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EXISTENCE OF SOLUTIONS TO A SECOND ORDER PARTIAL
DIFFERENTIAL EQUATION WITH NONLOCAL CONDITIONS

EDUARDO HERNANDEZ M.

ABSTRACT. Using the cosine function theory, we prove the existence of mild
and classical solutions for an abstract second-order Cauchy problem with non-
local conditions.

1. INTRODUCTION

This paper concerns the second order nonlocal Cauchy problem

u’(t) = Au(t) + f(t,u(t),u'(t)), tel=]0,a], (1.1)
w(0) = zo + q(u,u’), (1.2)
U’(O) =Yo +p(u7ul)7 (13)

where A is the infinitesimal generator of a strongly continuous cosine function of
bounded linear operators, (C(t))¢cr, on a Banach space X and f: R x X? — X,
¢,p: C(I : X)? — X are appropriates continuous functions.

Motivated for numerous applications, Byszewski studied in [2] a first order evo-
lution differential equation with nonlocal conditions modelled in the form

u = Au(t) + f(t,u(t)), tel0,al,
’LL(O) :IO+Q(t17t27~"7tn7u('))a

where A is the infinitesimal generator of a Cy-semigroup of bounded linear operators
on a Banach space X; ¢ : [0,a]” x X — X is a continuous function and the symbol
q(t1,t, ..., tn,u(-)) is used in the sense that in the place of “-” only the points ¢;
can be substituted; for instance q(t1,ta,..., 6, u(:)) = Y i, a;u(t;). In the cited
paper, Byszewski proved the existence of the mild, strong and classical solutions
for (1.4) employing the contraction mapping principle and the semigroup theory.
We refer the reader to [2]-[6] for a complementary literature respect first order
differential equations with nonlocal conditions.

On the other hand, some second order partial differential equations with nonlocal
conditions modelled using the cosine function theory has been considered in the

(1.4)
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literature, see for example [1, 13, 14]. In general the nonlocal conditions considered
in these works are described in the form

2(0) = g(x) +z0, 2'(0) =,
where g : C(I : X) — X is appropriate and n € X is prefixed. It’s relevant
to observe that the problems studied in these papers do not consider “partial”
evolution equations, since the authors proved their results under the assumption
that the cosine function (C(t)):cr, generated by A, is such that C(t) is compact
for every t > 0, which imply that dim(X) < oo, see Travis and Weeb [15, pp. 557],
for details.

Our goal in this work is establish the existence of mild and classical solutions for
the abstract nonlocal Cauchy problem (1.1)-(1.3) using the cosine function theory
and the contraction mapping principle. The abstract results in this work are appli-
cable to “partial” second order differential equations with nonlocal conditions, see
the examples in Section 3.

In this paper henceforth, C'(-) = (C(t))ter is a strongly continuous cosine func-
tion of bounded linear operators on a Banach space X with infinitesimal generator
A. We refer the reader to [9, 15, 16] for the necessary concepts about cosine func-
tions. Next, we only mention a few results and notations needed to establish our
results. We denote by S(t) the sine function associated with C(¢) which is defined
by

t
St)yx:= | C(s)xds, xze€ X, teR.
For a closed operator B : D(B) C X — X we denote by [D(B)] the space D(B)
endowed with the graph norm | - ||g. In particular, [D(A)] is the space
D(A) ={z € X : C(t)x is twice continuously differentiable},

endowed with the norm ||z|| 4 = ||z||+ ||Az]||, * € D(A). Moreover, in this work the
notation E stands for the space formed by the vectors x € X for which the function
C(+)z is of class C'. We know from Kisiniski [11], that E endowed with the norm

[2lly = [l + sup [|AS(t)z], € E,
0<t<a

is a Banach space. The operator valued function G(t) = {AC:SEE)) g((?)

continuous group of bounded linear operators on the space E x X generated by the

defined on D(A)x E. From this it follows that AS(¢) : E — X

} is a strongly

i)
is a bounded operator and that AS(t)x — 0, as t — O for each x e E. Furthermore,

operator A = [

if z : [0,00) — X is a locally integrable, then y(¢ fo (t — s)x(s)ds defines an
E-valued continuous function, which is a consequence of the fact that

t
/G(t—s) s — fo (t —s)z(s)ds
0 (s) [5C(t — s)z(s) ds
defines an E x X-valued continuous function.
The existence of solutions of the second order abstract Cauchy problem
2" (t) = Az(t) + h(t), t€]0,al, (1.5)
2(0) = zg, 2'(0) = 1, (1.6)
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where h : [0,a] — X is an integrable function, has been discussed in [15]. Similarly,
the existence of solutions of the semilinear second order abstract Cauchy problem
has been treated in [16]. We only mention here that the function z(-) given by

z(t) =C(t)xg + S(t)x1 + /0 S(t—s)h(s)ds, te€]0,al, (1.7)

is called a mild solution of (1.5)-(1.6) and that when xg € E, x(-) is continuously
differentiable and

2'(t) = AS(t)xo + C(t)z1 + /0 C(t — s)h(s) ds. (1.8)

Regularity of mild solutions of problem (1.5)-(1.6) was treated by Travis and Weeb
in [16], by Bochenek in [7] and recently by Henriquez and Vasquez in [10].

This work contains three sections. In Section 2 we discuss existence of mild and
classical solution for some second order abstract Cauchy problem with nonlocal
conditions. In general the results are obtained using the contraction mapping prin-
ciple and the ideas in [7], [10] and [16]. In the section 3, the “wave” equation with
nonlocal conditions is studied.

The terminologies and notations are those generally used in functional analysis.
In particular, if (Z,||-]|z) and (Y, |- ||y) are Banach spaces, we indicate by £(Z : Y)
the Banach space of the bounded linear operators of Z in Y and we abbreviate this
notation to £(Z) whenever Z =Y. B,(x : Z) denotes the closed ball with center
at  and radius r > 0 in the space (Z, || - || z). Additionally, for a bounded function
€:10,a] = Z and 0 <t < a we will employ the notation {z  for

€z,0 = sup{[[€(s)]|z = s € [0, 4]}, (1.9)

and we will write simply & when no confusion arises. Finally, we remark that the
prefix R is used to indicate the image of a map.

2. EXISTENCE RESULTS

In this section we discuss the existence of mild and classical solutions for some
abstract second order partial differential equations with nonlocal conditions. Along
of this section, N > 1 and N are positive constants such that ||C(t)|| < N and
[S(t)|| < N for every t € I. At first, we study the nonlocal Cauchy problem

u’(t) = Au(t) + f(t,u(t)), tel, (2.1)
u(0) = xo + q(u), (2.2)
u'(0) = yo + p(u). (2.3)

where f : Rx X — X and ¢,p : C(I : X) — X are appropriates continuous
functions.
By comparison with Travis [16], we introduce the followings definitions.

Definition 2.1. A function u € C'(I : X) is a mild solution of the nonlocal Cauchy
problem (2.1)-(2.3) if condition (2.2) is verified and

u(t) = C(t)(zo + q(u)) + S(#)(yo + p(u)) + /O S(t—s)f(s,u(s))ds, tel. (2.4)

Definition 2.2. A function u(-) € C?(I : X) is a classical solution of the non-
local Cauchy problem (2.1)-(2.3), if u(-) is solution of the equation (2.1) and the
conditions (2.2)-(2.3) are verified.
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Now, we establish our first result.

Theorem 2.3. Let xg,y0 € X and assume that there exist positive constants
lg, 1y, lq such that
1t 2) = FEI < gl —yll, 2y € X,
la(w) = q()[| < lgllu—vlla, w,veC(I:X),
Ip(u) = p@)|| < bpllu = vlla; w0 e CU: X).
If0 = Nl,+ Nl,+ Nlya < 1, then there exist a unique mild solution of (2.1)-(2.3).

Proof. On the space Y = C(I : X) endowed with the sup norm, we define the
mapping ¢ : Y — Y, where

Su(t) = C(t)(zo + q(u)) + S(t)(yo + p(u / S(t—s)f(s,u(s))ds.

It is easy to see that ® is well defined and with values in Y. Moreover, for
(u,w), (v,2) € Y we get

t
[Pu(t) = Pu(t)|| < Nigllu = vlla + Nip|lu = vlla + le/o [[u = vllodf),

< (Nl + Nty + i) [lu = o],

which imply that ® is a contraction on Y. Thus, there exist a unique mild solution
of (2.1)-(2.3). The proof is complete. O

Remark 2.4. In relation with the next result, we remark that a Banach space Y
has the Radom Nikodym property, (abbreviated RNP), respect to a finite measure
space (2,%,un); if for each continuous vector measure G : ¥ — Y of bounded
variation, there exists g € L'(u,Y’) such that G(E) = [, gdu for every E € 3. We
refer to [8] for additional details respect of this matter.

Remark 2.5. In Theorem 2.6, below, A* : D(A*) — X* is the adjoint operator of
A which is well defined since D(A) is dense in X.

Theorem 2.6. Let the assumptions of Theorem 2.3 be satisfied. If xo+Rq C D(A),
Yo + Rp C E and any of the followings conditions is verified,

(a) The adjoint operator A* : D(A*) — X* is such that D(A*) = X*;

(b) The space X has the RNP property;

(c) f(-) is continuously differentiable;

then the unique mild solution, u(-), of (2.1)-(2.8) is a classical solution.

Proof. From the preliminaries we know that u(-) is continuously differentiable and
so that the function ¢t — f(t,u(t)) is Lipschitz on I. Let y(-) € C(I : X) be the
unique mild solution of

2(t) = Aw(t) + f(t,u(t), tel, (2.5)
2(0) = o + q(u), (2.6)
2'(0) = yo + p(w). (2.7)

If (a) holds, it follows from [7, Theorem 1] that y(-) is a classical solution. On the
other hand, if X has the RNP, then s — f(s,u(s)) € WH(I : X) which, from
[10, Theorem 3.1}, implies that y(-) is a classical solution of (2.5)-(2.7). When (c)
is verified, from [16, Proposition 2.4] it follows that y(-) is also a classical solution.
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Finally, from the uniqueness of solution of (2.5)-(2.7) we infer that u(-) = y(-)
and so that u(-) is a classical solution of (2.1)-(2.3). O

Next, we study existence of solution for (1.1)-(1.3).

Definition 2.7. A function u € C'(I : X) is a mild solution of the nonlocal Cauchy
problem (1.1)-(1.3) if the conditions (1.2)-(1.3) are verified and

U(t)=C(t)(woJrq(u,U’))+S(t)(yo+p(u7U'))+/O S(t—s)f(s,u(s),u'(s))ds, tel.

Definition 2.8. A function u(-) € C?(I : X) is a classical solution of the nonlocal
Cauchy problem (1.1)-(1.3), if u(-) is solution of (1.1) and the conditions (1.2), (1.3)
are satisfied.

Theorem 2.9. Let (zg,y0) € E x X and assume that the followings conditions
hold:

(a) f is continuous and there exist positive constants I*, i = 1,2 such that
£t z1,91) — f(E, 22, 92)]| < l}Hxl — 2| +l?”yl -y, xivi € X.
e functions q(+),p(-) : : — X are continuous, q(-) is FE-value
b) Th ] C(I:X)?—-X j is E-valued

and there exist positive constants l;, lfI, i = 1,2 such that

lg(u, w) = (v, 2) 1 < Igllu = vlla + Gllw = 2,
Ip(u, w) = pv, 2)|| < Lllu = vlla + Gllw = 2],
for every u,v,w,z € C(I : X).
Let @1 = maXi:LQ{Nlé + N(l; + al?)} and @2 = maxizl’g{lé + N(l; + al’;c)} If
© = 01 + Oy < 1, then there exist a unique mild solution of (1.1)-(1.3).
Proof. On the space Y = C(I : X)?, equipped with the norm
1w, 0)| = llulla + [lv]la,

we define the map ® : Y — Y, where ®(u,v) = (®1(u,v), P2(u,v)) and

Dy (u, 0)(t) = C(t)(wo + q(u, v)) + 5(t) (Yo + p(u, v)) + /0 S(t—s)f(s,u(s),v(s))ds,

Do (u, v)(t) = AS(t)(x0+q(u, v)) +C(t) (Yo +p(u,v))+/0 C(t=s)f(s,u(s),v(s))ds.

It follows from the assumptions that each ®; is well defined and with values in
C(I: X). Moreover, for (u,v), (w,z) €Y we get

101 (1, 0) = B (1, )l < (NI + N+ alb) fu—wlla+ (V24 N2+ ai2)) o 2],
and so that
[@1(u,v) = 1(w, 2) [0 < im:?f;{NlZ + Nl + alp)H (u,0) = (w,2)]la- (2.8)
On the other hand, from the preliminaries and condition (b) we get
[@2(u, v) = P2(w, 2)||a
< lla(u,v) = q(w, 2) |y + N (I, + aly)|lu = wllo + N (13 + alf) v = 2o,
and hence
1@2 (2, v) — @a(w, 2)lla < max{ lg + N (U, + aly) H(w,v) = (w, 2) o (2.9)
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Finally, from (2.8) and (2.9), it follows that
1@ (u,v) = ®(w, 2)[la < O (u,v) = (w, 2)|a,

which imply that ® is a contraction. Thus, there exists a unique mild solution of
(1.1)-(1.3). The proof is complete. O

To prove the next theorem we need the followings result.

Corollary 2.10. Assume that the assumptions in Theorem 2.9 are verified and let
u(-) be the mild solution of (1.1)-(1.8). Suppose, furthermore, that there exists l?-
such that

Hf(t,x,y)—f(s,x,y)HSl?’c|t—8|7 t,S€I7 xay€X~
If (xo + q(u, ), yo + p(u,v')) € D(A) x E, then () is Lipschitz on I.

Proof. Let t € I and h € R with ¢t + h € I. Using that s — wu(s) is Lipschitz on I
and that, for ¢t € I,

W' (t) = S(t)A(zo + q(u, ') + C(t)(yo + p(u, u')) + /O C(t = ) f(s,u(s),u'(s))ds,
we obtain

h
[/ (t+h) = u'(®)] < Crh+ /O IC(t+h = s)f(s,u(s),u'(s))llds
+ N/o [ lluls + h) — u(s)|| + F|w' (s + h) — o/ (s)|| + [}h]ds

t
§02h+Nl§/ [/ (s + h) = u/(s)||ds,
0

where C;, i = 1,2, are constants independents of h and ¢ € I. The assertion is now
consequence of the Gronwall inequality. (]

In what follows, for the function j: I — X and h € R we use the notation

oni = LD =IO

Moreover, if j(-) : I x X — X is differentiable, we use the decomposition
J

(2.10)

(t+87y+y17w+w1) —j(t,y,’UJ)
= (Dlj(tvyaw)7D2j(t7y7w)aD3j(tay7w))(s7ylawl) (211)
+ ||(S,y17w1)H[><X2R(j(t,y,'LU),S,thl),
where [[R(j(t, y,w), s,y1,w1)|| — 0 when [|(s, z1,y1)[[1xx2 = [s|+ [|z1 ]|+ [[ya ]| — 0.

Theorem 2.11. Let assumptions in Corollary 2.10 be satisfied and u(-) be the mild
solution of (1.1)-(1.8). If (xo+q(u),yo+p(u)) € D(A) x E and any of the following
conditions hold:

(a) The adjoint operator A* : D(A*) — X* is such that D(A*) = X;

(b) The space X has the RNP property;

(¢) f is continuously differentiable,

then u(-) is a classical solution of (1.1)-(1.3).
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Proof. Firstly we remark that from Corollary 2.10 the function t — f(s,u(t), (t))
is Lipschitz on I. When (a) or (b) are verified, the assertion follows using the steps
in the proof of Theorem 2.6. Assume that condition (c) holds and let v(-) € C(I : X)
be the unique solution of the integral problem

v(t) = C(t)Alzo + q(u,u)) + AS(t) (yo + p(u, u')) + f(0,u(0),u/(0))

+ /0 C(t— s)Dy f(w(s))ds + /0 C(t — s)Daf(w(s))(u'(s))ds (2.12)

n / C(t — $)Ds f(w(s))(v(s))ds, te T,
v(0) = A(zo + q(u,u’)) + £(0,u(0),u'(0)), (2.13)

where £(t) = (t,u(t),u(t)). The existence and uniqueness of a solution of (2.12)-
(2.13) follows from the contraction mapping principle; we omit additional details.
Next, we prove that v”(-) = v(-) on I. Let t € I and h € R with ¢t + h € I. Since,
fort e,

u'(t) = AS(t)(zo + q(u, u')) + C(£)(yo + p(u, v)) + /O C(t = ) f(s,u(s),u'(s))ds,

(2.14)
from (2.12), we obatin

10w () = v(@)]

1 h
S%(h)JrE/O IC(t + h = s)[1f (s, u(s), ' (s)) = f(0,u(0),u'(0))[lds
+ N/O 10nf(£(s)) = D1f(§(s)) = D2f(§())(u' () — D3 f(£(s))(v(s))lds
sz(h)+N/0 D3 f () ) 10t (5) — v(s)llds

+NA H(17ahu(3)>ahul(s))l|1><X2HR(f(g(s))?hvhahu(s)7hahul(s))”ds7

where ~;(h) — 0 as h — 0. It follows, from the Gronwall-Bellman inequality and
Corollary 2.10, that dpu'(-) — v(-) when h — 0 and so that u”(-) = v(-) on I.
From these remarks and Proposition 2.4 in [16], we infer that the mild solution,
y(+), of the abstract Cauchy problem
a"(t) = Ax(t) + f(t,u(t),u'(t), tel,

2(0) = o + q(u,u'), (2.15)

2'(0) = yo + p(u,u'),
is a classical solution, which from the uniqueness solution of (2.15) permit conclude

)_

1
that y(-) = wu(-) and that u(-) is a classical solution of (1.1)-(1.3). The proof is
complete. O

3. THE WAVE EQUATION WITH NONLOCAL CONDITIONS

In this section we illustrate some of the results of this work with the wave equa-
tion. On the space X = L?([0,7]) we consider the operator Af(§) = f” (&) with
domain D(A) = {f(:) € H?(0,7) : f(0) = f(xr) = 0}. It’s well known that A
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is the generator of strongly continuous cosine function (C(t)):eg on X. Further-
more, A has discrete spectrum, the eigenvalues are —n?,n € N, with corresponding
normalized eigenvectors z,(£) := (2)'/2sin(né) and the following conditions hold :

(a) {zn : n € N} is an orthonormal basis of X.

(b) If o € D(A) then Ap ==Y n? <, 2, > 2.

(c) For ¢ € X, C(t)p = >, cos(nt) < ¢,2z, > z,. Moreover, from these

expression, it follows that S(t)p = > oo, M < @, zn > zn, that S(¢)
is compact for every ¢ > 0 and that ||C(¢)]| < 1 and ||S(¥)|| < 1 for every
t e [0,m].

(d) If G denotes the group of translations on X defined by G(t)z(§) = (€ +1),
where  is the extension of  with period 2, then C(t) = $(G(t) + G(~t)).
Hence it follows, see [9], that A = B2, where B is the infinitesimal generator
of the group G and that E = {x € H'(0,7) : (0) = z(7) = 0}.

Now, we consider the boundary-value problem with nonlocal conditions

w(t,§) _ Pw(tE)

GE = g TELEW(LO), tel=(o7] (3.1)
w(t,0) = w(t,m) =0, tel, (3.2)
w(0,8) = zo(¢ +Za7 (ti,€), €€, (3.3)
dw(0,
wéf = +Z@ si€), €€l (3.4)

where zg,90 € X; F : I? x R — R is continuous and 0 < ti,s; < 7, oy, are
prefixed numbers. Under the previous conditions, the nonlocal differential problem
(3.1)-(3.4) can be modelled as the abstract nonlocal Cauchy problem

W(t) = Au(t) + f(t,u(t)), tel, (3.5)
w(0) = o + q(u), (3.6)
W!(0) = yo + p(u), (3.7)

where f(t,z)(€) = F(t,£,2(§)), z € X, and p,q: C(I : X) — X are defined by

n k
i=1 i=1
Proposition 3.1. Assume that the previous conditions are verified and that there
exists a function n(-) € LY(I : L°°(I : R)) such that
‘F(ta§7$1) - F(t,§,$2)| S n(t7£)|x1 - x2|7 tvE € Iaxi eR.
If

n k T
O =Y lal+ X181+ [ nls.)nds <1,
=1 =1

then there exists a unique mild solution, u(-), of (3.5)-(3.7). If in addition xo +
Yo aiu(t;) € D(A) and yo + Ele Biu(s;) € E, then u(-) is a classical solution.

For the proof of this proposition: the existence follows from Theorem 2.3, and the
regularity assertion is consequence of Theorem 2.6 since X has the RNP property.
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To complete this section we consider the nonlocal Cauchy problem

gg,g) _9 ggﬁ) 4R E w(t,€), 0w<t 5)), tel, (3.8)
w(t,0) = wit,x) = 0, teI (3.9)

w(0,€) = w0 (& / Qw(s,))(€)ds, €€, (3.10)
S —w©+ [ P(%)(&)da ger, (3.11)

where zg,y0 € X and P : X — X, Q : X — FE are Lipschitz continuous. We
refer the reader to [12] for examples of operators with these properties. Under the
previous conditions, problem (3.8)-(3.11) can be modelled as the abstract nonlocal
Cauchy problem

u’(t) = Au(t) + f(t,u(t),u'(t)), tel, (3.12)
u(0) = zo + q(u,u’), (3.13)
u'(0) = yo + p(u,u'), (3.14)

where the substituting operators f : I x X — X and p,q : C(I : X)? — X are
defined by f(t,z)(§) = F(£,t,2(£)) and

p(u,v) / Pv &ds and q(u,v) = /Oﬂ Q(u(s))(&)ds, u,veC(I:X).

Proposition 3.2. Assume that the followings conditions are satisfied.

(a) There exist a continuous function n: I* — R such that

2
|F(t7§7x1;x2) - F(S7£vy17y2)| < n(tvsvg)( |1‘L - S‘ + Z ‘xl - yi‘)
i=1
for every t,s, € € I,x;,y; € R.
(b) There exist constants Lp, Lo such that

[1P(z) = P(y)ll < Lellz —yll, wyeX,
1Q(x) = QW) < Lol —yll, »,ye€X.

Ifo=2(Lp+Lg)n+2 foﬂ 7(s, s, )rds < 1, then there exist a unique mild solution,
u(+), of (8.12)-(3.14). If (wo + q(u,v'),yo + p(u,w')) € D(A) x E, then u(-) is a
classical solution.
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