E(0) cos(0o) dl‘g )
lqop1| = 1+ (===)%dxs. (2.15)
/2E(ty, ) sin(6) day

Using the first equation of (1.2) and the fact that 23(¢) is strictly positive on the

interval t € [0,t,,], we have from (2.12):

Sl’l(t)
5

SC'l = 7582(0,50.2 S (216)
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Note that in sector I, x1(t) and x5(t) are both positive, while 21 (¢) is strictly
negative. Hence,

1:2 3(E1(t)
— < t ty, | 2.1
—,2’,"1 = 21‘2(75)’ € [07 pl] ( 7)
Therefore, [8, pp.105], we conclude that
dQCQ 3%1@)
ty, | 2.1
|d$1 21‘2@), € [07 Pl] ( 8)
Thus,
dray 5  9(z3(t) +23(t))  9E(t)
1 < = 0,,,]. 2.19
@) 2T 23y €0l (2:19)
Using (2.19) and the fact that E(t) is a decreasing function of ¢, we further obtain
that
dze .,  9E(0) \/ dy 3V E(0)
1+(—)° < or 1+ 2L te (0, ] 2.20
(d.lfl — 2332(t)2 (darl) \[l’g(t) [ Pl] ( )

Since #a(t) is strictly positive,
2E(0) sin(fp) < wa(t) < \/2E(tp,) cos(Bo) < +/2E(t,,), te€[0,t,]. (2.21)

Applying (2.21) to (2.20) gives

dl‘g 9 3

— )P < — tel0,t,].

dxl) ~ 2sin(fp)’ €10t

Remark 2.4. Note that, in view of Remark 2.1, inequality (2.22) also holds in
sector I’, namely in the portion that lies in the first quadrant.

Combining (2.15) with (2.22) yields:
v/ 2E(0) cos(8o) dzs
lqop1] =/ A1+ (5—)%dxy
\/2E(tp, ) sin(0o) dxq
- 3(1/2E(0) cos(8y) — \/2E(tp, ) sin(by))
- 2sin(00) ’
Moreover, since £(0) > E(t, ) and cos(fp) > sin(p) for any 6y € [0, 7], further
from (2.23), we obtain
2E(0) cos(0o) dr 3./E
lqop1 | =/ 1+ (52)2dzy < (2.24)
V/2E () sin(6o) dry \/§sm(90)

We shall now evaluate the length of the curve gop; from below. Once again, (2.9)
yields

L+ ( (2.22)

(2.23)

d!EQ (t)
te0,t,,]. 2.25
_1'1 |d$1 = 2],‘2(t) [ Pl] ( )
Therefore,
dzo o _ 4x2(t) +23(t) _ 23(t) + 23(¢)
1 > > € (0,1, ].
H @) 2 T amae 2 e 0 (S0
Applying (2.24) to this inequality, we obtain
d E(t
\/l+( “)2 > \\//;p ’(’1) te0,ty,). (2.26)
2
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Combining (2.21) with (2.26) yields
€ [0,t,,]- (2.27)

Applying (2.27) to (2.15), we obtain the following estimate for the length of the
curve qop; from below:

\/2E(0) cos(0o) dzs )
[qop1| = 1+ (d 2 )2dx
\/2E(tp, ) sin(6o) L1 (2.28)
L (WVIEO) coslll) = 2By ) sin)) | K s
2 NG
where K = cos(6p) — sin(fp). Combining (2.24) and (2.28), we finally obtain:

3/ E(0) K

—=—— = leop1| = —=

V/2sin(fp) V2

Step 4: Estimate for ¢,,. In this step we shall derive an estimate for ¢,,, i.e., the

time required for the trajectory of (1.2)—(1.4), initiated at qq, to reach the point p;.

We begin by computing the lower bound estimate for ¢,, . Making use of (2.14)and
(2.29), we obtain that

ZSVE®) < | = [ e ) + a0t < 3@0)2& (2.30)

which in turn yields:

E(0). (2.29)

IN

t,,l. (2.31)

K
3
nd (2.29) that

Analogously, it follows from (2.14) a

VEW,), _
NG tp, <lgop1| = / \/TdK\fbmeo)’ (2.32)

which implies

< WEO (2.33)
sin(6o) v/ E(tp,)
Combining (2.31) and (2.33) yields
5 < tp, < 3— VE(O) (2.34)
3 Sil’l(@o) E(tpl)

Since 25 (t) is strictly positive in sector I, we have z2(t,,) > 22(0). Hence,

2 2 2 2
E(tm) _ x1<tp1) ;x2(tpl) > xl(Qt;Dl) > $22(0) _ E(O) Sin2(90)
(see Figure 1), which implies that
E(0) 1
< — . 2.35
B(ty,) = (@) (239
Applying inequality (2.35) to (2.34) yields:
K 3
— <t, < . 2.36
3 = P~ sin?(6y) (2.36)
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Step 5: Estimate for the time taken by the trajectory of (1.2)—(1.4) to
pass sectors I and I’. In this step we shall derive an estimate for t,, , i.e., for the
time required by the trajectory of (1.2)—(1.4), initiated at go, to reach point g; (see
Figure 1). Split the trajectory in sector I’ into two arcs p;ry and riq; (see Figure
1). Denote the time required by the trajectory of (1.2)—(1.4) to connect the points
p1 and 7 by t,,,, and the time required to connect the points r; and ¢; by g, .
Step 5.1: Estimate for time ¢, ,,. The arc p;7 can be described geometrically
as a graph of function o = zo(x1), 1 € [0, 1/2E(tp, ) sin(y)]. Then, applying the
inequality (2.22) (see Remarks 2.1 and 2.4) to (2.37) in sector I’, we obtain
/,FzE(tmsm(oo) @)de - 3v/2E(tp,) sin(6o) - 3V E(tp,)
doy” T 2sin (o) =2
(2.37)

14 (

\P1T1| =

Since E(t) < 0 for any time t € [t,,,t,, plrl] we have from (2.10),

o+ e > [ AOED _ VP B Tn]

Hence, in view of (2.37),

E(ty, +tpir) /t”1+t’”1”‘1 . o . 2 E(tp,)
N Py < pyr | = \/ @12 () + 227 (t)dt < 3—
\/5 piT1 ‘pl 1| - 1 ( ) 2 ( ) \/5

(2.39)
which yields
3VE(t
tpyry < VB (2.40)
E( P1 + tplrl)
Since 25(t) is positive, we have xo(tp, + tp,r,) > x2(tp, ). Hence,
22(ty, +tpr 22 (tp,
Blty, + 1) = 2 Tl Do) iy, ) cos?(y),
which implies
E(tpl) 1 (2_41)

E(tp, 4 tp,r,) — cos(bp)’

Finally, combining (2.40) and (2.41), we obtain the following estimate for ¢,,,,,
by < — .

P cos(6o)

Step 5.2: Estimate for the time ¢, ,, . Once again, the arc 7¢; can be described
geometrically as the graph of a function z9 = zo(x1), with z; in the interval

—V/2E(tp, + tpyry + trig)sin(fp),0]. Then

(2.42)

0 d$2 2
Iriq1 :/ 14+ (=—)%dz. (2.43)
— /2Bty Fprrs Ftrrar) sin(0o) dx;

Note that z1(t), #1(t), and 22(t) are strictly negative on the interval ¢ € [t,, +
tpyrystpy + tpyir T trgy], Where xo(t) is positive. Since it follows from (1.2)—(1.4)
and (2.12) (see Remark 2.3) that
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we have
Jfg 31‘1(t)
0< ;1 < 72$2(t)7 te [tpl + tpﬂutpl + tp1T1 + tT1Q1]' (2'44)
Therefore,
droy 5 9(z3(t) +23(t)) _ 9E(t)
1+(d7$1) S 41’%(t) S Qx%(t)’ te [tpl +tp17‘1’t101 +tP1T1 +tT1Q1]' (245)

Using (2.45) and the fact that E(t) is a decreasing function of ¢, we obtain
dzs 3 E(tiﬂl + tplrl)

1+(=—)2< 2.46
(dxl) < V2@ (2.46)
Since Z2(t) is strictly negative, for ¢ in [tp, + tpyrys tpy + tprir + trigi]s
V2E(ty, + tyyr, + trig,) cos(B) < 2a(t) < \/2B(ty, +ty,r,). (2.47)
Applying (2.47) to (2.46) gives
d 3VE(t to,r
1+(ﬂ)2g (p1+ P1 1) , (248)
dz \/i\/QE(tpl Ftpir T tTlQl) COS(90>

for t € [tp, +tpyrystpy + tpyry +triq,]- Thus applying inequality (2.48) to (2.43), we
obtain an upper estimate for the length of the arc r1¢y:

0
dr
nal = [ L+ (52)de,
—/2E(tp, +tp; ry +triqp) sin(0o) diy (2.49)
< 3V2E(ty, +tp.r,) tan(6o)
= \@

Since E(t) < 0 for any t € [ty, +tpiristps +tpyr + g ), making use of (2.10) (see
Remark 2.3), we derive that

12 (t) + 222 (t) > zi(!) ng(t) > VE, +3"§ Tina) (2.50)

Using inequalities (2.49) and (2.50), we obtain

\/E(tpl + tplh + tTlQl)

tp1+tp1T1 +t7‘1‘11 . 2 . 2
trigy < |r1q1| :/ z1 (t) + 2 (t)dt
\/§ tpy +ipyry
3V E(tp, + tp,r ) tan(by)
< /2 .

(2.51)
which, in turn, provides

3tan(0o)\/E(ty, + tp,r
ra < an(0o) vty + toir) (2.52)
\/E(tpl + tP1T1 + tTlQl)

Once again, integrating (2.4) over (tp, =+ tpyristpy + Epyry + tryg,) yields (compare
with (2.6))

tp1+tpl7‘1 +t7’1‘11
E(tp, +tpir) = E(tp, +tpym +trg) +/ rixadt. (2.53)

tpl +tp1'r1
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Observe that

23(t) < 5 and 0 < ai(t) < 2E(ty, + tpyry + trigy) sin®(6)

N | =

for any t € [tp, + tpirystpy + tpyir + g, ). Hence, it follows from (2.53) that
E(tm + tplTl) < E(tlh +lpir + tTlQl)(l +lrig Sin2(90))' (254)

E(t tor
(tp, + tpr) < /1 +sin®(00)tr, g, - (2.55)
E(tpl + tplh + tTllh)

Applying inequality (2.55) to (2.52) yields:

Hence,

0 < trq < 3tan(fp)y/1 + sin®(0o)tr 4, (2.56)

which gives the following estimate for ¢, 4, :

9 tan2(6) sin® () + 3 tan(6y) /9 tan2(g) sin* (6o) + 4

0<trg <C= 5 (2.57)
Step 5.3: Estimate for time t,,. Combining (2.36), (2.42) and (2.57) yields
K 3 3
— <ty =1 toir trgn < C. 2.58
3 = q1 P1 + P17 + 1491 — Sin2(90) + COS(@()) + ( )

Step 6: Estimates for E(t,,) and E(t, ). Substituting the lower bound for t,,
from (2.36) into (2.7) and recalling that since E(t) is decreasing in time, we obtain
from (2.7) that
_ E©
1+4E(0)62%
Step 7: Estimate for E(t) for any time ¢t > 0. It is not hard to see that in the
next two sectors II and II' one can apply the same strategy as described in the
above steps 1-6, namely, leading to estimate (2.59). Denote the time required by
the trajectory of (1.2)—(1.4) to reach points ps and g2 from gy respectively by ¢,
and tg,. Then, similarly as in (2.59) and (2.36), (2.58) (see Remark 2.3), we obtain:

< E(tq1) < E(tth)
S T AB(tg)0%(ty, — tg) 1+ 4E(ty,)02 K

E(ty,) < E(tp,) (2.59)

E(tq2) S E(tlb) (260)

where, analogously to (2.58), we have:

K <t < gy —tg < 5 + 3
= bq2 a1 — 81112(90) COS(G())

? Stp, —tg
Remark 2.5. Consider the function f(z) = 7%, with « a positive constant which
is associated with the right hand sides in (2.59), (2.60), considered as functions of
energy. Since f'(x) > 0 for all z > 0, f(x) is a monotonically increasing function.

+C.

Since E(tq,) < E(tp,) and (2.59) holds, Remark 2.5 implies

TEORE E(0)
1+4F(0)52 &
E(tg,) < 5 3 = . (2.61)
(0) K 2K 2
1+ 41+4E(0)62§ 25 1+ 554E(0)
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Denote the following subsequent intersecting points of the trajectory at hand with
the lines OAg,OAz,... by p3,q3,- -, Pn,qn, - - - - Analogously, we have

E(0)

E(t, ) < E(t —, Vn=1,.... 2.62
(Qn>— (Pn)—1+ ()52 ( )

Consider any ¢ > 0. Then there exists a positive integer n such that

3n 3n
t <t <ty < + +nC, 2.63
dn—1 — — Y4n — Sin2(90) COS(@O) ( )
where, thus,
t

(2.64)

i a—— —c
and E(t) decreases in time, (2.62) also implies that
E(0)
1+ =K p(0)52
Combined with (2.63), this gives the following energy decay estimate for any ¢ > 0

in the case when the initial state (219, z29) lies in B on the line OA; as shown on
Figure 1:

Note that, since t > t

dn—1

E(t) < E(tg, ) < (2.65)

E(0)
4K E(0)5> | 4K E(0)82 3 3 _

- ===+ 5" (5@ T oy T C) 't
Step 8: The general case. Consider any initial point (219, z20). Since (1.2)—
(1.4) has an isolated equilibrium point (0,0), by Poincare-Bendixson theorem (see
[7]), the trajectory to (1.2)—(1.4) starting from (x19,z2) after some finite time will
enter the ball B and intersect the line OA;. Denote the time of this intersection
by to. Then, by the scheme discussed in steps 1-7, we have

E(to)
1 — B 4\ B(to)(t — to)

E(t) < (2.66)

E(t) < , t>to, (2.67)

where
4K sin®(6) cos(6y) sin (6y)

~ 3Csin? (o) cos(8y) + 9sin?(fy) + 9cos(y)

Using (2.1) (i.e., E(ty) < %) and the argument of Remark 2.5, we derive from (2.67)
that

E(to)
B{t) < Bliy K5
-+ aE(t())(t — to)
E(to)
S 3 2.68
1—E2 4+ aB(t)(t — to) (2.68)
E(0)
< S t > tp.
1-E= 4 aB(0)(1 - )t
Choose t = 2ty and denote
K sin*(6 «
g= —73(0), 1=3 (2.69)

Recall that 6§ = sin®(6y) and 6 is any number in (0, T).
Then (2.68) implies (1.2). This concludes the proof of Theorem 1.1.
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