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NASH-MOSER TECHNIQUES FOR NONLINEAR
BOUNDARY-VALUE PROBLEMS

MARKUS POPPENBERG

ABSTRACT. A new linearization method is introduced for smooth short-time
solvability of initial boundary value problems for nonlinear evolution equa-
tions. The technique based on an inverse function theorem of Nash-Moser
type is illustrated by an application in the parabolic case. The equation and
the boundary conditions may depend fully nonlinearly on time and space vari-
ables. The necessary compatibility conditions are transformed using a Borel’s
theorem. A general trace theorem for normal boundary conditions is proved
in spaces of smooth functions by applying tame splitting theory in Fréchet
spaces. The linearized parabolic problem is treated using maximal regular-
ity in analytic semigroup theory, higher order elliptic a priori estimates and
simultaneous continuity in trace theorems in Sobolev spaces.

1. INTRODUCTION

The purpose of this paper is to introduce a new linearization method for smooth
short-time solvability of initial boundary value problems for nonlinear evolution
equations. The technique based on an inverse function theorem of Nash-Moser
type is illustrated by an application in the parabolic case. The equation and the
boundary conditions may depend fully nonlinearly on time and space variables. The
general Theorem 4.3 applies to a nonlinear evolutionary boundary value problem
provided that the linearized equation with linearized boundary conditions is well
posed; here a loss of derivatives is allowed in the estimates of the linearized problem.
An application in the parabolic case is given in Theorem 8.1.

We mention some points of the proof which might be of independent interest. A
Borel’s theorem is applied to transform the compatibility conditions. A trace the-
orem is proved for normal boundary operators in spaces of smooth functions using
tame splitting theory in Fréchet spaces. Some results on simultaneous continuity
in trace theorems in Sobolev spaces are proved. In the application, higher order
Sobolev norm estimates including the dependence of the constants from the coef-
ficients are derived for the linearized parabolic problem using analytic semigroup
theory involving evolution operators and maximal regularity.

Inverse function theorems of Nash-Moser type [13, 15, 25, 34, 39] have been
applied to partial differential equations in several papers, for instance, concerning
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small global solutions in [17], periodic solutions in [41, 18, 11], and local solutions
in [13], III. 2.2 or [21, 35, 36, 37, 38]. Different from these articles we consider
initial boundary value problems including compatibility conditions in this note. It
seems that the technique introduced in this paper is the first general linearization
method in the literature based on a Nash Moser type inverse function theorem
which applies to smooth initial boundary value problems with loss of derivatives
including compatibility conditions.

This paper continues and completes the work in [36] where the whole space case
is considered. It turned out that the case of boundary value problems treated in this
note is completely different from the whole space case and requires substantially
other methods.

In the literature many results are known on linear and on nonlinear parabolic
boundary value problems. It is beyond the scope of this paper to give a complete
survey. We here only mention some articles which contain also additional references.
For the classical linear theory of parabolic equations and systems we refer to [4,
12, 49, 20, 24]. Early results on short-time solvability of nonlinear second order
equations can be found in the references [1] through [8] of the survey paper [28].
Since then nonlinear parabolic problems have been studied in many papers, for
instance in [16, 12, 20, 19], or, more recently, in [23, 22, 47]. Semigroup theory has
been applied by many authors to the solution of linear and of nonlinear parabolic
problems, we refer to [48, 50, 29, 5, 1, 26, 6].

This paper is organized as follows. Section 2 contains notations which are used
throughout this article. In section 3 a smoothing property for Fréchet spaces is
recalled from [32] which is required as a formal assumption in the inverse function
theorem of Nash-Moser type [34]. The spaces C§°([0,T7], H>*(2)) are shown to
enjoy this property with uniform constants for all small 7" > 0; here C§° denotes
the subspace of C*° containing functions vanishing with all derivatives at the origin.

In section 4 the inverse function theorem [34] is used to linearize the initial
boundary value problem. Mainly due to compatibility conditions this approach is
completely different from the whole space case [36]. A transformation based on a
Borel’s theorem gives a reduction to zero compatibility conditions. The smallness
assumptions required by the inverse function theorem can be achieved by choosing
a small time interval without supposing smallness assumptions on the initial values.
This is based on a uniformity argument and on Borel’s theorem.

Using results of section 5 the linear problem is reduced to a problem with ho-
mogeneous boundary conditions. The results of section 5 might be of independent
interest. A trace theorem including estimates is proved for normal boundary op-
erators in spaces of smooth functions by applying the tame splitting theorem [40]
in Fréchet spaces. Note that classical right inverses for trace operators in Sobolev
spaces constructed e.g. by the Fourier transform depend on the order of the Sobolev
space and do not induce right inverses in spaces of smooth functions. In addition,
results on simultaneous continuity are proved for trace theorems in Sobolev spaces.

Sections 6, 7, 8 contain an application in the parabolic case.

In section 6 the linearized parabolic initial boundary value problem of arbitrary
order is considered. Under suitable parabolicity assumptions the necessary higher
order Sobolev norm estimates are proved. In order to derive the appropriate de-
pendence of the constants from the coefficients these estimates are formulated and
proved by means of a symbolic calculus involving the weighted multiseminorms
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[ ],k introduced in [34]. The estimates are based on maximal regularity in Holder
spaces and on the results of section 5 on simultaneous continuity in trace theorems.

In section 7 we obtain sufficient conditions of elliptic type for the parabolicity
assumptions of section 6. It is shown that the constants in the higher order elliptic
a priori estimates due to Agmon, Douglis, Nirenberg [3] depend on the coefficients
of the problem as required by the Nash-Moser technique; we note that this means
more than only uniformity as stated in [3]. Furthermore, resolvent estimates due
to Agmon [2] are used to establish the assumptions of section 6.

Finally, in section 8 the short-time solvability of the nonlinear parabolic problem
is proved in Theorem 8.1 under general and natural assumptions. It is enough that
the linearized problem together with the linearized boundary conditions is given by
a regular elliptic problem in the usual sense (cf. Definition 7.5 or [24]).

The technical Theorems 4.3, 4.4, 5.5 provide a general framework for applications
to evolutionary boundary value problems where a loss of derivatives appears in the
estimates of the linearized problem. This might be interesting for further applica-
tions which are not accessible to standard methods due to a loss of derivatives, for
instance to other evolution equations or to coupled systems involving Navier Stokes
system and heat equation where a loss of derivatives appears due to the coupling.

2. PRELIMINARIES

We shall consider Fréchet spaces E, F, ... equipped with a fixed sequence || |lo <
Il <l |2 <...of seminorms defining the topology. The product E x F' is endowed
with the seminorms ||(z, y)||x = max{||z||k, |yllx}. A linear map T : E — F is called
tame (cf. [13]) if there exist an integer b and constants ¢ so that [|Tz||x < cgllz|k+b
for all k£ and z. A linear bijection T is called a tame isomorphism if both 7" and
T~ are tame.

A continuous nonlinear map ¢ : (U C E) — F between Fréchet spaces, U open,

1

is called a C'-map if the derivative ®'(z)y = }ir% +(@(z +ty) — ®(x)) exists for all

x €U,y € E and is continuous as a map &' : U x E — F. ® is called a C%-map if
it is C! and the second derivative ®”(x){y1,y2} = }iH(l) (P (@ + tyz)yr — @' (x)y1)

exists and is continuous as a map ®” : U x £? — F. Similar definitions apply to

higher derivatives ®(); & is called C* if it is C™ for all n. Given a function of

two variables ® = ®(x,y) we can also consider the partial derivatives ®, and &,
1

where e.g. ,(z,y)z = }iné +(@(x +tz,y) — ®(x,y)). One-dimensional derivatives

®,,t € R are alternatively considered as a map ®; : U x R — F or as a map
®, : U — F, respectively. For these notions we refer to [13], 1.3.

Let Q C R™ be bounded and open with C*°-boundary 02. In this paper, we
restrict ourselves to the case of bounded domains €2; most results are formulated
in a way such that a generalization to uniformly regular domains of class C*° in
the sense of [9], section 1 or [5], Ch. III, p. 642 is obvious (cf. [36]). For any
integer k£ > 0 the Sobolev space H*(2) is equipped with its natural norms (where
ol =ag + ...+ a, for « € NP)

fulle = (Y /Q|aau(x)\2da:)1/2, we HE(Q). (2.1)

lal<k
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The space H*®(Q2) = r—, H*(Q) is a Fréchet space with the norms (|| [|x)5,. On
the algebra H*°(Q2) we can consider sup-norms

lul|20 = sup sup |0%u(x)|, we€ H™(Q) (2.2)
la|<k z€Q

since by Sobolev’s imbedding theorem there are constants ¢ > 0 such that
lull® < erllullpss, uwe HP(Q), b:=[n/2] +1>n/2. (2.3)

The Sobolev space (H*(09), | ||s) is defined as usual for a real s > 0 using a
partition of unity (cf. [54], I. 4.2.). In particular, for an integer k > 1 the space
HF=1/2(9Q) is the class of functions ¢ which are the boundary values of functions
u € H*(Q); the space H*~/2(9Q) can be equipped with the equivalent norm

18llk—1/2 = inf {|Jullx : uw € H*(Q),u = ¢ on 00}, ¢ € H*12(00). (2.4)

The Fréchet space H>(9) = (Ny—, H*(09) is equipped with these norms.

The Fréchet space C°°(Q) of all C*°-functions on €2 such that all partial deriva-
tives are uniformly continuous on 2 is equipped with the norms (|| ||3°)5%2,. The
Fréchet space C*°(9€2) of all smooth functions on the manifold 052 is endowed with
the norm system (|| [|2°)72, defined as usual using cutoff functions and a partition
of unity (cf. [33], 4.14.). It is well known that there exists a linear continuous
extension operator Rg : C*°(9€) — C°(Q) such that ||Raf|lr < ckl/f||x for all k
and constants ¢, > 0; this follows e.g. from [46] using a partition of unity.

A vector valued function u = (uy, ..., uss) belongs to H> (2, RM) if each coor-
dinate u; is in H°°(Q); the same applies to H>(9Q, RM). We use of the following
symbolic calculus introduced in [34]. Let p,q > 0 be integers, p + ¢ > 1, and let
Ey,...,E, Fy,...,F, be linear spaces each equipped with a sequence | [p <| |1 <
| |2 < ... of seminorms. For any integer m,k > 0 and 21 € E1,...,2, € E,, y1 €
Fi,...,yq € F, we define

[T1, ..., Tpi Yty -ees yq]m,k = sup{|Tr, [m+iy - |[Th, [mti, ‘yl|m+j1~-|yq|m+jq}

the ’sup’ running over all ¢1,...,%,J1,...,J¢ = 0 and 1 < ky,..., k. < p with
0<r<kandis+...+4+j+...+j; <k (for r = 0 the |z|-terms are

omitted). For ¢ = 0 we write [z1,...,%p]mr (the |y|-terms are omitted) and for
p =0 we write [;y1,...,Yqlmk. For m =0 we write [...]y = [.. .]Jo,x. Observe that
[T1,...,Zpi Y1, -, Yglm,k IS a seminorm seperately in each component y; while it is

completely nonlinear in the x;-components. The weighted multiseminorms [ |, &
are increasing in m and in k. For the purely nonlinear terms (i.e., ¢ = 0) we have
[1,...,Tplmo =1 and [z1,...,2p|mk > 1 for all m, k. For properties of the terms
[ Jm.x we refer to [34], 1.7.; we shall often apply rules like [Z]m & * []m.i < [T]m k+i
and [z]m,i+x < max{l,|z Zr_fl}[x]mﬂk < C'x]mtig i |2lmys < C. If Sobolev
spaces H> () are involved then the following applies. The expressions [u].,  and
[t; V], i are defined by the corresponding Sobolev norms ||ul|;, ||v]|;. The terms
[wll5s x or [[u, vll5s . (ie., p=2,q=0) are defined by sup-norms [|u([7°, [|v]|3°. The
expression [u;v]p7, (i.e., p = ¢ = 1) is defined by means of the sup-norms [|u/[$*
and Sobolev norms ||v]|;. For a real number ¢ let [¢] denote the largest integer j
with j <t.
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3. A SMOOTHING PROPERTY FOR FRECHET SPACES

In the inverse function theorem 3.4 the Fréchet spaces are assumed to satisfy
smoothing property (S) introduced in [32], 3.4 and property (DN) of Vogt [53]. A
Fréchet space E has property (DN) if there is b such that for any n there are kj,
and ¢, > 0 such that for all z € E we have

Iz]17 < enllzllsl|zlk, (3.1)

We say that E has smoothing property (S) if there exist b,p > 0 and constants
¢n, > 0 such that for any § > 1 and any « € F and for any sequence (A,,),, satisfying
llzll, < An < Apgr and A2 < A, 1A, 41 for all n there exists an element Spx € F
(which may depend on z and on the sequence (4,)) such that

[1So]ln < cn™ P KA, b<k<n+p

3.2
|z — Spz||n < k" P* Ay, k>n+p. (3:2)

Smoothing property (S) generalizes (cf. [32]) the classical smoothing operators
(cf. [13], [15], [25]). For a Fréchet space E and T' > 0 we put

([0, T), B) = {u € C®([0,T), E) : w9 (0) = 0,5 = 0,1,2, ... } (3.3)
In case F is one-dimensional we write C§°[0, T instead of C5°([0,T], E).

Lemma 3.1. Let Ty > 0. The spaces C§°[0,T] have property (S) withb =p =0
where ¢, in (3.2) may be chosen uniformly for all0 <T < T.

Proof. The space D[0, 2] of all smooth function with support in [0, 2] has property
(S) with b=p =0 (cf. [32], 5.1). The space C§5°[0,1] is a quotient space of D[0, 2]
by means of restriction and hence a direct summand of D|0, 2] using an extension
operator (cf. Seeley [46] or [33], 4.8). Therefore, C§°[0, 1] inherits property (S)
from DI0, 2] with b = p = 0. To prove uniformity we assume that T3 = 1. We have

k .

1715 = stp sup [FO@] = sup [fP(0)] = |7 (3.4)
7=0te[0,T] t€[0,T)

for f € C§°10,T] and 0 < T < 1. Put I'p : C§°[0,1] — C§°[0, T, T'r f(x) = f(x/T).

Notice that \FTf|£€O’T] = T_k|f\LO’1]. If Sy is induced by property (S) in C§°[0,1]

then I'p 0 Sy 0 I‘;l gives property (S) for C§°[0,T] with the same constants. O

The uniformity part of Lemma 3.1 does not work e.g. for C°°[0, T]. For a Fréchet

space E and a sequence 0 < ag < a1 < ... / 400 we consider the power series
space of E-valued sequences x = (z;)32; C E defined by

o) k 1o}
AX(; E) ={(z;); CE: ||z|x = sugsup |zl p—se* < o00,k=0,1,...}.
i=0 j
In case dim E = 1 we write AZ () instead of AZ(a; E). The corresponding space
defined by [?>-norms instead of sup-norms is denoted by AZ_(«).

Lemma 3.2. If E has property (S) then AL (a; E) has (S) as well.

Proof. Let 0 # 2 € AZ(; E) and ||z < A < AkH,A% < Ap_1Apy 1. We may
assume that ¢ — log A; is convex and increasing. We have

|2;]ls < inf el=Peg, = BJ < D{_H = inf e(FIHug < A
i<keNg i+1<teR
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for any i, j. It is easy to see that D} ; < D/,, and (Dfﬂ)2 < D!D!,, for all i,j.
We hence may choose Spz; according to the sequence (D] 1)i such that
[Sezjlln < cn™PHFD] b+1<k<n+p+1
llz; — Soxjlln < ckQ"“’H*”“Di, E>n+p+ 1

We define Tz for 0 > 1 by (Tpz); = 0if e* > 6 and (Tpx),; = Spx; if e < 6. For
e* >0 we get for k>n+p+ 1 and 0 < ¢ < n the estimate

(3.5)

@]l _se’® < ePRi g, < gnk A, (3.6)
For e® < 6 we establish for K > n+ p+ 1 and 0 < i < n the estimate
|5 — Sowj||n_ie’® < i TPHI=Reio; Di < @ TPTITR A, (3.7
Lete® <fand b+1<k<n+p+1. Inthecase 0 <i<k—b—1 we get
||ngj||n_iemj < cn_iDi7i9"+p+1_kei°‘-7 < e ONTPTITR A, (3.8)

and for k — b —1 <1i < n we obtain (where we may assume that p > b)
Hngjlln,ieiaj S Cniian-l-p—i—ng_i_leiaj S Cn,i9n+p+1_kAk (39)

since Dgﬂemi < elitbtl=k)a; g, < gitb+1=Fk 4, This gives the result.
O

Proposition 3.3. Let Q C R™,n > 2, be open and bounded with C*°-boundary.

Let Ty > 0 and an integer m > 1 be fized. Then the spaces C§°([0,T], H*(Q2)) and
C§e([0,T], H*(09)) equipped with the norms

[l = sup {||u<i>(t)||k_m te0,T],0<i< k:/m} (3.10)

have properties (S), (DN). In addition, the constants ¢y, kn,b,p in the above defi-
nitions of (S), (DN) can be chosen uniformly for all0 < T < T.

Proof. Clearly the spaces have (DN); the uniformity statement holds since C§°[0, T']
is a subspace (by trivial extension) of C*[-1 + T,T] = C*[0,1] if T < 1. It is
enough to show property (S) for the spaces equipped with the new norm system
(Il llmr)peg (cf. [31], 4.3). There are tame isomorphisms H>(2) = AZ(«) for
a; = (log j)/n and H*(0Q) = AZ(B) for B; = (log j)/(n — 1); this is proved in
[33], 4.10, 4.14. We put &; = ma; and obtain a tame isomorphism

(G20, 71, H=(@), (I lt)iZ0) = AZ(@:CE0. 7). (311)
The same argument applies to H>°(9€2). Now 3.1, 3.2 give the assertion. O

In section 4 we shall apply the following inverse function theorem of Nash-Moser
type which is proved in [34], 4.1 (cf. [13], [15], [25]).

Theorem 3.4. Let E| F be Fréchet spaces with smoothing property (S) and (DN).
Let Uy = {x € E : |z|p, < n} for some b>0,n>0. Let & : (Uy C E) — F be a
C?-map with ®(0) = 0 such that ®'(x) : E — F is bijective for all v € Uy. Assume
that there are an integer d > 0 such that

19 (x)vllk < cklz;v]ak
19 (2) "yl < exla; ylan (3.12)

127 (@){v, v}k < cxlw; v, vlak
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for all x € Up,v € E;y € F and all k = 0,1,2,... with constants ¢, > 0. Then
there exist open zero neighbourhoods V.={y € F : |ly|lls <6} C F and U C E such
that ® : U — V is bijective and @1 : (V C F) — E is a C*-map. If ® is C™ then
&1 is C™ as well, 2 < n < co. Moreover, the numbers s > 0 and § > 0 depend
only on the constants in the assumption, i.e., on b,d,n, ci and on the constants in

properties (S), (DN).

4. LINEARIZATION OF BOUNDARY-VALUE PROBLEMS

Let © C R™ be bounded and open with C'*°-boundary. We fix a real number

T > 0 and integers M > 1,m > 2. We write H>°(Q2) = H>(Q,RM) and H>(92) =

H> (99, RM). We assume that m is even and put I(m) = {a € NZ : |a| < m}. Let

A C (RM)I(m) he open; then the set

Up ={u e H*(Q) : {0°u(x)}a)j<m € A,z € O} (4.1)

is open in H>°(Q) as well. Let F € C>([0,7] x Q x A,RM),F = F(t,z,u). We
consider F : [0,T] x (Uy C H*(2)) — H>®(Q) defined by

F(t,u)(x) = F(t,2,{0%(7) }jaj<m), u € Uo,t€[0,T],z €. (4.2)

It is proved in [36], section 2 (cf. [15]) that F is a nonlinear C*°-map between
Fréchet spaces where F' : ([0,7] x Up) x (R x H>®(Q)) — H>(Q) is given by
F'(t,u)(s,v) = Fet,u)s + Fu(t,u)v where

fu(tv u)v = Z F@”‘u(ta 'y {8ﬁu(')}|ﬁ|§m)aav' (43)
la|<m
If A is bounded then [36], 2.3, 2.4 give with b = [n/2] 4+ 1 the estimates
177t u) (s, 0) 1k < exl(t w); (5, 0)]mro.p
IF7(t, w){(s,v), (5,0) Ik < el(t, w); (5,0), (5, 0) b,k

for all t € [0,T],u € Up, s € R,v € H>®(Q)) where ¢;, > 0 are constants.
We define nonlinear boundary operators B; and put B = (By,...,B,,/2). For

(4.4)

that we fix integers m; > 0 and choose open sets A; C (RM)I(’”J) and mappings
Bj € C([0,T] x 0Q x A;,RM), j =1,...,m/2. Then the sets

Uj={ue H*(Q): {6ﬁu(m)}|[3|§mj €A,z e} (4.5)
are open in H* (). We define B; : [0,T] x (U; C H*®(Q)) — H>*(0N) by
B;(t,u)(z) = Bj(t, z, ~{65u(ac)}|ﬁ|§mj)7 uweU;,tel0,T],z € 0N (4.6)

The arguments used in [36], section 2 or [15] show that B; is a C°°-map between
Fréchet spaces where B} : ([0,7] x U;) x (R x H*(Q)) — H>(01) is given by
Bii(t, u)(s,v) = (Bj)(t, u)s + (Bj)u(t,u)v where

(Bj)ult,upo =D (Bj)onult, {0%u()})0"v. (4.7)
la|<my;
For a bounded set A; the proof of [36], 2.3, 2.4 yields
185(t,u) (s, 0) |1 < ew[(t, w); (8, 0)]m; 40,k
HB_;,(t’ u){(57 U)v (Sa U)}”k— 1 < Ck[(t, U), (Sa U)a (Sa U)]mj+b7k

3 =

(4.8)
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for all t € [0,T],u € Uj,s € R,v € H*(Q) with some ¢, > 0 and b as above. Our

goal is to solve the nonlinear initial boundary-value problem

up = F(t,u) in Q, t € [0,Tp]
B(t,u) = h(t) on dQ, t € [0,To) (4.9)
u(0) =¢.

More precisely, for a given initial value ¢ € U := ﬂ;n:/g U; C H*(R) and a given
boundary value h € C*([0,T], H>®(92)™/?) we are looking for a solution u of
problem (4.9) for some suitable small Ty > 0; by a solution we mean a function
u € C*([0,Tp], H*(€2)) such that u(t) € U for all ¢ € [0, Tp] and (4.9) is satisfied.
There are some natural necessary constraints on the given data h,¢. In order
such that (4.9) can admit a smooth solution the data h,¢ have to satisfy the
following necessary compatibility conditions which are obtained by computing h’(0)

as a differential operator acting on ¢ on the boundary of Q by means of (4.9). For
instance, we get h(0) = B(0, ¢) =: T'g(¢) and

W (0) = By(0,¢) + Bu(0, $)F (0, ¢) =: T'1(¢). (4.10)
In a similar way we obtain from (4.9) the necessary compatibility conditions
h9(0) = 8] B(t,u(t)) =0 =: Tj(¢) ondQ, j=0,1,2,... (4.11)

where differential operators I'; acting on ¢ on 02 are obtained by first computing
dIB(t,u(t)), then replacing all derivatives diu by terms involving u using u; =
F(t,u(t)) and finally evaluating at ¢ = 0 using u(0) = ¢. Analogously, the values
4’ (0) are a priori determined in Q by (4.9). For instance, we get u(0) = ¢ =: Uo(¢)
and v/ (0) = F(0,¢) =: ¥1(¢) and

Using the first and the third equation in (4.9) we see that solutions u satisfy
uD(0) = 9] T Ft,u(t))jmo =: ¥i(¢) inQ, j=1,2,3,... (4.13)

with differential operators ¥; acting on ¢ in Q where ¥; are defined using u; =
F(t,u) and u(0) = ¢. We note that (4.13) are by no means compatibility conditions
like (4.11). However, the a priori knowledge of u/)(0) can be used to transform
problem (4.9) such that solutions v of the transformed problem satisfy v7(0) = 0
for all j. This simplifies the compatibility conditions (4.11). We shall apply the
following version of a theorem of E. Borel’s [8].
Lemma 4.1. Let E be a Fréchet space. Let (aj);?';o C E be an arbitrary sequence.
Then there is 1 € C=([0,1], E) such that 19 (0) = a; for all j.
The proof of this lemma follows the standard proof in (cf. [14], 1.2.6 or [30],
1.3).
We choose ¢ € C*([0,T], H*(2)) such that ¢(t) € U for t € [0,T] and
v(0)=,(¢), j=0,12... (4.14)
We put v = u — 1 and get from (4.9) the transformed problem
Ut :f(tav'i_w) _wl(t) in Q7 te [OvTO]
B(t,v+ ) — B(t,v) = h(t) — B(t,%)) on 9Q, t € [0, Tp] (4.15)
v(0) =0.
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Remark 4.2. (i) If u solves (4.9) then v = u — 9 solves (4.15). On the other
hand, if v solves (4.15) then u = v 4 % solves (4.9). (ii) Solutions u of (4.9) satisfy
u)(0) = @) (0) for all j. On the other hand, solutions v of (4.15) automatically
satisfy v(/)(0) = 0 for all j. (iii) For v(t) = B(t,v(t)) we have v\9)(0) = I';(¢)
for all j. (iv) If h satisfys hU)(0) = T'j(¢) for all j then the right hand side

h(t) = h(t) — B(t,1(t)) in (4.15) satisfies A1) (0) = 0 for all j. (v) The left hand
side B(t,v) = B(t,v + 9(t)) — B(t,(t)) considered in (4.15) as an operator in v
satisfies (87 B)(0,0) = 0 for all j. Note that

( t )( 7'0) = Bt(tvv + T/)) + Bu(tvv + 1/])1// - Bt(tvw) - Bu(t’ ¢)1//

(vi) In the case of linear boundary conditions we have B(t,v) = B(t,v). (vii) The
right hand side F(¢,v) = F(t,v + ¢(t)) — ¢'(¢) in (4.15) considered as a nonlinear
differential operator in v satisfies (9/F)(0,0) = 0 for all j. This follows since
F(0,0) = F(0,¢) — ¢'(0) = 0 and

(0] F)(0,0) = O{F(t, () }rmo — ¥UTD(0) = Wj11(9) — UV (0) = 0.

Using the above notation we hence may consider the normalized problem

uy = F(t,u) in Q, t € [0,Ty
Blt,u) = h(t) on 90, t € [0,Ty] (4.16)
u(0) =0,
where we may assume the normalized conditions
(&7 F)(0,0)=0, j=0,1,2,...
(87B)(0,0) =0, j=0,1,2,... (4.17)
R (0)=0, j=0,1,2,...
where h()(0) = 0 are the natural compatibility conditions for (4.16) if we assume
the first two conditions in (4.17). Since solutions u of (4.16), (4.17) satisfy u(/)(0) =
0 for all j we have to look for solutions u in the space C§°([0,Tp], H>®(S2)). We

formulate problem (4.16) by a mapping. We fix T' > 0 and put J = [0,7]. We get
an open set W C C§°(J, H*(2)) by
W ={ueCy(J,H*(Q) :ut) e U,t € J} (4.18)
where we may assume that 0 € W. We define the nonlinear map
O (W CCe(J, H®(2))) — C5°(J, H® () x C5°(J, H*(082)) (4.19)
by R
®(u) = (Byu — F(t,u) + F(t,0), B( u) — B(t,0)). (4.20)
“We note that ® is well defined since A {us — F(t,u(t)) + F(t,0)}(0) = 0 and
O/ {B(t,u(t)) — B(t,0)}(0) = 0 for all j and every u € W in view of (4.17). The
map ® is a C%-map satisfying ®(0,0) = 0 where the first derivative is
' (u)v = (0w — Fu(t, u)v, By (t, u)v) (4.21)
For a fixed Th > 0 the first and third estimate in (3.12) hold with uniform constants

for 0 < T < T; where the norms are defined by (3.10). This follows from the proof
of [36], 4.3 using (4.4), (4.8). We consider the equation

®(u) = (F(t,0), h(t) — B(t,0)). (4.22)



10 MARKUS POPPENBERG EJDE-2003/54

The inverse function theorem 3.4 requires the smallness condition
IF(£,0)ls + I1B(t, 0) || + [[A(t)]|s < 6. (4.23)

By (4.17) condition (4.23) holds if T > 0 is chosen sufficiently small. We here
shall have to observe that s,0 in Theorem 3.4 can be chosen uniformly for all
0 < T < T;. We consider the nonlinear problem (4.9) for some given initial value
¢ €U and h € C*([0,T1], H>*(92)). We assume that the compatibility conditions
(4.11) hold.

Theorem 4.3. Let Ty > 0,¢ € H®(Q) and h € C*>([0,T1]), H>*(09Q)) satisfy
(4.11). Assume that there are b > 0 and ¢, > 0 and an open neighbourhood U of
¢ in H>®(Q) so that for any 0 <T < Ty andu € W ={w € C>*([0,T], H*(2)) :
w(t) € U,t € [0,T]} the linear problem

2 (t) = Fu(t,u(t))z(t) + f(t) inQ, t €[0,T]
B.(t,u(t)z(t) = g(t) ondQ, t €[0,T) (4.24)
2(0) =0

admits for any f € C§°([0,T], H*(Q)) and g € C§°([0,T], H*(0Q)™/?) a unique
solution z € C§°([0,T], H*(R)) satisfying the estimates

I2llk < cklus (f,9)lok, k=0,1,2,... (4.25)
Then (4.9) has a unique solution u € C([0,To], H*(R2)) for some Ty > 0.

Proof. We choose ¢ € C°([0,T1], H*(2)) satisfying (4.14) such that ¢(¢) € U for
all t € [0,T1]. By remark 4.2 (i) it is enough to solve problem (4.15) for v = u — .
For that we define ® by (4.22) where ®(0,0) = 0 and F, B,k are defined as in
Remark 4.2 satisfying (4.17). We have to solve equation (4.22). By our assumption
on the linear problem (4.24) the operator ®'(u) is bijective for all u in some zero
neighbourhood in C§°([0,T], H*(£2)),0 < T' < Tj. The inequalities (4.25) yield
the second estimate in (3.12) while the first and third estimate in (3.12) hold as
observed above. The assumptions of Theorem 3.4 on the spaces are satisfied by
Proposition 3.3. Hence there exist numbers s > 0 and 6 > 0 as in Theorem 3.4
which can be chosen uniformly for all 0 < 7" < T;. We can choose Ty > 0 so
small such that the smallness condition (4.23) holds in [0, Tp]. Theorem 3.4 gives a
solution v € C§°([0,Tp], H>*(R2)) of problem (4.15) and thus a solution u = v + ¢
of problem (4.9). The uniqueness can be shown using Theorem 3.4 and a standard
argument as in [36], Theorem 4.4. This gives the result. O

Problem (4.24) can be reduced to a problem with homogeneous boundary condi-
tions provided that the boundary conditions can be solved. Let T} > 0 and choose
U,W as in Theorem 4.3. We assume there exist b > 0 and ¢ > 0 such that for any
u € W and 0 < T < T there exists a map

Ry : C([0,T), H*®(00) %) — C°([0,T], H*(Q)), By (-, u)R, = Id (4.26)
which satisfies for all g € Cg°([0, T], H>(99)™/?) the estimates
HRug”k S Ck[u;g]b,kv k:071327"' (427)

In section 5 we show that such R, exist for normal boundary conditions.
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Theorem 4.4. Let Ty > 0,¢ € H*®(Q),h € C=([0,T1]), H*(0N)) satisfy (4.11).
Assume that there are b > 0 and ¢, > 0 and open sets U, W as in Theorem 4.3 so
that for any 0 < T < Ty and u € W there exist R, salisfying (4.26), (4.27) such
that for any f1 € C§°([0,T], H>*(Y)) the problem

we(t) = Fu(t,u(t))w(t) + fi(t) inQ, t€[0,T]
B.(t,u(t)w(t) =0 ondQ, t€[0,T) (4.28)
w(0) =0

admits a unique solution w € C§°([0,T], H*(2)) satisfying the estimates
||wHk gck[u;fﬂb7k, k=0,1,2,... (4.29)
Then (4.9) has a unique solution u € C*([0,To], H*(R2)) for some Ty > 0.

Proof. Let f € Cg°([0,T), H>®(Q)) and g € C°([0,T], H>(9Q)™/?). We choose
v = R,g satisfying (4.27). We put f1(t) = f(t) — vi(t) + Fu(t,u(t))v(t). Then
f1 € C§°(]0,T), H>*(R2)). By assumption we find a solution w € C§°([0,T], H>* ()
of (4.28) satisfying (4.29). Then z = v + w is a solution of (4.24) satisfying (4.25).
The solution is unique by means of the unique solvability of (4.28). Hence Theorem
4.3 gives the result. O

5. NORMAL BOUNDARY CONDITIONS

In this section we are concerned with normal boundary conditions. Let 2 C R"
be a bounded open set with C°°-boundary. Let {Bj}§:1 be a set of differential
operators B; = Bj(x,0) of order m; given by

B; =Bj(z,0)= Y_ big@)d’, j=1...p (5.1)
[B]<m;

with b; 3 € C>(09Q). There is a linear extension operator S : C*°(9Q) — C>(9)
satisfying ||.Sf||x < ckl||f]|x for all k, f with constants ¢ > 0; this follows from Seeley
[46] using a partition of unity (cf. [33]). We hence may assume that b; g3 € C*°(Q).
The set {Bj}§:1 is called normal (cf. [24], [44], [54]) if m; # m; for j # ¢ and if for
any x € 9Q we have Bl (z,v) #0,j = 1,...,p where v = v(z) denotes the inward
normal vector to 02 at x and BJP denotes the principal part of B;. A normal set
{Bj}gzl is called a Dirichlet system if m; = 5 — 1,57 = 1,...,p. We can consider
the Dirichlet boundary conditions u — g:}%.iif‘ o = 1,...,p, which give for any
k > p a trace operator

T,f:Hk(Q)HﬁH’“’”l/Q(GQ), T,fu—{(ajlu)m}p . (5.2)
i=1

i) oS j=1

The trace operators T} are surjective admitting a continuous linear right inverse
Zp which depends on k (cf. [24], [54]). To construct a tame linear right inverse
for the induced trace operator T? : H*(2) — H>(9Q)? we apply tame splitting
theory in Fréchet spaces developed by Vogt (cf. [52]).

Let (Fi)k, (Gk)r be families of Hilbert spaces with injective linear continuous
imbeddings Fyi11 — Fj,Gry1 — Gy for all k. Let Ty : F, — Gy be surjective
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continuous linear maps such that (73)r,,, = Tx41 for all k. Let Ey = N(T) C Fy
denote the kernel of Ty; we have Fy41 — Ej and

0 — B, — F 5% G, — 0 (5.3)

are exact sequences of Hilbert spaces. We equip the Fréchet spaces £ =, Ex, F' =
i Fr, G =, Gk with the induced norms. We then have a mapping T : F — G
defined by Tz = Tyz,z € F where N(T') = E. The following splitting theorem is
a simplified version of [40], 6.1, 6.2.

Lemma 5.1. Let Ey, Fy,, Gy, T, and E, F,G,T be as above where (5.3) is an exact
sequence of Hilbert spaces for every k. Assume that there are tame isomorphisms
E = A2 (a) and G =2 A% (B) for some a, 3. Then

0 — E — F 5 G — 0 (5.4)

is an exact sequence of Fréchet spaces which splits tamely, i.e., there is a tame
linear map Z : G — F such that T o Z = Idg.

Lemma 5.2. Let p > 1. The trace operator TP : H*®(Q) — H>(ON)? admits a
tame linear right inverse ZP : H*(0Q)? — H>(Q)), TP o ZP =1d.

Proof. The trace operator T} induces for k > p an exact sequences

P p .
0 — N@TP) — HYQ) -5 [[H200) — 0 (55)
i=1
of Hilbert spaces. We show using Lemma 5.1 that the sequence

TP

0 — N@I?) — H®Q) L H®00P — 0 (5.6

~

of Fréchet spaces splits tamely. Note that there are tame isomorphisms H(£2)
A2 () and H>®(92)P = A2 () (cf. the proof of Proposition 3.3). Let A denote
the Laplacian. We consider AP as an unbounded operator in L?(Q2) under null
Dirichlet boundary conditions, the domain given by D, = N(T3,) = {u € H**(Q) :
T3,u = 0}. Tt is well known that the spectrum of AP is discrete (cf. [9], Theorem
17, [2], Theorem 2.1). We thus can choose A such that A? — )\ is an isomorphism
D, — L*(Q). Therefore, AP — X : N(T?) — H®°(Q) is an isomorphism (cf. [54])
which is a tame isomorphism by means of classical elliptic a priori estimates (cf. [3],
Theorem 15.2). Hence N(T?) = H*°(Q) = A2 () tamely isomorphic. By Lemma
5.1 the sequence (5.6) splits tamely. This gives the result. a

For a differential operator P =3, <, @a(z)0% with a, € C* we put
1P]]s :Z|a\§m laall?e, ¢=0,1,... (5.7)
For P as above and Q =} 5,<,, bp(z)9° we get

1PQIli < Ci Y I1Plli-i1Qllm+s (5-8)

3=0
with constants C; > 0. For smooth nonvanishing functions f we get with C; > 0
depending only on i, m,n and on ||1/f||g° the estimates

I1/F17° < Cilflis 1P/ flls < Cilf; Pl (5.9)
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for all i. Here the expressions [f]; and [f; P]; are defined by the norms || f[|3° and
(5.7). To prove a generalization of Lemma 5.2 to normal boundary conditions we
first consider the case of a half space. We consider the cubes

Y={zeR": |z <1(GE=1,...,n), z, >0} (5.10)
o={zxeR":|z;|<1(i=1,...,n), , =0}. (5.11)

The following lemma is well known and is due to [7] (see [24, 43, 44, 51, 54]); we
prove additional estimates which are important for our purposes. In the following
lemma we consider smooth function on X.

Lemma 5.3. Let {B;}:_, and {B}}/_, be two Dirichlet systems on G. Then there
exist smooth differential operators Ap;,1 < j < k < p, of order k — j containing
only tangential derivatives O, ...,0,_1 such that

k
By =Y AyBj, k=1,....p, on 7 (5.12)
j=1

where Mgy is a function which vanishes nowhere on @. In addition, we have
||Aij7, SC[BJ,,B]C,BHH,]C,W 1 S] Sk, ZZO,]., (513)

with some constant C' > 0 depending only on i,n,k and on ||1/0o%||5° where oy is
the nonvanishing coefficient of the term X~ in By,.

Proof. Let first B;, = 0%~1. We assume that Bj, = 2?21 ['y;04~1 where I'y; has
order k — j and I'yy is a function not vanishing on . We have

k—1 k
OF ' =Tl By =Tl Y Twdi ' = Ag;B; (5.14)
j=1 j=1
where Ag, = F,;kl and Ay; = —I‘,;kl Zé:; LAy, j < k. For j <k we get
k—1 1 k—1
[Akilli <CD D BrlicmTrihisllm < C D [Br; Aijlivk (5.15)
from (5.8), (5.9) and ||Axk|l; < C[Bk)i- By induction we see that
[Akjlls < C[Bj,- .., Bilitvk—; (5.16)

for all k. In the general case we may write

l l k l
k=1 j=1

k=1 j=1
where Wy, are tangential operators of order [ — k and ¥;; does not vanish on 7; here
Ay; as above and ®;; = Zﬁc:j U Ag;. From (5.8), (5.16) we get

l g

@00l <€D I ViklliemllAglliitm < C1Bjy o B Bilivi—y  (5.18)
k=j m=0

which proves the result. [l

The assertion of Lemma 5.3 is invariant w.r.t. normal coordinate transformations
(cf. [54]). In Theorem 5.4 we follow [54], Theorem 14.1.
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Theorem 5.4. Let {B; }5.’:1 be a smooth normal system. Then there exists a linear
map R : H®(0Q)? — H*>(Q) such that BjRg = g; for j = 1,...,p and any
g=1{g;}i—, € H*(0Q)?. There is b > 0 such that

||Rg||k<CZ vy Bpigilons, k=0,1,2,... (5.19)

for all g € H>®(00)P where C depends only on k,p,n, and on
Sup{lB]P(l‘,V(I)” + |BJP(.T,V(QS))|71 cx€edf), j=1,...,p} (5.20)

Proof. We may assume that {B; }§:1 is a Dirichlet system. We choose for x € 9§
an open neighbourhood U, in R™ and a normal diffeomorphism U, < {z € R" :
lz;| < 1,i=1,...,n} where U, NQ < X, U, NIN < o, U, NQ° — —%. We cover
0N by finitely many open sets U; = U,, and choose a subordinate partition of unity
a;. We write D; = 771 /01v7~1. By Lemma 5.3 we get on U; N9 for j =1,...,p
a representation

JlDl, D, ZcbﬂBl, ZA (5.21)

I Mu

where A;l, ’1 are tangential differential operators of order j — [ and AJ s ; ; do

not vanish on U; N9Q. Note that (5.16) holds for ®;;. We choose smooth functions
B; such that 8; = 1 on an open neighbourhood V; of supp «; and supp §; C U;. Let
ZP be the extension operator from Lemma 5.2. We define

J
Rg=>_ BiZ"{>  ®i(cig)}r_;. (5.22)
7 =1

Let v; = 8; 2P (w ) and w = E(I) (a;g;) as in (5.22). We claim that D,v; = w§ on

U; N 9. This holds on V N9Q by Lemma 5.2. On (U; \ Vi) N 0K all derivatives of
order < p—1 of ZP(w}) vanish; the normal derivatives are w} = 0 and the tangentlal

derivatives vanish since Z?(w’) = 0 on (U; \ V;) N9Q. Thus Djv; = 0 = w} on this
set. We obtain

BjRg:ZBj(vz ZZAlwl ZZ ZA (@5 (igm) = g5

i m=1l=m
By Lemma 5.2 we have || ZP{g;}|x < > ||gj|l#+a for some a > 0. We get

Jj k+a

[1Rgll < CZZZ > 125 lmllcvigillirssa—i—m

i j=11=1 m=0

< C/ZZZ [Bl7'"7Bj}m-‘rj—lHgl||k+j+a—l—m

which gives the result where b =p+a — 1. [
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Theorem 4.4 requires a parameter depending version of Theorem 5.4. Let T7 >
0,p > 1,m > 2 and assume that B; = B;(t) = B,(t,z,0),j = 1,...,p have
C*>-coefficients b; 3 € C>([0,T1],C>(R2)). We equip the space C§°([0,T], E) for
E = H®(Q) or E = H*(9Q)? with the norms given by (3.10) (involving m). Since
the proof of Theorem 5.4 is constructive we obtain the following result.

Theorem 5.5. Let Ty > 0,m > 2. Assume that {B;(t)}_, is normal for each
t € [0,T1]. Then there exists for any 0 < T < Ty a linear map
R Cgo([0,7), H(0Q)") — C3((0, T, H*()) (5.23)

such that B;(t)Rg(t) = g;(t) for any t € [0,T],g = (gj);. There is b > 0 such
that (5.19) holds for any k and 0 < T < Ty where the norms in (5.19) are given by
(3.10) and where C in (5.19) depends only on k,p,n,m,Q, Ty and on

sup{|BJP(75,:v,y(x))|jEl cx €N, 1<j<ptel0,T1]}. (5.24)
Proof. On C*°([0,T],C°°(£2)) we consider the norms defined by
lull® = sup{ ||t (D)% s : ¢ € [0, 7,0 < i < k/m}. (5.25)

These norms satisfy |uv||3° < Cr Y |Jul|g,;||v]|$°. The rules (5.8), (5.9) can easily
be established for the norms (5.25) as well where the definition (5.7) uses the
norms (5.25) on the right hand side in (5.7). Therefore, Lemma 5.3 holds with the
same proof also for t-depending differential operators where the estimate (5.13) is
formulated using the norms defined by (5.25). The proof of Theorem 5.4 gives the
result since R maps Cg§° into C§°. O

In the situation of Theorem 4.4 we have the linearized boundary operators
aym/2
Bu(tu) ={ Y (Bjooult:{0%u()}512m, )0} 71 (5.26)
la| <my

Let ¢ € H*() be an initial value such that B,(0,¢) is a normal system. By
continuity, we can choose T} > 0 and an open neighbourhood U of ¢ in H*> ()
such that B, (¢, ) is normal for ¢ € [0,71],u € U such that

| Y Biosultsz, {0%u(@)r(2)*| = p >0 (5.27)
la|=m;
uniformly for all ¢ € [0,T1],2 € Qu e U,j=1,...,m/2. We get
[Bu(t, u)lz° < Clulyy, te[0,Th], ueU (5.28)
where p = max{m;} and the norm on the left hand side in (5.28) is defined by
(5.7), (5.25). We choose a as in 5.4 and put b = max{a,p} +p+ [n/2] + 1.

Corollary 5.6. Let ¢ € H>®(Q) and let B,(0,¢) be normal. Then there exist
Ty > 0 and a neighbourhood W of ¢ in C*°([0,T], H*(2)) and constants ¢, > 0
and b (as above) such that for any 0 <T < Ty and u € W there exists a mapping
R, satisfying (4.26), (4.27), as required by Theorem 4.4.

The proof follows from Theorems 5.4 and 5.5 using (5.28).

Corollary 5.6 shows that the assumption of Theorem 4.4 on the existence of right
inverses R, is satisfied for normal boundary conditions.

We prove that the trace operators T} in (5.2) admit right inverses which are
continuous simultaneously for different values of k. Generalizing techniques of [24]



16 MARKUS POPPENBERG EJDE-2003/54

we obtain additional continuity estimates for lower order derivatives which will be
important in the sequel. Let X and Y be separable Hilbert spaces such that there
is a continuous injection X < Y with a dense range. As in [24], we shall make use
of a representation

1vlfx. vy, = /A Moy dh 0<6<1 (5.29)
0

based on a spectral decomposition of X — Y where (h(A),|| [lxn)) is a scale
of Hilbert spaces and A9 > 0 (cf. [24], Ch. 1, 2.3). The interpolation space
[X,Y]o = h(1 — 0) coincides with X, Y if § = 0,1. We shall identify elements of
[X,Y]p with functions v = v(A) satisfying (5.29). For s > 0 put

WR,s, X,Y)={u:R— X|acL*R,X),7°ac L*R,Y)} (5.30)
where @& = F;_,(u) denotes the Fourier transform of u (cf. [24], Ch.1, 4.1). The
space W (R, s, X,Y) is a Hilbert space equipped with the norm

||u||%/V(]R,s,X,Y) = HﬂHi?(R,X) + HTSﬁH%z(]R,y)- (5.31)
The following Lemma improves [24], Ch. 1, Theorem 4.2.

Lemma 5.7. Let q be an integer and 0 < ¢ < s — % Then the map

q
W(R, s, X,Y) = [[[X.Y]r1/2)s  u— {u@(0)}, (5.32)
§=0
is continuous, linear, surjective and admits a continuous linear Tight inverse R
where R : ]_[J»[X7 Yit1/2)/s = W(R, 8, X,Y). There is C > 0 only depending on s
such that

q
1Rgllw (k50,0 ¥1,3) < C D NGV 11 (5.33)
=0

for any 0 < p <1—(q+1/2)/s and g = (g;) € [[;[X,Y](j+1/2)/5-

Proof. The case p = 0 is proved in [24], Ch. 1, Theorem 4.2. It remains to show
(5.33) for 0 < pp<1—(¢g+1/2)/s and R constructed in [24]. As in [24] (cf. Ch. 1,
Theorem 3.2) it is enough to consider the map u — u(9)(0) for a fixed j. We fix j
and write g = g;, g = g()\) as above. We choose ¢ € C*°(R) with compact support
such that ¢)(0) = 1. Then the function

wA 1) = A g Mg ), (A7) = AT (5.34)
satisfies w € W(R, s,z,y) and w)(0) = g. We get the estimates (cf. [24])

s(1—p

HwHQL?(R,[X,Y]M) +r )ﬁ’H%%R,Y)

= / / INZE=E= G/ g () 2[6(7) 2(1 + |72 =) dAdr
— 00 )\()
S OGNy 1oy

This proves the assertion. (Il

The following Lemma follows from the proof of [24], Ch. 1, Theorems 8.3, 9.4
using Lemma 5.7 instead of [24], Ch. 1, Theorem 4.2.
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Lemma 5.8. Let k > p > 1. The trace operator T} in (5.2) admits a continuous
linear right inverse which is simultaneously continuous
p—1 1
zt [ H 7 *09) — H(Q), p- g <l<h. (5.35)
j=0
Proof. By usual methods (cf. [24], Ch. 1, Thms. 8.3, 9.4) we are brought back
to a half space Q@ = {& € R” : =, > 0},00 = Rg,‘l,w = (2/,z,). We put
X; = H®RY5Y),Y = HYR? ™). For an integer [ > 0 we get
l

H'(Q) = W(R 1L X, Y) = fue L2(Ro, X): 9 € L2(Ry,Y))

(cf. [24], Ch. 1, Theorem 7.4). For noninteger values of ! we consider analogously

restrictions of functions belonging to the space defined in (5.30) (cf. [24], Ch. 1,
Theorem 9.4). By Lemma 5.7 the map
p—1
W(R, s, X, Y) = [[ (X, Ygaryzym  w— {u@ (0} (5.36)
j=0
admits a right inverse R which is simultaneously continuous as a map

p—1
R Xk Yty m — WR, (1= pk, [Xi, Y], V) (5.37)
7=0

for 0 < pu<1—(p—1/2)/k. Since [H (R?), H(R")]yg = HO=DYR?) we get
p—1
R:I] HO=WF=I=3 (RN S W(R, (1 — p)k, HOWFR?Y), HORY )
7=0

By restriction R — Ry and putting [ = (1 — )k we get a right inverse Z% for T}
satisfying (5.35) for all [ with p — % < I < k. The lemma is proved. O

The following lemma follows from the proof of [54], Lemma 3.2.

Lemma 5.9. For any real number | > 0 there is a constant C; > 0 such that for
any ¢ € CUHL(Q) and u € HY(Q) we have ¢pu € H'(Q) and
[ (1]
loulle < G0 (N8 ol + 1915 lulla—s) < 260> 1611 o
i=0

i=0
The assertion of Lemma 5.9 holds analogously for u € H'(99). In the next
section we shall apply results on maximal regularity for parabolic problems. These
results require Holder estimates in the time variable. Let X be a Banach space, let
0<d<landT >0,leti>0 bean integer. By C"*°([0,7], X) we denote the
set of functions u in C*([0,T], X) having a Holder continuous derivative u(? with
exponent d, equipped with the norm

: [ (t) — ul (s)|Ix
ulivsx = 3 D |cor,x) + sup . (5:38)
’ ]Z:;) (0.71,%) jzz:o 5,t€[0,T],s5t [t — 5|(S

Writing H” = H"(Q2) or H" = H"(912), respectively, we put in particular

[ulivo,r = |ulivo,mr,  |ulifs e = [ul;is.or@)- (5.39)
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Lemma 5.10. For f € C*([0,T],C>(Q)),g € C>=(]0,T], H>) we have
i g [

falivsr SCI DD 1 FSsqselali-iror—q (5.40)

§=0 1=0 q=0

with some constant C > 0 where € = 0 if r is an integer and € = 1 otherwise.

Proof. The case § = 0 follows from Lemma 5.9. For 0 < § < 1 we write

P90 = GG IO ) gy g O =)

|t —sl° o =P [t —sl°
An application of Lemma 5.9 gives the result. O
For a differential operator P =}, <, @a(t,z)07 we put
|Pliysr = Z |aa|f_?_57r~ (5.41)

laf<m

We note that (5.8) holds for the norms | |s; (replacing || ||; in (5.8)) as well.
From Lemma 5.10 we get for u € C*°([0,T], H*>) with € as in 5.10 that

i g ]
|Puliysr < CZZ Z | Plits,q+eltlj—146,r—g+m- (5.42)

=0 1=0 q=0
Let {B;};_; be a normal system with smooth (¢, 2)-dependent coefficients as in
Theorem 5.5 where B; = B,(t, z,0) has order m,.
Lemma 5.11. Let 1 < j <p,r >m; + %, let s > 0 be an integer. Then
[r—mj;—1/2]
|(afBj)u|5,r—mj—l/2 <C Z |Bj|s+5,q+1|u|5,r7q (543)
q=0
foru e C*([0,T], H"()) with a constant C > 0 only depending on p,s,r.

Proof. We may assume that m; = j — 1. As in the proof of Theorem 5.4 (cf.
formula (5.21)) we can choose local representations B; = Y 7_, Aj;D; where D; =
=1 /ov'=1. Then, locally, 9; B; = >_7_,(0; Aj)) Dy and |Aji|st6,g < C|Bjls+s,q for
any ¢. Applying Lemma 5.10 and observing that Aj; has order j — [ we get locally

j [r—i+1/2]
(O B)ulsr—jrr2 <CY Y Ajilstsgrt|Diulsr—ir1/2—g (5.44)
=1 q=0
This gives the result since D; : H*(Q) — H*!TY/2(9Q) for k > 1 —1/2. O

Let {B;}_, be as above and M = max{m; : j = 1,...,p}. Let m > M +
1. The proofs of Theorem 5.4 and Lemma 5.8 give a linear right inverse R for
{B;} satistying B;(t)Rg(t) = g;(t) for every ¢,j and all ¢ = {g;} such that R is
simultaneously for M + % < k < m defined as a map

P
R:Cgo([o,7), [[ HF ™72 (09) — C5°((0,T), H¥(Q)), BjRg = g;  (5.45)
j=1
For Dirichlet systems {B;}%_, the map R is locally given by (5.22) using Z}, from
(5.35) instead of ZP. This gives R for normal systems {B;}/_, as well.
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We define the expressions [ ]i;s by the norms | |5, (which are for differential
operators given by (5.41)). Analogously to (5.9) we then have

11/£155 < Clflis, 1P/ fls.i < CLUf; Plis (5.46)

where C' depends on i,m,n and on a bound for [1/f|5% + [f[§%; we here have
observed that \1/f|?0 < (|1/f|8f’0)2|f|§f’0.

Lemma 5.12. For M + 1 <k <m the map R in (5.45) satisfies

p [k—m;—1/2]

|Rg|5,k < Cl Z Z [Blv s BP]M+1+q;5|gj|5,k—7nj—q—1/2 (547)
j=1  ¢=0
where Cy > 0 depends on k,m, > |B,|s0 and on the constant in (5.20) and
P
|Rgl146 < C2 Z 195146k —m;—1/2 (5.48)
j=1

where Cy > 0 depends on the same data as C1 and on )y |Bjl|i4s (k4172

Proof. We may assume that m; = j —1, M = p—1. Using (5.22) with Z2, in place
of ZP and omitting the index ¢ we get from 5.8 and (5.42) that
[k—j+3]
Rglsi <C Y > | @ulsgerlgilspi—ges- (5.49)

1<i<j<p ¢=0
Using (5.46) instead of (5.9) in the proof of 5.3 (cf. (5.16)) we get
|Piilss < C[By, ..., Bjlivj—t;6- (5.50)
The inequalities (5.49), (5.50) yield (5.47). Analogously, we get the estimate

J
|8t<I>jl|5,i S CZ[B[, ey Bj; atBs]iH,l;(;. (551)

s=l

Together with (5.49) this proves the assertion. O

6. THE LINEAR PARABOLIC PROBLEM

Let T7 > 0. We consider for 0 < T' < T the linear evolution equation
Oz(t) = A(t)z(t) + f(¢), t€]0,T]

2(0) = 0. (6.1)

We assume that A(t),t € [0,71], is a closed linear operator in a Banach space
X with a (not necessarily dense) domain D(A(t)) (which may depend on t). We
assume that there is a Banach space Z < X continuously imbedded into X such
that D(A(t)) C Z for all ¢. In applications we put X = L?(Q),Z = H™()) where
D(A(t)) is given by boundary conditions. We shall suppose the following conditions
(Po), .-, (Ps) (cf. [51], [6], [50)).

(Po) There is a constant My > 0 such that
Izl < Mo([A()zllx + [zl x), = € D(A(®)), ¢€[0,Tx]. (6.2)
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(P1) There is 6 € (7/2,7) so that p(A(t)) D X :={\: Jarg \| < 6p} U {0} and
there is M7 > 0 such that R(\, A(t)) = (Al — A(t))~! satisfies

IR AW Ley < Mi/IAl, Ae E\{0}, ¢ €[0,Th]. (6.3)

(P2) For each A € ¥ the operator valued function ¢ — R(X, A(t)) belongs to the
space C1([0,T1], L(X)). There is a constant Ms > 0 such that

[(d/dt)R(A A®)|Lxy < Ma/|A[, A€ Z\{0}, ¢ €[0,Th]. (6.4)
(P3) There is a constant M3 > 0 such that
I(d/dt)A(t)~" = (d/dt)A(T) " px) < Malt =7, t,7€[0,T1]. (6.5)

We take advantage of the following result on maximal regularity from [51].

Theorem 6.1. Assume (P1), (P2), (P3). Let 0 < 6 < 1. Then there is Cy >
0 depending only on My, My, M3, 00, Ty such that for any f € C°([0,T],X) with
f(0) =0 and0 < T < Ty any solution z € C1([0,T], X) of (6.1) with z(t) € D(A(t))
for all t satisfies z € CY*9([0,T], X) and

o1

[2lis5x < Co (6.6)

Assuming also (Pg) there is Cy > 0 depending only on Cy, My such that
0.7]
iy (6.7)

Proof. We have z € C’1+5([0,T],X) by [51], Theorem 6.4 since z(0) = f(0) = 0 and
since z is a strict solution in the sense of [51]. The estimate (6.6) follows from the
proof of [51], Theorem 6.4. We apply (Py) and (6.6) and use equation (6.1) to get

12Oz < Mo([A®)2(®)llx + (D)l x) < Mo(1 +2Co)fls5,x- (6.8)
This gives the result. O
Let 2 C R™ be bounded with C*°-boundary, let m > 2 be even and let
A=A(t)=A(t,z,0,) = Z aq (t, )0 (6.9)
|| <m

be a differential operator with coefficients a, € C*°([0,71], C>°(Q)) and let
B; = Bj(t) = Bj(t,x,0:) = > bip(t, )0, j=1,...,m/2 (6.10)
|B|<m;
be boundary operators with coefficients b; 3 € C°°([0,T1],C>°(2)) where
0<my <...<My <m. (6.11)

We suppose that {B; (t)};nz/l2 is normal for ¢ € [0,71]. Then the constant in (5.24)

is bounded. We put X = L*(Q),Z = H™(Q), Z; = H™ ™ ~Y/2(9Q). Then A(t) :
Z — X and Bj(t) : Z — Z; are continuous. We put

D(A®) ={z € H™() : B;(t)2(t) =00n 09, j=1,...,m/2}. (6.12)
We consider for 0 < T' < T3 the boundary-value problem
Oz(t) = A(t)z(t) + f(t) inQ, te[0,T
Bi(t)z(t)=0 ondQ, t€[0,T],1<j<
z(0)=0.

]
5 (6.13)
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Solutions of (6.13) correspond to solutions of (6.1) where z(t) € D(A(t)),t € [0,T].
In addition, we assume the following conditions.

(P4) There is My > 0 such that for all z € Z and ¢ € [0,7;] we have
m/2
I2llz < Ma(J Azl x + llzlx + Y 1B ()21 2,)- (6.14)
j=1
(P5) There exist 0 < § < 1, M5 > 0 such that A € C%([0,T1], L(Z, X)) and
Bj € C°([0,T1], L(Z, Z;)) satisfy
|Als,z(z,x) +1Bjls,Lzzy) < Ms, j=1,...,m/2. (6.15)
We note that A and B; as above enjoy this condition (Py). In the following condition
we use the notation [A, Bl x = [A, B, ..., By olm k-
(Pg) For k > m there is M, so that for all z € H*(Q),t € [0,T3] we have
k m/2

121 SMk{ D A, Blai—i (IAD)2i—m + Z 185 ()2l i—m, 1)

i=m

+ [4, Bl s-mll2llo -

Lemma 6.2. Assume (Py), ..., (P5) Let f,z,wo € C§°([0,T], H>*(Q)) where 0 <
T <Ty. Assume that z is a solution of problem (6.1) and that

B;(t)wo(t) = Bj(t)z(t) on 0, j=1,...,m/2, tel0,T]. (6.16)
There is a constant Cy > 0 depending only on My, ..., Ms, 0y, Ty such that
21460 + |2[5,m < C2(|fls,0 + [wol1+5,0 + [wols,m)- (6.17)
Proof. We note that v(t) = z(t) — wo(t) € D(A(t)) for all t and
wlt) = A)o(t) + F() + A@wo(t) — (wo)i(1). (6.18)

From Lemma 6.1 we obtain the estimate

[vl14s,0 + [vlo,m < C( (t)wo(t)ls,0 + [wol1+6,0)- (6.19)
Using (P5) we get |A(t)wo(t)]s,0 < CMslwols,m and thus

21480 + [2lo,m < C( m)- (6.20)

To estimate |z|5,, we apply (P4) and obtain
m/2
12(t) = 2(s)l|z 1A (=(t) — 2(s)llx 1B (t 2(s))llz;
— < M. 2).
t—spp = 4 it—s| Z tf s|6 )

We further get

A(t)(2(t) — 2(s

JAM)=() = 2(s)llx < |zli+s0 + 1 fls,0 + Ms[2[o,m (6.21)

|t — sl
which gives the desired estimate by means of (6.20). Finally we obtain
1B; (t)(2(t) = 2(s))ll 2,

|t = sl

We proved estimate (6.17) and thus the result. O

< Ms(|wols,m + [wolo,m + |2]o,m)- (6.22)
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In the sequel, the symbol H* is used simultaneously to denote H>() or
H>(0Q). For f € C>*([0,T], H*®) and an integer k we put

[ Fllk:s = sup{[flivsn—ma s i = 0,1, [k/m]}. (6.23)

For f € C>([0,T],C>(Q)) we define || ||z analogously using | f[5$ 5 j_n; in (6.23).
For a differential operator P then || P||x;s is given by (6.23) replacing f by P while
[Pli;s and [P]y, ks are defined using the norms || P||;;5. We write

[B]m,k;5 = [B17 ey Bm/2]m,k;57 [A7 B]m,k;§ = [A7 Blu ey Bm/Z]m,k);é'

Lemma 6.3. Assume conditions (Py), ..., (Pg). Let k > 1,0 <T < T and f,z,
w; € C§°([0,T], H*(R2)),0 <i < k — 1. Let z be a solution of (6.13) and

B,.(H)w;(t) = B.(t)0i2(t) on 0Q (6.24)

forr=1,...,m/2,i=0,...,k—1,t € [0,T]. Then there is C > 0 depending only
on k, Mo, ey M5, M(k—&-l)m,eOaTh ||A||2m~6; Z ||BT||2m‘5 such that

k
> elits, (koim < cz (4, Blam mee1- s { | flmss (6.25)
=0
s+ Y [wslsmis1-) |- (6.26)
j=0

Proof. The case k = 1 follows from Lemma 6.2. We fix kK > 1. We assume that
(6.25) is proved for k and that (6.24) holds for i = 0,..., k. We have to show (6.25)
for k + 1. Differentiating (6.1) we obtain

k—1
(OF2),(t) = )+ ( ) (OFTTA()) D 2(t) 4+ OF £ (1). (6.27)
=0
Applying Lemma 6.2 to 0F > we get
k—1

10 2| 1450 + [0F 2|5,m < C{ Z

1=0

tam + | Fllmics + el 1450 + lwrlsum |-

The hypothesis of induction gives for 0 < i < k — 1 the estimates

|Alk—i+s,0]2]i+8m < CZA Blom,m (k- l)é{”f”ml|wl|1+§o+z|wj|6m(l+1 ])}
1=0

and thus the desired estimate for |z|k41+46,0 + |2|k+6,m- Next we fix 0 <i <k —1
and assume that the estimate in (6.25) is proved in the case k 4+ 1 for all terms
|2]145,(k+1—1)ym With i +1 <1 < k+1; we have to show the estimate in (6.25) in the
case k + 1 for the term [2[; 15 (k+1—i)m- We fix 0 < j <. Using (Ps) we first get

1872 (#) | (k41— iym
(k+1—i)m

<M{ Y A Blngri-gm-t (A0 2(t)lli-m (6.28)
l=m

m/2
+Z 1B (0w (Ol —m, — 1) + [A, Blun, =iy 107 2(0) [0} (6.29)
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The last term enjoys the desired estimate by induction. Using (6.27) we get

j—1

IA®)! =) li—m < |2li410-m + | Flig—m + C D 1 A®))OF2(t)li—m-

q=0
To estimate the term [A, Bl (k+1—iym—i|[fli,1—m We consider two cases. If [ > (k —
i)m then this term is < C|| f||mk;s since [A4, Bl m < C; in the case | < (k—1i)m we
can use the estimate [A, By, (k+1—iym—1 < C[A, Blam, (k—iym—1 to estimate this term
appropriately. Analogously, we can apply in the case [ > (k — ¢)m the hypothesis
of the induction (case k + 1,7 + 1) to the term |z[;11,1-m < [2]it1,(k—i)m- In the

case | < (k—i)m and am <1 < (a + 1)m, thus i+ a+ 1 < k + 1, we obtain

[A, Blom, (k—iym—112]i+1,1-m < [A; Blam, (k—i—a)yml|2li+1,(i+14a—i—1)m
and induction gives the desired estimate. We further get

l—m

17T A 2()li-m < C Y |Alj-g-m—r|2

r=0

- (6.30)

For am < r < (a+ 1)m we have |z]g,rym < [2]g,(a+2)m Where ¢ +a+2 < k. If
(k+1—dim—-Il<mand i—¢g—a—1)m+1 < mthenl = (k- i)mk =

g+ a+2 and |2]g (atr2)m = |2lg,(k—qym can be estimated by induction where
[A, Bl (k+1—iym—1[A; Bl(i—g—a—1)m+1 < C; otherwise we observe
[Av B]m,(k+1—i)m—l[A» B](i—q—a—l)m+l < C[A’ B]Qm,(k—q—a—l)m (6'31)

and can apply induction to |z|q (a42)m- This yields the necessary estimate for the
term on the right hand side in (6.28). By Lemma 5.11 we have

l—m,.—1

1B ()w;(Dl1—m,—3 <C D 1Brlogilwsloi— (6.32)
q=0

which gives the desired estimate for the first term in (6.29) since for am <1 —¢ <
(a 4+ 1)m we have i + a < k and |B;|o0,g+1 < [Br]m,q and thus

[A7 B}m,(k—&-l—i)m,—l ‘Br|0,q+1|wj |O,l7q S C[A7 B}Qm,(k—j—a)m|wj |0,(a+1)m~
It remains to prove Holder estimates for § > 0 for the term [z]; 15, (4+1—i)m- For that
we replace in (6.28), (6.29) the term & z(t) by the term (97 z(t) — 8 z(s)) /|t — s|°.
The last term [A, Bl,,, (k—iym|2|j+s,0 in this inequality satisfied the desired estimate
by induction. For the first term we write

A 2(t) — & 2(s A 2(t) — A(s)D (s A(s) — A(t)) )
s R AE0) _ AR = A0 | (0= M) 5

The first term |A(-)3 2(-)|5.4—m resulting from (6.33) is estimated like
|A(#)0] z(t)||i—m using Holder norms in the above estimates and observing the
estimates |A|j_g151-m—r < [Almm(j—q)+i—m—r- For the other term we have

l—m
|00 < O Y ol (630
r=0

since j <4, |Als51—m—r < [Alm,i—m—r. The proved case (for |z[; (x+1—i)m) gives the
required estimate for the terms appearing on the right hand side in (6.34). Finally
we use for the term B,.(t)(0]z(t) — 0] 2(s))/|t — s|° a decomposition as in (6.33).
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Lemma 5.11 gives for |B,()072()]s1—m,—1 = |Br(1; ()5, 3 am cstimate as
in (6.32) involving ¢ on both sides; using |B|5,q+1 < [Blm,g+1 we get the necessary
estimate for this term as above. On the other hand, we have

l—m,—1
B,.(s) — By(t) - .
HWW”HZ moy =€ > IBilsgnlzliig  (6.35)
q=0

Since |Byls,g+1 < [Blm,g+1 We must estimate [A, By, (k4+1—iym—i+q+1/2]i1—¢q Which
is < [A, B] ¢ <(a+1)m. Sincei+a+1<k+1
we can apply the above proved estimate for |z[; (44+1)m- This gives the result. [

It remains to choose and estimate the terms w; in (6.24). We put wy = 0. For

i > 1 we use the linear right inverse R for {B, }m/2 from Lemma 5.12 and (5.45).
Since 8} (B;(t)z(t)) = 0 on 9 we may define

wi=R{( - i <;> (ag—rBj)a;z):f}, i> 1 (6.36)

r=0

Theorem 6.4. In the situation of Lemma 6.3 there is C' > 0 depending on the
same data as C in Lemma 6.3 and on the constant in (5.20) such that

(6.37)
§=0 1=0
fori=0,...,k—1. In addition, we have the inequality
k k—1
Z |2lit6,(k—iym < Cz [A, Blom, (k—1—iymss| f llmiss- (6.38)
= i=0

Proof. The case k = 1 follows from Lemma 6.2. If (6.37) is already proved for
i=0,...,k—1 then (6.38) follows from Lemma 6.3 since
[A7 B]2m,(k—l—i)m;§[A7 B]Qm,(i—l)m;S < [Aa B]Qm,(k—l—l)m;é‘ (639)

Let k > 1 and assume that (6.38) is proved for k; we show that this implies (6.37)
for i = k. We choose R in (5.45) depending on k so that (5.47), (5.48) hold for
M +} < K < km (replacing k by K in (5.47), (5.48)) where M = max{m;}; note
that R depends on m in Lemma 5.12. From (5.47) we get

—1m/2 (k+1—i)ym—m;—1

Z [wils,m(kt1-3) < CZ Z > Z {[B]myq;(;

=1 r=0 j=1
x |(az-rBj>a:z|5,<k+1_i)m_mj_q_%}.
Using Lemma 5.11 we obtain

=7 i
|0, "B;0, Zlé,(k+17i)
(k+1—i)m—mj;—1

<C Z |Bjli—ryo.14112]r+5,(k+1—i)ym—1—q
1=0

_g—1
m=m;—qg—3
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Foram <l+qg<(a+1)m wehave k+r+1—4i—a <k and (6.38) shows

(k+r—i—a)m

|Z|r+5,(k+1—i—a)m <C Z [A7B]2m,(k+r—i—a—s)m;6||f||m5§5‘
s=0

We have |Bjli—ri5141 < C[Blam,m(i—1—r)+1;5 and thus
[B]m,q;5|Bj|i—T'+5,l+1[A7 B]2m,(k+r7ifafs)m S C[Aa B]2m7(k75)m;5-

We proved (6.37) for the second term in (6.37) for ¢ = k. For the other term we fix
a real number ko with M + % < ko < m. Applying (5.48) to ko we get

m/2 k—1
wil14s0 < C YN 1OF "By 2lissk0-my 172

j=1r=0

where IBj|1+§,[k—%] <|Bjli4s,m < ||Bjllam:s < C. We have to estimate

[(OF " B1) O} 2l5,k0—m,y—172 + [(OF " B;)0; T 25 kg —my—1/2- (6.40)
The above yields the required estimate for the first term in (6.40) since
|Bjlkt1—rtsm < [Bjlom,(k—r—1ym+q+1:5 < C[Bjlam, (k—rymss (6.41)
with C depending on || B;||2m;s- For the second term in (6.40) we get

(9,77 B;)o; 2

s.ko—m;—1/2 < C|Bjlk—rt8,ml2lr1+46 k- (6.42)

Induction does not apply. Since ky < m we get for € > 0 by interpolation

|2l 146,k0 < €lzlrt148,m + C(€)|2[r+1460 (6.43)
where the constant C(€) depends on €. Since r < k — 1 we get from (6.38)

k-1

|Bjlk—rtomlzlri1150 < C YA, Blam,(e—iymis
=0

|f||mi;6 (6-44)

observing |Bjlk—ry6m < | Bjll(h+1-rymis < [Blm,(k—rym;s- Note that (6.38) does

not apply to the other term. We thus apply Lemma 6.3 and get

€|Bj |k*7“+5’m|2|r+1+5,m

k i
< €0 (Al e—iymss {1 llmizs + [wil1460 + > [w;ls, 51— jym }
=0

=0

since |Bjlx—ri5,m < [Blam,(k—r—1;5- We here can estimate all terms appropriately

except |wg|145,0. However, the proved cases give

k
|wg|1450 < C Z[Aa Blam, (k—iymss || flmizs + €Clwil1+s,0- (6.45)
i=0

Choosing € > 0 small enough we get (6.37) for ¢ = k and thus the result. O
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7. ELLIPTIC A PRIORI ESTIMATES

We formulate sufficient conditions of elliptic type for (Py), ..., (Pg). The classical
elliptic a priori estimates due to Agmon, Douglis, Nirenberg [3] are well known. We
accomplish these estimates including the dependence of the constants from the
coefficients, as required by the Nash-Moser technique. Uniform dependence as
stated in [3], Theorem 15.2 is not sufficient for (Pg).

Let ©2 be a bounded domain in R™ with C*°-boundary and n > 2. Let

L=1L(z,0) = Z g (z)0% (7.1)
o <m

and let B; = B;(x,0),j =1,...,m/2 be given by (5.1) where aq,b; 3 € C*(Q2) are
C-valued. Let m > 2 be and assume (6.11). Write L = L” 4+ L®, B; = B + B}
where L¥, BF denote the principal parts.

Definitiion 7.1. The pair (L, B;) is called elliptic if the following holds:
(i) Ellipticity: L is uniformly elliptic on €, i.e., there is p > 0 so that
1LY (2,6)] > plg|™, = eQ,¢eR™ (7.2)

(ii) Root Condition: For every xz € 9 and £ # 0 tangential to 9 at = the
polynomial 7 +— L¥(z,£ + 7v) has exactly m/2 roots with positive imag-
inary part denoted by 7, (z,£),... ,77:/2(1‘75) (v = v(z) = inner normal
vector).

(iii) Complementing Condition: For every x € Q2 and £ # 0 as in (ii) the poly-
nomials { B (z, f+7u)}§n=/12 in 7 are linearly independent modulo H;n:f(T—
7 (2,€)).

For n > 3 all elliptic operators satisfy the root condition. We consider in the
half space Hy = {z = (z1,...,2,) € R" : £, > 0} the problem
Lu=F, z,>0

Bju:(bj, anO,jzl,...m/2. (73)

We first assume that the elliptic pair (L, B;) has constant coefficients. As in

[3], (1.9) we define a determinant constant A = min{|det(b;x(£))| : || = 1} > 0.
Here 221/12 bk ()71 = BF (¢, 7) mod HT:/f(T—Tf(é)) and thus A > 0 by means
of the complementing condition. If L, B; have variable coefficients then A means

a lower bound for the determinant constants of the frozen operators. If L, B,
depend continuously on additional parameters then A depends continuously on
these parameters as well. As in [3] (2.12) we introduce the characteristic constant

E=p""+ A7 4 Al + Y _IBjllm +n+m+ Y m;. (7.4)
J J
Lemma 7.2 (cf. [3], Thm. 14.1). Let the elliptic pair (L, B;) = (LP,BJP) have
constant coefficients. Let uw € H*(H ), k > m, satisfy u(z) =0 for |x| > 1. Then

m/2
lulle < C(I1Zullem + > 1Byulls—m,1/2) (7.5)

j=1

where C' depends only on k and on the characteristic constant E.
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Lemma 7.3 (cf. [3], Theorem 15.1). Let (L, B;) be an elliptic pair. Let k > m.
Then there exist C > 0,7 > 0 depending only on k, E such that

k m/2
lule < C{ 2L Bluni (1ulli-m + > 1By, -1/2) )
=m J=1 .

+ (L, Blmg-mllullo }-
for alluw € HF(HY) satisfying u(x) = 0 for |z| > r.
Proof. We put = = (2/,z,) € R", 2’ € R*~!, and write (7.3) as
LP(0,0)u(x) = F(x) + (L7 (0,0) — L* (z,0))u(z) — L% (x, 0)u(z)
BJ(0,0)u(2’,0) = ®;(2') + (B} (0,0) — Bf («,0))u(a’,0) — Bj¥(a’, d)u(a’, 0).
For L defined by (7.1) we obtain the estimates
I(L7(0,0) — L (2, 0)yullk—m + | L7 (2, O)ullk—m

k—1 k—1
+o{rlulle+ >0 D Naalilluli+ Y0 D laali il |

|a|=m i=m |a|<mi=m—1
and for Bj = Bj(2’,0) defined by (5.1) the definition of the norms imply
I(BF(0,0) - BP(/,0) — B!, 0))u(x', 0l m, 12

k—1 k—1
<c{rlulle+ Y 0 Mosliiluli+ D0 D lbislE il -
1

|B|l=m; i=m; |Bl<my; i=m;—
Applying Lemma 7.2 we get the estimates

m/2 k—1

lulle < C{rllele + 1F N + 3 1@k, 172 + DL, Blailluli

j=1 i=0

and hence, choosing r sufficiently small, the inequalitity

m/2 k—1
lulls < C{NFIhom + 3195l m, 12+ SO(L Blicillulli ). (7.7)
j=1 =0

This gives the case k = m by interpolation. If the assertion is proved for k£ > m then
we can apply (7.7) with k+1 in place of k. For m < i < k the terms [L, B]4+1—:|u|:
satisfy the desired estimate by induction observing that [L, Blyy1—i[L, Blm,i—1 <
[L, Bl k+1—1- For 0 <i < m we get

[L, Blgt1-illulli < C[L, Blm k-t 1-m [ ullm (7.8)
and the proved case k = m gives (7.6) for k + 1 and thus the result. g

Now let 2 C R™ be a bounded open set with C*°-boundary (we note that the
following Theorem 7.4 holds for uniformly regular sets of class C* as well, cf. [51],
Theorem 4.10). We consider the boundary value problem

Lu=F 1in ()

Bju=®; onodQ, j=1,...m/2. (7.9)
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Theorem 7.4 (cf. [3], Theorem 15.2). Let (L, Bj) be an elliptic pair. Let k >
m,u € H*(Q). Then (7.6) holds with C > 0 depending on Q,k, E.

Proof. We use the notation of [3], Theorem 15.2. Let (U;) be a finite open covering
of 00 and let T; : U; N Q — Xpg, be bijective C*°-maps onto the hemisphere
Yg, = {z € R" : x, > 0,|z| < R;} such that S; = T, " is C*® and U; N 9Q is
mapped onto the part x, = 0 of ¥r,. We may assume that R; < r where r is the
constant from Lemma 7.3. We choose a finite C*°-partition of unity (w,) in 2 such
that the support of each w, is either contained in ) or in one of the sets U; denoted
by Ujs). We want to estimate u = ) wy,u. As in [3] we consider here the case
that the support of w, is not contained in €2; the other case follows analogously
using [3], Theorem 14.1° instead of Lemma 7.2. Let w, be such an element and
T =Tys),5 = T7'. We put v = uoS and w = w, o S where the support of w
is contained in ¥ with R < r. The transformed operators L, B; are denoted by
L, B;. For Lu = L(z,8,)u given by (7.1) we obtain from the chain rule

Liy,dy)v =" > aa(Su)As5a(S1)05v(y) + ao(S(y)oly)  (7.10)
1<|8i<]al <m

with smooth Ag , depending on 7. This gives for ¢ > m the estimates

1—1
JE@)li-m < C{ITulliom + >0 3 NaalZialuli}. (7.11)

a l=m-—1

Analogously we obtain the estimates (cf. the proof of [3], Theorem 15.2)

1—1
1B5@0) i, —3 < OByl + > D Ibsallialuli}-

ﬁ l:mjfl

Since ||ullx < lwoulls < C Y |lwv||x we get from Lemma 7.3 that

k m/2
lulle < ¢ D12 Blumi (Il + D 1Bslimm, -y
o =t (7.12)
+ (L Blica-lull) + (2, Blm-mlullo
=0

Inequality (7.12) gives the case k = m. The general case follows from (7.12) by
induction on k as in the proof of Lemma 7.3. The theorem is proved. O

Theorem 7.4 gives (Pg,) (P4,) (Pg) of section 6. The resolvent estimates (Py),
(P3), (P3) require stronger ellipticity assumptions due to Agmon [2].

Definitiion 7.5. (cf. [2], [24], Ch. 4, [26], 3.2, [50], 3.8, [51], 5.2). The pair (L, B;)
is called a regular elliptic pair if the following holds.
(i) Smoothness: L, B; are given by (7.1), (5.1) with aq,b; 5 € C°°(Q).
(ii) Normality: The set {B, };n:/f is normal and m; satisfy (6.11).
(iii) Strong ellipticity: The order m > 2 of L is even and there exists u > 0 such
that for each 6 € [-%, %] and any z € Q, € R",r > 0 we have

L7 (2,6) — (=1)™2r™e| > p(lg]™ + ™). (7.13)
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(iv) Root and Complementing Condition: For each 0 € [—F,T],r > 0,2 € 0%
and for any £ € R™ tangential to 92 at « with (£, 7) # 0 the polynomial 7 +—
LP(z, & +1v(x)) — (=1)™/2r™e has exactly m/2 roots with positive imag-
inary part {7';' (z,&, 7, 9)};”:/12, and the polynomials {B]P(x,f + Ty(x))};n:/f

are linearly independent modulo H;”:/f (r— T;_(l‘, &, r,0)).

Taking r = 0 we get back Definition 7.1. The above assumptions are made such
that for @ € [—%, 2] the operator Ly = L — (—1)"™/2e"9/" in (n + 1) variables
is elliptic in © x R and satisfies together with (B;) the root and complementing
condition in 7.1. Let Ey denote the maximum of the characteristic constants of the
frozen operator Lg(z,t,0),t € [-1,1],z € Q,0 € [-5,Z]. Condition (iii) holds iff
L is strongly elliptic, i.e., if

—(=1)™2Re L (2,6) >0, ze€Q, ¢eR™{0}. (7.14)

Any strongly elliptic operator satisfies the root condition (cf. [51], Theorem 5.4)
and together with the Dirichlet boundary conditions the complementing condition
(cf. [24], Ch. 4). For instance, —(—A)™/? is strongly elliptic.

L is a closed operator in L?(Q) with

DL)={ue H*(Q): Bju=00n09Q,j=1,...,m/2}. (7.15)

We state the following result of Agmon [2], Theorem 2.1. (cf. [26], Theorem
3.1.3, [29], 7.3.2, [50], 3.8, [51], Theorem 5.5).

Theorem 7.6. Let (L, B;) be a regular elliptic pair. Then there exist C > 0,7 >0

depending on Ey,Q such that for any 6 € [=%, §] we have

p(L) DTg, ={AeC:argA=06,|\ >~} (7.16)
For A eTy,ue H™(Q),g; € H" " (Q) with Bju = g; on 0Q we have
m/2

SNl < {u = Lullo + 30 (AT lgsllo + lgslhm-m,) }-
j=0 j=1

In particular, we have for any A € T'g , and u € D(L) the estimate
[Alllello + llullm < CllAu — Lullo. (7.17)

Proof. The estimates in Theorem 7.6 are proved in [50], Lemma 3.8.1 by applying
(7.6) with Ly and k = m only to functions u = u(x,t) which vanish for [¢| > 1.
This and the proof of [50], Lemma 3.8.1 give the statement on the constants C, ~.
These estimates imply (7.16) (cf. [2], [50]). O

Corollary 7.7. Let (L, Bj) be a regular elliptic pair. Then there exist w > 0,0y €
(r/2,7), My > 0 depending on Ey, Q) such that A = L—wI satisfies p(A) D 3p, U{0}
where Xg, = {A: —0y < arg A < 6y} and

I = A) Yoy < My/IAl, - A€ . (7.18)

The proof of this corollary follows immediately from Theorem 7.6 choosing w =
27.

We assume that L, B; depend on t. Let aq,bj g € C>([0,T1] x Q) where Ty > 0
is fixed. Let (L(t), B;(t)) be a regular elliptic pair for each ¢ € [0,T1] where m,m;
do not depend on t. Let Fy(t) denote the corresponding characteristic constant
defined as Ey above. We then have Ey = max{Fy(t) : t € [0,T1]} < +oo by
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continuity. Hence the constants entering in Theorem 7.6 and Corollary 7.7 can be
chosen uniformly for ¢ € [0,T1]. We put A(t) = L(t) — wI as in Corollary 7.7.

Lemma 7.8. Let (L(t), Bj(t)) be a regular elliptic pair for each t € [0,T] and let
A(t) = L(t) — wI. Then for every A\ € S, U {0} the mapping t — (M — A(t))~*
belongs to C1([0,T1], L(H®)). There exist My, M3 > 0 depending only on Eq, ) and
on [[0¢Allo + 32, [|0:Bjllm—m; such that for all X € Zg, and t,T € [0,T1] we have

10:(A(t) = AD) ™ ncaroy < Ma/|A| (7.19)
10:(A®) ™) = 0 (A(T) ™)l Loy < Mt — 7] (7.20)

The proof of this lemma can be found in [50], Lemma 5.3.6. It is based on
Theorem 7.6.

8. THE NONLINEAR PARABOLIC PROBLEM

We consider the nonlinear initial boundary value problem (4.9). We assume that
2 is a bounded open subset of R™ with boundary 02 of class C'*° and that F and
B = (Bj)gn:/f are smooth differential operators defined by (4.2), (4.6) in [0,T] x U
as in section 4. We fix an initial value ¢ € U C H*>°(Q2) and a boundary value
h € C>([0,T], H®(0Q)™/?). We suppose the necessary compatibility conditions
(4.11) coupling ¢ and h. By Theorem 4.4 we have to solve the linear problem (4.28).

We assume that the pair (F, (0, ¢), B, (0, ¢)) is a regular elliptic pair in the sense
of Definition 7.5. We can choose 0 < 17 < T and an open neighbourhood V of ¢ in
H®°(Q) such that (Fy,(t,u(t)), By (t,u(t))) is a regular elliptic pair with a uniform
characteristic constant Ey for all ¢ € [0,71],u € W where

W = {ue C®([0,T1], H=(Q)) : u(t) € V,t € [0, T1]}. (8.1)

Theorem 8.1. Let F,B be smooth differential operators. Let the initial value
¢ € H*(Q) and the boundary value h € C*([0,T], H>(9Q)™/?) satisfy the com-
patibility conditions (4.11). Assume that (Fy(0, ), B.(0,¢)) is a regular elliptic
pair. Then there exist To > 0 and a unique solution u € C*([0,To], H*(Q)) of the
nonlinear initial value problem (4.9).

Proof. We have to verify the assumptions of Theorem 4.4. The existence of the
required mappings R, is proved in Corollary 5.6. We choose T1,V,W as above
such that (F,(t,u(t)), B,(t,u(t))) is a regular elliptic pair for every ¢ € [0,T1],u €
W. We fix 0 < T < T; and consider the linear problem (4.28) where f; €
C§([0,T], H>=(£)). Since fl(J)(O) = 0 for all j this is a problem with trivial (vanish-
ing) compatibility relations. By classical results on linear parabolic boundary value
problems (cf. [24], Ch. IV, 6.4) there is a unique solution w € C§°([0,T], H*(f2))
of problem (4.28).

We have to show estimates (4.29). We write L(t) = F, (¢, u(t)), B(t) = By (t, u(t))
observing that the following holds uniformly for v € W. Using 7.7, 7.8 we choose
w, 0y, My, My, M3 such that A(t) = L(t) — wl satisfies conditions (P,), (P,), (P3).
By Theorem 7.4 conditions (P,), (P,), (P4) hold for A(t) with uniform constants
My, My, My, Choosing W sufficiently small we obtain condition (Py) for A(t), B(t)
with a uniform constant M;. Hence Theorem 6.4 applies to the pair (A(t), B(¢)).
We put f(t) = e “'f1(t) and 2(¢t) = e “*w(t). Then z is a solution of problem
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(6.13). By Theorem 6.4 thus z satisfies the estimate (6.38) with a uniform constant
C depending on k. Replacing (z, f) in (6.38) by (w, f1) we get the estimate

k

k
|w||km = Z [Wl; ke (m—i) < CZ[AvB]Sm,(kfi)meIHmi < C[A, B; filam.k
i=0 i=0

and thus |w|x < C[A, B; fi]am,, for any k, shrinking V, W if necessary. Since
lAll; + [|Blli < Clu)mts,i for b = [n/2] + 1 (cf. (4.4), (4.8)) this implies [|w||; <
Clu; f1]sm+b.i for any k. We proved (4.29) and thus the result. O
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