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EXISTENCE OF POSITIVE SOLUTIONS FOR SOME
POLYHARMONIC NONLINEAR BOUNDARY-VALUE
PROBLEMS

HABIB MAAGLI, FATEN TOUMI, & MALEK ZRIBI

ABSTRACT. We present existence results for the polyharmonic nonlinear ellip-
tic boundary-value problem
(=A)"u = f(-,u) in B
(ﬂ)juzo ondB, 0<j<m-—1.
ov

(in the sense of distributions), where B is the unit ball in R™ and n > 2. The
nonlinearity f(z,t) satisfies appropriate conditions related to a Kato class of
functions Ky n. Our approach is based on estimates for the polyharmonic
Green function with zero Dirichlet boundary conditions and on the Schauder
fixed point theorem.

1. INTRODUCTION

Boggio [3] gave an explicit expression for the Green function G, ., of (—A)™
on the unit ball B of R™ (n > 2), with Dirichlet boundary conditions (%)j u =0,
0 < j<m—1. In fact, he proved that for each z,y in B,

eyl o 1)ym=1

Gmn(2,y) = kmnle — ylzm‘”/‘w‘ (U dv (1.1)
1

vnfl
where a% is the outward normal derivative, m is a positive integer, k,, ,, is a positive
constant and [z,y]? = |z — y|*> + (1 — |z|*)(1 — |y|?), for z,y in B.

Hence, from its expression, it is clear that G,, . is positive in B?, which does
not hold for the Green function of the biharmonic or m-polyharmonic operator in
an arbitrary bounded domain (see for example [7]). Only for the case m = 1, we
have not this restriction.

Grunau and Sweers [8] derived from Boggio’s formula some interesting estimates
on the Green function G,, , in B, including a 3G-Theorem, which holds in the case
m = 1 for the Green function Ggq of an arbitrary bounded C':'-domain Q (see [5]
and [21]).
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When m = 1, the 3G-Theorem has been exploited to introduce the classical Kato
class of functions K, (£2), which was used in the study of some nonlinear differential
equations (see [15, 20]). Definition and properties of the class K, () can be found
in [1, 5.

Recently, Bachar et al [2] improved the inequalities of Grunau and Sweers [8]
satisfied by G, , in B. For instance, they gave a new form of the 3G-Theorem (see
inequality (1.2) below and its proof in the Appendix).

Theorem 1.1 (3G-theorem). There ezists Cy, n, > 0 such that for each x,y,z € B,
we have

Grn(2,2)Gmn(2,y)
Gm,n(xa y)

where §(x) =1 — |x|.

< Cm,n[(i)me,n(xaz) + (7)me,n(y7'Z)L (1.2)

When m = 1, this new form of the 3G-Theorem has been proved for the Green
function G in an arbitrary bounded C'''-domain ©, by Kalton and Verbritsky [11]
for n > 3 and by Selmi [18] for n = 2.

In [2], the authors used this 3G-Theorem to define and study a new Kato class
of functions on B denoted by Ky, := Ky n(B) (see Definition 1.2 below). In the
case m = 1, this class was introduced for a bounded C'!-domain Q in R"™, in [16]
for n > 3 and in [13] and [19] for n = 2. Moreover, it has been shown that K7 ,,(2)
contains properly the classical Kato class K, ().

Definition 1.2. A Borel measurable function ¢ defined on B belongs to the class
K, if ¢ satisfies the condition

i (swp [ ()G )lot)ly) =0, (13)
a=0\zep BNB(z,a) 6(1‘)

The properties of the class K, ,, were used in [2], to study a singular nonlinear
differential polyharmonic equation

(_A)mu + 90('7 u) =0, in B\{O}a

with boundary conditions (%)ju =0on 9B, 0 < j < m — 1. The function ¢

satisfies |¢o(x,t)| < tq(z,t), where ¢ is a nonnegative Borel measurable function in
B x (0,00) which is required to satisfy some other hypotheses related to the class
Km,n-

The plan for this paper is as follows: In Section 2, we recall some estimates on
the Green function G,, , and some properties of functions belonging to the Kato
class K, n(B). In section 3, we study the polyharmonic boundary-value problem

(=A)™u = f(-,u) in B (in the sense of distributions)
) (1.4)

(a)ju:o ondB 0<j<m-—1.

The function f satisfies the following hypotheses:

(H1) The function f is a nonnegative Borel measurable function on B x (0, c0),
which is continuous and non-increasing with respect to the second variable.

(H2) For each ¢ > 0, the function z — % is in Ky p.

(H3) For each ¢ > 0, f(.,c) is positive on a set of positive measure.
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To study problem (P), we assume m > n > 2. So we show that for G,, , there
exists C' > 0 such that for each z,y € B,

1 m

6(5(37)) GM,n(Oa y) < Gmm(x,y) < CGm,n(Oa Y),
which is a fundamental inequality. Then by similar techniques to those used by
Masmoudi and Zribi [17], we prove that (1.4) has a positive continuous solution «
satisfying a(6(z))™ < u(x) < b(6(z))™ !, where a,b are positive constants.

Note that for m = 1, using the complete maximum principle argument, which
does not hold for m > 2, Maagli and Zribi [15] established an existence and an
uniqueness result for the problem (1.4) in a bounded C*! domain Q of R™ (n > 3),
where the function f is required to satisfy the hypotheses (H1), (H3), and

(HO) For each ¢ >0, f(.,c) is in K,(Q).

In section 4, we shall study the following nonlinear polyharmonic problem in B,
where m > 1,n > 2,

(—=A)™u = g(.,u) in B (in the sense of distributions)
9 .
(a)ju:(), ondB, 0<j<m-—1.
We Assume that g verifies the following hypotheses:

(1.5)

(H4) The function g is nonnegative Borel measurable function on B x (0, 00),

and is continuous with respect to the second variable.

(H5) There exist p,q : B — (0,00) nontrivial Borel measurable functions and
h,k :(0,00) — [0, 00) nontrivial and nondecreasing Borel measurable func-
tions satisfying

p(@)h(t) < g(x,t) < q(x)k(t),
for (z,t) € B x (0,00), such that

) P € Lig(B).

) The function §(x) := q(x)/(5(x))™ ! is in Ky -

) limy_o+ h(t)/t = +oo0.

Under these hypotheses, we will prove that (1.5) has a positive continuous solu-
tion u satisfying a(d(z))™ < u(x) < b(6(z))™ !, where a,b are positive constants.
This result is a follow up to the one of Dalmasso [6], who studied the problem
(1.5) with more restrictive conditions on the function g. Indeed, he assumed that

g is nondecreasing with respect to the second variable and satisfies

)t . )t
lim min M = +o00 and lim max &
t—0t zcB t t—+00 »cB t

=0.

He proved the existence of positive solution and he gave also an uniqueness result
for positive radial solution when g(z,t) = g(|z|,t).

On the other hand, we note that when m = 1, Brezis and Kamin [4] proved the
existence and the uniqueness of a positive solution for the problem

—Au = p(z)u® inR"

liminf u(z) = 0,
|z|—o00

with 0 < a < 1 and p is a nonnegative measurable function satisfying some appro-
priate conditions.
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To simplify our statements, we define the following convenient notations:

B={zxeR":|z| <1} withn > 2.
s At =min(s,t) and s V¢t = max(s,t), for s,t € R.
Co(B) = {w € C(B) : lim||_, w(z) = 0}
For z,y € B, we define: [z,y]* = [z —y|*+ (1 |2[*) (1= [y[*), 6(2) = 1—|al,
and 0(z,y) = [,y)* — |z —y|* = (1 — [2[)(1 — [y*).
Note that [z,y]? > 1+ |z|2|y|? — 2|z||y| = (1 — |z||y|)?. So that
6(z) Vo(y) < [z,y]. (1.6)

Let f and g be two positive functions on a set .S. We call f ~ g, if there is
¢ > 0 such that

1
Eg(x) < f(z) <cg(x), forallzels.
We call f < g, if there is ¢ > 0 such that
f(x) <cg(x), forallzesS.

The following properties will be used several times.
For s,t > 0, we have

snt~ (17)
(s+t)P ~sP+tP, peRT. (1.8)

Let A\, g >0 and 0 <y <1, then we have,
1—t*~1—tt fortel0,1], (1.9)
log(1+1t) =¢7, fort>0, (1.10)
log(1 + At) ~log(1 + ut), fort >0, (1.11)
log(1 4 t*) ~ t*log(2 +t), fort € [0,1]. (1.12)

On B2 (that is (z,y) € B?), we have

0z, ) ~ 6(2)5(y), (1.13)
[, y)? ~ |z = yI? + 8(x)d(y) - (1.14)

2. PROPERTIES OF THE GREEN FUNCTION AND KATO CLASS

For this paper to be self contained, we shall recall some results concerning the
Green function Gy, »(z,y) and the class K,, ,. The next result is due to Grunau
and Sweers in [8].

Proposition 2.1. On B2, we have the following statements:

(1)

2)

For 2m < n,
Gunon(@,y) ~ |2 =y (1A W)
For 2m = n,
Gl ) ~ log(1 4 LWy
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(3) For2m >n,

st (1 08"
G (2,) ~ ((@)3()™ " (14 =200 ).
Corollary 2.2. On B2, we have
(1) If2m < m,
(0(x)d(y))™ (0(x)o(y))™
Gm" Z, ~ —2m 2 m ™ n—2m
) o —y" " (Jo —yl” + 0(2)(y) " =yt g
(2) If 2m =,
(1 B@I@)™ | 0(x)oy)y  (6(x)d(y)™ | [z, y]?
Grnleo) o (WA ) o8 ) ~ g e o8 U4 )
(3) If 2m > n,
P . 1) LN 0311 01)

(|2 = yI* + (5(x)d(y)))"/? [z, "
The proof of this corollary follows immediately from Proposition 2.1 and the
statements (1.7)—(1.9) and (1.11)—(1.14).

Corollary 2.3. For each x,y € B such that |z — y| > r, we have

Grunry) = PP (2.)

Moreover, on B? we have
(6(x)d(y)™ = Gmn(®,y), (22)
(6(z))™ A(6(y)™, if m =n. (2.3)

The assertions of this corollary are obviously obtained by using the estimates in
Corollary 2.2 and the inequalities (1.6) and |z — y| < [z,y] = 1.
Now we recall some properties of functions belonging to the class K, ;.

Lemma 2.4. Let ¢ be a function in K, . Then the function x — (§(x))*™¢(z)
is in L'(B).

Proof. Let ¢ € Ky, n, then by (1.3) there exists o > 0 such that for each = € B,

6(y) \m
/B<w,a>m3 (@) Gmn(z,y)le(y)|dy < 1.

Let z1,...,2, in B such that B C Ui<;<pB(2;, ). Then by (2.2), there exists
C > 0 such that for all € {1,...p} and y € B(z;,a) N B, we have

6w < c(CWyma, ().

Hence, we have

| 6w <c 3 [

1<i<p B(zi,a)nB 6

)me,n(xi, ¥)e(y)|dy

< Cp < o0.

This completes the proof. [
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Throughout the paper, we will use the notation

el = sup [ <(‘§Eg>mcm,n<x7y>|w<y>dy,

for a measurable function ¢ on B.
Proposition 2.5. Let ¢ be a function in K, ., then |¢||p < co.

Proof. Let ¢ € K, , and a > 0. Then we have

8(y) \m 3(y) \m
LG Gmnte oty < [ (5" Gl ol
3(y)

" /BHBC(x,a) (W) Gm’n(x’ Y)le(y)ldy.

Now, by (2.1), we have

5(Y) \m 1 o
/BQBC(%Q)((;(;E)) G (@,y)lo(y)|dy = J/B((S(y)) le(y)ldy,

then the result follows from (1.3) and Lemma 2.4. O

The next result is due to Bachar et al [2]. Since reference [2] is not available, we
have chosen to reproduce it here.

Proposition 2.6. There exists a constant C > 0 such that for all ¢ € K, 5, and
h a nonnegative harmonic function in B, we have

/BGm,n(x,y)(5(y))m’1h(y)l<ﬂ(y)|dy < Cllell(d(x))™ h(x), (2.4)

for all x in B.

Proof. Let h be a nonnegative harmonic function in B. So by Herglotz representa-
tion theorem [10, p, 29], there exists a nonnegative measure g on OB such that

h(y) = /6 Pl Oulde).

where P(y,§) = ﬁng\‘j’ for y € B and £ € 9B. So we need only to verify (2.4) for

h(y) = P(y,&) uniformly in £ € 0B. From expression (1.1) of Gy, 5, it is clear that
for each z,y € B, we have

Oz, y))™

2
(1 o1 = IyP).

Gm,n(xa y) ~

Hence for z,y, 2z in B,

Gm,n(y7z) _ (1 - |y\2)m[x,z]" o1 — 22
G2~ (L= JaP)rfy a7 T 7D

which implies

Gmn(y,2) _ (L—|y)™ [z —¢" (5(y))m—1 Ply.§)

lim =
i=EGmn(,2)  (L=|2)™ |y =& o(w)
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Thus by Fatou’s lemma and (1.2), we deduce that

[ Gt (G S el
B

P(z,€)

. Gmn(y,2)
=<1 f | Gunlz,y)=——"""——= d
<timint [ Goo) GRS o)y

5(Y) \m _

=sup [ (53)" Gl y)le()ldy = [l¢] 5.

reBJB 5(‘T)

Which completes the proof. [

For a nonnegative measurable function ¢ on B and x € B, we define

Vel(r) = /B (6™ o (s ) 0 ) .

Corollary 2.7. Let ¢ € Ky, ,,. Then we have
IVelloo < o0. (2.6)
Moreover, the function x — (6(x))*™ Lp(z) is in L*(B).

Proof. Put h =1 in (2.4) and using Proposition 2.5, we get (2.6). On the other
hand, by (2.2), it follows that

/18(5(y))2m*1\¢(y)|dy = /BGm,n(O,y)(5(y))m*1\<ﬂ(y)|dy-
Hence the result follows from (2.6). O

Example 2.8. If n > 2m, for p > 5% we have LP(B) C Ky, . Furthermore, if
n < 2m then for p > 1 we have

1
(0(.))m=n
Indeed, these inclusions are obtained by using the estimates on Corollary 2.2, (1.6)
and the Holder inequality.

LP(B) C K-

Example 2.9. Let p be the function defined in B by p(x) = ﬁ. Then shown in

[2], p € Ky p if and only if A < 2m and we have the following estimates for Vp in
B

(1) §(z)™ 2 Vp(z) = §(x)>™=2=L if 2m — 1 < X < 2m.

(2) 0(z)™ =< Vp(x) = 5(z)mlog(%), it A=2m—1.

(3) Vp(x) ~o(z)™, if A <2m — 1.
The properties in Propositions 2.11 and 2.12 below are useful for our existence
results. However, to establish them we need the next key Lemma.

Lemma 2.10. Let zg € B, then for each ¢ € Ky, 1,

. 5(y) \m
lim sup/ —=) Gz, y)|e(y)|dy) =0. 2.7
i (s [ () Gl w)la) 2.1)
Also for a positive harmonic function h in B, we have
, 6(y) ym-1h(y)
lim sup/ — —Gmn(z,9)|e(y)|dy) =0. 2.8
B farptany @) A o (P 1) >4
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Proof. Let € > 0, then by (1.3), there exists » > 0 such that

| Wy .
0 e (5 el I

Let 29 € B and o > 0. Then by (2.1) we have for each = € B,

i(y)

/BﬂB(wo,a)((s(x))me’"(x’ Y)le(y)ldy

< /B - (‘Sg)mam,n@,y)w@ndy

+/ =) " G (x,9) |0 (y) | dy
BNB(zg,a)NBe(z,r) (5(x)) ( )l@( )|
Set / (6(1)>™|(y)|dy.

BNB(zo,a)

Hence, using Lemma 2.4 and letting o — 0, claim (2.7) follows.

EJDE-2003/58

Now to prove (2.8), using again Herglotz representation theorem, we need only to
2
verify the assertion for h(y) = P(y,£) uniformly in £ € 9B, where P(y,&) = ]

for y € B and £ € 0B.
Let z € B, then by Fatou’s Lemma and (2.5), we deduce that

[ Gy PG, eyl
BNB(zg,x) J(I)

P(z,§)
. Gmn (Y, 2)
= hmlnf/ G (2, y) —————=|e(y)|dy
BNB(xz0,a) ( )Gm’n($,2)| )l

z—&
5(y) \m
= sup/ =) Gmnl(z,y)|ey)ldy,
BNB(zg,a) ((5(1')) ( )| ( )|

zEB

Then by (2.7), we get (2.8) when a — 0.

— Jy=¢&me

Proposition 2.11. Let ¢ € Ky, n,. Then the following function is in Cy(B),

b
(0(x))m=1

Proof. Let xg € B and o > 0. Let x, 2 € BN B(xg, «), then

v(z) = V().

(o) — o) < [ |Gt ) - Srnm I G ety

30)
<228 o 56 Gl

Gman(®,y) Gmna(z,y m—
- [ | Gomanl@:9) Coman229), 5 ymt ) .
BNB*(xo,2a)

O™ (0(=)

If |zg — y| > 2« then |z —y| > « and |z — y| > a. Moreover, by (2.1) for all

x € BN B(xp,a) and y € Q := BN B°(xg, 2a), we have

(gg)m‘le,n(x,y) < (B,
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Since when y € €, the function x — %{%ﬁﬂ) is continuous in B N B(xg, @), then

by (2.8), Corollary 2.7 and the dominated convergence theorem, we obtain that

m,n Z y Gm,ﬂ(zﬂy) m—1
| ARG ey — 0

as |x — z| — 0. Hence7 we deduce that v is continuous in B. Next, we show that
v(z) — 0 as d(xz) — 0. Let g € OB, a > 0 and = € B(xg, «), then

vl [ G Gl
BNB(z0,20) )
+/ Wy, (o).
BABe(z0,2a)  0(T) e
Since limg(z)—o @ ’E;;)(i’y) = 0, as in the above argument, we get lim,_,, v(z) = 0.
Hence v € Cy(B). O

For a nonnegative function p in Ky, ,, we define

M, :={p € Kmn:lo| 2 p}.
By similar arguments as in the proof of the above Proposition, we can prove the

following statement.

Proposition 2.12. For any nonnegative function p € K,, ,,, the family of functions
{Vo:peM,} is relatively compact in Co(B).

3. FIRST EXISTENCE RESULT

In this section, we consider the case m > n > 2 to study problem (1.4). The
main result that we shall prove is the following.

Theorem 3.1. Assume (H1)-(H3). Then the problem (1.4) has a positive contin-
wous solution u. Moreover, there exist two positive constants a and b such that for
each x € B,

a(d(2)™ < u(z) < b(8(z))" .
To prove this theorem, we state an existence result for the following boundary-
value problem (in the sense of distributions)
(=A)"u = f(,,u) inB
=\ ondB, (3.1)

g u—O ondB, 1<j<m-—1.
v

where A > 0. For the next theorem we need the hypothesis
(H2’) For each ¢ > 0, the function z — % is in Ky p.
Note that hypothesis (H2) implies (H2’).

Proposition 3.2. Suppose that f satisfies (H1), (H3), and (H2’). Then for each
A > 0, problem (3.1) has a positive solution uy € C(B), such that for each x € B,

un(z) = A+ /B G (2,9) (102 (1)) dy.



10 H. MAAGLI, F. TOUMI, & M. ZRIBI EJDE-2003/58

Proof. Let A > 0. Then by (H2’), the function p(y) := % € Ky, and so by
Corollary 2.7, we have §:= A+ ||V p|loo < 00. Let Y be the convex set given by
Y={ueC(B):Ax<u<pj}.

We consider the integral operator T' on Y, defined by
Tua) = A+ [ G, (0,0l
B
We shall prove that T has a fixed point in Y. Since for u € Y and y € B, by (HI)

we have
fyuly) _ fwN)
G = By Y

then using (H2’), we deduce that the function y — % is in M,. So from

Proposition 2.12, we deduce that TY is relatively compact in C(B). In particular,
for all u € Y, Tu € C(B) and so it is clear that TY C Y.

Now, we aim to prove the continuity of 7" in Y. Let (ug)x be a sequence in Y
which converges uniformly to w € Y. Then since f is continuous with respect to
the second variable, we deduce by the dominated convergence theorem that

Vo € B, Tui(x) — Tu(x) ask — oo.
As TY is relatively compact in C(B), then
|Tur — Tulloc — 0 as k — oo.

Thus we have proved that T is a compact mapping from Y to itself. Hence, by
Schauder fixed point theorem, there exists a function u) € Y such that

un(z) = A+ /B G (,9) (102 (1)) .

Finally, we need to verify that w) is a solution for problem (3.1). Since by (H1) we
have for each y € B, f(y,ux(y)) < f(y, ) = (8(y))™ 1p(y), then we deduce from
Corollary 2.7 that the function y — f(y,ux(y)) is in L{ (B). So it is clear that uy
satisfies (in the sense of distributions) the elliptic differential equation

(=A)"uy = f(.,uy) in B.
Furthermore, by (H2’), we have

uy(z) — A 1
0= G = (@)
T)—A\

This implies from Proposition 2.11 that limg;)_o % = 0. Namely, u) satis-

—Vp(x).

fies the boundary conditions uy = A\ and (%)ju,\ =0,ondBforl1 <j<m-—1.
This ends the proof. O

In the sequel, we consider a sequence (Ag)g of positive real numbers, decreasing
to zero. We denote by uy the solution of the problem (P, ) given by Proposition
3.2 and satisfying for each = € B,

wk() = M + /B G (,9) f (1 () . (3.2)

Lemma 3.3. There exists a positive constant a such that for allk € N, and x € B,
up(z) 2 a(6(z))™.
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Proof. By (2.2) and (2.3), we remark that on B,

Gm,n(0,y) ~ (0(y)™.

Then by (2.2) and (2.3) again, we deduce that there exists a constant ¢ > 1 such
that we have for each z,y € B

1
This implies by (3.1) that

w(2) < (e + /B G (0, ) (s (1)) = cux (0). (3.3)
and
1
(o) 2 0@ et [ G 00) s )))
> 2 (5(2))" (jnf 14 (0)).

We claim that a = % (infrenug(0)) > 0. Assume on the contrary that there exists
a subsequence (ug,(0)), which converges to zero. In particular, for p large enough,
we have ug,(0) < 1, which implies with (3.3) and (H1) that

wi, (0) = M, + /B G (0,9)F (i, (9))dy > A, + /B Gonn(0,9) F (3, )y,

Thus, by letting p to oo, we reach a contradiction from hypothesis (H3). This
completes the proof. |

Proof of Theorem 3.1. Let a be the constant given in Lemma 3.3, then by hypoth-
esis (H2), we deduce that the function

_ [y, a6(y)™)

Since for each k € N and y € B, by (H1) we have
flyuey) _ fly,al0(m)™) _
B =Gy

Then the function y — W is in M,. So using Proposition 2.12, we deduce

from (3.2) that the family (ug)y is relatively compact in C'(B). Then it follows
that there exists a subsequence (ug,), which converges uniformly to a function
u € C(B). Moreover, by Lemma 3.3, we have u(x) > a(d(z))™, for each z € B.
Hence, using the continuity of f with respect to the second variable, we apply the
dominated convergence theorem in (3.2) to obtain that

(@) = [ Gl ) ulw)dy.
B
Finally, by Lemma 3.3 and hypothesis (H1), for each y € B, we have

Fly,uly)) < fy,a(6(y)™) = (6()™ " p(y).
Then we deduce from Corollary 2.7 that the function y — f(y,u(y)) is in L{,
So u satisfies (in the sense of distributions) the elliptic differential equation

(=A)"u = f(.,,u) in B.

(B)-
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Furthermore, we have for z € B,

u(x) 1
= Gyt = By Y
which together with Proposition 2.11 imply that u satisfies the boundary conditions
((%)ju =0, on 9B, for 0 < j < m — 1 and that there exists a positive constant b
such that

a(d(x))™ < u(x) < b(8(x))™ .

This completes the proof. ([l

Corollary 3.4. Let p € C(0B) and 1) € C*(0B) be nonnegative functions on OB

and f satisfies (H1)-(H3), then the polyharmonic boundary-value problem
(=A)™u = f(.,u) in B (in the sense of distributions),

0 0 ..
_ m—1, _ —ym=2,, — Vi = <ji<m-—
( ay) u=1, ( 81/) U=, (0V) u=0 ondB for0<j<m-—3,

(3.4)
has a positive continuous solution u. Moreover there exists a positive constant a
such that

u(z) = a(6(z))™.
Proof. Let h be the solution of the Dirichlet problem
(=A)"h =0 inB
0 1 0 o 9, .
(—g)" = w,< )=, (5 Ph=0, on0B, for0<j<m-3

Then as in [9], for z € B we have

Kpn(z,y)0 (y)dw(y)+/ L n(z,9)9 (y)dw(y),
OB oB

where
1 (1= =)
Loy n(z, =

n(@:y) 2m(m — 2)lw, |z —y|*t?

1 1—|z|H)™

Km,n(xay) = 1 ( | | )
2m=t(m —Dw, |z -y
for z,y € B, and w,, denotes the (n — 1) dimensional surface area of the unit ball.

For m > n > 2, we have evidently L,, , > 0 and so h is nonnegative on B. Using
this fact, we can easily see that the function fy defined on B x (0,00) by

folz,t) = f(z,t + h(x))
satisfies (H1)—(H3). Hence by Theorem 3.1, the problem
(=A)"v = fo(.,v) in B (in the sense of distributions)
0
(o)

has a positive solution v € Cy(B) satisfying v(x) > a(d(z))™, where a is a positive
constant. Let uw = v+ h. Then w is the desired solution for the problem (3.4). This
completes the proof. O

Remark 3.5. Let f satisfy (H1), (H3), and
(H2”) For each ¢ > 0, the function z — W is in K, p

[n(1 = [2]?) + (m + 2 = n)|z -y,

v=0, ondB, for0<j<m-—1.



EJDE-2003/58 POSITIVE SOLUTIONS FOR POLYHARMONIC PROBLEMS 13

Then problem (1.4) has a positive solution u satisfying u(z) ~ (§(x))™. Indeed,
we note that (H2”) implies (H2), so by Theorem 3.1, problem (1.4) has a positive
solution satisfying that for each € B

@) = [ Gona9) o)y
and u(x) > a(d(x))™. Now, if m > n, we have by Corollary 2.2 that Gy, »(z,y) ~
%, which by (1.6) implies that

Gmn(z,y) 2 (0(2))"(6(y)™ ",
Hence for each z € B, we have

a(6(x))™ < u(x) = (5(56))’”/ @)™ " f(y, a(6(y))™ )dy. (3-5)

B
Since f satisfies (H2”), we deduce by Corollary 2.7, that u(x) ~ (§(z))™.

Remark 3.6. Let 1(r,.) = max|,—, f(z,.), for r € [0,1] and suppose that for all
c>0,
1
/ L =)™, e(1 — 1)™)dr < oo (3.6)
0

Then the solution w of (1.4) satisfies u(z) ~ (§(x))™. Indeed, by Theorem 3.1 and
(H1), we have

a(6(z))™ < u(z) < /B G (,9) F (4, a(8(3))™ )dy. (37)

On the other hand using (1.1), we have
[z,y]

el e (S
Gman(2,) 2o =y " (25 = )"
1

2
Now since 24— 1 ~ 9@0W) wo deduce that
lz—y] lz—yl

Gnn(2,) 2 (8(2)3(y))" ™ Grn(,y).
Hence it follows from (3.6) that

u(z) = (5(96))’”_1/(5(y))m‘1G1,n($7y)w(ly\vaw(y))m)dy-

B
By similar calculus as in [15, p.538], we have by (3.6) that for « € B,

/B(5(y))mflGl,n(wvy)¢(|y|7a(5(y))m)dy = ().
This implies that u(z) ~ (5(x))™.

Example 3.7. Let & > 0 and A < m+1. Let p be a nontrivial measurable function
in B such that for each x € B
1

0<p(x) < W.

Then the problem
(—A)"u = p(z)u™* in B (in the sense of distributions)
0

(5)j“=0 on dB, for0<j<m-—1.
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has a positive solution u € Cy(B) such that for all z € B,
(1) §(z)™ 2 u(x) 2 5(x)?™ A ifm<A<m+1
(2) 0(z)™ R u(x) < (S(QL')"‘log(%)7 ifA=m
(3) u(z) ~(x)™, if X <m.

4. SECOND EXISTENCE RESULT

In this section, we prove the following result about problem (1.5).

Theorem 4.1. Assume (Hj)and (H5). Then problem (1.5) has a positive contin-
uous solution u. Moreover there exist positive constants a and b, such that

a(d(2))™ < u(z) < b(8(z))™ .
Proof. By (A2), the function §(x) = ¢(z)/(6(z))™ ' is in K, ,,. Then using Propo-

sition 2.11, we have

M = sup (G

By (A4) we have limy;_, @ = 0, then there exists b > 0 such that Mk(b) <b.
On the other hand, by (A1) the function p is a nontrivial nonnegative function
in LL _(B), then there exists r € (0,1) such that

loc
0< / p(y)dy < 0.
B(0,r)

Furthermore, from (2.2) there exists ¢ > 0 such that for each =,y € B
Gmn(,y) 2 c(6(x)™(6(y))™.
Hence, since by (A3) we have lim;_,q %t) = 400, then there exists a > 0 such that
ot =r)"ba =)™ [ pl)dy > a.
B(0,r)
Let A be the convex set
A= {ue Co(B):a(d(x)™ < ulz) < b(3(x))™ '}

and T be the operator defined on A by

Tu(z) = /B G ()9, ().

We shall prove that T has a fixed point. We first note that for v € A and y € B,
we have by (H5)

9y, u(y) _ q(y)k(u(y)) Caly)
B S ey = PO Gy = RO

Then we deduce that the function y — W € My. Thus by Proposition 2.12,
we obtain that the family T'A is relatively compact in Cy(B)

We need now to verify that for u € A, we have

a(d(x))™ < Tu(z) < b(d(x))™".
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Let u € A and x € B, then by (H5), we have

Tu(z) < /B G (2, 1)a() K (u(y))

< @)™ [k0) [ (G2 Gl )0l)]

< Mk(b)(8(x))™
< b(o(x))™ "
On the other hand from (H5) and (2.2), we have
Tu(a) 2 c(3())" [ ()" p(o)h(u(w)dy

2 ()" et =) et =) [
> a(d(x))™.

Thus we have proved that TA C A.

Now we aim to prove the continuity of 7' in A. We consider a sequence (ug)g in
A which converges uniformly to v in A. Then since ¢ is continuous with respect to
the second variable, we deduce by the dominated convergence theorem that for all
T € B,

p(y)dy}

Tug(z) — Tu(xz) as k — oo.

Since T'A is relatively compact in Cy(B), we have the uniform convergence. Hence
T is a compact mapping from A to itself. Then by the Schauder fixed point theorem,
we deduce that there exists a function u € A such that

u(x) =/BGm,n(w7y)g(y,u(y))dy-

So u satisfies (in the sense of distributions) the elliptic differential equation
(=A)™u = g(.,u) in B.
Moreover, since u satisfies
u(x 1
o= = G
we deduce by Proposition 2.11 that lims(,)—o % = 0 and so u satisfies the

boundary conditions (a%)j u=0,on dB for 0 < j < m — 1. This completes the

proof. ([

a(é(x)) <

Example 4.2. Let A\ <m+ 1 and f: (0,00) — [0,00) be a nontrivial continuous
and nondecreasing function satisfying

lim& =00 and lim
t—0 t t—00

t

Then the problem
(—A)"u = (8(z)) *f(u) inB
0
o
has a positive solution v € Cy(B) such that for all z € B,

Yu=0, ondB for0<j<m-—1,
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u(z) < (0(x))*™ N ifm<A<m+1
u(z) = (5(x))mlog(%), ifA=m
(3) u(z) ~ (6(z))™, if A <m.

5. APPENDIX

In this section we prove the 3G-theorem. The following Lemma will help us
doing so.

Lemma 5.1 ([12, 14]). For x,y € B, we have the following properties:
(1) I 6(2)3(y) < |2 = yI? then (3(z) v 3(y)) < 5|z — |
(2) Ifla =yl < 3(x)3(y) then E5205(x) < 5(y) < CHP5(x)
Proof. 1) We may assume that (§(z) V 6(y)) = 6(y). Then the inequalities §(y) <
d(x) + |z — y| and 6(2)6(y) < |z — y|? imply that
(0))?* = d(y)lz —y| — |z —y[> <0,

i.e.

ot + 2 g6 - 2Dy <0

It follows that

5@y v o) < gy,

2) For each z € OB, we have |y — 2| < |z —y|+ |r — 2| and since |z —y|? < 6(z)d(y),

we obtain
ly — 2] <V6(x)d(y) + |z — 2| < |z —z||ly — 2| + |z — 2|,

i.e.

W=+ D e e - ) ) <o

It follows that

3 5
e < 8By
Thus, interchanging the role of x and y, we have
3-V5 3+5
( o —z[ <y — 2] <( )|z — z].

2 2
Which implies

3—v5 3+V5

Proof of the 3G-Theorem, [2]. To prove inequality (1.2), we let

_ ((x)s(y)™
A(z,y) = G2, 1)

and we claim that A is a quasi-metric, that is for each x,y, z € B,
Az, y) 2 Ay, z) + Az, 2).

To show this claim, we separate the proof into three cases.
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Case 1: For 2m < n, using Proposition 2.1, we have

Alz,y) ~ e —yI" " (2 =yl v (8(2)5(y))™
We distinguish the following subcases:
o If 6(2)8(y) < |z — y|*, then we have

Az, y) ~ o —yl" 2o — 2" +ly — 2" 2 Az, 2) + Ay, 2).

e The inequality |z —y|* < §(x)(y) implies from Lemma 5.1 that §(z) ~ &(y). So
we deduce that: if |z — z|> < 8(2)d(2) or |y — z|* < 6(y)d(2), then it follows from
Lemma 5.1 that d(x) ~ §(y) ~ 0(z). Hence,

Alz,y) ~ |z —y" 2" (5(2)d(y)™
< (3(@)O)™ (fo — 2"+ [y — 2"
<o — 2" (S (@)6(2)™ + [y — 2" (6(y)d ()™
= Az, 2) + Ay, 2),
If |z — z|* > 6(2)d(2) and |y — 2> > 6(y)d(z). Then using Lemma 5.1, we have
(0(z) Vi(2)) X |z — 2| and (3(y) Vi(2)) =Xy — 2|
So, we have
Az,y) ~ o — 2™ (5(@)6 ()™
< (o= 2" 4 ly = 2" ()5 ()™
Xz — 2" (@)™ Jy = 2T (E(y))
Sz —z"+ly -2
= Az, 2) + Aly, ).

Case 2: For 2m = n, using Proposition 2.1, we have

6(z)d(y))™
Alz,y) ~ o ((1 (_’_)(5Eﬂc))5)(y))m). (5-1)
& oy
Since for each t > 0, %—H < log(1l +t) < t, we deduce that
o =y < Alw,y) < |z -y + (6(2)8(y))™ (5.2)

So we distinguish the following subcases:
o If 6(2)d(y) < |z — y|*, then by (1.8), we have
Alz,y) 2 |z =y <o — 2" + |y — 2" < Az, 2) + A(y, 2).

o If |z — y|* < 6(2)d(y), it follows from Lemma 5.1 that 6(z) ~ 8(y).
If |z — 2> < 6(2)8(2) or |y — z|* < 6(y)8(2), so from Lemma 5.1, we deduce that
0(x) ~ d(y) ~ d0(z). Since

=P = 2Py — 2P = ([ PV |y — 2P,
we obtain that
(log (1 + W) A log (1 + W)) =< log (1 + W)’
r—z Yy—=z T —y



18 H. MAAGLI, F. TOUMI, & M. ZRIBI EJDE-2003/58

which together with (1.7) imply A(z,y) < A(y, z) + A(z, 2).
If |z — z|* > 6(2)d(2) and |y — 2> > 6(y)d(2), then by Lemma 5.1, it follows that

(0(z) Vi(2)) 2|z — 2| and (3(y) Vi(2)) =y — 2|
Hence, by (5.2) we have
A(z,y) 2 (6()d(y)™
= (8(x))*™ + (8(y)*"

|2m

<o — 2"+ ly -2
= Az, 2) + Ay, 2).
Case 3: For 2m > n, from Proposition 2.1, we have

Az,y) ~ (lz —y|* v (5(2)d(y)))"/>.

Then the result holds by similar arguments as in case 1. The proof is complete. [
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