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EXISTENCE OF POSITIVE SOLUTIONS FOR DIRICHLET
PROBLEMS OF SOME SINGULAR ELLIPTIC EQUATIONS

ZHIREN JIN

ABSTRACT. When an unbounded domain is inside a slab, existence of a posi-
tive solution is proved for the Dirichlet problem of a class of semilinear elliptic
equations similar to the singular Emden-Fowler equation. The proof is based
on a super and sub-solution method. A super solution is constructed by Per-
ron’s method together with a family of auxiliary functions.

1. INTRODUCTION AND MAIN RESULTS

Let © be an unbounded domain in R” (n > 3) with C*“ (0 < a < 1) boundary.
We assume that €Q is inside a slab of width 2M:

QcC Sy ={(xy) eR": |y| < M}
where x = (21, x9,...,2,-1) and throughout the paper, y will be identified with
Ty
We consider the existence of positive solutions for the Dirichlet problem

n
— Z a;;(x,y)Diju =p(x,y)u™” on€; u=0 on 9; (1.1)
ij=1
where (a;;) is a positive definite matrix in which each entry is a local Hélder con-
tinuous function on €, p(x,y) is a also local Holder continuous on Q, v > 0 is a
constant.
The main result of the paper is as follows.

Theorem 1.1. Assume

(1) p(x0,90) >0 for some (xo,y0) €
(2) there is a positive constant C such that

0<p(xy) <C(x[+1)" for (x,y) € (1.2)
(3) Trace(ai;) =1 and there is a constant ¢ > 0, such that
Ann(X,y) > 1 on Q. (1.3)

Then (1.1) has a positive solution u € C?(2) N C°(Q).
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When the principal part in (1.1) is the Laplace operator, (1.1) becomes a bound-
ary value problem for the singular Emden-Fowler equation

—Au=px,y)u”? on; u=0 on IN. (1.4)

The singular Emden-Fowler is related to the theory of heat conduction in electrical
conduction materials and in the studies of boundary layer phenomena for viscous
fluids [2, 16]. The existence of positive solutions of the equation on exterior domains
(including R™) has been considered by quite a number of authors (for example, see
[4, 5, 8, 11, 12, 15], and references therein). The main approach used to prove ex-
istence is to construct super and sub- solutions. To construct super solutions, one
needs to assume that p(x,y) decays near infinity in an appropriate rate. A super
solution is usually found in the class of radial symmetric functions. If €2 is an exte-
rior domain (not inside a slab), v > 0 and there is C' such that p(x,y) > (H—Ix\%yz’)
for |x|? + 1?2 large, then (1.4) has no positive solutions ([11]). On the other hand, if
there are constants o > 1 and C, such that 0 < p(x,y) < W for |x|? + 32
large, (1.4) has a positive solution ([8]). When € is an unbounded domain inside
a slab, the situation is quite different. The traditional way to construct a super
solution by finding an appropriate radial symmetric function is no longer valid since
the domain now is inside a slab (the generality of the coefficient matrix (a;;) also
makes finding a radial symmetric super solution impossible). In this paper, we
combine an idea from [13] and a family of auxiliary functions constructed in [10] to
construct a super solution which is then used to prove the existence of a positive
solution of (1.1).

Actually the procedure in the paper can be applied to prove the existence of a
positive solution for the Dirichlet problem of more general elliptic equations. A
statement for the general case will be given in the last section of the paper. Here
we just state a special case of the general result.

Theorem 1.2. Assume

(1) p(xo,y0) > 0 for some (Xo,yo) € §2;
(2) there is a positive constant C such that

0 <p(x,y) <CeXl for (x,y)eQ, (1.5)
(3) Trace(ai;) =1, and there is a constant c1 > 0, such that
ann(X,9) >¢; on Q. (1.6)
Then the problem
- Z a;;(x,y)Diju =p(x,y)e”" onQ; u=0 ondd (1.7)

ij=1
has a positive solution u € C%(Q) N CO(Q).

This paper is organized as follows. In Section 2, we construct a family of auxiliary
functions that are defined on a family of subdomains of €2. In Section 3, we combine
the family of auxiliary functions constructed in Section 2 and an idea from [13] to
prove that (1.1) has a positive supper solution. In Section 4, we prove that (1.1)
has a positive solution by the procedure used in [8]. In Section 5, we discuss the
general case.
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2. A FAMILY OF AUXILIARY FUNCTIONS

In this section, we will construct families of sub-domains {2k, of 2 and functions
Ty, + 2z (see definitions below) so that

n
= 2 (9 Dij(Ty +2) 2 p(x,y) Ty +2)77 onQy (21)
i,j=1
and the graphs of the functions Ty, + z have special relative positions (see below).
Our construction is based on the construction of a family of auxiliary functions
used in [10] (the construction in [10] was adapted from [9] which in turn was inspired
from [6] and [14]). We consider the operator
n
Qu = Z a;j(x,y)D;ju.
i,j=1

We first extend a;; (1 < 4,5 < n) to be continuous functions on Syr in such a way

that we still have Trace(a;;) = 1 and

ann(X,y) > c1 on Syy. (2.2)

In the rest of the paper, we will use ¢,, (for some integer m > 2) to denote a
constant depending only on ¢; and M. Once a constant ¢, is used in a formula, it
will represent the same constant if the same notation appears again in the paper.

It was proved in [10] (also see Appendix I) that there are positive decreasing
functions x(t), hq(t) and a positive increasing function A(t) (x(¢) depending on ¢;
only, hy(t) and A(t) depending on ¢; and M only), such that for any number K,
there is a number Hy, depending only on K, M and cy, such that for H > Hy, we
have (for 0 < t < 2M)

A(H) < h7i(t) < A(H)eXH) | 22MH < ¢ A(H)eXH) < 66 M H, (2.3)
8K < A(H)eXH) | 0 < x(H) <1, (2.4)
and the non-negative function
2= axy = AMH)X —{(h (y + M))? — |x — xo[*}/? (2.5)
satisfies
Qz < 22;?\21}[ in Qo x5 (2.6)
z>K on0Q, mrxN{ly <M}, =z(xo0y) < % for |y| < M, (2.7
where
2K

Oy i, ie = {(%,9) < |yl < M, [x = x0[ < ha'(y+ M)} (28)

A
(For verifications of (2.3)-(2.4) and (2.6)-(2.7), see Appendix I.)
Now we set
K =100, H=Hy+4M, Oy =% 1.k (2.9)
Then (2.6)-(2.7) becomes
Qz < —cy in Q,, (2.10)
z>100 on 00, N{ly| < M}, z(x0,y) <1 for |yl < M. (2.11)
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Now we construct a family of auxiliary functions as follows.
If (x,y) € Qx,, from (2.3) and (2.8), we have

Ix — xo| < \/200A(H)ex(H) < \/13200M H/c; = cy.

For C defined in (1.2), we set

C
Ty = (a)l/ﬂ’(|xo| +ca+1). (2.12)
Then we have that on Qy,,
_ _ C(|xo| +ca + 1)
p(x,) (T + )77 < O + 177 < CPOLE At DT
X0
Thus
—Q(Tx, + 2) > c2 > p(x,y)(Tx, +2) 7 on Oy, (2.13)

When x( changes, we obtain families of auxiliary functions Ty, + z and domains
Oy, satisfying (2.1).

To be able to use the family of auxiliary functions, we need to investigate relative
positions of the graphs of these auxiliary functions.

For two points xg and x; in R"~1, when ), either covers the whole segment of
the set {(x0,y)|ly| < M} or does not intersect with the set, from (2.3) and (2.8),
we have either

|x1 — xo| < 1/200A(H)e=xH) or |x; —xg| > \/200A(H)ex(H), (2.14)

Then when Qy, covers part of some neighborhood of {(xo,¥) : |y| < M}, we have
195A(H)e~xH) < |x; — x¢| < 1/205A(H )ex(H), (2.15)

Let x; and x¢ satisfy (2.15) and Jp be a small positive number such that 26y <

V195A(H)e—xH)  If (x,y) € Qx, for some y and |x —x¢| < &g, by (2.3), (2.5) and
(2.15), we have

2@2X(H) — 195A(H)6_X(H) 4 250 195A(H)€_X(H)}1/2
VI195A(H )e—x(H)  1/2
> T, + A(H)eXH) (1 _ (1 - 195 250\/195A(H)e ) )

H)ex ) T A(H)2eAn )
(by the inequality /1T —¢ <1 — 1t for 0 <t <1 and (2.4))

9 /19 —x(H)
> ) (H) x( H)( 195 2(50 1 5A(H)€ )
50\/ 195A(H)€ x(H)

2 A(H)eHx ) 2 A(H 22X (H)
A(H)ex(H)

195 So+/195A(H)e x(H)

2e2x(H) A(H)ex(H)

=T, + > Ty, + 10 —
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Thus there is a §p small such that for all |x — x| < dp with (x,y) € Qx,, if x; and
xg satisfy (2.15), we have

Ty, + 2x, (x,y) > Tx, + 8. (2.16)
Further for all xo and x; satisfying (2.15),
Txo +2 STXI +Tx0 _Tx1 +2

C.1
< Ty + ()7 (Jx0] = [x1]) +2

C2

< Ty, + (=)7 /205 A(H)ex(H) 4 2

where c5 = \/205A(H)eX(H), Thus if we assume that C' in (1.2) satisfies
C <67 ey, (2.17)
we have that for all xo and x; satisfying (2.15),
Ty +2 < Ty, +8. (2.18)

From (2.8) and (2.11), we can choose a number da(xg) > 0 such that for all x € R"~1
with |xg — x| < d2(x0), we have (x,y) € Qx, for all |y| < M, and

Ty + 2x0 (X, y) < Ty +2. (2.19)
Now if we set dx, = min{do, d2(x0)}, from (2.16), (2.18) and (2.19), we have
TXO + Zxq (Xa y) S Txl + Zx1 (Xv y) (220)

for all xg and x; satisfying (2.15), |xg — x| < dx, and (x,y) € Qx, .

Finally we define a family of open subsets of €2 that will be needed in next
section.

For each point (xo,yo) € 2, we define an open set O(xg, yo) as follows:

(1) If (x0,%0) € Q, we choose a ball B with center (xg,yo) and a radius less
than dx, so that B C Q2. We then set O(xg,yo) = B;

(2) If (x0,0) € 09, since Q has C** boundary, there is a ball B with center
(%0,%0) and a radius less than &y, such that there is a C*< diffeomorphism
® satisfying

®(BNQ) CR?, ®(BNIN) CIRY; d(xq,y0) = 0.

Now we choose a domain J with C3 boundary with following properties: (a) J C
(B NQ); (b) 0JNORY is a neighborhood of 0 in OR”. Certainly there are many
different J’s having those properties. One example is given in the Appendix II at
the end of paper to illustrate how to construct such a domain .J.

Now we set O(xq,y0) = ®~1(J). It is easy to see that O(xg,y0) C BN,
O(x0,9o) has a C?® boundary and 9O(xg,yo) NI is a neighborhood of (xg, yo) in
09). Let II be the collection of all such open sets O(xg, yo) defined in (1) and (2).
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3. A SUPER SOLUTION OF (1.1)

In this section, using the family of auxiliary functions Tk, + z constructed in
Section 2 and an idea from [13] (that basically says that the Perron’s method still
works if we can find a family of appropriate auxiliary functions that works like a
super solution), we will show that there is a positive function u € C?(Q) N C°(Q),
satisfies

n
— Z a;j(x,y)Diju =p(x,y)u”” on, wu=7 on .
i,j=1
for some constant 7 > 0. Then u will be a super solution of (1.1).
If u = ¢couv for some constant ¢y, v will satisfy

n
— Z a;;(x,y)D;ju = " 'p(x,y)v™Y on Q, w=1/cy on .
i,j=1
Thus without loss of generality, we may assume C' in (1.2) satisfying (2.17). Then
all constructions in Section 2 are valid.
Let v > 0 be a function on Q, for a point (xg,yo) € 2, we define a new function
M xy,y)(v), called the lift of v over O(xo,yo) as follows:

M(meo)(v)(xv y) = ’U(X, y) lf (Xv y) € Q \ O(X07 y())
M(xo,yo)(v)(xv y) = w(X7 y) if (X’ y) € O(Xo, yo)

where w(x, y) is the positive solution of the boundary-value problem

— Y aij(x,y)Dijw = p(x,y)w™"  in O(x0,50), w=v ondO(xo,y0). (3.1)
ij=1

It is easy to see (3.1) has a unique positive solution in C2(O(xq, ¥0))NC°(O(x0,%0))-
Indeed my = min{v(x,y) : (x,y) € 00(x0,y0)} is a sub-solution since p(x,y) is
non-negative, ms + T, + 2x, is a super solution by (2.1), where ms = max{v(x,y) :
(x,9) € 00(X0,%0)}. Then we can conclude the existence of a desired solution (for
example, see [1] or [3]). Uniqueness of positive solutions of (3.1) follows from a
standard argument.
Set 7 = (C/c2)/Vey (see (2.12) for the source of the constants).
We define a class = of functions as follows: a function v is in = if
(1) veC%9Q),v>0o0nQand v <7 on J;
(2) For any (XOa yO) € Q7 v < M(xo,yo)(v);
(3) v < Ty + 2x, 00 Qy, NQ for any (x9,y0) € Q.
By the following well-known lemma, it is easy to check the function v = 7 is in Z.
Thus Z is not empty.

Lemma 3.1. Let D be a bounded domain,l(x,y,t) be a C! function that is de-
creasing in t. If wy, wy are in C%(D) N C°(D), wy < wy on D, and

n
Z az] X Z/me1<f(x val) in D,
1,7=1

Z (x,y)D;jwe > f(x,y,w2) in D
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then wy < wq on D.

Now we set

u(x,y) =supv(x,y), (x,y) € Q.

vER

We will show that u is in C%(Q) N C°(Q2) and satisfies

- Z aij(x,y)Diju =p(x,y)u”" on; w=7 on .
ij=1

First we need some lemmas.

Lemma 3.2. If0 < vy < wy, then My, ) (v1) < M(x,,y0)(v2) for any (xo,y0) € Q.

Proof. Let wy, wy be the positive solutions for the following problems

n

- Z 227 (Xa y)Dszk = p(X7 y)w]:'Y in O(XOa y0)7
ij—1

wr = v on 00(xg,y0), k=1,2.
Since w; = v < w9 = wg on I0(Xg, Yo), p(X, y)t~7 is decreasing on ¢, from lemma 1,

we see w1 < wa on O(Xg,yo). On Q\O(x0,%0), M(xy,y0) (V1) = V1, M(xy,y0)(v2) = v2.
Thus M(xmyo)(vl) < M(xovyo)(UQ)‘

Lemma 3.3. Ifv; € Z, vg € E, then max{vi,va} € Z.

Proof. If v € E, vg € E, it is clear that max{vy,ve} € C%(Q), max{vy,ve} > 0 on
Q and max{vi,ve} < 7 011789. It is also clear that max{vy,ve} < Tx, + 2x, On
Oy, NQ for any (x0,y0) € Q. Since

vy < max{vy,va}, wvo < max{vi,ve}
we have (by lemma 2) that for any (xg,yo) € Q,
Mxq,y0) (V1) < Mixg o) (max{vr, va}),  Mxg,yo)(v2) < Mixy ) (max{vy, va}).
Since v; € Z and vy € = imply
V1 < Mxy,yo) (V1) V2 < My o) (V2),

we have
max{vy,va} < M(x, o) (max{vi,va}).
Thus max{vy,v2} € E. O

Lemma 3.4. If v € E, then My, ) (v) € E for any (Xo,y0) € Q.

Proof. By the definition of My, ,.)(v), it is clear that My, ,)(v) > 0 on €,
M xy y0)(v) € C°(Q) and My, ,0)(v) < 7 on 9.
For any (x*,y*) € Q, we first show that
M(Xo-,yo) (’U)(X, y) < M(X*,y*)(M(xoﬁyo)(v))(x7 y) (3‘2)
We only need to prove that (3.2) is true for (x,y) € O(x*,y*). Since
LS M(Xo,yo)(v)’

we have (by lemma 2)
Mixes ) (0) < Mixem o) (Mg ) (0))-
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Then from v < M- +)(v) (by lemma 2 again), we have

0 < M o) (Mg ) (V)
Thus for (x,y) € O(x*,y*) \ O(x0, ¥o),

M(xmyo)(q))(xv y) = U(X, y) < M(X*,y*)(M(xoyyo)(U))(Xv y) (33)
That is, (3.2) is true on O(x*,y*) \ O(x0,%0), Now for 3 = O(x*,y*) N O(x0, Yo),
if we set
M(meo)(v) = w1, M(x*,y*)(M(xo,yo)(v)) = W2

we have
n

- Z aij(x,y)Dijw = p(x,y)w; " on Qy,
ij=1

- Z aij(%,y)Dijwz = p(x,y)w, " on Q.
ij=1
On 90, wy < wy on O(x*,y*) NIO(xg,yo) by (3.3) and wy < wy on JO(x*,y*) N
O(%0,%0) since (3.2) is true on  \ O(x*,y*). Then lemma 1 implies w; < ws on
Q4. Thus (3.2) is true on O(x*,y*) N O(xg,yo) and on O(x*,y*). O

Now we prove that Mx, y,)(v) < Tk, + 2x, on Qx, N for all (x1,11) € Q.

By the definition of M, ,,)(v), we only need to consider the graph of the func-
tion My, y)(v) over O(xo,%0). If O(xq,y0) is covered completely by Q,, since
v < Ty, + 2x, and Tx, + 2x, satisfies (2.1), Tx, + 2x, is a super solution of (3.1)
on O(Xg,%0). Then Lemma 3.1 implies My, ) (v) < Tx, + 2x, on O(Xo,%0). In
the case that O(xg,yo) does not intersect with €y, , the conclusion is trivial. Now
we consider the case that O(xg,yo) is partially covered by €, . Since O(xg,yo) is
covered by (2x,, we always have

M(Xo7yo)(v) < Txo + 2%, on O(XOa y0)~ (3.4)

Then by the choice of dx,, O(Xo,¥yo), and the fact that O(xg,yo) N Tx, is not
empty, we have that x¢ and x; satisfy (2.15), and for all (x,y) € O(xo,yo) N kx,,
|xg — x| < 0x,. Then by (2.20), the graph of T, + zx, over O(Xg, yo) N ), is under
the graph of Tx, + zx,. Thus the conclusion follows from (3.4).

Now we are ready to prove that u has the desired properties.

Let (x0,%0) € 2. By the definition of u(xo, o), there is a sequence of functions
v in Z such that

u(xo,y0) = lm vk(xo,yo).
k—o0

By lemma 3 and the fact that v = 7 is in Z, replacing vy by max{vg, 7} if it is
necessary, we may assume that vy, > 7 on Q. We replace vy by My, o) (vx). Then
we have a sequence of functions wy, satisfying

U(X07 yO) = kh—>n;o ’Ll}k;(XO, y0)7

n
- Z aij(xa y)DZka = p(Xv y)w];’y on O(XanO)v
ij=1
wr =v; on 00 (Xo,Yo)-
Since for all k,
T S Vi S Wy S TXO + Zx, On O(X()vy())'
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By [7, Theorem 9.11] and an approximation of the boundary value by smooth
functions, we see that there is a subsequence of wy, for convenience still denoted by
wy, converges to a C?(O(xo, yo)) N C°(O(x0,y0)) function w(x) in C2(O(xq,yo)) N
C°(O(x0,10)). Thus w(z) satisfies

— Y aij(x,y)Dijw = p(x,y)w™" on  O(xo, o)
ij=1
and u(xo,%0) = w(Xo,yo). We claim that v = w on O(xq,¥0). Indeed, if there

is another point (X2,%2) € O(x0,yo) such that u(xa,y2) is not equal to w(xa,y2),
then u(xsz,y2) > w(xa,y2). Then there is a function ug € E, such that

w(X2,Y2) < ug(X2,y2) < u(X2,y2).
Now the sequence max{ug, Mx, y,)(vx)} satisfying
v < max{ug, Mx, o) (V) } < u.

Then similar to the way we obtain w, My, ,)(max{uo, M(x,,y4)(vx)}) Will produce
a function w, satisfying

n
— Y aij(x,y)Dijwr = p(x,y)w; " on O(xo, o),
ij=1
w<w on O(xo,%0), w(xX2,y2) < uo(xXz,y2) < wi(x2,y2),
w(x0,0) = w1 (X0, Y0) = u(Xo,Yo)-
That is, w1(x,y) — w(x,y) is non-negative, not identically zero on O(xg, o) and

achieves its minimum value zero inside O(xq,yo). However, from the equations
satisfied by w and w, we have that on O(xq,yo),

n
= 3 5%, 9)Dig (w1 — w) + 4p(x,y) (w + O(wr — ) wy — w) =0
ij=1
for some continuous function §. Then by the standard maximum principle (for

example, see [7, Theorem 3.5]), we get a contradiction. Thus u = w on O(xq, yo)-
Therefore u € C%(Q) and

=Y ai;(x,y)Diju=p(x,y)u” on Q.
ij=1
When (x0,%0) € 99, 00(x0,y0) N IN is a neighborhood of (xg, o) in IN. Since
max{7,vp} =7 on 9Q, u = 7 on IN and w = 7 on IO(xg,yo) N ON. Since w is
continuous up to the boundary of O(xg,yo), u is continuous on 9O (xq,yo) N ON
from inside O(xq,yo). Thus v € C°(Q) and u = 7 on 9.

4. PROOF OF EXISTENCE

Using the super solution u constructed in Section 3, we can prove the existence
of a positive solution of (1.1) exactly in the same way as that in [8] (the generality
of the principal term of the elliptic operator will not cause any extra difficulty). We
just sketch the proof here.

Since (2 is an unbounded domain with C?® boundary, we can choose a sequence
of subdomains of €2, denoted by Q,,, m =1,2,3,..., such that

(1) Qp C Qg1 € Q for all m;
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(2) UQy =
(3) each Q,, is a bounded domain with C*“ boundary;
(4) dist(0,0Q\ 08y,) — 00 as m — oo.

We can find a number pu, such that for each large m, the eigenvalue problem

- Z a;j(%,y)Dijw = Mup(x,y))w on Q,,, w=0 ondQ,

i,j=1
has a first eigenvalue A\; < 1 with its first eigenfunction ¢,,. We can assume
max ¢,, = 1. Choose ¢,, such that §,, < %T and

up(x, )t < p(x,y)t~7 for (x,y) € Uy, 0<t < Gy
Then N
- Z aij(x,y)Dijw = p(x,y)w™” onQy, w=0 on O, (4.1)
ij=1
has a pair of super and sub solutions u(x,y), 0, @m. Thus (4.1) has a solution w,,

that can be proved to satisfy
0< Wy, <u on Q,,

1
i(ssd)s S W on Qm

for all m > s. Finally we take limit of w,, to get a desired solution.

5. THE GENERAL CASE

Now we consider the boundary-value problem

n
— Z a;j(x,y)Diju = g(x,y,u) on , u=0 ond. (5.1)
i,j=1
In addition to the assumptions on (a;;) and €2 given at the beginning of the paper,
we assume the following conditions.
(1) Tracea;;) = 1;
(2) There is a constant ¢; > 0 such that a,, > ¢; on Q;
(3) There is a family of increasing positive functions T = T'(¢) satisfying (with
T = T(|x]))
(a) [T, — Ti| < |x0 — x|/c5;
(b) g(x,y, Tx, + 2x,) < €2 on Qx, (Qx,, 2x, and cz are defined in Section
2);
(4) g(x,y,t) is non-negative, in C'*(Q x R’ ) and decreasing on t.
(5) limt_)o+M > vo(x,y) uniformly for (x,y) in any bounded subset on
Q, where vy(x, y) is a non-negative function satisfying that when m is large,
the eigenvalue problem

n
- Z a;;(x,y)Dijw = dvp(x,y)w on Qp, u=0 on IQ,,.
ij=1
has a first eigenvalue \; < 1.

Then we have the following conclusion.

Theorem 5.1. Under the assumptions (1)-(5), (5.1) has a positive solution.
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Proof. We just sketch the proof here. Assumptions (1)—(3) assure that Ty, + 2x,
is a family of auxiliary functions satisfying (2.1) on Qx, and the graphs of these
function have the desired relative positions as discussed in Section 2.

Assumption (4) assures that lemma 1 can be applied and the boundary value
problem

n

- Z aij(%,y)Dijw = g(x,y,w) in O(xp,y0), w = von JO(x0,Y0) (5:2)

ij=1

has a unique positive solution for each positive function v on Q. Thus the lift
M x,,y,) and the class = of functions are well defined. The proofs of lemmas 2-4
and the existence of the super solution u are the same.

Finally the assumption (5) assures that the proof in Section 4 still works out like
that in [8]. O

Now we apply theorem 3 to the case that g(x,y,u) = p(x,y)e *. We consider a
modified problem:

n —csu
- Z a;;(x,y)D;ju = px, e on, u=0 ondN. (5.3)
ij=1 ¢
If we can find a positive solution u of (5.3), then csu is a positive solution of (1.7).
For (5.3), we set
C

1 1

Tt)=—(t+ca)+ —In—+ A4
Cs Cs  C205

where A is a positive constant such that L lng + A > 1, C is defined in (1.5)

and ¢y, ¢4, c5 are defined in Section 2. ThenoT(t)o is increasing and the assumption
(3)(a) is obviously satisfied for Tx = T'(|x|). For (3)(b), on £,

lp(x, y)67C5(Tx0+Zxo) < QQIXIechraTxO
Cs Cs

< © lxoltes g—esTx,
Cs

ge|x0|+c4eflxo‘fc47]n &70514
Cs

= e A <oy
Assumption (4) is obvious. For assumption (5), let A; be the first eigenvalue of
the eigenvalue problem (£2; is defined in Section 4)

- Z a;;(x,y)Dijw = Ap(x,y)w on Qy, w=0 ondQ.

ij=1
Set vg = 2\1p(x, y), then it is easy to see that

—t
lim p(x,y)e

> , iformly on €.
Jim , > vo(x,y) uniformly on

It is also easy to see that vy has the desired property. Thus assumption (5) is
satisfied. Therefore we can conclude that Theorem 1.22 is true.
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6. APPENDIX I: VERIFICATIONS OF (2.3), (2.4), (2.6),(2.7)

In this appendix, we verify (2.3)-(2.4) and (2.6)-(2.7) used in Section 2. All the
computations here are copied from [10].

Set ®1(p) = p2if 0 < p < 1and ®1(p) = i—} if p > 1, and define a function
by

x(a) = for a > 0.
() /a p*®1(p)

It is clear that x(«) is a decreasing function with range (0, c0). Let ) be the inverse
of x. Then 7 is a positive, decreasing function with range (0,00). Let ¢* = 11/¢;.
For a > 1, we have

Y dp [* dp 1 _,
X(a)i/a p3¢>1(p)/a 2 (61)
Thus
n(B) = (2c°B)"F  for 0< B < (2¢)7L (6.2)

Let H > 2. Since n(x(H)) = H and n is decreasing, we have n(5) > H for
0 < B < x(H). We define a function A(H) by

eX(H)

A(H) = 2M( /1 n(lnt)dt)~!. (6.3)

For the rest of this article, we set a = A(H) and define

aeX(H)

ha(r) = / n(ln E) dt for a <r < aeX), (6.4)
- a
Then
ha(aeX) =0, hg(a) = hau)(AH)) = 2M. (6.5)
Fora <r < an(H),
/ r / " 1 "\\3 r
Hu(r) = —n(n =) <0, [1,()| > H,  Hir) = —(a(ln 2))°@1(n(1n 2)).  (6.6)
Thus for a < r < aeX(),
ha(r) ha(r) '
4 = -2, (—h . .
(hg(’l‘))2 1( a(T)) (6 7)
Let hy! be the inverse of h,. Then h; ' is decreasing and
ht(0) = A(H)eXH) | nl(2M) = A(H). (6.8)

Thus we have the first half of (2.3). Further for —M <y < M,

1

(ha')(y+ M) = m
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(ha')"(y+ M) = (h’(h(ly—i-M)))l
_ha(hg (y+M))(h Y (y + M)
(hty(ha* (y + M)))?
by (hy ' (y + M))
(hy(ha*(y + M)))?

N S Sy
- hgl(y—l—M)(I)l( ha(ha (y+M)))
Thus
(ha V)" (y + M)hgH(y + M) = ®1(=h (hg ' (y + M))). (6.9)

Now we choose an Hy > 2 such that for H > Hy,

1 24nc1 K 4K 1
NiTs + VA A ex < 7 (6.10)
Then we have (2.4). For H > Hy, by (6.1), (6.2), we have
X (H)
A(H)™! / n(lnt)d
/ Ye™dm
x(H)  gm
/ V2erm
From
x(H) q x(H)  gm ex(H) px(H) q
\/f fdm < | \/mdm < Nl ﬁdm
we have
x(H) m x(H) Pyl
c*lH 2\/7 / 260* "= = \/ij(H) B ec*H '
Thus

oMc*H > A(H) > 2Mc*He XH) = 2Mc* He 57 . (6.11)

Thus we have the second half of (2.3) since ¢* = 11/¢;.

For xog € R""! and a fixed constant K, we define a domain Qy, g x in (x,7)
space by (2.8) and define a function z = z(x,y) by (2.5). Since h;!(y+ M) >0
for |y < M, (x0,y) € Qx,.m,x for |y| < M. Further it is clear that the function
z = z(x,y) is well defined on Qx, p K-

Now we verify the first half of (2.7), on 0Qx, m,x N {(x,y) : |y| < M},

oK,
|x — xo| = Wh (y+ M);
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then from (6.8), we have

2= AH)e ™ —{(h ! (y + M))? — [x —xo*}/?

2K
_ x(H) _ -1 _ 1/2
= A(H)e hy (y+M)(1 JMHkﬂHﬂ
> A(H)eXH) — A(H)eXH) (1 — _ K )1/2
= A(H)ex(H)

2K
>AH) X (11— —2= )\ =K.
> A(H)eX™ (1 — ( 2zél(lLl,)eX(H)))

Here we have used (6.10) and the fact that /1 —t <1 — 3t for 0 <t < 1. For the
second half of (2.7), since h; *(r) and n are decreasing functions, we have

-1 1
H(ha"(y+ M)~ n(in(Eha " (y + M)))
< 777(111;(11)) (6.12)
= m = %, for |y| < —M.
Then by (2.5), we have
0z -1 —, for|y| < —M.

@(%JJ) = m < I

Now the second half of (2.7) follows from this and
2(x0, —M) = A(H)eXH) — p=1(0) = A(H)eXH) — A(H)eXH) = 0.

a

For (2.6), we set S = {(h;'(y + M))? — |x — x0|?}'/2. Then we have that for
1<i<n-—1,

0z 1 0z 1,

O = g(xl - mOi)a 87y = _ghal(hal)/'

By (6.10) and (6.11), on Qx, m x, we have

1
5@%y+M}§S§hﬁ@+A@

and
|x — o 2K 1y 2K 1)n
<2(———— <2(—— .
s = Gmem) " =Ugen)
Thus, by (6.12), we have
0z aK 0z hyl(y+ M 2
102 cp e %o he WA M) 2 g
ox; MH Oy — S|hl(ha (y+ M) — H

Hence from (6.10), and the assumption that Tracea;;) = 1 (hence all eigenvalues
of (a;;) are less than or equal to 1), we have

- 0z 0z
| aij———| < |Dz|* < 1. (6.14)
Z J (9331 8xj
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Now we have
n

Qz= Y ai(x,y)Di;z

i,j=1
1 n—1
Z Gii + o3 53 Z azg i - 379) - ? Z ain(mi - x?)hgl(ht;ly
ij=1 i=1
1 1 _ _
= gann((hg )2 + 031 (hZ1)") + ggann(hg ) (g 1))?
1 = 0z 0z
—Zf_ L Ys o2 7 .
S{ Ann + »]X»Z:l a;j o, 0, Ann ((hy D)2 4+ 0N )} (since an, > 0)
- 0z 82’ 1y -
< S{l—!— Z i — apnhy (hy")"}
i,j=1
By (2.2), (6.9)), (6.11) and (6.14)) the above expression is bounded by
-9 -9 -9 < -9 < —3c1

— < < 1 — °
S = hgl(y—i—M) - A(H)eX(H) T OMc*Heseraz 22e M H
This shows (2.6).

7. APPENDIX II: A CONSTRUCTION OF THE DOMAIN J

In this part, we give a construction of the domain J used at the end of Section
2 in the definition of II. Let

Ri:{(y17y277yn)|yn>o}
Ju={W1,yn) :yp = %1, Jyn| < lory, = £1, [n| <1}

That is, J; is a square with side length 2 and center (0,0) in (y1,y,) plane. In
polar coordinate we can write 0.J; as

(y1,90) = (k(0) cos 0, k(6) sin6), 0< < 2r,

where k() is a positive, continuous, periodic function of period 27, k(#) is C*
except at 0 = +%, £3%. Then we can smooth out k(f) near those points to get
a function k;(#) such that k;(0) is a positive, C*°, periodic function of period 27,
k1(0) = k(6) except in some small neighborhoods of 6 = +Z, £3% and k1 () < k(6)
for all f. Indeed we can modify k() as follows:

Let s(t) be a C* function satisfying

(t
5()701ft<1
0<

(1)
(2) ()7§1f1<t§2;
(3) s(t) >0 for all ¢;
(4) s(t) =11ift > 4.
Fixed a positive constant € < 175. Near 6 = 7, we define

k() = k010~ T + (1 sCio - 7).

Then using the fact that max k() = /2, min k() = 1, we can verify that k;(0) is
positive, smooth and

ky(0) = k(0) if |of§|z4e; 0 < k1(0) < k(0).
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In a similar way, we can modify k() near other points —m/4 and +37/4. Now let
Jo be the domain in (y1,y,) plane bounded by the curve

(Y1,Yn) = (k1(0) cos 0, k1 (0) sinf), 0 <6 < 2.
We then rotate the set

{(y17 Oa RIS ann) : (ylvy’n) € JQ}
with respect to y, axis to get a domain Js. Finally, J is obtained from Js by
appropriate translation and scaling.

Acknowledgement. The author thanks the anonymous referee for his/her com-
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