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ON I'-CONVERGENCE FOR PROBLEMS OF JUMPING TYPE

ALESSANDRO GROLI

ABSTRACT. The convergence of critical values for a sequence of functionals
(frn) T-converging to a functional fs is studied. These functionals are related
to a classical “jumping problem”, in which the position of two real parameters
a, B plays a fundamental role. We prove the existence of at least three critical
values for fr, when o and [ satisfy the usual assumption with respect to foo,
but not with respect to fy,.

1. INTRODUCTION

Let (fx) be a sequence of functionals from Hg () to R and fs a functional from
H} () to R. Tt is well known that the convergence of (possible) minima of f, to
those of fo, can be studied in an efficient way by the notion of I'-convergence [7, 13]
(epiconvergence, in the language of [2]).

The problem of the convergence of critical points, on the contrary, is much less
clarified. A certain number of results is available in the literature, dealing with the
case in which fj is ['-convergent to f., and satisfies suitable uniform assumptions
(see e.g. [9, 10, 11] and references therein).

In particular, let us remark that the applications to PDE’s, so far considered,
concern only functionals of the calculus of variations whose principal part is convex.

We are interested in a further case, which is not covered in the literature and
is particularly interesting for critical point theory: that of “jumping problems”. It
can be considered as a perturbation of the functional f.. : H}(Q) — R defined as

/ ZA(OO) )DsuD ju da— 2/( dm——/ dx+/ prudz,

2,j=1 Q

where f < o and ¢, is a positive eigenfunction of — %" D, (AE;O)Diu) with homoge-
neous Dirichlet condition. The simplest type of perturbation, extensively considered
in the literature, amounts to consider

/ZAOO) DuDud:v——/( 2 da

1,5=1 2

t
_8 (uf)de—/ %;hu)dx—k/(bludx,
2 Ja o 0
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where t;, — 400, and

D
lim DyGo(z,5)
|s]—+o00 S

=0.

In such a case, very refined results have been obtained, starting from the pioneering
paper [1], (see e.g. [16, 17, 18, 19] and references therein).
More recently, some results have been obtained when

fnlu /Zam z,tpu)DyuDjudr — /( )2 dx
Q

7,7=1

ﬂ _ Go(l‘ thu
-3 Q(u )2dx—/97t dx +/¢1udf€

h

where t;, and Gy are as above (see [3, 4]). Observe that in this case the principal
part is no longer convex.
Here we are interested in a more general perturbation of the form

/Zah)quuDuda:——/( )2 4

i,j=1 Q2

_8 (uf)zdx—/wd +/¢>1udx.
2 Jo o t

Actually, for the sake of simplicity, we will consider only the case Gy = 0, being
the perturbation of the principal part the most interesting feature.
Let us mention that the result we are interested in, namely the existence of at

least three critical points for fp, is well known if § < u(h) < ,uéh)

p(lh), ugh) are the first two eigenvalues of — )" Dj(AxL)Diu), then

< «, where

(h) _ % (h) _ 4)
SEI_EOOG' (xvs) - SEI—IIOO aij (xvs) - Aij (:,C)

(see [4]). The point is that, under our assumptions, we have § < u(h). But it

may happen that a < ué ) for any h € N (see Example 3.2). Nevertheless, the

hypothesis that o > ps, where ps is the second eigenvalue of fZDj(AZ(-;-X’)Diu)
combined with the I'-convergence of fj to f., is sufficient to ensure, for h large,
the existence of at least three critical points of fj. In some sense, we find a genuine
effect of I'-convergence, which cannot be deduced by the usual study of the position
of 8 and a with respect to the spectrum of — > D; (AE?)Diu). Let us also mention
that a relevant question, in jumping problem, is the position of « and (§ with
respect to the Fucik spectrum (see e.g. [8]). However this seems to be important
mainly for the verification of the Palais-Smale condition, while the persistence of
the geometrical conditions on the functional under I'-convergence is the key point
in our problem.

This paper is organized as follows. In section 2 we recall some notions of non-
smooth analysis and prove a nonsmooth version of the classical “local saddle the-
orem”. In section 3 we present the problem and the main result. Section 4 is
devoted to show some minmax estimates which allow us to prove the main theorem
in section 5.
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2. TOOLS OF NONSMOOTH ANALYSIS

In this section, we recall some by-products of the nonsmooth critical point theory
developed in [6, 12]. Let X be a metric space endowed with the metric d and r > 0.
Let us set B.(u) = {v € X : d(u,v) <7} and S, (u) = {v € X : d(u,v) =7}

Definition 2.1. Let f : X — R be a continuous function and let v € X. We
denote by |df|(u) the supremum of the o’s in [0, 4+o00[ such that there exist § > 0
and a continuous map H : Bs(u) x [0,0] — X satisfying

d(H(v,t),v) <t,  f(H(v,1)) < f(v) —ot,

whenever v € Bs(u) and ¢ € [0,4]. The extended real number |df|(u) is called the
weak slope of f at u.

The following two definitions are related to the notion above.

Definition 2.2. Let f : X — R be a continuous function. An element u € X is
said to be critical point of f, if |df|(u) = 0. A real number c is said to be a critical
value for f, if there exists a critical point u € X of f such that f(u) = ¢. Otherwise
c is said to be a regular value of f.

Definition 2.3. Let f : X — R be a continuous function and ¢ € R. The func-
tion f is said to satisfy the Palais-Smale condition at level ¢ ((PS). for short), if
every sequence (up) in X with |df|(un) — 0 and f(up) — ¢ admits a subsequence
converging in X.

The next result is an adaptation to a continuous functional of the classical local
saddle theorem (see e.g. [17]).

Theorem 2.4. Let X be a Banach space and f : X — R be a continuous function.
Assume that there exist two closed subspaces X1, Xo of X with dim X; < 400 and
X = X168 Xo. Let ug € X and Uy,Us be two bounded neighborhoods of 0 in
respectively X, and Xy with Us convezr. Suppose that

sup f(uo + 0Uy) < a = inf f(ug+Us), b=sup f(uo + U1) < inf f(ug + 0U2),
and [ satisfies (PS). for any ¢ € [a,b]. Then there exists at least a critical point
for fn f~1([a,0]).

Proof. Without loss of generality, we can suppose uy = 0. We argue by contradic-
tion and assume that there are no critical values for f in [a,b]. Since f satisfies
(PS), for every ¢ € [a, b], it is readily seen that, for some € > 0, there are no critical
values for f in [a — e, b] and that f satisfies (P.S), for any ¢ € [a —¢,b]. By [6, The-
orem 2.15] or [5, Theorem 1.1.14] there exists a continuous map 7 : X x [0,1] - X
such that

n(u,0) =u VuelX,
n(u,t) =u Vtel0,1],Vu € f7°,
n(u,1) € f*7° Vue f°,
f(n(u,t)) < f(u) VEe[0,1], YueX.

Since Uy C fb, n(U; x {1}) C f%¢. On the other hand, since f*=¢ N Uy = 0, it
follows that o o
2T x (1) N T =0, (21)
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Now consider the continuous map
O:[-1,1]xU; — RxX;
(87 u) = (pUz (P277<u’ 1)) + s,Pm(u, 1))
where P; : X — X; (i = 1,2) are the projections of X onto X; and py, :
X2 — [0,+00] is the Minkowski functional associated with Us. Since (0,0) ¢
® (0(] — 1,1[xUy)), the Brouwer degree (see e.g. [14])
deg (®,] — 1,1[x U4, (0,0))

is well defined. Moreover the continuous function defined by

H((s,u),t) = (pu, (Pan(u, t)) + s, Pin(u,t))
is a homotopy between the identity map and .
Since (0,0) ¢ H (0(] — 1,1[xUy) x [0,1]), it follows that
deg (®,] — 1,1[xUy,(0,0)) = 1.
Therefore, there exists (s,u) €] — 1,1[xU; such that ®(s,u) = (0,0). Hence we
1

have n(u,1) € X3 and py,(n(u,1)) = —s, namely py,(n(u,1)) < 1. Therefore,
n(u, 1) € Uy and we have

N x {1}) N0z # 0
which contradicts (2.1). O

Let us recall the notion of I'-convergence (epiconvergence in the language of [2])
from [13].

Definition 2.5. Consider a topological space X. For any h € N U {400}, let
gn : X — RU {400} be a function. According to [2, 13], we write that

Joo = F(Xi) li}ILngh

if the following facts hold:
(i) if (up) is a sequence in X convergent to u, we have goo(u) < liminfy, g (up);
(ii) for every u € X, there exists a sequence (up) in X convergent to w such
that goo(u) = limy, gn(up).

3. POSITION OF THE PROBLEM AND MAIN RESULT

Let Q be a connected bounded open subset of R™ (for the sake of simplicity we
suppose n > 3). We assume that, for every h € N, the functions al(?) T OXxR->R

and the function Ag;o) :Q — R (1 <14,j <n) satisfy the following conditions:
(Al) Forall s € R, aE?)(~, s) and AE;O)() are measurable; for a.e. = € Q, az(?)(m, )
: 1. (h) _ ) ()
is of class C"; for a.e. © € Q, Vs € R, a;;° (v, 5) = a;;"(z,5), 4;;(x) =
A ().
(A2) There exists C' > 0 such that for each h € N, for a.e. z € Q, for all s € R,
forall £ e R™" 1 <14,5 <mn,

V@) <0 AP @0 | Y sDal @ s)s| < Clel.

ij=1
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(A3) There exists v > 0 such that for each h € N, for a.e. x € Q, for all s € R,
for all £ € R™,

§:amx5@§>ym2 E:AW )& > Vel

7,7=1 7,7=1

(A4) For each h € N, there exists Rj, > 0 such that for a.e. z € Q, for all s € R,
for all £ € R"”,

|s|> Ry = > sDiall (z,5)€:&; > 0.
ig—1

(A5) For a.e. z € Q, assume that

lim o (z,5) = lim_af(z,5) = AF (@)

s—+00 §——00
(observe that by (A4) such limits exist).

(A6) For all h € N there exists uniformly Lipschitz continuous bounded functions
¥+ R — [0,400] such that for a.e. x € Q, for all s € R and for every

£eR”
Z SDSGE?)(I, 5)€i€j < 251y, (s) Z az(?) (2, 8)&;-
ij=1 ij=1

Also assume that

/ Z A(Oo) )D;juDjudx

7,7=1

(3.1)
=T'(w— H (D hm/z ()quuDudx
ij=1
where w — H}(Q) denotes the space HJ(2) endowed with the weak topol-
ogy. Let pup, ,uk) denote the eigenvalues of respectively the operators
—->.Dj;(A OO)D ;u) and — > D; (AE?)DZ'U) with homogeneous Dirichlet con-

dition and ¢, ,(C ) the corresponding eigenfunctions. It is well known (see
[15]) that ¢ € H} (Q) NL>(Q)NC(Q) and that we can take ¢ (x) > 0 for
every z € Q and [, ¢7 dx = 1.

(A7) Assume that limj, ,u( ) = = p.

Our purpose in this article is to study the existence of weak solutions of the
family of problems:

fZD (h)muDu ZDa(h)quuDufau — pBu” — ¢1,
1,7=1 i,j=1 (32)

u € Hy(9),

where «, 3 are two real numbers, u™ = max{u,0}, v~ = max{—wu, 0}.
Under the assumptions above, we shall prove is the following result.

Theorem 3.1. Assume that 3 < p1 and o > pz. Then there exists h in N such
that for all h > h, the problem (3.2) has at least three weak solutions in H} ().



6 ALESSANDRO GROLI EJDE-2003/60

For o > ,ug , this result corresponds to [4, Theorem 1.1]; however our assump-

tions do not imply that o > ug (M) for large h. As the following example shows, it

may happen that uy < ,ug ) (and hence E]uz,ug D.

Example 3.2. Let ©Q =]0, 7] and define the functions ag»l) (x,s) such that: for
z €0, 3,

o™ (2, 5) = V0ij(x) s €] = h, R,
EA Sij(x) s € R\ [~2h,2h];

for x €]5, 7|

o™ (3, 5) = {néij(x) s €] = h,hl,
tig A 5ij(x) s €R\[~2h,2h],

where 6;;(z) =1 ifi =7, 0;i;(x) =01if i # j and v,n € R. Then, AE?)(x) = 0;;(x).
The eigenvalues u ) of the Dirichlet problem
—u" = pu,

u(0) = u(w) =0,

are u,gh) = k2, for all k > 1. On the other hand, all the assumptions of Theorem
3.1 are satisfied with

A(OO)(LU) _ ’}/51'3'(33) O<x< g,
ndij(x) 5 <z <.

Hence, the eigenvalues py of the Dirichlet problem

= (AET)(x)U’y = pu,

u(0) = u(mr) =0,
for n such that
1
\/>7T = arctan \/5,
n4
and v = 4n, are pu; = (M — 1 and since arctany/5 > arctan /3 = 3, it follows
that )
B wfarctan\/g A (h)
H2 = arctan \/5 — K2

4. MINMAX ESTIMATES
We introduce the functionals f, foo, foo : HY(Q) — R,

/ Z a” (z,u)D;uD; udx——/ dx—é/ dx+/ Prude,

i,=1

/ZA(OO) )DyuDju dz— 2/ 24 5/ dx+/¢>1udx

3,7=1

/ ZA(OO) )D;uD; ud:v—i/u dx+/¢1udx
Q

2,j=1



EJDE-2003/60 ON I'-CONVERGENCE 7

For later use, we also introduce gy, goo : Ha(£2) — R as the “principal parts” of f
and foo:

1 n
gn(u) = 5/9 Z ag-l)(x,u)DiuDju dz,

ij=1

L[~ 40

1,7=1
The following theorem provides a fundamental connection between the above
abstract notion of weak slope and the concrete notion related to our problem.

Theorem 4.1. Let u € H(Q) be a critical point of f,. Then, u is a weak solution

of (3.2).

The proof of this theorem can be found in [4, Corollary 2.8].
To apply the local saddle theorem, we shall need two ingredients: the Palais
Smale condition and some minmax estimates.

Theorem 4.2. Let 3 < py < a. Then, for all a,b € R there exists h € N such that
fn satisfies (PS). for all h > h and every c € [a, b).

Proof. In view of assumption (A7), f < ugh) < « eventually, so we can apply [4,
Theorem 3.1] and deduce the assertion. (]

For the rest of this article, we shall consider 8 < p1 and pr < a < ppy1 with
k > 2. Define

- ¢
(bl = ! )
o — 1
Hy, :Span{¢17"' a¢k}7 Hli_ :Span{¢k+la"’}'
Let v, ..., ¢, € C(§2). Consider the space
Hy, = span{¢y, -, Pp}.

If 4, ..., 1 are sufficiently close in the Hi—norm to ¢o,..., ¢y, then H(Q) =
H.oH ,j- Moreover, since ¢, is a critical point for f.., it is readily seen that

Vp>0:  Sup  foo < foo(dy): (4.1)
Hkmsp(¢1)

Lemma 4.3. There exist ¢,p > 0 such that for all u € Hyn B,(¢y) the condition
u(x) > ey (x) holds a.e. in Q.

Proof. Tt is sufficient to recall that infx ¢; > 0 for every compact subset K of
Q. O

Lemma 4.4. There exist ug, ..., um € Hy such that if S = conv{ug,...,um}, then
S is a neighborhood of ¢, and

sup {foo(u) ‘u e S} < foo(gl)v
sup { foo(u) : u € 9, S} < foo(B):



8 ALESSANDRO GROLI EJDE-2003/60

Proof. If p is as in Lemma 4.3, recalling (4.1), we have
sup { foo (1) : u € By(3) N Ay} < foc(B1),
sup { foo(w) s w € (By(6:1)\ By (61)) N Hr} < foo(@1).

The assertions follow easily. [

Lemma 4.5. Let S be as in Lemma 4.4. Then, there exists R > 0 such that, if
u€ H,NS and

up, — u weakly in Hy(Q),  fa(un) — foo(u),
then lim supy, [lun || g1 o) < R.
Proof. Fix u € ﬁk N S. In view of (3.1), there exists a sequence (uy) such that
up, — u weakly in H}(Q) and f5(up) — foo(u). Eventually we have

Fn(up) < sup{foo(u) :u € Hy NS} +1.

Moreover we have

liin{—g/ﬂ(u;fdx—g/ﬂ(uh)de—k/Q(bluhdm}

:_%/Q(zﬁ)zdx—g/g(u_)2dx+/gqb1udx.

Therefore, g (up), the principal part of fr(up), is (eventually) bounded. Hence,
using (A3), we deduce the assertion. O

Let now X; be the eigenspace associated to ugy1 and Xo = span{¢yya,...} so
that
Hi = X, ® Xo.

Proposition 4.6. Let R be as in Lemma 4.5. Then there exist a finite dimensional
space X1 C C(Q), p1 > 0 and p2 > R such that

Hy () = Hy & X1 & X, (4.2)
lim inf [inf { Fa@y +u)iue 821@)(2@” > fool®1), (4.3)
limhinf [inf { fa(d) +u) 1 u € Q}] > fos(dy), (4.4)

where @ = ()?1 N B, (0)) + (Xg NnB,, (O))
Proof. Since k + 1 > 2, there exists p; > 0 such that
YwoeXi: ¢ +v>0= ||”||H3(Q) < p1.

Moreover, there exists ps > R such that

@) < 5= [ IDG0P =5 [ @02 dot [ 0G0 e, (@5)

for every v € X1 N B, (0). We prove (4.2). Let {¢1,...,¢;} be a L2—orthonormal
basis of X; and consider a sequence {Lp,(ﬁ)} (m = 1,...,1) in C(Q) such that
Lpsi) — @m in H}(Q). Let

~

X = spanf{pl”, ..., 0"}
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Eventually as s — 400 we have
HY Q) =H, e X o X,
For proving (4.3) we argue by contradiction. Suppose that, up to a subsequence,

lignfhs (61 + vs +ws) < fw(al)v

with uy = vg +ws € 8§§s) o XQQ. Up to a further subsequence, us weakly converges
to some u. Then vy — v € X;, while ws — w weakly in X5, where u = v + w.
Using (3.1) we deduce that fm@l + v+ w) < fooldy +v+w) < fool(dy). B
definition of X; and X5 we have w = 0 and foo (1 +v) = foo(¢y +v), namely that
¢, +v > 0. By the choice of p;, we have [v][ 2 (@) < p1. Therefore [[vs|[ 1) < p1
and ||ws|| g1 o) = p2 eventually. Using (A2) and (A3), we get

o (61 +us)
:fh (61 + v +ws)

/Qza (2,61 + us) Di(B) + ) D; (B, +v,) da

ljl

/ Z a(h ! (2,01 +us)Di(P, +vs)Djws dx

7,7=1

/Za (z, ¢, + us)Diws Djws dx

1,7=1

_%/(@1-&-%) dm——/ (fy +us)™ d$+/¢1 01 + us) dx

1
E/Za (z, 1 + us)Diws Djws dx

i,j=1

_7/522‘1 (x,¢1 + us)Di(¢y + vs5)Dj(6; + vs) dz

i,=1

- - 2 p - —\2 -
=5 L@+ u P ae=5 [(@ru) et [ 616+ ds
2 [1Dwpde =G [ 1D@ +w)Pde -5 (G w) P

Y

ﬂ ((¢1 +us)” d:c+/ G1(¢y + us) da
= §<p2> =5 [10Gi+ o de =5 (@ +u) i da
g (g + us)™ da:—|—/ b1(py + us) dx

Hence, as s — 400 we have

Fo(@1) = Z(p2)? ——/\D¢1+v)\2dx—f/<¢1+v dat [ 613 +v)do

»Mt
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which contradicts (4.5). Finally let us prove (4.4). Since
@)= inf f, (46)

5169()?1@)(2)

the assertion follows. O

Lemma 4.7. For any u € Hy,\ {0} there exists a sequence (up) C HE(Q) such that

(un —u) € Hy ® X, (4.7)

Up — U weakly in H(% (Q>7 fh(uh) - foo (’U,), (48)

VheN: “”67_“ eLo(Q), Y L0 in LoQ). (4.9)
1 1

Proof. Fix u € Hy \ {0}. In view of (3.1), there exists (@) such that
@y, — u weakly in Hg(Q), lim £ () = foo (). (4.10)

Consider a strictly increasing sequence (hy) C N such that
1— 1
Vh > hiy: L"({z € Q: |ap —ul > %d)l}) <
where L™ denotes the Lebesgue measure. Set

2 ifh<h1,
En = 1 .
% lfhk§h<hk+1
Then e > 0, &, — 0 and L™ ({z € Q: | —ul > endy }) < £ if by < h < By

In particular B

lim L™ ({z e Q:lap —ul >end, }) =0. (4.11)
Consider now ~ B

ap = u+ [((an —u) V (=end1)) A (endr)] ,
and denote by II % the projection on X 1 associated to the decomposition (4.2). Let
vp = Mg (4p —u), then
Up, = Up, —H)A(l(’lih —u) = Up + vp.

satisfies all the requirements (4.7)-(4.9). _
Requirement (4.7) is straightforward. Furthermore, since |u, — u| < ¢, a.e.
in 2, (4.9) follows. Since @, — u weakly in HZ(Q2), then v, — 0 strongly and

up, — u weakly in Hg(Q). To show that fi(un) — foo(u), it suffices to prove that
gn(u) — goo(u), namely that

hm / Z a(h) (x,un)DjupDjup de = / Z A(OO) )DiuDjudz.  (4.12)

i,j=1 i,7=1

We obtain (4.12) by combining the two following facts:

hm / Za (@, up)DjupD; uh—Za (@, un)D;upD; h]dx:O (4.13)
1,j=1 i,j=1
and

hm / Z (h) (x,an)Dsup Dty de = / Z A(OO )DjuDjudz.  (4.14)

i,j=1 i,j=1
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Now we prove (4.13). We have
ol )(x up)Diup Djup, — a(;l) (@, p)DiupDjup
all (2, un) Dy (i, + vp) D (i, + vn) — al (x, @) Dyiiy, Dyity, =
= [agjh)(a:, up) — ag;b) (x, p)]Ditn, Dy, + Zan)(x, up)DiupDjvy,
+ al(-?)(a:, up)DjvpDjvy,.

Clearly, by assumption (A2),

hm/ Z a;;’ (z,up)DyupDjvpde =0,
i,7=1

hm/ Z a;:’ (z,upn)DyvpDjvpde = 0.

i,j=1
On the other hand, there exists ¢ €]0, 1] such that
lafy (@ un) = aff (@, 1)) = Doy (2w + on)on = Daaly’ (@,u + 0y + don)on,
where 77 € R and we have used (4.9) in the last identity. Since there exists dp > 0
(6, — 07) such that

| < Onlu + 0oy + Yunl
using (A2), we deduce that

h

hence (4.13) holds. To prove (4.14) denote by xr the characteristic function of a
set F'. We have

/Zah)xuh D;upDjuy, dx

3,5=1
n

/ Z (@, tn)D;sup Dyt do
{x:|ap—u|<eng; Vi

DN | =

n

1 _ _
+ 5/ Z (z,u+engy)Di(u+endy)Dj(u+endy) d
{2:(@n—u)>en by}

1 = - -
+ 5/ Z (z,u —end1)Di(u — endy) Dj(u — enpy) da
{@:(in—u)<—endy} ; =

< / ( )(a: ap)DiupDjuy, dx

DN | =

(h) (,u+ endy) Di(u + endy) Dj(u + nd1)X (4. (—uy>endy} 42

l\D\»—t

HM3 HM3 &

/
>

Z U—€h¢1) (U—E:h(bl) (u_€h¢1)X{z (ap—u)<— €h¢ }d$

l\D\»—t
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Using (4.10) and (4.11) we deduce
hmsup / Zah)xuh DuhD up dr < = / ZA” DuD udx.
i,j=1 ,j=1

Assumption (3.1) gives us the conclusion. O

Theorem 4.8. Let m € Z*. For all r,e > 0 there exists § > 0 such that if
Ug, -+, U € Hy N By(¢1) and

Vi=0,...,m: essinfgﬁ > e,
1
ug»h) —u; (as in Lemma 4.7), (4.15)
sup {”u: Y lloo : u,v € conv{ug, .. .,um}} <9,
1
then
lim sup {sup {fh(vh) Ty, € conv{u(()h), e ,uﬁ,ﬁ?}}}
h (4.16)
< sup{ foo(u) : u € conv{ug,...,un}t}t +e.
Proof. Let r,e >0, ug, ..., um, (u; (h )) be as in (4.15). Since ugh) — u; strongly in
L?(Q), then it is sufficient to prove that
lim sup {Sup {gh(vh) Jup € conv{u((Jh)7 ce %L)}}}
h (4.17)
< sup {goo () : u € conv{ug, ..., umn}} +e.

where g, and goo are respectively the “principal parts” of fa, fe.
Consider fi, : H}(Q2) — R defined by

/Za” x,uo)D;uDjudx.
i,5=1

It is readily seen that fh is convex. Therefore to prove (4.17) it suffices to verify
that

. = 5
lim sup {sup {|gh(vh) — fn(vp)| :vp € conv{uéh), ce uﬁff)}}} <3 (4.18)
h
Of course, if vj, € conv{u(h) e uS,’:)} we have
gn(vn) — fh (vn) / Z ( )(:E uo)} D;vpDjvy, de. (4.19)
4,j= 1
It is not difficult to see that, if v, € conv{uéh), ceey ugf)}, then there exist § > 0,

¢ d,ep, € L®(Q), with essinfqc > €, ||d]|oo < ¢ and ||ep]|oc — 0 such that
vp =ug+ (d+ep)p, = (c+d+ep)d,.

By Lagrange Theorem, there exists 0 < n < 1 such that
(h) alh )(

Q5 (2, 0n) —

=6 (d+ esta;) (z, (c+n(d +en))e)

Z,up)
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_ (d—l—eh)
c+n(d+ep)

Therefore, if ¢ is small enough, by using (A2), we deduce that

limhsup ||a1(?) (z,vp) — ag-l) (2, u0)||0o

((c+m(d+en))dy) Deall (z, (c+n(d+en)) ;).

is also small. Since foo is bounded in Hy N B,.(¢,), we can assume without loss of
generality that (eventually)

fh( )<Sup{foo( ) UEﬁkﬂBr(al)}—Fl.

So, in view of (A3) we may deduce that ||u§h)||Hé is bounded; hence also [[vp]| g2

is bounded. By using all these facts in (4.19) we obtain that, for § small enough,
(4.18) holds. O

Remark 4.9. We point out that Theorem 4.8 is still valid if, in (4.15), we replace

assumption essinfg %—] > ¢ with esssupg, %—J < —e.
1 1

Now, let S be as in Lemma 4.4 and @ be as in Proposition 4.6. Let also € > 0.
We can suppose that

sup {foo(u) Su € aﬁks} < foo(By) — 2¢, (4.20)

lim in [inf { Fu@y+u)ue 85(1@)(2@” > foo(By) + 2¢. (4.21)

For r = p where p is introduced in Lemma 4.3 and ¢ given as above, take 6 > 0 as
in Theorem 4.8. Let now
N
s=Js;

j=1
where S; are the convex sets generated by the points u(]) .. (j) € Hk N B.(¢,),
such that
sup{|| ||oo u,v € S;} <é.
b1
For k = 0,...,m, we consider (u,(j )h)h the approximating sequence introduced in

Theorem 4.8 and let
U conv{u0 H m)h}
Jj=1

Proposition 4.10. Take € as above, then there exists h € N such that for every
h > h we have

sup frp < _inf fr, bi=supfu < foo(dy) +¢

Py, ¢,+0Q Py,
sup fr, < _inf fp, a1 = _inf frp > foo(dy) —
Py b1 +Q $1+Q

Proof. By (4.21) and (4.4) we deduce that there exists h; € N such that for every
h > hy

_inf fh>f00($1)+5a _inf fh>f00($1)_
¢1+0Q ¢1+Q
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Using Lemma 4.4, Theorem 4.8 and (4.20) we see that there exists ho € N such
that for every h > ho we have

sup fi < foo(¢1) +€, sup fn < foo(¢y) — €.
Py oP,

The assertions follow, taking h = max{hy, ho}. O

Theorem 4.11. For every ¢ > 0, there exists h € N such that for all h > h, the
functional fr has a critical point uéh) with

() = foo(@1)| <& (4.22)

Proof. Let ITy : H}(Q)) — Hy, be projection induced by the decomposition HQ) =
I;Tk D ()?1 @ X5). Then, for h large, the restriction of II; to P, is an injective
map with inverse Lipschitz continuous and such that z — II; (z) € X 16 Xy, Let
©n - ﬁk — )21 @ X2 be a Lipschitz continuous function such that

I (z) + on(Il1(z)) == Vz € P.
If &, : H}(Q) — HE(Q) is defined by ®p(x) = o5, (111 (x)) + 2z, then &y, is a Lipschitz

homeomorphism with inverse Lipschitz continuous. Moreover,

D), (II1(x)) =2 VYa € Py.

Define f, = fy o ®,. Clearly, f, satisfies (PS). if and only if f, satisfies (PS)e;
furthermore u(®) is a critical point of f), if and only if ®;,(u(®) is a critical point
of f;. Using Proposition 4.10, it follows that

sup fr<_ inf  fi,
Hl(Ph) ¢1*<Ph,(¢1)+6Q

sup ];;L < inf ]Th
111 (0Pn) é1—¢n(91)+Q

We have

ay= inf fr=_ inf  fu, bi=supfy= sup fi.
61+Q $1—pn(d1)+Q P, 14 (Pr)
By Theorem 2.4, we deduce that there exists a critical point ﬁgh) for ﬁl with
fh(ﬂéh)) € [a1,b1]. Therefore, there exists a critical point uz())h) for f;, with fh(uéh)) €
[a1,b1]. Proposition 4.10 now gives (4.22). O

5. PROOF OF THE MAIN RESULT

Theorem 5.1. Let 3 < py and o > po. Then, there exist h € N, ¢ > 0 such that

for all h > h, the functional fj, has at least two critical points ugh), u(Qh) with

Fn@i™) < @) < foo(dy) — <.

Proof. First of all, let us point out that from the definition of f., and hypothesis
on « and f, it can be easily seen that there exists p > 0 such that

®1
5—M1).

in(fl foo>.foo(

B—m1

S
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By [4, Lemma 4.1], there exist a continuous curve v : [0,1] — H}(Q), € > 0 such

that

_ o
B—p’

The same argument of [3, Theorem 4.2] shows that there exists h € N such that for

all h > h
. o
sty T (725)

V(1) € Bo(22 ), sup foulr(s)) < Foo(By) .

Y 0 A
© B — s€[0,1]

On the other hand, the argument used in the proof of Theorem 4.8 allows us to
build a polygonal curve ~y;, with

¢ ¢ -
Mm(0) € B, (1 c mW) € By(5—), sup fu(un(s)) < fool(Gr) —e.
B — B — s€[0,1]
In view of (A7) we can follow the same argument used in the proof of [4, Theorem
4.2] and deduce the assertion. (]

Proof of Theorem 3.1. By Theorem 5.1 and Theorem 4.11 we deduce that for h > h
the functional f), has at least three critical points. Hence, by Theorem 4.1, when
h > h, problem (3.2) has at least three distinct weak solutions. O

Acknowledgment. The author wishes to thank the anonymous referee for his/her
insightful comments on this paper.

REFERENCES

[1] A. AMBROSETTI, G. PRODI, On the inversion of some differentiable mappings with singulari-
ties between Banach spaces, Ann. Mat. Pura Appl. 93 (1972), 231-247.

[2] H. ATTOUCH, Variational convergence for functions and operators, Applicable Mathematics
Series, Pitman (Advanced Publishing Program), Boston, Mass. London, 1984.

[3] A. CaNINO, On a jumping problem for quasilinear elliptic equations, Math. Z. 226 (1997),
193-210.

[4] A. CaANINO, On the existence of three solutions for jumping problems involving quasilinear
operators, Topol. Methods Nonlinear Anal. 18 (2001), 1-16.

[5] A. CaniNOo, M. DEGIOVANNI, Nonsmooth critical point theory and quasilinear elliptic equa-
tions, Topological Methods in Differential Equations and Inclusions 1-50 - A. Granas, M.
Frigon, G. Sabidussi Eds. - Montreal (1994), NATO ASI Series - Kluwer A.P. (1995).

[6] J. N. CorvELLEC, M. DEGIOVANNI, M. MARZOCCHI, Deformation properties for continuous
functionals and critical point theory, Top. Meth. Nonl. Anal. 1 (1993), 151-171.

[7] G. DAL MAsoO, An introduction to I'-convergence, Progress in Nonlinear Differential Equa-
tions and their Applications, 8. Birkhuser Boston, Inc., Boston, MA, 1993.

[8] E. N. DANCER, On the Dirichlet problem for weakly non-linear elliptic partial differential
equations, Proc. Soc. Ed., T6A. (1977), 283-300.

[9] M. DEGIoVANNI, Homotopical properties of a class of nonsmooth functions, Ann. Mat. Pura
Appl. (4) 156 (1990), 37-71.

[10] M. DEGIOVANNI, A. MARINO AND M. T0sSQUES, Evolution equations with lack of convexity,
Nonlinear Anal. 9 (1985), 1401-1443.

[11] M. DEGIOVANNI, J. EISNER, Stability of essential values under G—convergence, Ricerche Math.
49 (2000), 319-339.

[12] M. DEGIOVANNI, M. MARZOCCHI, A critical point theory for nonsmooth functionals, Ann.
Mat. Pura Appl. (4), 167, (1994), 73-100.

[13] E. DE Gioral, T.FRANZONI, Su un tipo di convergenza variazionale, Atti Accad. Naz. Lincei
Rend. CI. Sci. Fis. Mat. Natur. (8) 58 (1975), 842-850.

[14] K. DEIMLING, Nonlinear functional analysis, Springer Verlag, Berlin, 1985.



16 ALESSANDRO GROLI EJDE-2003/60

[15] D. GILBARG, N.S. TRUDINGER, Elliptic Partial Differential Equations of Second order,
Springer, Berlin, 1983.

[16] H. HOFER, Variational and topological methods in partially ordered Hilbert spaces, Math.
Ann. 261 (1982), 493-514.

[17] A. MARINO, A. MICHELETTI, A. PISTOIA, Some variationals results on semilinear elliptic
problems with asymptotically nonsymmetric behaviour, Nonlinear Analysis. A tribute in
honour of Giovanni Prodi Scuola Normale Superiore, Pisa (1991), 243-256.

[18] A. MARINO, C. SACCON, Some variational theorems of mixed type and elliptic problems with
jumping nonlinearities, Annal. Sc. Norm. Sup. di Pisa, (3-4) 25 (1997), 631-665.

[19] S. SoLIMINI, Some remarks on the number of solutions of some nonlinear elliptic problems,
Ann. Inst. H. Poincaré Anal. Non Linéaire 2 (1985), 143-156.

ALESSANDRO GROLI
DEPARTMENT OF MATHEMATICS, UNIVERSITY OF BRESCIA, VIA VALOTTI 9, 25133 BRESCIA, ITALY
E-mail address: alessandro.groli@ing.unibs.it



