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LIFE SPAN OF NONNEGATIVE SOLUTIONS TO CERTAIN
QUASILINEAR PARABOLIC CAUCHY PROBLEMS

HENDRIK J. KUIPER

ABSTRACT. We consider the problem
p(@)us — Au™ = h(z, t)u't?, zeRN, t>0,
with nonnegative, nontrivial, continuous initial condition,
u(z,0) = ug(x) 20, wuo(z) >0, z RV,

An integral inequality is obtained that can be used to find an exponent p. such
that this problem has no nontrivial global solution when p < p.. This integral
inequality may also be used to estimate the maximal 7" > 0 such that there is
a solution for 0 < ¢t < T. This is illustrated for the case p =1 and h = 1 with
initial condition u(xz,0) = cuo(z), o > 0, by obtaining a bound of the form
T< 000'719.

1. INTRODUCTION

In this article, we investigate the maximal interval of existence of solutions for
the problem

p(x)u; — Au™ = h(z, t)ur*?, xRN, t>0, (1.1)
with nonnegative, nontrivial, continuous initial condition,
u(z,0) = ug(z) #0, wup(x) >0, x € RY. (1.2)

Fujita [3] studied this problem for the case where m =1, p(z) =1 and h(x,t) =1
In 1966. He obtained the following, by now famous, results. When 0 < p < 2/N the
problem fails to have a nontrivial global solution. That is to say that the maximal
interval of existence of any solution is finite. When p > 2/N there exists a global
solution if ug(z) < Ae=Fl=* for some constant k > 0 provided that A is sufficiently
small. The critical case, p = p. := 2/N, was studied by Hayakawa [5], Kobayashi
et al. [6] and Weissler [11]. They showed that there does not exist a nontrivial,
nonnegative global solution in case p = p.. Fujita’s work has been extended and
generalized by many others. In particular, we should mention that Qi [10] studied
the problem
g — Au™ = |z t"ul TP,

He found that the critical exponent for this problem is p. = (m —1)(r + 1) + (2 +
2r +¢)/N > 0. More references can be found, for example, in the two papers, [4]
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and [7] that motivated the present work. In the first of these, Guedda and Kirane
reconfigured the test function method of Pohozaev et al. [8, 9] and were able to
find the critical exponent for equations of the form (1.1) as well as others. The
basic idea of the test function methods can be found as far back as in articles of
Baras and Pierre [2] and Baras and Kersner [1]. In this article we will take the test
function method, but reconfigured once again, in order to study the relationship
between the size of the initial condition and the length of the maximal interval of
existence. In doing this we will extend some of the results of Tzong-Yow Lee and
Wei-Ming Ni [7], who obtained such information for Fujita’s problem, i.e. for the
case m = 1, h = 1 and p = 1. For example, we will show that if u is a global
solution with initial condition u(z,0) = ug(z), then an inequality of the form

lim sup R*S/ p(x)ug(z)®(x/R)de < CA®
R—oo Br

must be satisfied. Here ® is a positive eigenfunction corresponding to the principal
eigenvalue of the Dirichlet problem on the unit ball, By, and normalized such that
fBl ®(€) d¢ = 1. The numbers C and « depend on N, m, p, h, and p. When m = 1,
h=1,and p =1, then C =1 and k = 1/p, a result obtained in [7]. We also obtain a
bound for the maximal interval of existence. Suppose u, is a solution corresponding
to a nontrivial, nonnegative initial condition u(x,0) = cug(x). Let [0,7,) be its
maximal interval of existence. We obtain a bound of the form 7, < Co~?. When
m>1,h=1,and p=1thend=p+1—m.

2. THE TEST FUNCTION METHOD

Suppose that u is a solution of (1.1)-(1.2) on RY x [0,t,). Let B := {x € RV
|z] < R}. We assume that

O<m<p+1,

and that there exists a continuous function hg defined on B; x [0,00), and real
constants # and g > 0 such that for each "> 0 and R > Ry we have

h(RE, RPT) > RMho(E,7) VE € By V1 €[0,T), (2.1)

where

/OT /B1 ho(€,7)7dédr < 0

for « = 1/p and for « = m/(p + 1 — m). The simplest examples of functions
satisfying these hypotheses are those of the form h(x,t) = Alz|*t" where A is a
positive constant and ¢ and r are sufficiently small: ¢ < Np, ¢ < N(p+1—m)/m,
r<p,andr < (p+1—m)/m.

We assume that there exists a continuous function py defined on B; x [0, 00),
and a positive constant w such that for each R > Ry we have

p(RE) < R¥po(§) V€ € B, (2.2)
where

/ po(g)(p-&-l)/p d¢ < .
B
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Let Ag be the principal eigenvalue for the Dirichlet problem on the ball of radius
R:

—Aw(z) = Mw(x), =z € Bg,
=0

w(z) x € OBpg.

We note that Az = \;/R2. Let ® denote the unique nonnegative eigenfunction
corresponding to the principal eigenvalue \; such that

/B1 O(x)dx = 1.

Of course @ is radially symmetric: ®(x) = ®o(|z|). For 0 < S < T we define

1 ift<S
Pt) = (1 —({t—-9)/(T-95)7 ifS<t<T
0 ift >1T.

We also define
((z,t) == (t/R°)®(x/R),
and, for TR < t,,

TR?
Jr(S,T) := / h(x, )yuI P (2, t) da dt.
SRP Br

Using (1.1) and (1.2) and integration by parts we have

TR?
Jr(0,T) :/0 /B [p(z)uy — Au™)3(t/ R?)®(2/ R) dx dt

TR?
= —/ p(x)ug(z)®(x/R) de — / R Pupy/ (t/R)®(x/R) d dt
BR 0 BR

TRP ou™ 5 - , .
+/o /aBR[‘ 5, W(t/R*)®(x/R) +u™(t/RT)R ™ @)(|«| /R)] dS dt

TR?
+ /O /BR Wt/ RO R\ ®(x/R) da dt

Note that by the Maximum Principle, u cannot attain the value zero in RN x (0, co)
and consequently the surface integral must be negative. Using the notation

Vr ::/B p(x)ug(z)®(x/R) dx,
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since ¢’ (t) = 0 except on (S,T), we have
Jr(0,T) 4+ Vg

TRP
<+/ /Bu[mp(t/Rﬂ)@(x/R)]ﬁpR—ﬂ

—/ (t/RPYp(x/RP) ™5+ |h™ 741 &(z/R) 75T da dt

TRP
+/ /B u™ [l (t/ R7)®(x/ R)| 7T R\
x h™ T (t/RP) 5 O(x/R) “F da dt

TRP —
< +Jr(S,T)7 TR~ f’ / p
SRP Bgr

x [—wt/Rﬁn”Tw(x/Rﬁrvp} T

TRP
+JR(07T)#)\R_2[ / / h’ipffimw(t/Rﬁ)@(:r/R)d:rdt} S
0 Br

Making the change of variables ¢ = 2/R and 7 = t/RP, and using (2.1) and (2.2),
we have

JR(OvT) + VR
< Jr(S,T)7 R

X [/ST/B po(f)%l(—z//(T))%q/,(T)fl/pho(&7_)—1/;;(1)(5)dng}

p/(p+1)

ptrl—m
p+1

+ JR(0,T) AR | /OT /B ho(,7) T (r) () dgdr| T

where
Np— 1 —
slzzw—i—u, Sgi=—2+ N+ —
p+1

(N + B+ p)m
p+1
Defining

T 1 p+1
A(S.T) = /S /B Pol€) 55 (= (1) 55 (1)~ P o€, 7) /P 0(¢) de dr,

T
T):= )\/0 /B1 ho(&, 1) pri=mah(1)®(E) dE d,

for R > Ry we have
pt+1—

Jr(0,T) + Vi < Jr(S,T)7T R A(S, T) 757 + Jp(0,T)#T AR B(T) “rri- . (2.3)
Next we choose (3 such that s; = sa:

g PEDWH2) +(m— 1)+ N)
’ p+2—m

, (2.4)

so that s; = s9 = s where
N 1-— —pu—2
gie WEW)pHlom)—p=2 (2.5)
p+2—m
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It is our objective to use (2.3) to obtain information on the relationship between
the initial condition and the length of the maximum interval of existence. However,
it does also provide a proof to the following result of Guedda and Kirane:
Theorem 2.1. If s <0, that is to say

2+ p

N+w’

then problem (1.1)—(1.2) has no global solution except for u = 0.

p<p.i=m-—1+

Proof. When s < 0 we take the limit as R tends to infinity on both sides of (2.3)
and obtain

/OO/ h(x, )yuI P ¢ (x, ) dxdt—i—/ p(z)ug(2)®(0) da = 0, (2.6)
0 RN RN

so that u = 0 is the only global solution. If s = 0 we first note that Jg(0,7T) is
uniformly bounded for all R. This means that we can make Jr(S,T) arbitrarily
small by choosing S large enough and hence we can make the first term on the
right hand side of (2.3) arbitrarily small, provided we keep T' — S bounded. Next
we can make the second term arbitrarily small by making |7 — S| sufficiently small.
Once again we have (2.4). O

It should be noted that the choice of 5 depends on the value of ;1 and that these
quantities are already related by hypothesis (2.1). This means, that in order to
apply this result one needs to compute p and g simultaneously. We illustrate this
with the following example.

Example. Suppose that h(z,t) = |z|°t", where we assume that p # p, = (r +
1) % (m —1) — 1. Then u = ¢ + rB. Solving this equation and equation (2.4)
simultaneously for § and p we obtain
(p+(wr+2r+¢)+ (m—1)(Nr—g)
p+1+(r+1)(1—-m)
(W+2)(p+ 1)+ (m = 1)(N +5)
p+1+(r+1)(1—m)

)

8=

We also compute

(N+w)(p—rm+1—m)+rN—-2r—2—g
p+1+(r+1)(1—m) '

We may solve the above equation for p when s = 0 in order to see that the critical

exponent is

S =

—rN+2+4+¢+2r
N+w
which agrees with the result in [10] when w = 0. Since p. > p., the restriction

p # ps« does not affect the determination of the critical exponent.

pe=(m+rm—1)+

9

3. LIFE SPAN OF A SOLUTION

For the rest of this article, we assume that S = 0 and that the value of (3 is given
by (2.4). Suppressing arguments and subscripts (2.3) becomes

pt+l—m

J+V < JHTRCAFT + JHT AR B 51 (3.1)
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We will use this to obtain an estimate for V. First we state some facts whose
elementary proofs we leave to the reader.

Lemma 3.1. Suppose that a, b, r, and q are positive constants. Define the func-
tions F(z) := az? — bx", G(z) == ax" 9+ bx" on 0 <z < co. Then

max F(z) = (1 — g/r)av (L),

>0 br
min G(z) = (1 + q/r)a™a (ﬁ)ﬁ
>0 q ’

Lemma 3.2. Let 0 < wy,ws < 1, w1 # wae. On [0,00) define
T (z) := max(z“*, x*?).

Let n be an arbitrary positive number, then

U(wy,we;n) := max(nYT(z) — ) = max <(1 — wi)wilfz”i 7711w1> .

For n sufficiently large

U(wi,wain) = (1 —W)wT=nT==, (3.2)
where W = max (w1, wa).

Proof. The function nY'(x) — x has at most three critical points: the cusp at z =1
and the points where the functions nz“! — x and nz*? — x attain their maxima. It
is easy to see that Y (x) — x cannot attain its maximum at the cusp. Applying the
previous lemma, we see that the maximum value of nY(z) — 2 must be the larger
of the two values

w;

(1—wiw, =i 77ﬁ

The last assertion is obvious. O

We will use the notation 7 := max(1,m) and

m _m
Jm=01-m/(p+1 pi=m
1= (1 =/ + D) ()
Then, for n sufficiently large
1 m pt+1
W(—— — ) = Jpitiom
G e g

Theorem 3.3. If u is a nonnegative solution of (1.1)-(1.2) on Br, x [0,t4), s is
given by (2.5). Let

T 1 P
:/ /B o) (= (7)) () MPho(¢,7) VP B(€) dé dr,

/ / £, 7) T (r) D (€) de dr.

Then for all (R, T) € {(p,7) : ,0< 7 <tup P}, we have
/B p(x)up(z)®(x/R) dx < U(

1 m

pa ﬁ; ([A(T)»+T + AB(T) »+1 |R*). (3.3)
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In particular, if u is a global nonnegative solution then

p+1
ptl—m ] p3i—m

lim sup RfS/ p(x)ug(x)®(x/R) dx < Jmi%f A(T)p% + AB(T) » 1 7
Br

R—o00
(3.4)

where
sip+1) e+ D(N+w)(p+1-—m)—p—2]

Tp+l-m (p+1-m)(p+2-m)
Proof. For the sake of convenience we define
O(T) = A(T)77 + AB(T) "5+
From (3.1) we see that V < Y(J)O(T)R*® — J, where

Y(o):= max{mTlrl,Uﬁ}.
Then by Lemma 2, we have (3.3). For R sufficiently large we can use equation (3.2)
to conclude the validity of (3.4). O

Corollary 3.4. Suppose that there exist positive constants p. and h. such that for
R > Ry,
h(R¢,R°7) > heR", and p(RE) < pcR,

where 3 is given by (2.4). Suppose that u is a nonnegative global solution. Then

pt1 »
lim sup R~ p(x)ug(x)®(x/R) dr < Jm K5 A T T

R—o0 Br

where )
pEIH’ —m)

)((p +1—m)eti-mp,

1/(p+2-m)
Kp:=pP+2-m ) .

Proof. We easily obtain

ptl 1 . om
A(T)gAOE”“ e "1 Cand BTy <Bo=le T
(6 —1/p)T> 0+1
Then
V< R (JFATT £ B T ) — J < ROOo(T)Y(]) — J,
where
O(T) < Oo(T) := agT~ 77 + foT "7
with
pchc—l/(:ﬂ‘f‘l)g )\hc—m/(P'H)
0= G e 0T e m e
By Lemma 1

@00 = mln(@()( ))

= [(p+1—m) Lag] PHIT/EFET) gl/Gp2=m)

p+2-mj
ptl—m p+1

_ (p2—m)(p+L—m) T SR \ st g b
( —1/]3) p(p+1-—m)/[(p+1)(p+2—m)] [0+1] (p+1—-m)/[(p+1)(p+2—m)] °

Taking the limit as § — oo we have limy_o Ogo = KnAY/@+T2=") Then after
substituting this into equation (3.4), the proof is complete. (]
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When we are dealing with the problem originally considered by Fujita (p =
po=pe =1, h=hg = h. =1, and m = 1), then Joz = p(p + 1)~ ®+D/P and
K, =p~Y(p+1)P+tD/P and we see that the above inequality reduces to

lim sup R_N+2/p/ p(z)ug(z)®(z/R) dz < \V/P. (3.6)
R—o0 BR
This is precisely the result found in [7]. As done in that article we can deduce the
following result.

Corollary 3.5. When N > S, Theorem 2.1 and Corollary 3.4 remain valid if we
replace

limsuprs/B p(x)ug(z)®(x/R) dx

R—o0
by lim inf|, o |2V~ p(z)u(z).

Proof. The statement of this corollary follows from the inequalities:

lim R_S/B p(x)up(z)®(x/R) dx

R—o0
> lim R~° inf 2N p(2)ug(2)) RN ®(z/R) dz
2 gm B0 [ (el ) BN e

> i inf N-=S / N d
_RgnooRZl\rﬂlﬂ|Zk(|x| p(x)uo(x)) BR\BkR (w/ R) da

= Jim i (Y Spwu) [ e

R—o0 Rz[a|2k B\By/n

= in 2N p(2)ug(2)).
= inf, (Jal"Sp(@)un(x)

The proof is complete by letting & tend to infinity. O

Inequality (3.3) can also be used to obtain an upper bound for the length of
the maximal interval of existence. Consider problem (1.1)-(1.2). By the life span
for initial condition ug, we mean the least upper bound of all values T such that
[0,T) is a maximal interval of existence of a solution to (1.1)-(1.2). Let us fix uo,
ug # 0 and ug(z) > 0 for all z € RY. We denote by L(c), o > 0, the life span
corresponding to initial condition oug. Assume the hypotheses of Theorem 1 are
satisfied, then there exists a value A such that

AVi = U(RO(Ty)).

where T}y is the value of T at which ©(T') attains its minimum value. Let O denote
the restriction of © to the interval [0, Ths). If we take o > A, then L(o) < oo and
we see from (3.4) that

L(o) < R°O;' (R (oVR)) . (3.7)

In the next result we use this inequality to obtain an explicit upper bound for
the life span of a solution.

Theorem 3.6. Assume the hypotheses of Corollary 3.4 Let ug be a monnegative
nontrivial continuous function on RYN. There exist positive numbers A,,, C1 and
o1 so that the life span L(o) corresponding to the initial condition oug with o > Ay,
satisfies

L(0) < Co~pHi=m), (3.8)
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Proof. Decreasing the value of T to a value T,, if needed, we may assume that the
function Oy, introduced above, is decreasing on (0,7,,). We can choose A,, such
that A,,Vr > ¥(R°O(T,,)) and also so that A,,,Vr > C5 where Cj3 is a sufficiently
large constant so that whenever ¢ > A,, then

w ptl—m

U oVe) = [(1 —@) 'w =5 (oVg)
with w =m/(p+ 1). We write

ptl—"m P

\Ilil(O'VR) = 'YOVR Pt apt)lfl ,

m

where v := (p+1)(p+1— W)Jﬁprﬁmfﬁ. Since

p+l—m

O(T) < Oy(T) < agT™ 7 + BT "
on [0,T,,), it follows that

ptl—m
n— BoTm """ ] —(p+1) ptl-m

O, (n) < { . forn > BT

Let [0,7.) be the maximal interval of existence of u and let T = 7R™? where
0 <7< Tw). We define

Qo

PHL=T 4y —(p+1)
G(R,0) = Rﬁa§+1[70R’SVR T P f(so] :
pt+l—m
where 6y := BoTm ™" . Whenever 7 < L(o) we have 7 < G(R, o). Therefore
L(c) < G(R,0). (3.9
It is easily seen that this implies equation (16). ([l

Inequality (17) must be satisfied for all R > Ry, However, because the domains
depend on R we cannot improve our bound by merely taking the infimum over all
R > Ry. Nevertheless, it is sometimes possible to do so by finding the envelope of
the curves 7 = G(R, o). We illustrate this in the next section.

4. APPLICATION OF RESULTS TO THE PROBLEM u; = Au™ + uPt!

Suppose that m > 1, p =1, h = 1, and for some nonnegative constant ¢, |x|_5u0
is bounded from below by a positive constant. Let u, be a solution of (1.1) with
initial condition u,(z,0) = oug(x). In this case

5_2(p+1)+N(m—1) S_N(p+1—m)—2

p+2—m ’ p+2—m
We could substitute these values into (17), obtain G(R, o), and then find an enve-
lope for the R-parameterized curves y = G(R,c). However, the R-dependence of
the domains and the fact that ¥ is piecewise defined complicate matters. So it is
easier to use inequality (3.3) directly. The left side of this inequality is greater than

o | Klz|°®(z/R)dx = aKRN+5/ £]°®(¢) de = Kyo RN,
Br B,
Let [0,7,) be the maximal interval of existence of u,. We assume that o is suffi-
ciently large to ensure that T, < co. We may replace © in right hand side of (3.3)
by ©¢y and obtain
KioRNT? < W(00(TR™P)R?®)
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whenever 0 < 7 < T,,. Therefore, 0 < max(Fy(R;7), Fa(R; 7)), where

)

_5— 1 B ptl—m __ o(ptl—-m qi
F;(R;7):=C;R =N |l qor " PII RPHI TS 4 Byr »11 R == )+S]

where C7 and Cs are certain positive constants and ¢; := (p+ 1)/p and ¢o :=
(p+1)/(p+1—m). Now, we define
N =6/ 0+ 1) +5— (N+8)/a 9 =Bp+1-m)/(p+1) = s+(N+0)/a:
wy:=1/(p+1),and we := (p+1—m)/(p+1). Then we may write simply

Fi(R;7)=C; [aor_“’lRQ(li> + BoTv? R_Q(;)]qi'.
If we can find functions y = F;(7) such that

Fi(R,7) > Fi(1) V1 >0,
and such that for each value of 7 there exists a value R(Ti) where
F(RY, 1) = Fy(r)

then o < F;(R, 1) for all R if and only if o < F;(7). We(_r)nak(e_)our mission somewhat
27 4+0y

easier by making a change of variables: let z; := R® and n ;= 7¥1t%2 50

that F;(R;7) = C;7~“1% h;(z;;m)%, where
hi(ziin) = aoz; "+ Boz; T,

and vy; = Qg)/(Qg) + Qgi)). For the rest of this article, we suppress the index i.
We easily find the envelope

_ _ 1—7~
=h — Yl 'y|: Y 1—v ’Y:| 1—~
Yy (n) = agfy (1_7) +( ~ ) '
which leads us to define F(7) := C7~“19h(n)?. If we define 1, := apf; * (1—7)y "2,
then we may write

h(n) = [ooz" ") ~" + Boz ") n' 7,

which immediately shows that the parameterized family of lines y = h(z,n) are
tangent to the concave curve y = h(n) at the respective points (1, h(7,)). Conse-
quently h(z,m) > h(n) for all z > 0 and 7 > 0, which implies that F(R;7) > F(7).
Tracing back through the change of variables we find that F(R,,7) = F(r) pro-
vided we pick R, = z!/(#1+22) where 2 is the solution of 77, = 7112, Going back
to the use of the index i, we see that o < max(F;(7), Fa(7)) where

Fi(1):=Cir 14 [hi(T“’lJr“’?)]Qi = M;r%,
for some positive constants M7 and Mo and with
0; = [(1 — vi)wz — Yiw1] ¢ (4.1)

Therefore, o < max(M;7%, My7%2). Suppose that the exponents ; are negative
and let ¥; := —1/6;,. Then it is clear that 7 < Coo~? for some constant Cj,
provided we take ¥ := min(91,93) and provided o is restricted to sufficiently large
values. Using equation (18) we can compute the values of ;, and then obtain the
following result.
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Corollary 4.1. For each o > 0, let u, be a solution of the problem
up = Au™ 4+ uPtL,
u(z,0) = oug(x)
on RN x [0,T,) where [0,T,) is its mazimum interval of existence. Assume that

0<m<p+1 anduo(z) > K |z|° for some constants § and K > 0, and that the
numbers V1 and ¥ given below are positive:

2(p+ 1)+ N(m—1)lp
2p+ 1)+ N(m—1)+dp(p+2—m)
B (2p+2+Nm—N)(p+1—m)
C2p+ )= Nm—-1)p+1-m)+ép+1-m)(p+2-m)
Then there exist positive constants Cy and g such that
T, < Cyo ™"

9 =

U2

for all o > oy, where ¥ = min(¥1,J2).

Note that in case m = 1 and § = 0, 9 is simply equal to p, agreeing with the
asymptotic result in [7].
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