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DEFORMATION FROM SYMMETRY FOR SCHRODINGER
EQUATIONS OF HIGHER ORDER ON UNBOUNDED DOMAINS

ADDOLORATA SALVATORE & MARCO SQUASSINA

ABSTRACT. By means of a perturbation method recently introduced by Bolle,
we discuss the existence of infinitely many solutions for a class of perturbed
symmetric higher order Schrédinger equations with non-homogeneous bound-
ary data on unbounded domains.

1. INTRODUCTION AND MAIN RESULTS

Let © be an unbounded domain in RY with 9Q smooth, N > 2K and K > 1,

@ and V two functions in suitable spaces. The main goal of this paper is to study
the existence of multiple solutions for the polyharmonic Schrédinger equation

(—A)YEu+V(z)u = g(z,u) +¢ inQ

(2

ov

D’u(x) -0 as|z| — oo
j=0,...,K -1,

)ju =¢; on 0 (1.1)

where v is the unit outward normal to 92, the functions ¢; belong to CX=7=1(90)
and ¢ is a nonlinearity of power type.

Many papers have been written on the existence and multiplicity of solutions for
second order elliptic problems with Dirichlet boundary data, especially by means
of variational methods. In particular, problem (1.1) with K =1, ¢g =0, V =0
and 2 bounded has been studied by many researchers in the last decades. If ¢ =0
and ¢(z,-) is odd, the problem is symmetric and multiplicity results can be proved
in a standard fashion for any subcritical g (see [21] and references therein). On
the contrary, if ¢ # 0 the symmetry is lost and a natural question is whether the
multiplicity is preserved under perturbation of g. Partial answers have been given
in [2, 3, 4, 15, 20, 22] where existence of infinitely many solutions was obtained via
techniques of critical point theory, provided that suitable restrictions on the growth
rate of g are assumed. Roughly speaking, if g(x,u) ~ |u[P~2u the exponent p is
required to be greater than 2 but not too large, that is 2 < p < 2+ ﬁ
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The success in looking for solutions of these problems made quite interesting to
study the case where, in general, the boundary datum ¢o may differs from zero.
This introduces a higher order loss of symmetry, since the functional associated
with the problems contains two terms which fail to be even. In this situation
some multiplicity achievements have been proved in [8, 9, 10, 12, 11] under suitable
stronger restrictions on the growth of g and on the regularity of €2; in particular,
if g(z,u) ~ |u[P~2u, infinitely many solutions have been found if 2 < p < 2 +
%. Finally, for unbounded domains and V' # 0, some results have been recently
established by one of the authors in [18, 19] under more involved assumptions on
the growth of g.

Now, a natural question is whether these results for the second order case extend
to the higher order. If 2 is bounded, some results have been recently obtained in
[13]; in this case, the “critical” exponent for the problem becomes 2+ 25X if ¢; # 0
for some j while it is 2+ N2_71§K (the natural extension of 2+ ﬁ to the case K > 1)
if $; = 0 for any j. In the case where 2 is unbounded and K > 1 no multiplicity
result for (1.1) is, to our knowledge, known. We will show (see Theorems 1.1 and
1.2) that results similar to the second order case hold; in particular, if the Lebesgue
measure of € is finite, we find again the results of [13]. In Corollary 1.3, we give
a multiplicity result when Q = RY. We recall that, in a variational setting, if
is unbounded, these problems also present a lack of compactness due to the failure
of compactness of the Sobolev embedding H*(Q) — L?(Q). In order to overcome
this problem we assume that the function V has a “good” behaviour at infinity so
that the Schrodinger operator (—A)X + V on L?(Q) admits a discrete spectrum
(this may fail, in general, if V(z) — 0 as |z| — oo) and the Palais-Smale condition
can be recovered. If V = 0 our condition reduces to a “shrinking” assumption on 2
at infinity which again allow us to regain compactness and also the discreteness of
the spectrum of (—A)¥. Notice that this last property may fail on general domains
of RN If for instance € is connected with smooth boundary such that

{mGRN:xlz---:a:N,lzo,:vN>O}CQC{xERN:mN>O}

and Oz /0v < 0, then —A admits a purely continuous spectrum (see [16]).

We will actually obtain multiplicity results for a class of higher order operators
more general than (—A)¥. To achieve this we apply a method recently developed by
Bolle, Ghoussoub and Tehrani for dealing with problems with perturbed symmetry
(see [7, 8] for the abstract framework and [11] for some recent generalizations).

To state the main results, let G(z, s) = f(f g(z,t) dt and assume that the following
conditions hold:

(G1) g: QxR — R is a continuous map and g(z, ) is odd.

(G2) There exists § # 0 such that info G(x,5) > 0.

(G3) There exists u > 2 such that for every z €  and every s € R, s # 0,
0 < uG(x,s) < sg(z, s).

(G4) There exist ¢ > 0 and 2 < p < p+ 1, p < K, if N > 2K, such that for
every (z,5) € Q@ x R |g(z,s)| < ¢|s|P~! where K, := 2N/(N — 2K) is the
critical Sobolev exponent.

We also assume

(Al) The operator A is a formally selfadjoint elliptic differential operator of
order 2K with constant coefficients and there exists v > 0 such that for all
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u € C&(Q):

Amul? ifK =2
/Au-uZ'y Jo 18l ) : " (1.2)
Q Jo IVA™u? if K =2m 4+ 1.

(V1) The function V' € C(Q) is such that infq V' > 0 and

1
lim / ——d¢ =0,
lz|—00 J 5 (z)ne (&)

where S(z) is the unit ball of RY centered at z.

Assumption (V1) has been used by Benci and Fortunato in [5] for proving some
compact embedding theorems for weighted Sobolev spaces. It is easy to see that
(V1) holds in particular if V is a continuous function on R which goes to infinity
as |z| — co. As we will see, this assumption implies that the spectrum of A+ V(z)
with Dirichlet boundary conditions in L?(2) is discrete (see Proposition 2.1); from
now on we will denote by (),,) the divergent sequence of its eigenvalues (counted
with their multiplicity). We denote by L?(Q2, V) a suitable weighted L? space (see
Section 2 for further details) and by p’ the conjugate exponent of . Moreover, | B]
stands for the Lebesgue measure of the set B in RY.

Let us now set

,7 2K pu(p — 2)
K B N G T ek — (- D) )
O A p— L k) (1.4)

(n—1)(2Kp—(p—2)N)’
The following are the main results in the case V # 0.
Theorem 1.1. Assume that conditions (G1)-(G4), (A1) and (V1) hold. Let ¢ €
L“/(Q) and ¢; € CK=3=1(0Q) for j =0,...,K — 1. Moreover, suppose that
. An _
nll—>n<>lo nEe RN O (1.5)
Then, the boundary-value problem
Au+V(x)u = g(z,u) +¢ in Q
a .
(a)ju =¢; on o)
Diu(z) — 0 as|z| — oo
j=0,... K1

(1.6)

admits an unbounded sequence of solutions (u,) C HX(Q) N L*(Q,V). Moreover,
the same conclusion holds provided that in place of (1.5) we have

W 2Kp
<
p—p+1 " N(p-2)

under the additional assumption that |Q] < co.

If ; =0 for every 7 =0,..., K — 1, then the previous result can be improved.
Theorem 1.2. Assume that conditions (G1)-(G4), (A1) and (V1) hold. Moreover,
let ¢ € L* (Q) and suppose that

lim M
n—oo nE(P»KyNM)

00. (1.7)
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Then, the boundary-value problem

Au+V(x)u = g(z,u) +¢ in Q
d.\j
(%)uf() on 02

Diu(x) — 0 as |z| — oo
j=0,... K1

(1.8)

admits an unbounded sequence of solutions (u,) C HI(Q) N L*(Q, V). Moreover,
the same conclusion holds provided that in place of (1.7) we have
2K
H < p
p—1 " N(p—2)

under the additional assumption that || < oo.

In general, conditions (1.5) and (1.7) are verified if V' has a fast growth at
infinity and p is greater than 2 but not too large. Notice that in the case |Q| < oo
the potential does not affect the multiplicity range anymore. We now give an
application of Theorem 1.2 when £ = R™ by considering a more particular class
of potentials V' such that the growth of the eigenvalues (\,) of A + V(x) can be
explicitely estimated.

Corollary 1.3. Assume that conditions (G1)-(G4), (A1) and (V1) hold with Q =
RY. Moreover, assume that there exists o > 1 such that

N .
limsuper}R : V(x)<)\}’ < .

N
A—o00 Ao

(1.9)

Then, for every ¢ € L (RN) the problem

Au+V(z)u = g(z,u) +¢ inRY
Diu(z) -0 as |z] — oo (1.10)
j=0,... K—1
admits un unbounded sequence of solutions (u,) C HX(RN)N L2(RN, V) provided

that

a plp —2)N
2K +a " (p—1)(2Kp—(p—2)N)’

In particular, if 1 = p, then (1.10) admits infinitely many solutions for any p €]2, p|
where p is the largest root of the quadratic equation

2(KN + a(N — K))p? — (a(5N — 2K) + 4K N)p + 2aN = 0.

Proof. Denote by N'(\, A+V (z),R") the number of the eigenvalues of A+V(z) in
L?(RY) which are less or equal than A. As proved in [17, Theorem 3], there exists
a constant By, x > 0 such that

N A+ V(). RY) < By g /R (= V)
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for every A. Clearly, by virtue of the positivity of V' and (1.9), for A sufficiently
large we have

/ (0= V() 4) Y/ = / (A= V() V2K
RN {(V(z)<A}

< AMVPENV (2) < A}
< M)\N(ZK+a)/2Ka

for some positive constant M depending on N and «. Therefore, by choosing in
the previous inequality
n \ 2Ka/N(Q2K+a)
v=(57)
M
for n € N sufficiently large we have
A > CON Ko n2Ka/N(2K+a)

being Cn, i, a suitable positive constant depending on N, K and «. The assertion
now follows immediately by applying Theorem 1.2. O

To give an idea of the amplitude of the range ]2, p[, in the following table we list
the values of p for K =1,...,10 corresponding to the dimensions N = 2K + 1.

[a>1] K=1 [ K=2 | K=3 [ [ K=10 |
a=1 || p=2.2310 | p=2.1688 | p = 2.1284 p = 2.0463
a=2 || p=2.3494 | p = 2.2895 | p = 2.2319 p = 2.0901
a=3 || p=24201 | p=2.3786 | p = 2.3161 p=2.1314
a=4 || p=2.4668 | p = 2.4466 | p = 2.3854 p=2.1704
a=>5 || p=2.5000 | p=2.5000 | p=2.4432 p = 2.2072
a=00 || p~2.6929 | p~2.9314 | p~ 3.0514 p =~ 3.2816

TABLE 1. Values of p varying  when K =1,...,10 and N = 2K + 1.

Observe that condition (1.9) holds for example if V' is a positive function verifying
V(z) = |z|® for some a > 1 and for all z € RY | |z| large. If, in particular, V grows
exponentially fast and g = p, then Corollary 1.3 yields infinitely many solutions
for any p €]2, poo[, being poo the largest root of the equation 2(N — K)p? — (5N —
2K)p+ 2N = 0 (see the last row of Table 1). If N = 2K + 1, we get poo — v/2 42
as K — oo.

Note that the condition (V1) holds if and only if for every b > 0
lim [S(z)N | =0, where O ={zecQ: 0<Vy<V(zx)<b}.

(1.11)
|| — o0

Therefore, in the case where the potential function V is identically equal to zero,

we are led to consider the following assumption, which corresponds to a “shrinking”

condition at infinity:

(D1) The domain € is unbounded and
lim |S(z)NQ=0.
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This condition is a necessary and sufficient condition for the embedding of a space
“like” HX () in L?(Q) to be compact; moreover it implies that the spectrum of A
with Dirichlet boundary data consists of a sequence (uy,) of eigenvalues (with finite
multiplicity) having co as the only accumulation point (see Proposition 2.2).

Let k and & be defined as in (1.3) and (1.4). The following corollaries complement
the results of [13] dealing with bounded domains.

Corollary 1.4. Assume that Q is a domain satisfying (D1) and that conditions
(G1)-(G4) and (A1) hold. Let ¢ € L*(Q) and ¢p; € CKI=1dQ) for j =
0,...,K — 1. Moreover, suppose that

e oy AN R (1.12)

Then, the boundary-value problem
Au = g(z,u)+¢ inQ
a .
(a)Ju =¢; ondfd
Diu(z) — 0 as |z| — oo
j=0,....K—1

(1.13)

admits an unbounded sequence of solutions (u,) C H¥(Q). Moreover, the same
conclusion holds provided that in place of (1.12) we have

P < 2Kp
p—p+1  N(p-2)

under the additional assumption that || < oo.

If p; =0 for every 7 =0,..., K — 1, a stronger result holds.

Corollary 1.5. Assume that Q is a domain satisfying (D1). Let o € L' (Q) and
assume conditions (G1)-(G4) and (A1). Moreover, suppose that

. fn
Bl N SR (114)

Then, the boundary-value problem
Au = g(z,u)+¢ inQ
0
(3
Diu(z) — 0 as |z| — oo
j=0,....K—1

J
= Q
) u=0 onod (1.15)

admits an unbounded sequence of solutions (u,) C HI (). Moreover, the same
conclusion holds provided that in place of (1.14) we have

r_ 2Kp
p—1 " N(p-2)

under the additional assumption that || < oco.

In the case where y = p and (2 has finite measure, we compare in the following
table some of the existence ranges for nonzero and zero boundary data when N =
2K + 1.



EJDE-2003/65 PERTURBED POLYHARMONIC SCHRODINGER EQUATIONS 7

[ K>1]3j:¢; #0[Vj:¢;=0]
K—1] p<26666] p<4
K =2 p < 2.8000 p <6
K=3 | p<28571 p<8

K =10 || p<2.9523 p <22

TABLE 2. Comparison between zero and nonzero boundary data

By comparing Table 1 with the second column of Table 2, note how the situation
|2] = oo has a bad influence, with respect to the case || < oo, on the existence
ranges. Finally we stress that under suitable additional regularity assumptions on
Q, ¢; and ¢, by virtue of a special PohozZaev type identity, in the case K =1
Theorem 1.1 and Corollary 1.4, can be improved (see [8, 19]). Unfortunately, it
seems that a similar identity cannot be easily obtained when K > 1. On the other
hand, if ¢; = 0 for every j, the “critical” exponent for our problem seems to be
2+ %, then the results contained in Theorem 1.2 and Corollary 1.5 coincide
with those already stated for K =1 (see [19, Corollary 1.6] if |Q2| = oo and [3, 8, 22]
if |Q] < 00).

2. THE VARIATIONAL FRAMEWORK

Let K > 1 and B C RY smooth. We endow the spaces L*(B) and H¥ (B) with
the norms

/s /
vy = ([ 1) iy = { [ 1+ X[ 10mae}

[u|=K

[[ul

We recall that, by [1, Corollary 4.16], the norm || - ||z« (p) is equivalent to the
standard norm of H¥ (B). Moreover, let H (B) be the completion of C°(B) with
respect to || - || gx(p). Now, we endow H{*(B) with another norm equivalent to

|l - | zx(By- We say that a function u on B is in HE (B) if it is the restriction to B
of a function in HX(RY). We set

”quIK(B) = inf {||v||gx@®y) v € HX(RY), v=uon B}.

It is possible to prove that I?K(B) is a Banach space, HX(B) is continuously
embedded in HX(B) and that the norms |- ”fIK(B) and || -|| g (p) are equivalent in
H(f(B) (see [6]). For the sake of simplicity, if B = 2 we will write ||u|s, ||u| x,2 and
lul| 2 in place of |[ulzs(qy, |ullgx ) and Hu||ﬁK(Q). (From now on, we assume
that the function V satisfies condition (V1). Then, we can consider the weighted
L? space
LA(Q,V) = {u € L*(Q): / V(z)u? < oo}
Q
equipped with the inner product fQ V(x)uv and the Sobolev space

HX(Q, V)= HXQ) N L*(Q,V)
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endowed with the weighted inner product

(u,v)V:/QV(m)qur Z /QD”UD"U. (2.1)

lu|=K
We denote by |||y the norm induced by (2.1). On the other hand, we can consider
the Banach space
HX(Q, V)= HX(Q) N L*(Q,V)

endowed with the corresponding norm || ﬂv = | 'HKQ + Jo, V(z)u? and the subspace
HEQ, V) = HE(Q) N L2(Q,V), where || - ||y and || - ||y are equivalent.

To overcome the lack of compactness of the problem, the following Propositions
are needed.

Proposition 2.1. Assume that ) is an unbounded domain in RY and let V a
function satisfying assumption (V1). Then the embedding H¥ (Q,V) — L2?(Q) is
compact. It follows that the embedding HI (0, V') — L*(2) is compact for every s €
[2, K[ and the spectrum of the selfadjoint realization of A+V (x) with homogeneous
Dirichlet boundary conditions in L?(S2) is discrete.

Proof. If @ = RY in [5, Theorem 3.1] it has been proved that the space HX (RN, V)
is compactly embedded in L?(R%). Small modifications in their proof allow to
extend this result to a general unbounded domain {2 for the space HE (Q,V). For
the sake of completeness we sketch the proof. Let (u,) be a sequence in HX(Q, V)
such that u, — 0 in H5(Q, V). Then, there exists M € R* such that Jo Viz)ug <
M and u,|4 — 0 in HX(A) for every A € g, where

op={A €0, : Aisopen},

om ={A CQ: Ais measurable and |[AN S(z)| — 0 for |z| — oo}.
By virtue of Theorem 2.8 of [6] we have

VA€ oy: H(A) is compactly embedded in L?(A)
and then for all A € oy,
Upla — 0 in L2(A). (2.2)
Our aim is to prove that |ju,|2 — 0. Taking any € > 0, we have
Il = [ vt e [

where, by (1.11), it is ;. € 0y,. A slightly modified version of Lemma 3.2 in [5]
implies that there exists A;/. in og such that Q;,. C A;/.. Hence for all n € N,

funl <eb+ [ u
Al/a

so that, by (2.2), |[un|s — 0. Therefore, HX(Q,V) is compactly embedded in
L?(2). Moreover, by the Sobolev embedding we have HX(Q) — L*(Q) for any
s € [2,K,]. Now, by the Gagliardo-Nirenberg interpolation inequality, for any u
which belongs to L2(Q2) N LE+(Q) it results u € L¥(Q) and |uls < ||u||§_£||uH§(
with L = 156 4+ £ and 0 < ¢ < 1. Hence, the embedding of H{ (2, V) in L*(Q) is
compact for any s € [2, K,[. Finally, since the operator A+ V (x) with homogeneous
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Dirichlet boundary conditions is essentially selfadjoint on C§°(€2), the discreteness
of the spectrum follows arguing as in [5, Theorem 4.1]. O

Proposition 2.2. Assume that 2 is an unbounded domain in RN . Then the em-
bedding HX () — L*(Q) is compact for every s € [2, K.[ if and only if Q) satisfies
the assumption (D1). In particular, if (D1) holds, HE(Q) is compactly embedded
in L*(Q) and the spectrum of A with homogeneous Dirichlet boundary conditions
in L?(Q) is discrete.

Proof. For the first part, see [6, Theorem 2.8]. Then, since A with Dirichlet bound-
ary data is essentially selfadjoint on C§°(f2), the discreteness of the spectrum follows
by repeating the argument in [5, Theorem 4.1]. |

Now, let us denote by ® a solution (which exists by standard minimum argu-
ments) of the following linear problem

Au+V(z)u=0 in Q
a .
(a)ju =¢; on 09
Diu(z) — 0 as |z| — oo
j=0,...,K—1.
Note that the function ® belongs to L!(Q) for every ¢t > 2. Indeed, if we set
Qo ={ze: &(x)> 1}, Qo is bounded since P goes to zero at infinity. Moreover

by the regularity of 9, A, V and the data ¢;, we have ® € L*(K) for each compact
K CC Q (use the interior regularity estimates of [14]). Therefore we have

[wer= [ e + / B <.

Then, the original problem (1.6) can be reduced to
Aw+V(z)w =gz, w +P)+ ¢ inQ
0

— jw =0 on 99
2)

Diw(x) =0 as || — oo
j=0,...,K—1.

More precisely, a function u is a weak solution of (1.6) if and only if u € HE(Q),
u=w + ® and the function w € HI(Q) is such that for all n € HE(Q),

/QAw‘nJr/QV(w)wn:/Qg(fc,w+<1>)n+/gs0n~

Hence, our aim is to state the existence of multiple critical points of the functional

Il(u):%/QAu-u+%/QV(x)u2—/QG(x,u+<I>)—/Q<pu

defined on the Hilbert space Xy = HI(Q,V), endowed with the equivalent inner
product
Ay A™ if K =2
(u,v)x, = / V(x)uv + Jo ATuA™Y 1 "
Q fQ VA"uVA™y if K =2m+ 1.
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We denote by |- ||x, the corresponding norm induced by (-, ) x, . Following the ab-
stract perturbation method that we Will describe in the next section, let us consider
the family of functionals Iy = I(¢,) : Xy — R, 0 <9 < 1, defined by

/Auu+ /V u—/qu+19<I> /ﬁg@u

Standard arguments show that I is a C'! functional and it satisfies

2119 (9,u) = /Qg(x,quﬂq))(I) f/anu, (2.3)

()] = 2L (6, 0)[)

:/QAuer/QV(x)uvf/Qg(ac,u+19<I>)v7/Ql9cpv

for every ¥ € [0, 1] and u,v € Xy.

3. PROOF OF THE RESULTS

To apply the method introduced by Bolle for dealing with problems with broken
symmetry, let us recall the main theorem as stated in [11]. Consider two continuous
functions g1, g2 : [0,1] x R — R which are Lipschitz continuous with respect to the
second variable and with g1 < gs.

Let Jo be a C''-functional on a Hilbert space X with norm | - ||. We say that a
Cl-functional J : [0,1] x X — R is a good family of functionals starting from .J,
and controlled by g1, 02 if J(0,-) = Jp and if it satisfies the conditions (H1)—(H4)
below, where Jy := J(9, ).

(H1) For every sequence (Un,,uy) in [0, 1] x X such that (J (¥, uy,)) is bounded

and lim, Jy (u,) = 0, there exists a convergent subsequence.

(H2) For any b > 0 there exists C, > 0 such that if (J,u) € [0,1] x X then

|Jo(u)| < b implies
oJ
819(
(H3) For any critical point u of Jy we have
50,0 < 020, Jo(w)

9, J, <
00, o(w)) < 5
(H4) For any finite dimensional subspace W of X it results

w)| < Gy (75w + D(Jlul + 1)

lim sup J(V,u) = —o0.
weW, [lull—o0 ye[o,1]

Setting 0;(s) := supyeo 1) |0i (7, 8)| we have the following result [11, Theorem 2.1].
Theorem 3.1. Let 9, < o3 be two velocity fields. Let Jy be an even C'-functional

on X and J a good family of functionals starting from Jy and controlled by o1, 02.
Let X be a Hilbert decomposed as

X = U2 X,

where Xo = X_ is a finite dimensional subspace and (X,,) is an increasing sequence
of subspaces of X such that X,, = X,,_1 @ Re,. Consider the levels

¢, = inf sup Jy,
n hE'Hh(Xp) 0
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where
H= {h € C(X,X): his odd and h(u) =u for ||ul]| > R for some R > 0}.

Assume that, for n large, it is ¢, > B1 + (Bg(n))B where 3 >0, By € R, By(n) >0
and

0i(s) <AL+ Az ls|®, 0<a<1, A, Ay >0.

Then Jy has an unbounded sequence of critical levels if

i B2 _

n—oo  ni-a

Let us now return to our concrete framework. In order to apply the previous
theorem to the functional I(¢},u), we need the following lemmas. In the sequel, we
will denote by c¢; some suitable positive constants.

Lemma 3.2. Let (¥, u,) C [0,1] X Xy be such that for some C >0
[[(On,un)| < C, limIy (un) =0 in Xy.
Then, up to a subsequence, (U, un) converges in [0,1] x Xy .

Proof. Since we have (I} (uy,),un)x, = o(||un|x, ) asn — oo, for every p € ]i, 31,

n

taking into account (1.2), (2.4) and (G3), (G4), for n large it results
C+ pllunllxy = Io, (un) = p(Ij, (tn), un) xy

1
> (53 = P)Allunlly, + (o1 = 1) 1 flun + 021

—cz/ \un+19<1>|f°*1|q>|—/ un +9 @[] — 3
Q Q
where 4 = min{~, 1}. Now, by the Young inequality, for any € > 0 it results
/|un—|—19<1>|p_1\<1>| gg/ |un+19q>|ﬂ+5“,p(s)/ D,
Q Q Q
[+ 08llgl < [ fun 00+ 8,00) [ It
Q Q Q

where we have set

1 p—1
p—1 1\t p—p+1 p—TyrrH p
Bu(e) = - s Buple) = y S= .
B \ER Iz ep p—p+1

Then, fixed € > 0 sufficiently small, it follows that

1 _
Ct pllunllxy > (5= PAunlZ, + (op = 1) er = (c2 + 1) &) [fun + 9|} — s,

which implies the boundedness of (u,) in Xy. Up to a subsequence, it results
U, — u in Xy, which in view of Proposition 2.1 implies that u,, — » in L*(Q2) for
every s € [2, K[ up to a further subsequence. Therefore, since the map

Xy — L e WY o 1) = g(u + 99)

is compact, a standard argument allows to prove that u, — u in Xy . (I
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Lemma 3.3. For every b > 0 there exists B > 0 such that

0
S5 10,u)] < BO+ 1)l )(1+ ulxy)
for all (¥, u) € [0,1] x Xy with |Iy(u)] < b.
The proof of the above lemma follows the arguments in [13, Lemma 4.2].
Lemma 3.4. Let 01,02 :[0,1] x R — R be functions defined as
p—1

—01(0,8) = 02(¥,8) = D(s* +1) = (3.1)

for a suitable D > 0. Then

01(0, Ip(u)) < 2

—1I < 1
ST0,0) < 02(0, T (w)
at every critical point u of Iy. Moreover, if

—01(9,8) = B2(0, s) = D(s* + 1)/ (3.2)

the same holds provided that ¢; =0 for every j =0,..., K — 1.

Proof. Arguing as in the proof of Lemma 3.2 and choosing p = %, we find ¢5 > 0

such that
lu + 0B < e5(13(u) + 1) (3.3)

for every critical point u of Iy. On the other hand by combining (G4) and (2.3),
taking into account that ® € L*/(#=P+1)(Q), we have

o L
]%I(ﬁ,uﬂ < cgllu+ IR0 + ¢ (3.4)

for some cg, c7 > 0 if ¢; # 0 for some j € {0,..., K — 1} and, analogously,
0
|2 10.0)] < cslull, (35)

for some cg > 0 if ¢; = 0 for every j = 0,..., K — 1. Therefore, putting together
(3.3) with (3.4) when ¢; # 0 and (3.3) with (3.5) when ¢; = 0, the assertions
follow. (]

Taking into account conditions (G2) and (G3), the following property can be
easily shown.

Lemma 3.5. For every finite dimensional subspace W of Xy we have

lim sup I(¢,u) = —o0.
H’U,HXVHOO,UEW,ge[O’l]

Let us introduce a suitable class of minimax values for the even functional Ij.
Denote by Xy, the subspace of Xy spanned by the first n eigenfunctions of the
operator A + V(z). Let us consider

¢, = inf sup I,
T R(X)

where, for a suitable constant R > 0, we have set

H={heC(Xy,Xv): hisodd and h(u) = u for |Jul x, > R}.
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Clearly, for every integer n, ¢, is a critical value of Iy and ¢,, < ¢,,4+1. Now, we need
a suitable estimate on the ¢/ s. First, let us point out that by Lemma 3.5 for all n
there exist R,, > 0 such that if ||u||x, > Ry then Iy(u) < Iy(0) = 0. Setting

H,, = {h € C(Dy,Xv): hisoddand h(u) = u for |[ulx, = R},
where D, = {u € X7 : ||lul|x, < Ry}, we deduce that

cp > inf  sup I.
heHn h(D,,)

Arguing as in [15], we have the following result.

Lemma 3.6. There exist b > 0 such that, for every n € N,
_ ] 2Kp— N(p—2)
L > AP IGN) K. N)y=-""¢f£ -\ =

Proof. Fix n € N. By [15, Lemma 1.44] for every h € H,, and p €]0, R,[ there
exists w with
w € h(D,,) NOB(0,p) N (Xp 1)+
Therefore,
max Io(h(u)) > Ip(w) > inf Iy(u) . (3.6)

u€Dnp, w€IB(0,p)N(Xp 1)+
Note that for every u € 9B(0, p) N (X1~ )+ we have Ip(u) > K (u), where
1 c
K(u) = 5 |lull%, - ﬁ||u||§~

By the Gagliardo-Nirenberg inequality there exists cg > 0 such that for all u € Xy,
N(p—2)
2Kp

£ —£ 0 —£
lullp < llulli, lully™ < collulli, lulla™, €=

1/2|

Since u € (X~ 1)t implies [lulla < An'/*|u||x,, , one obtains

1 P
K(u) > =p? — @)\;(1*4)?/2#{

5 m
d-0p

Therefore, by choosing p = p, = ¢ ;" > where ¢ is a suitable positive constant,

we can assume p,, < R, and therefore the assertion follows by (3.6) and the previous

inequalities. U

Remark 3.7. As proved in [13, Lemma 5.2] for bounded domains (see also [22] in
the case K = 1), the following sharp estimate holds for n € N

2pK
Cp > bn@-2N (3.7)

for some b > 0. In our framework, if v,, denotes a critical point of K (u) = 1 ull%, —

2
llully at the level
b, = inf sup K(u
n =l sup (u),
by using suitable Morse index estimates of v,, we can prove the lower estimates
bn, > crolvallh and [Jvp || (p—2)n/2k > €11 n?K/(P=2N On the other hand, if || = oo,

we are not able to compare these norms and get (3.7). If instead § has finite
measure, then (3.7) holds.

We are now ready to complete the proof of the results stated in the introduction.
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Proof of Theorem 1.1. By combining Lemma 3.2, Lemma 3.3, (3.1) of Lemma 3.4,
Lemma 3.5 and Lemma 3.6 the assertion follows by Theorem 3.1 with X = Xy,

-1l =1"lxy, Xn= X:{} = span{vi,...,v,} being v; the j-th eigenfunction of
A+V(z), Bln) = M, B = 2}2’};(7];@;2) and @ = p%l. If || < oo, Remark 3.7
yields the stronger conclusion. O

Proof of Theorem 1.2. Tt suffices to argue as in the proof of Theorem 1.1 using (3.2)

of Lemma 3.4 in place of (3.1), namely a = i O

Proof of Corollaries 1.4 and 1.5. Taking into account Proposition 2.2, it suffices to
argue as for the proof of Theorems 1.1 and 1.2 using Theorem 3.1 with X = HI (1),
-l =1"llx,2 and X,, = span{vy,...,v,} being v; the j-th eigenfunction of A. If
|| < 0o, Remark 3.7 yields the stronger conclusion. O
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