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POSITIVE SOLUTIONS FOR INDEFINITE INHOMOGENEOUS
NEUMANN ELLIPTIC PROBLEMS

YAVDAT IL’YASOV & THOMAS RUNST

ABSTRACT. We consider a class of inhomogeneous Neumann boundary-value
problems on a compact Riemannian manifold with boundary where indefinite
and critical nonlinearities are included. We introduce a new and, in some
sense, more general variational approach to these problems. Using this idea
we prove new results on the existence and multiplicity of positive solutions.

1. INTRODUCTION AND MAIN RESULTS

Let (M, g) be a smooth connected compact Riemannian manifold of dimension
n > 2 with boundary M. In this paper we study the existence and multiplicity
of positive solutions for the following class of inhomogeneous Neumann boundary-
value problems with indefinite nonlinearities

—Apu — Me(z)|uP2u = K(x)|u|"u in M, (1.1)
|Vu|p_2? +d(z)|ulP~?u = D(2)|u|” *>u on OM, (1.2)
n

where A,, V denotes the p-Laplace-Beltrami operator and the gradient in the
metric g, respectively. % is the normal derivative with respect to the outward
normal n on M and the metric g. When p = 2 the problem corresponds to the
classical Laplacian and also in this case the results are new. We study the problem
(1.1)-(1.2) with respect to the real parameter . In what follows we assume that

<y <p*, wherep*={"P ’ 1.3
p<y<p P {+Oo — (1.3)
p(n—1) if
— p<mn,
<q<p**, wherep* ={ (") 1.4
p<q<p p {+Oo ity >, (1.4)
k(-), K(-) € Loo(M), d(-),D(-) € Loo(OM). (1.5)

Here p* and p** are the critical Sobolev exponents for the embedding I/Vpl (M) C
Ly~ (M) and the trace-embedding W) (M) C Ly« (M), respectively. If v = p*
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and/or ¢ = p**, then one has a problem with critical exponents. When all non-
linear terms are present both in the differential equation (1.1) and in the non-linear
Neumann boundary condition (1.2), i.e. when K # 0 in M and D # 0 on OM
one has a inhomogeneous problem. The nonlinearity K (x)|u|"=2u (D(z)|u|9"%u) is
called indefinite if the function K on M (D on OM) changes the sign cf. [1, 2].

Problems like (1.1)-(1.2) arise in several contexts (see for example [4], [15]). In
particular, when p = 2, v = p*,q = p**, n > 3, the problem of the existence a
positive solution for (1.1)-(1.2) is equivalent to the classical problem of finding a
conformal metric ¢’ on M with the prescribed scalar curvature K on M and the
mean curvature D on M [5, 9, 21]. For p # 2 we refer to [7] for background
material and applications.

The case which is best known in the literature is the problem (1.1) with Dirichlet
boundary condition and when nonlinearity has definite sign. The indefiniteness of
the sign of nonlinearity changes essentially the structure of the solutions set. In
this case, the dependence of the problem on the parameter A is more complicate
(cf. [1, 2]). The homogeneous cases with indefinite nonlinearity has been treated
in several recent papers ( in [2, 9, 10, 11, 16, 19, 22] for p = 2 and in [8] also
for p # 2. An additional difficulty occurs if the problem is inhomogeneous or it
involves multiple critical exponents. For instance, in applying of the constrained
minimization method to the inhomogeneous problem, i.e. the finding of a suitable
constraint or the finding of a suitable modification for the variational problem is
not simple. The inhomogeneous cases of (1.1)-(1.2) for p = 2 with definite sign of
nonlinearity have been considered in [15], [21]. In recent papers [12, 18] the authors
investigated the inhomogeneous Neumann boundary value problem when one of the
nonlinearities can be indefinite whereas the rest is with definite sign.

The main purpose of the present paper is a development of the fibering method
of Pohozaev [17] for the investigation of the inhomogeneous Neumann boundary
value problems (1.1)-(1.2) with indefinite nonlinearities and critical exponents.

Let us state our main results. To illustrate, we consider the case d(z) = 0.
Denote by dpg and dv, the Riemannian measure (induced by the metric g) on M
and on M, respectively. We consider our problem in the framework of the Sobolev
space W = Wpl(M ) equipped with the norm

1/p
al = ([ by + [ vapd) (16
M M

Define
fM [VulPdp, /
A = inf —: K(x)|u|"duy, > 0, u € Wi,
) = @ ulrdg * Jyy }
fM |Vu| d.ug
inf {1 ————= D(z)|u|%dv, > 0, u € W}.
4 s g }
In the case when the set {u e Wy(M) : [, K |u|7dug > 0} ({fu € W)(M) :
Jons D(x)|u|?dry > 0}) is empty we put )\*( ) =400 (A*(D) = +0).

We denote by I the Euler functional on Wpl(M ) which corresponds to problem
(1.1)-(1.2). Our main results on the existence and multiplicity of positive solutions
for (1.1)-(1.2) are summarized in the following theorems.

Theorem 1.1. Under the conditions of (1.5), k(z) > 0 on M and d(x) = 0, we
have the following:
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(I) Let p <~ <p*; then X*(K) >0 if and only if [,, K dug<0
Let p < g < p**; then A*(D )>O if and only foaM (x)dvy < 0.
(IT) Letp <~y < p*, p<q<p and g < 7.
(1) Suppose fM x)dpg < 0, [y, D(@)dvy < 0. Then for every X €
(0, min{\*(K ) A+(D)}) there exists a ground state uy € Wy (M) of
1. Furthermore up >0 on M and I\(u1) < 0.
(2) Suppose [,, K(x)duy <0, the set {x € M : K(x) > 0} is not empty
and D(z) < 0 on OM. Then for every A < \*(K) there exists a weak
positive solution ug € Wy (M) of (1.1)-(1.2) such that uz > 0 on M
and Iy (uz) > 0.

Theorem 1.2. Let v = p*, ¢ = p**. Under the conditions (1.5), k(x) >0 on M
and d(x) = 0, we have the following: Suppose [,, K(x)dug < 0 and D(z) < 0 on
OM. Then for every A € (0, \*(K)) there exists a ground state uy € W (M) of I.
Furthermore, uy > 0 on M and Iy(u1) < 0.

The proof of these results is based on the fibering method of Pohozaev [17].

Remark 1.3. We refer to the Theorem 4.5, 4.10, Theorem 5.1, Theorem 5.2, for
a more general version of the above results.

Remark 1.4. Symmetric results as in Theorem 1.1, Theorem 1.2 (Theorem 4.5,
Theorem 4.10, Theorem 5.1 and Theorem 5.2) in more general cases) can be ob-
tained when A = 0 (A < 0) is fixed and the problem of the existence of positive
solutions for (1.1) is considered with respect to parameter p € R at the boundary
condition

V=2 0% 4 (e 2 = D(z)uf* 2 on O,
instead of (1.2).

Remark 1.5. Some results in this paper have been announced in [13]. Since then,
there has been some progress. This paper contains the details and extensions of
[13] as well as other results.

Remark 1.6. In the paper [18] existence and multiplicity results for problem (1.1)-
(1.2) when D has a definite sign whereas K may change one are proved by using
the fibering method. However our approach and results are different then in [18].

The paper is organized as follows. In Section 2, based on the fibering strategy
of Pohozaev we introduce an explicit process of construction of the constrained
minimization problems associated with the given abstract functional on Banach
spaces. In Section 3, we give the basic variational formulation for problem (1.1)-
(1.2). In Section 4 we prove our main results on the existence and multiplicity
of positive solutions in subcritical cases of nonlinearities. Finally, in Section 5 we
prove the existence of positive solutions in critical cases of exponents.

2. THE FIBERING SCHEME

A powerful tool of studying the existence of critical points for a functional given
on Banach space is a constrained minimization method [2, 8, 9, 20]. The main diffi-
culty in applying the method is to find suitable constraints on admissible functions
and/or to find a suitable modification for the variational problem.
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In this section, based on the fibering strategy of Pohozaev [17] we introduce an
explicit scheme of construction of constrained minimization problems for arbitrary
functional given on Banach spaces.

Let (W, || -]|) be a real Banach space. Assume that the norm | - || defines a C'-
functional v — ||u|| on W\ {0}. In this case, the sphere S = {v € W| |jv|| =1} isa
closed submanifold of class C! in W and RT x S! is C'-diffeomorphic with W'\ {0}.
Thus we have the trivial principal fibre bundle P(S*,R*) over S! with structure
group R* and the bundle space W\ {0} that C!-diffeomorphic to Rt x S*.

Actually the way of construction of constrained minimization problems which
we introduce below relies on the trivial principal fibre bundle P(S!,R*). In what
follows, it is therefore reasonable to call this scheme as the trivial fibering scheme
with respect to fibre bundle P(S*,RT) (in short the trivial fibering scheme).

Let I(u) be a functional on W of class C'(W \ {0}). Associate with I there
exists a function I : Rt x S* — R defined by

I(t,v) = I(tv), (t,v) € R* x St (2.1)

Since Rt x S! is C'-diffeomorphic with W \ {0} it follows that I(t,v) is a C'-
functional on R x S' and the set of critical points of the functional I(¢,v) on
R+ x S as well as the set of critical points of the functional I(u) on W \ {0} are
one-to-one. Moreover, we have the following statement.

Proposition 2.1 (Pohozaev [17]). Let (tg,v9) € RT x St be a critical point of

I1(t,v) then uy = tovg € W\ {0} is a critical point of I(u).

We impose an additional condition on [

(RD) The first derivative %f(t, v) is a C'-functional on Rt x S*.
We define

Q(t,v) = %f(t,v), L(t,v) = g—;f(t,v), (t,v) € RT x S, (2.2)

Extract from RT x St the sets
>t ={(t,v) € RT x $*|Q(t,v) =0, L(t,v) > 0}, (2.3)
2 = {(t,v) € RT x $YQ(t,v) = 0, L(t,v) < 0}. (2.4)

Lemma 2.2. Assume that (RD) holds, and let j = 1,2. Then the set ¥’ is a
submanifold of class C' in Rt x S and it is local C'-diffeomorphic with S*.

The proof of this lemma will follow directly from the next proposition.

Proposition 2.3. Let (tg,v9) € ¥/, j = 1,2. Then there exist a neighborhood
A(vg) C St of vy € ST and an uniqueness Ct-map t/ : A(vg) — R such that
t'(vo) =to, (H(v),v) €, weAlw), j=12. (2.5)

Proof. Let j =1, j = 2. Assume (to,vo) € X7. Then 9Q(to,v0)/0t = L(tg,vo) # 0.
It follows from the assumption (RD) that we have Q@ € C'(R™ x S!). Hence, by
the implicit function theorem we obtain the proof of the proposition. O

Finally, we introduce the main constrained minimization problems associated
with the given functional I.
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Let I(u) be a functional on W of class C*(W \ {0}) and the assumption (RD)
holds. The main constrained minimization problems by the trivial fibering scheme
are the following

I =inf{I(t,v): (t,v) € 27}, j=1,2, (2.6)
where
=400, ifX=0,j=1,2 (2.7)

Definition 2.4. A point (¢9,v9) € X7 is said to be a solution of the problem (2.6),
if —oo < IV = I(tg,v0) < 0o, where j = 1,2.

Remark 2.5. It is reasonable to consider also the maximization problems like
(2.6). However, the substitution I’ = —I reduces any maximization problem to the
minimization one. Hence it suffices to study only minimization problems (2.6).

Now we show that the trivial fibering scheme makes it possible to study of the
existence of critical points of functionals. Denote by J7 the restriction of I on the
submanifolds ¥7, for j = 1,2:

JI(t,v) = I(t,v), (t,v) € ¥, j=1,2.
Lemma 2.6. Assume that hypothesis (RD) holds, and let j = 1,2. Let (to,vo) be
a critical point of the functional J7 on the submanifolds ¥/, i.e. holds

djj (to, ’Uo)(h) =0, Vhe T(to}vo)(Ej). (28)
Then (to,vo) is a critical point for I on Rt x St j.e.,

dI(to,v0)(1) = 0, VI € Ty 0oy (RT x S*). (2.9)

Here d.J7 (to,vo) (dI(to,vo)) is the differential of Ji : £/ — R (I : Rt x ST — R)
at point (to, vo), the set Tiyy v0)(37) ( T(ty,u0)(RT X S1)) denotes the tangent space
to X7 (RT x S1) at (to,vo).

Proof of Lemma 2.6. Let us prove this lemma for the case j = 1. Let (¢g,v0) be a
critical point of J! on ¥!. Observe that

2 Fto, v0)(0) (2.10)

0 -
dl(thUO)(T ¢) at (th UO)( ) +
for every 7 € T;,(R") and ¢ € T,,(S?).
By virtue of (2.3) the first term on the right-hand side of (2.10) is equal zero.

So to prove (2.9) it suffices to show that
5 -
%I(to,vo)((ﬁ) =0, V¢ S TUO(Sl). (211)

By Proposition 2.3 there exists a neighborhood A(vg) C S of vg € S! and an
uniqueness C'-map t' : A(vg) — R such that (2.5) holds. Introduce JH(v) =:
I(t*(v),v), v € A(vg). Then by the definition of J! we have

JHw) = JHt (v),v), v e Alw). (2.12)

Hence, taking into account that the submanifold 37 is local C'! - diffeomorphic with
S1, we deduce that vy is a critical point of J!(v) on A(vp), i.e

dJ (vo)(¢) =0, VYo € T,y (S).
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Since J'(v) = I(t'(v),v) as v € A(vo) we get

5} 5 -
0 = dJ (vo)(h) = = I(¢!(vo), vo) (dt! (vo)) () + ==L (¢ (v0), vo) (h),  Vh € Ty (S).
(2.13)
By virtue of (2.3) the first term on the right-hand side of (2.13) is equal zero. Thus

%f(tl(vo),vo)(qﬁ) =0, Vo€ Ty(s)

and we get (2.11). The proof of Lemma 2.6 is complete. O
From Lemma 2.6 and Proposition 2.1 we derive the following theorem.

Theorem 2.7. Assume that I(u) € C*(W \{0}) and (RD) hold. Let (t},v}) € ¥
be a solution of the variational problem (2.6), for j =1 or j = 2, respectively. Then

ul) = thv) € W\ {0} (2.14)
is a critical point of 1.

Let pry be a canonical projection from RT x S* to S*. Denote ©7 = pry(X7),

Recall that by Proposition 2.3 for every v} € ©7, j = 1,2, there exist a
neighborhood A(vj) C ©7 and an uniqueness C'-map / : A(v)) — R such that
(t/(v),v) € ¥J, j = 1,2, respectively.

Definition 2.8. Let j = 1,2. The trivial fibering scheme for I on W is said to
be a solvable with respect to X7 if for every v € ©7 there exists a unique point
t/(v) € R such that (#/(v),v) € ¥/, respectively. In case when the trivial fibering
scheme for I on W is solvable one with respect to both X! and ¥2 then it is called
a solvable.

If in addition the functional #/(v) can be found in exact form then the trivial
fibering scheme is called exactly solvable.

We remark that in the papers [2, 9, 8, 20], it is used the constrained minimization
method to homogeneous problems like (1.1)-(1.2) which is with respect to the trivial
fibering scheme an exactly solvable one (see also below Remark 3.3).

We point out that in the present paper we are concerned with the applications
of the trivial fibering scheme in cases of solvable but may be not exactly solvable.

Observe by Proposition 2.3 in case of the solvable trivial fibering scheme it can
be defined the global functionals:

.0 - RT j=1,2 (2.15)
such that (#/(v),v) € X7, j = 1,2. Moreover in this case the sets ©7, j = 1,2 are

submanifolds of class C' in S and t;(-) € C1(©;), j = 1,2. Hence we can define
the following global functionals

JHw) = I(t'(v),v), ve ol (2.16)
J2(v) = I(t*(v),v), ve 2. (2.17)
Thus the variational problems (2.6) are reduced to the following equivalent, respec-
tively N ' 4

JP=min{J’(v):ve &}, j=1,2. (2.18)
where

=400, if®I =0, j=1,2. (2.19)
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From Theorem 2.7we have the following statement.

Lemma 2.9. Assume the trivial fibering scheme applying to the functional I is
solvable. Let j = 1,2 and v} € ©; is a solution of the problem (2.18). Then
ul) = t;(v})v} is a nonzero critical point of the functional I.

Finally, we give a property for the constrained minimization problems (2.6) which
also characterizes the trivial fibering scheme as basic.

Denote by Z a set of all nonzero critical points of I on space W. Then with
respect to the trivial fibering scheme we have the following decomposition: Z =
Z_UZ UZy, where

u

Zy = {U € Z|([Jull, m) € 21},
m

2. = {ue ZI(lul. ) € S}
U

Zo = {u e Z|(||ul, m) € do},

with 9o = {(t,v) € RT x §*|Q(t,v) =0, L(t,v) = 0}.

For physical applications it is important to investigate ground states [6]. By the
definition the nonzero critical point uy € W is said to be a ground state if it is a
point with the least level of I among all the nonzero critical points Z, i.e

min{I(u) : u € Z} = I(uy). (2.20)
We introduce in addition the following concept.

Definition 2.10. The nonzero critical point u; € W (uf € W) is said to be a
ground state of type (-1) ((0)) for I if it holds:

min{I(u)|u € Z_} = I(uy), (min{l(u)|lu € Z;} =I(u])). (2.21)

The following lemma follows directly from the construction of constrained min-
imization problems (2.6).

Lemma 2.11. Assume I(u) € CY(W \ {0}) and (RD) holds, where j = 1 or
j = 2. Let (,v}) € X7 be a solution of the variational problem (2.6). Then
ut = tivl € W\ 0 is a ground state of type (0) for I and u= = t3vd € W\ 0 is
a ground state of type (-1) for I. Furthermore, if in addition Zo = () then one of
these solutions u™ or u™ is a ground state for I, i.e.

min{I(u)|u € Z} = min{I(uy ), (u])}. (2.22)

For the case of the even functionals, I(u) = I(|u|) with u € W, we have the
following statement.

Lemma 2.12. Assume I(u) € CY(W \ {0}) is an even functional and (RD) holds.
Suppose that there exists a solution of problem (2.6) j = 1 (j = 2). Then there
exists a nonnegative on M ground state u™ of type (0) for I (a nonnegative on M
ground state u~ of type (-1) for I).

Proof. As a particular case, consider j = 1. Since the functional I is even it
follows that the functionals I(t,v), Q(t,v), L(t,v) are also even with respect to
v € S'. Hence the manifolds X! and X2 are symmetric with respect to origin, i.e.,
if (t,v) € X7 then it follows that (¢, —v) € 37.
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Let us suppose that there exists a solution (¢, v}) € £! of problem (2.6), j = 1.
Then it follows that (3, |vd]) € ! where t} > 0 is also a solution of the problem
(2.6), j = 1. Now, taking into account Lemma 2.12 we complete the proof. O

3. CONSTRAINED MINIMIZATION PROBLEMS ASSOCIATED WITH (1.1)—(1.2).

In this section, we use the trivial fibering scheme to introduce the constrained
minimization problems for (1.1)-(1.2). Let (M, g) be a connected compact Riemann-
ian manifold with boundary 0M of dimension n > 2. Let g¢; ; be the components of
the given metric tensor g = (g;;) with inverse matrix (g7), and let |g| = det(g; ;).
If (2%) is a local system of coordinates, then we define the divergence operator divg
on the C?! vector field X = (X?) by

1 0 ,
div, X = —— 3L (g,
TVl ; Oz
and the p-Laplace-Beltrami operator by Au = div 4(|Vu[P~2Vu). Here
. Ou
Vou — ig I8
T

denotes the gradient vector field of u. Let the Riemannian measure (induced by
the metric g) on M and OM, respectively, be denoted by du, and dvg, respectively.

We consider our problems in the framework of the Sobolev space W = W, (M)
equipped with the norm

1/p
fall = ( [ty + [ (9updn,) . (31)

Let us introduce the following notation
£ = [ K@luPduy, F) = [ K@)l du,
M M

b(u) = d(z)|ulPdvy, B(u)= D(x)|u|?dyy, (3.2)
oM oM

Ha@u::/;¢Vquug+b@o—-xﬂu»

We recall that there is a continuous embedding WZ}(M ) C Ly« (M) and a con-
tinuous trace-embedding WI} (M) C Lp+-(0M), respectively. Using the hypotheses
(1.3), (1.4), (1.5) and these embedding results it is easy to check that all functionals
in (3.2) are well-defined on the Sobolev space W and belong to the class C1(W).
The Euler functional I on W which corresponds to problem (1.1)-(1.2) is defined
by

In(u) = 1H (u) — }B(u) — lF(u) (3.3)
g p q v '
A function ug € W is called the weak solution for problem (1.1)-(1.2) if the following
identity

2 I\(w0)(#) = 0

holds for every function 1 € C°°(M). Hence the existence of weak solutions of
problem (1.1)-(1.2) is equivalent to the existence of critical points for the Euler
functional I defined above.
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Let us apply to functional (3.3) the trivial fibering scheme. It is easily verified
that the norm (3.1) defines a C''-functional u — |jul| on W\ {0}. Hence the sphere
St = {v e W| |jv|| = 1} is a closed submanifold of class C! in W and S! x R is
Cl-diffeomorphic with W \ {0}.

Following the trivial fibering scheme, we associate with the original functional
I a new fibering functional I defined for (t,v) € RT x S* by

Bt 0) = In(tv) = %t”HA(v) - éth(v) - %t”F(v) . (3.4)
For (t,v) € RT x S, we define the functionals
Qx(t,v) = %f)\(t,v) =P (Hy\(v) —tTPB(v) — t""PF(v)), (3.5)
2 ~
La(t,v) = %Ik(tvv) =t""*((p— DHx(v) = (¢ = D" PB(v) — (y = DI PF(v)).
(3.6)

Thus we can extract from Rt x S the sets
E}\ = {(t,'l}) € R+ X Sl‘Q)\(ta 'U) = 0, L/\(tvv) > 0}7 (37)
Y2 = {(t,v) € RT x S|Qx(t,v) =0, Lx(t,v) < 0}. (3.8)

Thus in accordance to the trivial fibering scheme we have the following variational
problems

[ =if{L(t,v)|(t,v) € 2}, j=1,2, (3.9)
where

From (3.4) it follows that I satisfies to condition (RD).

It is easy to verify that the equation Qx(t,v) = 0 can have, in dependent of
Hy(v), B(v) and F(v), at most two solutions on R*. The conditions L (t,v) < 0
and Ly(t,v) > 0 separate them: the equation Q,(¢t,v) = 0 may have at most
one solution ¢! (v) € RT such that Q,(t'(v),v) = 0, (t*(v),v) € X3, and at most
one solution t?(v) € RT such that Q,(t?(v),v) = 0, (t?(v),v) € o, respectively.
Moreover we have

H()eC (@), i=1.2 (3.11)
where G)g\ = p?"g(Ei), j = 1,2 are submanifolds of class C*! in S*.
Thus we have deal with the solvable trivial fibering scheme and we can define

Ji(v) = Ir(t*(v),v), wve 6}, (3.12)
J3(v) = Ir(t*(v),v), ve 3. (3.13)
Thus problem (3.9) is reduced to the following problem
[ =min{J{(v) :v €O}, j=1,2 (3.14)
From Theorem 2.7 we have the following statement.

Lemma 3.1. Let j = 1,2. Assume that vé € @i is a solution of problem (3.14).
Then u, =t/ (v})v}, is a nonzero critical point of the functional Iy.
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Remark 3.2. In the case when p = 2, v = 2%, ¢ = p**, n > 3, problems of type
(1.1)-(1.2) have their root in Riemannian geometry. Let (M,g) be a Riemannian
manifold of dimension n > 3 with the boundary 0M, the scalar curvature k(z) of
M and the mean curvature d(z) of 9M. Let K be a given function on M and D
be a fixed function on M. One may ask the question: Can we find a new metric
g on M such that K is the scalar curvature of g on M, D is the mean curvature
of g on M and § is conformal to g (i.e., it holds § = u*/("~?)g for some u > 0 on
M)? This is equivalent (see Escobar [9, 10], Taira [21]) to the problem of finding
positive solutions u of (1.1)-(1.2) with critical exponents v = 2* and g = p**, where
k is the scalar. Thus, by the trivial fibering scheme we have also the variational
statements (3.9) for this geometrical problem.

Remark 3.3. Observe, the variational definition (3.14) includes the formulations
used by Escobar [9]-[11]. Indeed, let us consider the case D(z) = 0. This implies
B(:) = 01in (2.2). It is easy to verify that Ly(t(v),v) > 0 and Ly(¢(v),v) < 0,
respectively, holds, if sgn(F(v)) < 0 and sgn(F'(v)) > 0, respectively. Hence we
have j = 1 in the first case and j = 2 in the other one.

4. EXISTENCE AND MULTIPLICITY FOR SUBCRITICAL CASES

In this section, we prove the main results of the paper, i.e., we show the existence
and the multiplicity of positive solutions of (1.1)-(1.2). Define

N PR B
A*(K) = inf { R @) [uPda, F(u)>0,ue W}, (4.1)
) =in fM‘VU| dﬂg"'b( u) U u
nf { R, : B(u) >0, ue W}, (4.2)
where in case when the set {u € Wl( ) F(u) >0} ({u € Wy (M) : B(u) > 0}) is
empty we put \*(K) = 400 (A*(D ) = 400). Remark that
D Vel )
= inf { R ulda, eW, (M)} (4.3)

and \p is the simple first eigenvalue of the Neumann boundary problem

—Appr = Mk(z)[¢1[P "¢ in M,

4.4
|V¢1|p72% +d(x)|¢1|P 21 =0 on OM, (44)

where ¢1 > 0 is a corresponding principal eigenfunction (see [23], [24]). Suppose
that k(xz) > 0 on M, d(z) > 0 on OM then it follows immediately from the defini-
tions that 0 < A; < A*(K) and 0 < Ay < \*(D).

Lemma 4.1. Assume (1.5) holds and k(xz) >0 on M, d(x) >0 on OM.
(1) If F(¢1) <0 and p <y < p*, then \y < A*(K)
(2) If B(¢1) <0 and p < q < p**, then Ay < A*(D).

Proof. First assertion: For our purpose it is important to prove separately some
parts of the lemma in the following two cases: in subcritical cases of exponents and
in critical cases of exponents, respectively.
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Let us suppose that F'(¢1) < 0. Assume to the contrary that A\; = A*(K). Hence
there exists a minimizing sequence {w,,} for the problem (4.2) such that

E(wp) = Jar Vwm[Pdpg + b(u)
" fM k() |w,|Pdpg

where F(wy,) >0, m =1,2,..., see (4.1). The functional E(-) is 0-homogeneous.
Therefore we may assume without loss of generality that the sequence {w,,} is
bounded and that w,, — w weakly converges for some w € W.

Since F is lower semi-continuous with respect to W we get E(w) < A\;. But \;
is a minimum of E (see (4.3)) and therefore we get E(w) = A;.

Let us consider the subcritical cases; i.e., we assume that p < v < p* holds.
Then since W is compactly embedded in Ls(M) for p < s < p* we may assume
that F(w,,) — F(w) as m — oco. Hence F(w) > 0. Note that the eigenvalue \; is
simple. Hence it follows that w = r¢; for some constant r > 0. This implies that
we have F(r¢1) > 0, a contradiction to our assumption F(r¢;) = r7F(¢1) < 0.

Now let us consider also the critical case of the exponent. As it has been shown
above it suffices to prove that F'(w) > 0. Let us show that w,, — w strongly in W.
Indeed, as it has been shown above we have F(w) = A;. This implies that

[ 1V, = [ [vupdg,

Now taking into account that w,, — w weakly in W we get w,,, — w strongly in
W. Thus we have F(w) > 0. Consequently, we have shown that F(¢1) < 0 implies
A1 < A*(K). O

— A = A (K) asm — oo,

Remark 4.2. The main difficulty in investigation of the solvability problem for the
elliptic equations with critical exponents of nonlinearities is a “lack of compactness”
(cf. [3], [20]). From the point of view of the overcoming this difficulty Lemma 4.1
plays the main role in our approach. Generally speaking, in our approach we reduce
the problem of the lack of compactness mainly to the investigations at a bifurcation
point A;.

Remark 4.3. Recall, if theset {u € W: F(u) >0} =0 ({ue W : B(u) > 0} =0)
then A\*(K) = 400 (\*(D) = +00). Thus in this case Lemma 4.1 is trivial. Note
that if the conditions {u € W : F(u) > 0} = 0 and {u € W : B(u) > 0} = 0
are satisfied then for A > 0 problem (1.1)-(1.2) become coercive. Observe also the
conditions {u € W : F(u) > 0} = ) and {u € W : B(u) > 0} = () mean that
K(x) <0on M and D(x) < 0 on M, respectively.

Proposition 4.4. Let (1.5) and k(xz) > 0 on M , d(z) > 0 on OM be satisfied.
Then the following two statements hold
(1) If A < M (K) A< A*(D) ) and F(u) > 0 (B(u) > 0) for some u € W,
then H(u) > 0.
(2) If A< X (K) (A< X*(D)) and Hx(u) <0 for some u € W, then F(u) <0
(B(u) <0).
The assertions in the above proposition follow immediately from the definitions,
see (4.1), (4.2), (4.3).

Let us formulate our main theorem on the existence of positive solutions for the
family of problems (1.1)-(1.2) in the subcritical cases.
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Theorem 4.5. Suppose that (1.5) and k(x) >0 on M, d(z) >0 on OM, p < q <
P, p <7y <p* and q <y are satisfied.
(1) Assume F(¢1) < 0 and B(¢1) < 0. Then for every A € (A, min{\*(K),
A«(D)} there exists a weak positive solution uy of (1.1)-(1.2) such that u; >
0 on M and uy € W) (M). Furthermore, it holds Ix(u1) < 0 and u' is a
ground state of type (0) for I.
(2) Suppose that the set {x € M : K(x) > 0} is not empty and D(z) < 0 on
OM. Assume F(¢1) < 0 holds. Then for every A < A\*(K) there exists
a weak positive solution us of (1.1)- (1.2) such that ug > 0 on M and
uy € W) (M). Furthermore, we have Ix(uz) > 0 and u? is a ground state
of type (-1) for I.
For the proof of this theorem, we use the following lemma.

Lemma 4.6. Let k(z) >0 on M, d(z) >0 on OM, p < q < p**, p <~y < p* and
qg <.
(1) Assume F(¢1) < 0 holds. Then for every A € (A1, \*(K))

07\ ={w e W: Hy(w) <0} C Oy (4.5)

and the set ©F , is not empty.
(2) Suppose that the set {x € M : K(x) > 0} is not empty and D(xz) < 0 on
OM. Then the set Oq 5 is not empty and

O\ ={w e W: F(w) > 0} (4.6)
for every A < \*(K)).

Proof. First assertion. Note that by Proposition 4.1. A\; < min{A\*(K), \*(D)}). At
first we show (4.5). Let A € (A1, min{\*(K), \*(D)}). We suppose that w € ©9 ,,
ie., Hy(w) < 0 holds. Then by Proposition 4.4 we have that F(w) < 0 and
B(w) < 0. These facts and (3.5) imply the existence of a number ¢!(w) > 0 such
that Q(t'(w),w) = 0 and L(t!(w),w) > 0 hold. Thus w € ©;  and (4.5) is proved.
Let us consider the first eigenvalue ¢; € S! of problem (4.4). Then for any A > 0
we have Hy(¢1) < 0. Thus ¢; € ©F ,, and therefore the set ©F , is not empty for
A € (A1, \*(K)). The first assertion is proved.

We show the second part. Assume that the set {x € M : K(z) > 0} is not empty.
Then there exists a function vy € W such that F'(vg) > 0. Applying Proposition
4.4 we deduce that Hy(vg) > 0 holds for any A < A*(K). Recall that we have
p < g < . Hence we obtain from (3.5) the existence of a number ?(v) > 0 such
that Q(¢*(v),v) = 0 and L(¢*(v),v) < 0. This implies v € O3 . Thus the set O )
is not empty and

{weW: F(w) >0} COq,. (4.7
Suppose F'(w) < 0 for some w € W. By assumption we have B(w) < 0. Hence the
equation Q(t, w) = 0 may have a solution #?(w) only in the case when H)(w) < 0 is
satisfied. However, in this case, we have L(t?(w),w) > 0 by (3.6). This fact yields
w & O\ and therefore {w € W : F(w) < 0} N O3y = 0. Using this and (4.7) we
deduce (4.6). The proof is complete. O

For the proof of theorem 4.5, we restrict the functional J; on the set O7 x-
Therefore, instead of the minimization problem (2.6) for j = 1, we consider

I, = min{J}(v) 1 v € OF ,}. (4.8)
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To prove the existence of the solution u; and us in W we apply Lemma 2.9. There-
fore, we show that the variational problem (4.8) has a solution v; € W and (3.14)
with j = 2 has a solution v, € W.

Note that Lemma 4.6 implies also

Jy°(v) <0, ifveos,, (4.9)
J3(v) >0, ifve Oy, (4.10)

Now we prove a mapping property of the functionals Jf;, j=12.

Lemma 4.7. Let k(z) >0 on M, d(x) >0 on OM, p < ¢ < p**, p <~y < p* and
q<7.

(1) Assume that F(¢1) < 0, B(¢1) < 0. Let A € (A, min{\*(K), \*(D)}).
Then the functional Jy(-) defined on ©5  is bounded below, i.e., —o0 <
infge | Ji(w).

(2) Suppose that the set {x € M : K(z) > 0} is not empty and D(xz) < 0 on
OM. Let X < X\*(K). Then the functional J3(-) defined on O y is bounded
below, i.e., —oo < infe, , J3(w).

Proof. For the first assertions, observe that Supgg | |J} (w)| = oc if and only if there
exists a sequence vy, € ©7 , , m = 1,2,..., such that t'(vy,) — o0 as m — oo.
By Proposition 4.4, if Hy(v) < 0 and A € (A1, min{\*(K),A\*(D)}) then we have
F(v) < 0and B(v) < 0. Hence and since H(w) is bounded on 69 , C S* we deduce
from the equation Qx(t'(v),v) = 0 (cf. (3.5)) that is impossible if ¢} (v) — oo.

To prove the second assertion, observe that from equation Qx(t?(v),v) = 0 it
follows

~ 1 1 1 1

I\t (v),v) = (tZ(U))”[(p - ;)HA(U) - (5 - 5)@2(1}))"””3(1))}- (4.11)

From Proposition 4.4 it follows that if v € ©3 and A < A*(K) then Hy(v) >

0 holds. Hence and since by assumption B(v) < 0 we deduce from (4.11) that
J3(v) = I\(t*(v),v) > 0 for v € O ) and therefore the assertion 2) holds. O

Lemma 4.8. Let k(z) >0 on M, d(z) >0 on OM, p < g < p™, p <~y <p* and
q<7.
(1) Assume that F(¢1) < 0, B(¢1) < 0. Let A € (A1, min{A\*(K), \*(D)}).
Then the functional J3 () defined on O7 ,, is weakly lower semi - continuous
with respect to W.
(2) Suppose that the set {x € M : K(x) > 0} is not empty and D(xz) < 0 on
OM. Let X < X\*(K). Then the functional J}(-) defined on O3 ) is weakly
lower semi-continuous with respect to W.

Proof. Let j =1 or j = 2 be fixed. We assume that v, — v weakly with respect
to W for some v € ©,. Recall that ©; C S' and therefore {v,,} is bounded in W.
Thus we may assume that

B(vp,) — B(v), F(v,) — F(v) asm — +oo, (4.12)

and
Hy(vm) — H as m — +o0, (4.13)
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where H is finite. Since Hy(-) is weakly lower semi-continuous with respect to W
we get

Hy(v) < H. (4.14)
From (4.12), (4.13) it follows {#/(v,,)} is a convergent sequence. Furthermore it
holds #/(v,,) — t < +00 as m — +oo. Indeed, in both cases of assertions 1), 2)
we have F(v) # 0 and B(v) # oo, |H| # oo for v € 0, j = 1,2, respectively.
Hence and from (3.5) it follows that the contrary supposing #/(v,,) — £ = +00 as
m — +o0 is impossible. Thus #/(v,,) — t < 400 as m — +o00. Now we define

- | 1
I(t) = ~t?H — ~t'B(v) — =t"F(v)
p q Y
for t € R*. Then _
J3 (v) — I(t) as m — +oo. (4.15)
Let us prove the assertion 1). It follows from (4.14) that {_(ﬂ > I(t,v). It is easy

to see that ¢'(v) is the minimization point of the function I)(t,v) on R*. Therefore
we have I (t,v) > I(t1(v),v) and, consequently,

lim J3 (v) = I(£) > Ji(v).

Hence J} (v) is weakly lower semi-continuous on ©9 , with respect to W.
Now we prove the second assertion. Let us define

. 1 0. _ 1 0%
Q) = F&I(t)’ L(t) = tpjwl(t)

for all t € RT. Then it follows from (4.12), (4.13), (3.5) and (3.6) that
Q) =H —t"?B(v) —'"PF(v) =0, (4.16)
L) = (p— VA — (q— DI PB) — (y— DO PF() 0. (417)
Assume that we have equality in (4.17). Then by (4.16) and (4.17) we get

(y—p)H — (v = @)t" "B(v) = 0.
Recall that B(v) < 0 and p < ¢ < v hold. Therefore, H > 0 is only possible in
the case when H = 0. Then we deduce from (4.14) that Hy(v) < 0. By (4.6) we
have F(v) > 0 for v € ©3. Hence, since A < A*(K) we obtain by Proposition 4.4
a contradiction. Thus we have in (4.17) a strong inequality. This implies that the
function I(t) defined on R attains a maximum at the point ¢. Using (4.14) we
infer that
lim J3(vy) = I(f) 2 I(*(v)) = I\(*(v),v) = J3(v),

i.e., the second case is proved. (]

Now we complete the proof of our main theorem. We start with the first part
of Theorem 4.5. Therefore we suppose that all corresponding assumptions are

satisfied. We consider the minimization problem (4.8). Let {v,,} be a minimizing
sequence for this problem, i.e., we have v,, € ¢ and J; (vy,) — I)l\’o. Recall that

loml| =1 form=1,2,.... (4.18)

Thus v,, is bounded in W. Hence since W is reflexive, we may assume v,, — v'
weakly for some v! € W. Let us suppose, for the moment, that

o' € 07, (4.19)
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Then the blondeness and weakly lower semi-continuity of J;} shows that
—oo < Ji(v') < I3

Thus v! is solution of the problem (2.6).

Now we prove (4.19). First of all we observe from (4.18) that v # 0. Indeed,
assume to the contrary that v! = 0. Since Wp1 (M) is compactly embedded in the
space L,(M) and also compactly trace - embedded in the space L,(OM), we may
assume b(vy,) — 0 and f(vy,) — 0 as m — oo. These and (4.18) imply Hj(vy,) > 0
for m large enough. Therefore we get a contradiction to the fact that Hy(v,,) < 0
for vy, € ©9.

Now we show v! ¢ 90¢. It is sufficient to prove that the following strong
inequality

Hy(v') <0 (4.20)
holds. Using the weakly lower semi-continuity of H) it follows from the definition
of v! that Hy(v') < 0. Assume to the contrary that Hy(v') = 0. Since A <
min{\*(K), \*(D)} we conclude by Proposition 4.4, ii) that F'(v!) < 0, B(v!) < 0.
This fact, the continuity of F on L. (M) and B on L, (dM) imply that t'(v,,) — 0
as m — 0o. Applying now (3.4) we obtain that Iy (¢! (v,,), vy) — 0 as m — oo. On
the other hand it is easy to see that J3(v) < 0 for all v € 07 ). Therefore we have a
contradiction to the assumption that {v,,} is minimizing sequence. Thus we have
proved (4.20). Hence (4.19) is true.

Now we prove the second statement of Theorem 4.5. Suppose that the corre-
sponding assumptions of Theorem 4.5 hold. We consider the minimization problem
(2.6) with j = 2. Let {v,,} be a minimizing sequence for this problem, i.e., we have
Um € O3 and J3(v,,) — ff As above in the proof of the first part of Theorem 4.5
it can be shown that v,, — v? weakly with some v? € W. Therefore, the proof is

finished if
v € 0,. (4.21)
By the second part of Lemma 4.6 it is sufficient to show that the strong inequality
F(v?*) >0 (4.22)

holds. Assume to the contrary that F(v?) = 0. Since A < \*(K) we conclude by
Proposition 4.4, i) that Hy(v?) > 0. Hence using the continuity of F' on L. (M),
supposing B(v,,) < 0 we derive that t?(v,,) — oo as m — oo. Observe that by
(3.8), (3.4), (3.5) we have

~ 1 1 11

I\t (vm)vm) = (tQ(vm))”[(]; - a)HA(vm) - (q - 5)(752(%))"_”3(%)]-

This fact, the lower semi-continuity of Hy and since B(v,,) < 0, m = 1,2,...,
imply that Iy(t2(vmm),vm) — oo as m — oco. Therefore we get a contradiction to
the assumption that {v,,} is minimizing sequence. Thus (4.21) is proved.

By Lemma 3.1 the functions u; = t7(v7)v7, j = 1,2, are weak solutions of (1.1)
and (1.2). It follows from Lemma 2.12, since the functional I is even, that u; > 0 in
M. By the maximum principle [23], since u; # 0, we see that u; > 0 in M. Finally,
it follows from (4.9) and (4.10), respectively, that Iy(u1) > 0 and Iy(uz) < 0. By
Lemma 2.11 we have that us is a ground state of type (-1) and wu; is a ground state
of type (0) for Ix. The proof of Theorem 4.5 is finished. O

Next, we prove a lemma on the existence of ground states.
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Lemma 4.9. Suppose (1.5), k(x) > 0 on M, d(x) >0 on OM, p <y < p*, p <
q < p** and q < 7y are satisfied. Furthermore, we assume that

(1) F(¢1) <0

(2) D(z) <0 on OM.
Then for every A € (A1, \*(K)) there exists a ground state uy € W, (M) of I.
Furthermore, uy > 0, In(uy) < 0.

Proof. First let us remark that under the additional assumption D(z) < 0 on M
we have

ia =01 (4.23)
Indeed, suppose Hy(w) > 0 for some w € W. By assumption we have B(w) < 0.
Hence the equation Q(t,w) = 0 may have a solution t!(w) # 0 only in the case
when F(w) > 0 is satisfied. However, in this case, we have L(t!(w),w) < 0 by
(3.6). This fact yields w ¢ ©1, 5 and therefore {w € W : Hy(w) < 0} N O\ = 0.
Using this and Lemma 4.6 we deduce (4.23).

It follows from the proof of Theorem 4.5 and from (4.23) that there exists a
positive solution u; € W, (M) of variational problem (3.14), j = 1 such that
I, (ul) < 0.

Now let us show that u; is a ground state for I. First note that for the solution
ug of (3.14), j = 2 we have I(u2) > 0. Hence

min{ Iy (u1), Ix(u2)} = In(uq).
Therefore by Lemma 2.11 to prove our assertion it remains to show that the set
do = {(t,v) € RT x S*|Q(t,v) = 0, L(t,v) =0},

is empty. Assume the converse. Then by (3.5), (3.6) there exists (t,v) € RT x S1
such that it holds the following system of equations

H)\(Uo) - tqipB(’Uo) - tfyipF(’Uo) = 0,
(p = 1) Hx(vo) — (¢ = DI FB(vo) — (v = D" PF(vo) = 0.

From here we derive

(4.24)

(¢ —p)Hx(v) + (v — )t PF(v) = 0.
However, this is impossible since by Proposition 4.4 we have for A < \*(K) if

F(v) > 0 then Hy(v) > 0 and if Hy(u) < 0 then F(u) < 0. The contradiction
proves the lemma. (Il

From Theorem 4.5 and Lemma 4.9 we can derive the following multiplicity re-
sults.

Theorem 4.10. Suppose that (1.5), k(z) >0 on M, d(z) > 0 on OM, p < v < p*,
p < q<p™ and q < are satisfied. Furthermore, we assume

(1) F(¢1) <0 holds

(2) The set {x € M : K(x) > 0} is not empty

(3) D(z) <0 on OM.
Then for every A € (A1, \*(K)) there exists at least two weak positive solutions u,
and ug of (1.1)-(1.2) such that uy > 0 and ug > 0 on M. Furthermore, we have
U1, Us € Wpl(M), In(u1) <0, In(ug) > 0. uy is a ground state and ug is a ground
state of type (-1) for I.
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5. EXISTENCE RESULTS FOR CRITICAL EXPONENTS

In this section, we prove the existence of positive solutions of (1.1)-(1.2) in the
cases where the exponents may be critical. The main theorem in this section is as
follows.

Theorem 5.1. Suppose that k(x) >0 on M, d(x) >0 on OM, g <, p <~y < p*
and p < q < p** are satisfied. Assume that F(¢1) < 0 and B(¢1) < 0. Then
for every X\ in (A, min{\*(K), A*(D)}) there exists a weak positive solution u,
of (1.1)-(1.2) such that uy > 0 on M and uy € Wy (M). Furthermore, it holds
I)\(ul) < 0.

Proof. For the cases p < v < p* and p < ¢ < p** the statement of this theorem

follows from Theorem 4.5. For critical exponents v = p* and ¢ = p** the result will

be obtained by limiting arguments from the subcritical cases. As an example, let

us suppose that v = p* and p < ¢ < p**. The other cases can be done analogously.
Let p < 8 < p*. Then we define

Fa(u) = /M K(x)|ulPdug, ue W.

Analogously one defines A\5(K). We assume that Fj«(¢1) < 0. Then it fol-
lows from Lemma 4.1 that Ay < min{\s.(K),A\*(D)}). Furthermore, let A\ €
(A1, min{A5. (K), A*(D)}). Then it is easy to see that one can find a number € > 0
such that Fg(¢1) < 0, [p* — B] < e and A5(K) — Aj.(K) as 8 — p*. Hence we
have Ag € (A1, min{Aj(K), \*(D)} if |p* — B] < eo for some g9 > 0. Applying now
Theorem 4.5 we obtain the existence of a weak positive solution u; g of (1.1)-(1.2)
with v = 3 such that

/ (Vs 17 2(Vuy g, Vi) dpig + / 4()fuy P~ 2ur ibdy

M oM

o / () fun P~ s iy — / K (@)l s 2ur s, (5.1)
M M

~ [ D@l gl s vy, =0
oM

holds for any ¢ € C°°(M).

We show that the functions u; g are uniformly bounded in the W-norm. Suppose
to the contrary that ||uq g,|| — oo for some sequence j3; such that 3, — p* asi — oc.
Let vy g, = uig,/|luip| for i = 1,2,...,. Then we have uy g, = t'(v13,)v1,s,,
where [[vy g, || = 1 and by assumption t!(vy 5,) — oco. Since the functions vy g,
are uniformly bounded in the W-norm then, by weak compactness, we can find a
weak convergent subsequence of {v1 g, } (again denoted by {vy g, }) which converges
weakly to some point w € W.

Suppose that w = 0. Since W is compactly embedded in L, (M) and compactly
trace - embedded in L, (0M) we may assume that [, k(z)|v1,g, [Pdpg — 0asi — oo.
This implies Hy,(v1,5,) > 0 for §; near p*. Therefore we get a contradiction to the
fact that Hy,(v1,5,) < 0 for v1,5, € ©F 5. Thus w # 0 and therefore we can find

g € C*°(M) such that

L (@) w|”" ~2wipodpy # 0. (5.2)



18 YAVDAT IL’YASOV & THOMAS RUNST EJDE-2003/57

It follows from (5.1) that

/ |vv1,/3i
M

_)\0/ k() v1,, 1P~ 01,6, Yodpg =t1(v1,,6i)ﬁi_2/ Koy g,|% %01 g,b0dpg  (5.3)
M M

p_2(vvl,ﬁz‘ ) Vl/JO)dMg‘*‘ / d({L‘) |u1,,3i |p_2u1’ﬁquyg
oM

+t1(v1,,8i)q_2/ Dlvy g, %201 g, 0dvy.
OM

Since Wz} is compactly embedded in Ls(M) for p < s < p* and trace-embedded
in Ly(0OM) for p < ¢ < p**, it follows that vy 3, — w in Ly(M), p < s < p* and
in Ly(OM), p < g < p**. Hence and by (5.2) it follows that the right hand side of
(5.3) converges to infinity as ¢ — oo in contrast to the fact that the left hand side
of this equality is bounded. Thus we get a contradiction and the functions u; g are
uniformly bounded in the W-norm.

Therefore, by weak compactness, we can find a weak convergent subsequence
of {u1 3} (again denoted by {u;g}). Since W} is compactly embedded in L(M)
for p < s < p* and trace-embedded in L,(0M) for p < ¢ < p**, it follows easily
that the weak Wpl—limit uyp- of the sequence uy g satisfies also (5.1). To prove our
theorem it remains to show that u; ,« is nonzero. Suppose to the contrary that
up e = 0. Let v1,5 = uy g/|lurgl. Then uy s = t'(vi)v1 s where |lvg 5] = 1.
Hence t!(vy 5) — 0 and/or vy g — 0 weakly with respect to W as 3 — p*.

Suppose the second case holds: v; 3 — 0 weakly as 3 — p*. Since V[/p1 is
compactly embedded in Ly(M) for p < s < p*, we may assume f(v13) — 0
as 0 — p*. This implies Hy,(v1,8) > 0 for B near p*. Therefore we have a
contradiction to the fact that Hy,(v1,3)) < 0 for vy 53 € 69 5.

Thus vy p« # 0. Suppose now that t!(vy ) — 0 as 3 — p*. By virtue of (5.1) we
have

[ 1901002 (For0, Vgt [ daon sl o vy~
M oM
—Ao/ k(@)o1,6P 201,59 dpg =t1(vl,ﬁ)ﬁ71/ K(z)|o1 6" 201 podug+ - (5.4)
M M
o) [ D@ plton g,
oM
Passing to the limit in (5.4) as 8 — p* we get

/ [V p
M

-2
p U1,p* ¢dVg—

P2V 01 e Vibdpng+ / d(z)|v1 p
oM

Y / k(@)]on
M

Observe that v, > 0. Hence by the maximum principle and the Hopf lemma,
since vy p= # 0, we see that vy« > 0 in M. But A < X\ and \; is a simple and
isolated eigenvalue. Hence we get a contradiction.

Thus there exists a weak solutions g ,+ > 0 of problem (1.1)-(1.2) with v = p*
and p < ¢ < p**. Since the functional H) is weakly lower semi-continuous on WI},
Hy(u1p-) < liminfg_,« Hy(upp) < 0. Then for A € (Ar, min{A;. (K),\*(D)}) by
Proposition 4.4 it follows F'(ui p+) < 0, B(u1,p+) < 0. It implies Iy (u1,-) < 0. By

(5.5)
p72”17p*¢dﬂg =0.
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the maximum principle and the Hopf lemma, since u; ,« # 0, we see that uq ,- > 0
in M. This completes the proof of the Theorem 5.1. (]

The following result shows existence of ground state in critical cases.

Theorem 5.2. Suppose that (1.5), k(xz) >0 on M, d(z) >0 on OM, p < v < p*,
p < q<p*™ and q < are satisfied. Furthermore, we assume

(1) F(¢1) <0

(2) D(z) <0 on OM
Then for every A € (A1, A*(K)) there exists a ground state uy € W, (M) of I.
Furthermore, uy > 0, I\(u1) < 0.

Proof. The existence of ground state in subcritical cases of exponents p < v < p*,
p < q < p** follows from Lemma 4.9. As an example, let us prove the assertion of
the theorem for the following critical case p < ¢ < p**, v = p*. The other cases can
be done analogously.

Suppose A € (A, A*(K)) and let u; g be a ground state of I 3 when p < § <
p*. Using the same arguments as in proving of Theorem 5.1 it can be shown
the existence of weak convergent subsequence u1 g, — u; ,+ with respect to W as
B; — p* where uj ,+ is a positive solution of (1.1)-(1.2). Let us show that u p« is
a ground state.

First note that the functional Jiﬁ(-) defined on @T,A,ﬁ is bounded below, i.e.,

—o0 < f}\’ﬁ = inf{J}\’ﬁ(w) tw € O3}

for A € (A, A\*(K)) and p < 8 < p* (see Lemma 4.7). Next we remark that for
every w € O1 y the function Jiﬂ(w) is continuous with respect to § € (p, p*]. Hence

it follows that I /{ s 1s also continuous with respect to B € (p,p*] and

f)l\ﬂ —)j)l\7p*, asfl — p*. (5.6)
Thus to prove the claim it is sufficient to show that
Iy p- (V1p+) < j){,p* = BILH;* J)\lﬁ(vlﬁ). (5.7)

where v1 3 = uy 3/|lu1,8||. Observe from the convergence uy g, — w1 p+ it follows
that
B(uyp,) — B, Fg,(u1,5,) — F as i — 400, (5.8)
and
Hy(u1p,) — H as i — 400, (5.9)
where H, F, B are finite. Since Hy(-) is weakly lower semi-continuous with respect
to W we have
Hy(uy ) < H. (5.10)
Let us show that
Fpe(uype) < F. (5.11)
Consider a finite partition of unity for M: v¢; : M — R, Suppy; C M, 0 <; <1,
> ¥i(x) =1on M. Let p < 8 < p* then testing (1.1) by ¢ju1 g, we obtain

/ |Vu1ﬁi pd}jdug +/ |Vu17ﬁi
M M

- / k(@) g,
M

P=2(Vuy g, Viby ) dpg

(5.12)
Firpidpg = 0.

Pibjdpg — /M K(z)|u1,p,
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From the weak convergence u; g, — u1,p~ with respect to W and strong convergence
u1,8, — Uip- in Ly(M), p < s < p* it follows that

[ 1V Psdugn [ k@l Pisdu, - B

M M (5.13)
Fp,(ur,5,(95)/7) = Fj  as i — 400,

and

/ |vu1,5i p_z(vul,ﬂivij)d:ug - / |vu1,p* p_2(vu1,p*aij>dﬂg
M M

as ¢ — +o00. Hence passing to the limit in (5.12) we deduce

Hj + / |Vu1,p* p—Q(Vul’p*’ij)dug = Fj. (514)
M

On the other hand from (1.1) in critical case v = p* we have

/ Vg pe |Pejdpy — A/ k()| p [Pojdpg+
M M

+/ ‘VULP*
M

Since H; > Hy(u1 p=1;), it follows that Fp«(u1 p+1;) < F;. Thus by summing these
inequalities we obtain (5.11). Observe that from the equation Q (¢ (v1 5),v1,5) = 0,
B € (p,p*] it follows

TL e (01,5) = %(tl(vl,ﬁ))z’m(w) T %(#(vl,g))%(m,g).

Hence from (5.8), (5.9), (5.10), (5.11) we deduce

piz(vul,p* Vi )dpg = Fpr (U1 pr (¢j)1/p* ).

9—PH , 745 . 1
Ji (i) < ——H+-1—2F = lim J} 5(v1.8).
Lo 1) < T2H 4+ L0 i ] 009)
Thus we obtain (5.7) and the proof of theorem is complete. O
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