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MAGNETIC BARRIERS OF COMPACT SUPPORT AND
EIGENVALUES IN SPECTRAL GAPS

RAINER HEMPEL & ALEXANDER BESCH

ABSTRACT. We consider Schrédinger operators H = —A 4+ V in Lo(R?) with
a spectral gap, perturbed by a strong magnetic field B of compact support.
We assume here that the support of B is connected and has a connected com-
plement; the total magnetic flux may be zero or non-zero. For a fixed point
E in the gap, we show that (for a sequence of couplings tending to co) the
signed spectral flow across E for the magnetic perturbation is equal to the
flow of eigenvalues produced by a high potential barrier on the support of the
magnetic field. This allows us to use various estimates that are available for
the high barrier case.

1. INTRODUCTION

We study the discrete eigenvalues that may appear in a spectral gap of a Schro-
dinger operator acting in Ly(R?),

H=-A+V, (1.1)

under perturbation by a strong magnetic field B of compact support. In the present
paper we restrict our attention to the case where the support of B as well as its
complement are connected sets.

For a bounded and measurable potential V' = V(z) and a magnetic vector poten-
tial @ € C1(R?;R?) with curl@ = B, the associated Schrédinger operator is defined
as

H(\@) = (—iV = Xd(z))* + V(z), A>0. (1.2)
Our main interest is then in the (signed) flow of the eigenvalues of H(Ad@) across a
fixed observation point F in a spectral gap of H, as the coupling A tends to infinity.
For periodic H, the eigenvalues of H(Ad@) can be interpreted as electronic bound
states in a thin wafer of solid matter (semi-conductor or insulator) which is locally
penetrated by a strong magnetic field.

For a sequence of couplings A\ — oo we will establish a direct link between the
magnetic problem and the classical case where H is perturbed by uxq, for u — oo;
here xq denotes the characteristic function of the bounded, open set

Q= {x cR*: B(z) #0}. (1.3)
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To describe the relevant properties of the high barrier problem, let
M =R*\Q (1.4)

and let Hjp; denote the operator —A + V', acting in M with Dirichlet boundary
conditions on OM. It is well known that H + uyq converges to Hjys in the norm
resolvent sense, as  — 0o, and a finite number of eigenvalues of H + pxo may cross
a fixed point E inside a gap of H; we denote this number (counting multiplicities)
as N(Q, E), cf. (3.2), (3.4). All eigenvalues of H 4 uyxq are increasing functions of
the coupling p. Estimates for N(Q, E') will be discussed in Section 3. Compactness
implies that oess(Har) = 0ess(H) so that the spectrum of Hy is discrete in R\
Oess (H)

The eigenvalues of H + uxq cross E according to the repulsion produced by
the potential barrier pyqo. By the Avron-Herbst-Simon-bound [2] and Dirichlet
decoupling [14], a similar repulsive effect is to be expected in the case of a magnetic
perturbation. The magnetic case is more delicate, however, because eigenvalues
will not depend monotonically on the coupling and, in general, we have to deal
with vector potentials that do not vanish identically in M. Because of the lack of
monotonicity, we will rather count the signed flow of spectral multiplicity instead
of the number of eigenvalues that cross F. Defining the fluz of B,

@:/B(m) dz, (1.5)

we must distinguish, as usual, between the cases ® = 0 and ® # 0. For & =
0, we may pass to an equivalent vector potential that vanishes in the interior G
of M (assuming some regularity of OG) and much simpler proofs are available
(cf. Remark5.6); the situation is similar in dimensions 3 and higher. Hence the
most difficult case is the one where we are in R? and ® is non-zero; in addition, this
is the case that is closest to the experimental situation in physics. Note that we
may assume A > 0 and ® > 0 without loss of generality since the operators H(Aa)
and H(—AQ) are anti-unitarily equivalent under complex conjugation.

We will work with the following assumptions:
Assumption 1.1. The sets Q = supp B and G = (supp B)¢
with supp B # ().

are both connected,

Loosely speaking, Assumption 1.1 means that supp B is connected and has no
holes. Assumption 1.1 implies that the fundamental group of G is isomorphic to Z.

Assumption 1.2. The Dirichlet Laplacian —Aj,; of the closed set M has form
core C°(G).

The precise definition of —Aj,; is given in Section 2. It is sufficient for As-
sumption 1.2 to hold that 02 has measure zero and that G satisfies the segment
condition; cf. Section 2 for details and a more general criterion.

Following Safronov [29, 30|, we next define a function that counts the signed
spectral multiplicity of H(A&) crossing E: we let M(\; B, E) denote the number
of eigenvalues (counting multiplicities) of H (ud@) that cross E in upwards direction
minus the number of eigenvalues crossing downwards, at couplings 1 € (0, \); the
eigenvalues that change direction at E are not counted. The precise definition of
M(X; B, E) is given in Equation (2.7). Our main result reads as follows.



EJDE-2003/48 MAGNETIC FIELDS AND EIGENVALUES IN GAPS 3

Theorem 1.3. Let H and Hy; as above and let B: R2 — R a continuous function
of compact support such that Assumptions 1.1 and 1.2 are satisfied. Let E € R,
E ¢ o(H)Uo(Hp). Then there exists Ag > 0 such that

M\ B, E) =N(Q,E), A>Ao, M€ 2rZ. (1.6)

We therefore see that the repulsion produced by a strong magnetic field of com-
pact support corresponds to the repulsion from a high potential barrier, supported
on the set where B is non-zero, for a sequence of couplings going to infinity.

Remark 1.4. (i) For flux ® = 0, the only restriction on A is A > Ag. For & > 0,
we obtain a sequence (Ag)ren C (0, 00), with A\, = 27k/®, such that (1.6) holds for
Ak > Ag.
(#7) For E < inf o(H), we have N(Q, E) = 0 by monotonicity and M(\; B, E) = 0
by the diamagnetic inequality.
(7i7) In between two successive Ag’s a certain number of eigenvalues of H(\@) may
cross and cross back. While the results of Herbst and Nakamura [18] imply that
the eigenvalues in the gap will approach periodic functions, as A — oo, it appears
to be rather difficult to find conditions that would guarantee these perodic limiting
functions to be non-constant. At the same time, it is rather unlikely that these
periodic functions are constant.

Under the assumptions of Theorem 1.3 there exists a constant ¢(E, @) > 0 such
that

IM(X; B, E) = N(Q, E)| < ¢(E, @), A=A, (1.7)

for some A; > 0; cf. Remark 5.5 for a proof. More precisely, it is shown in Remark
5.5 that the constant ¢(F, @) in (1.7) can be estimated in terms of a (non-magnetic)
eigenvalue problem for which the Birman-Schwinger principle is applicable.

(iv) In a subsequent paper we will discuss magnetic perturbations where the sets
G = M™ and supp B may have more than one component. Here a theorem of
Dirichlet in number theory can be used in the construction of a suitable gauge
leading to a “smallest possible” vector potential.

(v) Theorem 1.3 assumes E ¢ o(H)U o(Hy). If E ¢ o(H) belongs to o(Hyy),
monotonicity with respect to E and Theorem 1.3 yield

NOQE+e) < liminf M(NBE)< limsup M\ B, E) <N(Q,E),
A—00, APE2TZ A— 00, \PE27Z

(1.8)
for any sufficiently small € > 0.

In the following corollaries, Theorem 1.3 is combined with simple upper and
lower estimates on N(2, E') of phase space volume type, taken from [11, 12]; cf.
Section 3. The first corollary provides an upper bound:

Corollary 1.5. Suppose that the assumptions of Theorem 1.3 are satisfied. Then
there exist constant C1, Co, independent of B, such that

. . < 2 .
AHOOP)%E%&'ZM()\’ B7E) - ClR + 02’ (1 9)

provided Q) = {x; B(x) # 0} is contained in some disk of radius R.

The corresponding lower bound requires an additional assumption on the spec-
trum of H below E:
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Assumption 1.6. Let dimg(Hp,, ) denote the number of eigenvalues of Hp,, below
E, counting multiplicities, where Hp, = —A +V on By := {z € R? : |z| < R},
with Dirichlet boundary conditions. Let E € R\ o(H). We assume that there exist
constants ¢ > 0 and Ry > 0 such that

dimg(Hg,) > cR?*, R> Ry. (1.10)

For this assumption to hold it is sufficient that the i.d.s. for H exists (cf. [28, 21])
and has a positive value at E. If (1.10) holds, H must have some essential spectrum
below E.

Corollary 1.7. In addition to the conditions of Theorem 1.3, suppose that As-
sumption 1.6 is satisfied. Then there exist constants ¢c1 > 0, co > 0, independent of
B, such that
3 . > 2 _
A—»ool,l)r\%€2ﬂZM()\’ B, E) = alt 2 (111)
provided supp B contains a disk of radius R.

The paper is organized as follows. In Section 2, we provide basic definitions and
describe the fundamental approximation procedure by eigenvalue problems on large
disks B,,. In particular, we construct a family of approximating operators ﬁn(/\ﬁ),
for A > 0, acting in Ls(B,,) with Dirichlet boundary conditions.

In Section 3 we recall basic properties of the discrete eigenvalues of H + puxu,
for 0 < g — oo, where U C R™ is open and bounded.

Section 4 contains the key estimate for the number of eigenvalues below E for the
approximating operators ﬁn()\&’) on large disks B,,. Here we consider the counting
functions

M, (\; B, E) = dimpg(H, (0)) — dimg(H, (\@)), (1.12)
which correspond to the loss of eigenvalues below E due to the magnetic pertur-
bation for the approximating problems on B,. In a first step, we decouple the
problem by a natural Dirichlet boundary condition along 0G, for A large. Then,
for A® € 2nZ, it is shown that the operator on the “annulus” B,, NG, with Dirich-
let boundary conditions, is unitarily equivalent to an operator without magnetic
terms. For the latter the number of eigenvalues below F is easy to estimate. We
also obtain a preliminary result on the existence of lim,,,o. M, (\; B, E), for A large,
AP € 277, and we show that this limit is equal to N(Q, E).

In Section 5, we finally show that

lim M,,(A; B, E) = M(\; B, E), (1.13)

n—oo

provided A is such that E ¢ o(H(A@)). We then prove Theorem 1.3 as well as
Corollaries 1.5 and 1.7.

There are three appendices (Sections 6—8) containing some of the more technical
arguments.

We conclude the introduction with a few remarks on related work in the lit-
erature. General information on magnetic Schrodinger operators can be found in
Avron, Herbst and Simon [2], Mohamed and Raikov [24]. Scattering for decreasing
magnetic fields has been studied by Loss and Thaller [22]. The problem studied in
the present paper is somewhat related to the Bohm-Aharonov effect (cf. Helffer [9],
Weder [33]), but with a (periodic) electric background potential.

A situation which has attracted some attention is that of a constant magnetic
background, combined with localized electric perturbations (cf., e.g., Birman and
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Raikov [5], Hempel and Levendorski [16], Levendorskii [23], Raikov [26]). The
existence of eigenvalues in spectral gaps for a perturbation by a magnetic field of
compact support has been studied previously in Hempel and Laitenberger [15] under
the assumption of zero flux, in a rather special case. In [16] there is a result for the
case where both the magnetic field and the vector potential decay exponentially at
infinity; again, the flux is zero. The paper [13] constructs examples of Schrodinger
operators H(Ad) having an eigenvalue in the gap that asymptotically approaches
a periodic or quasi-periodic function of the coupling A; here the magnetic field has
compact support consisting of a disk enclosed by an annulus.

It is interesting to note that the situation can be strikingly different for the Pauli
operator in R2. Here some (purely magnetic) cases can be analyzed in depth by
using the property of supersymmetry (cf. [6]). It turns out that, under suitable
assumptions, eigenvalues will in fact move downwards where one might at first
expect an upwards movement (cf. [3, 4]). We take as the “unperturbed” operator
the Pauli Hamiltonian of a constant magnetic field By > 0, and add a perturbation
by a magnetic field B < 0 of compact support. We therefore consider the pair of
operators

Hy(X) = (—1V — dy — A@)® F By F A\B, (1.14)
where we refer to [6] for the construction of the Pauli Hamiltonian in R%. Looking at
H, ()\), one might expect that the repulsive effect of the potential barrier —AB > 0,
combined with some repulsion coming from the magnetic term Aa, should shift a
finite number of eigenvalues from below through each spectral gap of H. But this
cannot be true for the first gap (0,28p): by supersymmetry, each non-zero point
in the spectrum of H,(\) must also appear in the spectrum of H_()), yet H_(0)
has no spectrum below 25y. On the other hand, it can be shown that there exist
eigenvalues that move downwards through the first gap, as A increases. A more
detailed discussion of the related phenomena can be found in (3, 4].

2. NOTATION AND PRELIMINARIES

General Notation. We write = (z1,22) € R? and B; = {z € R? : |z]| < s}; xs
denotes the characteristic function of the ball By, for s > 0. The function spaces
Ck(U), Ly(U), for U € R? open, are defined as usual; the norm of u € Ly(U) is
given by [lu|* = [;; |u|* dz. Scalar products in Hilbert space are written (.,.). The
Sobolev space H!(R?) consists of those functions u € Ly(R?) that have weak first
derivatives Oju € Lo(R?). H!'(R?) is a Hilbert space with norm ||ul|f = [ul|? +
> 0jull?.

For a self-adjoint operator T" acting in a Hilbert space H we denote the spectrum
by o(T), the essential spectrum by oess(T'), and the spectral projections by Pr(T),
for any interval I of the real line. If T" has only discrete spectrum in the interval I,
then dimran P;(T) = trace Pr(T) is the number of eigenvalues of T in I, counting
multiplicities. For a < g € R and n € R, we will write

dim,,3)(T) = dimran Py, ) (T), dim,(T) = dimran P_, ;) (T). (2.1)
The Dirichlet Laplacian of a Closed Set. We will mostly be concerned with
self-adjoint operators defined via quadratic forms, with form domain given by a

suitable subspace of the Sobolev space H!(R?). For any closed set K C R?, a
natural subspace of H*(R?) [8, 19] is

HYK) = {u € H'(R?);u(z) =0 ae. in K}, (2.2)
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where K¢ denotes the complement of K. The self-adjoint operator associated
with the quadratic form [ |Vu|? dz on H{(K) via the usual representation theorem
([20, Thm. VI-2.1]) will be called the Dirichlet Laplacian on K, denoted as —Ag.
Operators of this type occur naturally; for instance, if U = K, then —A + pxy
converges to —Ag in the strong resolvent sense, as p — 0o.

If D is an open set, there is also the standard Sobolev space Hg (D), obtained
by taking the closure of C°(D) in the || - ||;-norm. For K closed, an alternative
choice of a form domain for a Dirichlet Laplacian is H§(K™) ¢ H}(K); note that
HE(K™) may be considerably smaller than H{(K). We say that the Dirichlet
Laplacian associated with K is unique, if Hg(K™) = H}(K).

Returning to the sets M = M, Q@ = M® and G = M™* of Section 1, Assumption
1.2 is equivalent to the uniqueness of the Dirichlet Laplacian on M = QC. It follows
directly from results in [19] that the Laplacian of M = M is unique if G satisfies

the segment condition and if M \ G = Q" \ © has measure zero.

While the above discussion of Dirichlet Laplacians applies also to R?, we note
as an aside that there is a stronger criterion [17] that is specific to R?: in fact, the
Dirichlet Laplacian of a closed set M C R? will be unique if for each point z € 9M
there exists a continuous function f : [0, 1] — R? such that f(0) = x and f(s) ¢ M,
for all s € (0,1]. This criterion follows from [19, Thms. 2.1, 2.5], combined with
the fact that Brownian paths in R? will immediately “spiral” around their starting
point with probability 1 (cf. [25, Ch. 2, Section 7]; we warn the reader to be careful
about the definition of 75/ in [19] and of 75 in [25]).

Magnetic Schrodinger operators. We next turn to magnetic Schrodinger op-
erators. As above, we assume that @ € C!'(R?;R?) is bounded and such that
B = curld = dsa1 — d1as has compact support. For an electric potential V' €
Lo (R% R) the magnetic Schrédinger operators H (@) = (—iV — d@(x))? + V(x) can
be easily realized as self-adjoint operators with form domain H*!(R?); cf., e.g., [6].
Magnetic operators defined on a closed set K C R? with Dirichlet boundary con-
ditions are obtained as for the Dirichlet Laplacian. We will also use the following
simple commutator identities: for ¢ € C°, we have [—iV — @,¢] = —iV¢ and
[(=iV — @)%, ¢] = —2iV¢ - (—=iV — @) — Ag.

The vector potential @ is not uniquely determined by the field B; in fact, if we
take any function f € C?(R?), then @ + V f produces the same field as @. Passing
from @ to @+ Vf is called a “gauge transformation”; any two C' vector potentials
on R? associated with the same field are connected via a gauge transformation. It is
a well-known and simple fact (cf. [6]) that H(a@) and H(b) are unitarily equivalent
ifb=a+V f; this is also true for unbounded vector potentials. In particular, the
spectrum and also the usual parts of the spectrum are gauge-independent.

If the field B has compact support contained in Bpr, and if the flux ® is zero,
then we can easily find a vector potential @ such that curld = B and d(z) = 0 for
|z] > R. For ® > 0, we have the following lemma.

Lemma 2.1. Let B : R? — R be a continuous function of compact support and
suppose & = fB > 0. Let R > 0 be such that supp B C Bgr. Then there exists a
vector potential @ of class C such that curld = B in R?, divad(x) = 0 for |x| > R,
and

o
2| > R. (2.3)

N Y
()| < g el 2
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Proof. Writing 7 = (22 + 23)"/2, we let g : [0,00) — R denote a C'-function
satisfying ¢’(0) = 0 and
¢

gry=g5_r= r=zR (2.4)
Define draq(z) = (—229(r), x19(r)) and let Byag = curl @raq. Then div Grag and Brag
vanish in the exterior of Bg, while [ Baq(z)dz = [B(z)dx = . Since the flux
of B — B,.q is zero, there exists a vector potential b of class C', vanishing outside
of Bpg, such that curlb = B — B.aa, and we see that @ = Graq + b has the required
properties. (I

A direct consequence of Lemma 2.1 is that
O—GSS(H(&)) = Uess(H)7 (25)

provided @ € C' with curl@ of compact support. In fact, since gauge transforma-
tions are unitary, we may assume that @ is as in Lemma 2.1. It is then easy to see
that the resolvent difference H=1 — H(&@)~! is compact.

While 0ess(H(A@)) = 0oss(H), for A € R, the discrete spectrum of H(Ad@) will
depend on ), in general. For @ as in Lemma 2.1, the operators H(A@) form a
holomorphic self-adjoint family of type (A) in the sense of Kato [20], and it follows
that the discrete eigenvalues of H(Ad@) are described by an (at most countable)
family of analytic functions of A. This family is locally finite in the sense that each
compact subset of R x (R \ 0ess(H)) is intersected by only finitely many of these
functions. It follows that, for F ¢ o(H), the set

M(B,E) = {p e R: E € o(H(;a))}, (2.6)

is a discrete subset of the real line. In order to define the counting function
M(N; B, E) for A > 0, write M(B,E) N (0,\) = {p1,..., e}, for a suitable £ =
L(A) € N, where g3 < ... < pg. For any j = 1,...,¢, there is an open set
U; C Rx (o(H) NR), with (u;, E) € Uj, such that the spectrum of the family
(H(pd);p > 0) in Uj is described by the union of the graphs of a finite set of
(pairwise distinct) analytic functions ¢;s, s =1,...,r;, where ¢;5(p;) = E. If ¢j
carries multiplicity m;, € N, then the signed spectral multiplicity of H(u@) crossing
F as p increases from 0 to A is given by

LA) Ty

MAB.E) =D Y 0jams, (27)

j=1s=1

where the sign-factors o, € {—1,0,1} are defined as follows: if k;; € N is the order
of the first non-zero derivative of ¢;, at p; (i.e., qﬁg.]:”)(uj) # 0 while gb;;") (1) =0,

for 0 < m < kj,), we let 05 := 0 if kj, is even, and 0,5 = sgn ¢§];js)(uj), for kjs odd.
In other words, strict crossings in upward direction give a positive contribution
to M(X; B, E), strict downward crossings are counted negatively, while direction
changes are not counted at all.

It is easy to see that M(\; B, E) is monotonically decreasing in E € (a,b). More
precisely, for A fixed, M(); B,.) is constant if F varies between two consecutive
eigenvalues of H(A@) while M(X; B, E') decreases by dim ker(H (Ad) —n) if E crosses

an eigenvalue n € (a,b) of H(A@) in upward direction.



8 RAINER HEMPEL & ALEXANDER BESCH EJDE-2003/48

Approximating Operators on B,,. We finally describe the modifications that we
need to make in the approach developed in [7, 10, 1, 11] for Schréodinger operators
Hy=-A+V —XW, X € R. As above, let (a,b) No(H) =0 and E € (a,b). The
basic idea translates to the magnetic case as follows: in order to find solutions of
the equation

H(\@)u = Eu (2.8)
on R?, we look for solutions of suitably defined problems on B,,, and let n tend
to co. The main technical difficulty comes from the “surface states” that may
appear inside the gap of H upon the introduction of a Dirichlet boundary condition
along 0B,,. In the non-magnetic Schrodinger case, one can use a (A-independent)
projection plus cut-offs to eliminate these surface states. Since we wish to employ
gauge transformations in the regions

G,=B,NG=DB,\Q, (2.9)

we have to make sure that the modifications near 0B, will cooperate with such
transformations. We first define

H,(\@) = (—=iV — \a@)* + V(z), (2.10)

acting in Lo(B,), with a Dirichlet boundary condition along 9B,; if b is some
bounded vector potential of class C', H,(b) will be defined accordingly. We then
choose a subinterval [a/,¥'] C (a,b) such that F € (a’,b), and a continuous function
P : R — R satisfying

0<P<1, suppPC(a,b), Plx)=1 fora <z<V¥. (2.11)

One should think of P as a smoothed characteristic function so that P(H,(A\d)) is
close to a spectral projection; note that P(H,(Aa@)) depends continuously on A in
operator norm. We distinguish between two classes of eigenfunctions of H,(\a))
that contribute to P(H,, (A\d)):
(1) there may be eigenfunctions produced by the Dirichlet boundary condition on
0B, (and the interaction with A\@); we expect these eigenfunctions to be concen-
trated near 0B,,.
(2) there may be eigenfunctions produced by the magnetic field; we expect these
eigenfunctions to be concentrated close to the set 2.

It will turn out that this classification is exhaustive, for n large.

To conclude our construction, we define a family of cut-off functions as follows:
fix p € C°(R?) with the properties

1, for |z| <1/3
0<p<1, - 2.12
<<l o) {07 1= o (212
and let
or(z) = olz/k), vr=1—pr, keN. (2.13)
The functions ¢y, satisfy the familiar estimates
IVerlloo < c/k, Akl < /K, (2.14)

for a constant ¢. Then ,P(H,(\d))y, singles out that part of the range of
P(H, (Aa@)) which is supported close to the boundary 0B,. We choose a constant
v > b— a and define

Hn(A@) = Hp(AG) + 7pnP(Hy (AG)) . (2.15)
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The family (H, (A\&@))~" is norm-continuous in \.
More generally, if b is a bounded vector potential, we define

-, -,

f{n(g) = H,,(b) + v P(H,. (b)) tn- (2.16)
In the sequel, we will tacitly assume that n is so large that 1,, vanishes in a neigh-
borhood of Q. ~
_ As a (partial) motivation for the above definition of H,(Ad@), we point out that
H,,(0) has no spectrum in [a”, "] C (a/,b), for n sufficiently large (cf. [10, 1, 11]),
i.e., there exists n’ € N such that

o(H,(0)N[a" 0" =0, n>n'. (2.17)

We certainly cannot expect the same to be true for fIn()\d’). However, it can be
shown that H,(M)xd) has no spectrum in [a”,b"”], for k sufficiently large and all
n > ng:

Proposition 2.2. Suppose that (a,b) is a spectral gap of H, let [a',b'] C (a,b) and
[a”,b"] C (a',V), and let b be a continuous vector potential tending to 0 at infinity.
For u > 0, define ﬁn(m/)kl;) as in (2.16), with P as in (2.11). Then for M > 0
fized, there exists kg € N such that

o(Hy(uppd)) N [a” 0" =0, k>ko, n>ng, 0<p<M, (2.18)
for some ny, > k.

A proof of this result is given in Section 6.

In counting the eigenvalues of H, (\@), we will need two related operators which
appear in the process of taking the limit A — oo in FI,L(/\E).

Here we first introduce the Dirichlet Laplacian —Ag, on G,, = B, \ 2, and the
operator

Hg, (\@) = (—iV — Ad(2))? + V(z), (2.19)

acting in Lo(Gy,), with Dirichlet boundary conditions (i.e., with C°(G,,) as a form
core). We have two choices to modify Hg, (Ad@) near the boundary 0B,,: following
the construction of H,,(\@), we first define

Hg, (\d) = He, (Ad) + 790 P(He, (D). (2.20)
Alternatively, instead of P(Hg, (Ad)) we may use P(H, (\a@)) to produce
Hg, (AG) = Hg, (A@) +19uP(Hu(AD))n; (2.21)

we will need to use both operators since taking A — oo in H,(A\@) leads us to
Hg, (\@), while the natural gauge transformation operates on Hg, (A@). Fortu-
nately, the norm difference between the two correction terms tends to zero in op-
erator norm, as n — oo; cf. Proposition 8.1.

3. SCHRODINGER OPERATORS WITH HIGH BARRIERS

In this section, we recall some basic facts about the eigenvalues and eigenvalue
counting functions associated with the family of Schrodinger operators

acting in Lo(R?), where U C R? is open and bounded. Let M = R?\ U and
Hy = —Ap + V5 for simplicity of notation, we again assume that V' > 1. It is

well-known that H+pyy converges to Hjys in norm resolvent sense; this follows from
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the monotonicity of the associated quadratic forms and the fact that the difference
of resolvents H~1 — HA}l is compact (cf., e.g., [14]). Compactness also implies that
Oess(Har) = 0ess(H) so that Hys has only discrete spectrum in R\ oess(H).

Let (a,b)No(H) = ( and let E € (a,b). The eigenvalues of H + pxy in (a,b) are
analytic, monotonically increasing functions of the coupling . Any compact subset
of R x (a,b) is intersected by at most a finite number of these analytic functions.

For E € (a,b) and A > 0, we let

NNUE) = Z dimker(H + pxy — E) (3.2)

0<pu<A

denote the total spectral multiplicity crossing E at couplings p € (0, A). Obviously,
N(\; U, E) is monotonically increasing w.r.t. A and monotonically decreasing w.r.t.
E. Monotonicity with respect to U is more subtle:

Lemma 3.1. Let U C U’ be open and bounded subsets of R? and let E € R\ o(H).
Then

N\ U, E) <N\ ULE), A= 0.

Proof. By the Birman-Schwinger principle, N(\; U, E) is equal to the number of
eigenvalues less than —1/A of the (compact and symmetric) Birman-Schwinger
operator

K:U = XU(H — E)_IXU. (33)

Now suppose L is a linear subspace of Ly(U) such that (Kyu,u) < (=1/X)|ul|?, for
all 0 # u € L. Then U’ D U implies that we also have (Kyru,u) < (—1/A)|Jul?, for
all 0 # u € L. Therefore, the min-max principle of Weyl ([28, Thm. XIII-2]) yields
dim_; /5 (Ky+) > dim_; /5 (Ky), and the result follows. O

The eigenvalues of H + puxy either cross the gap or they are asymptotic to some
eigenvalue of H) in the gap, as u — oo; in fact, for each 7 € ogisc (Har) there exists
an eigenvalue branch of H + pxy that is asymptotic to 7, as u — oo. Finally, we
let

N(U, E) = limsupN(\; U, E) (3.4)
A—00
denote the total number of eigenvalues (counting multiplicities) of H + pyy that
cross E as p ranges from 0 to oo. N(U, E) is finite for bounded U and there exists
Ao > 0 such that N(U, E) = N(A\; U, E), for all A > Ag. Upper and lower bounds
for N(U, E) are discussed below.

Central to our approach are approximations on large disks B,, and we need to
study the convergence of such approximations to the corresponding problem on R2.
For the case of potential barriers, we consider H, = H,,(0), as defined in Section 2,
and we let

No(U,E)= Y dimker(H,(0) + pxv — E) (3.5)

0<p<oco

denote the number of eigenvalues (counting multiplicities) of ﬁn(O)—i— pxu that cross
F at positive couplings. It follows by regular perturbation theory and monotonicity
that

No (U, E) = dimg(H,,) — dimg(Hg, ), (3.6)
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with Hg, = Hg, (0) as in (2.21). For later use we note that, for E ¢ o(Hys) and
n large, we have dimg(Hg,) = dimg(Hg,, ), as ||vn (P(Hy,) — P(Hg,)) ¥nll — 0,
n — 00, by Proposition 8.1. Therefore,
N, (U, E) = dimg(H,) — dimg(Hg, ), (3.7)
for n large, provided E ¢ o(H ).
The main result of this section reads as follows.

Proposition 3.2. Let U C R? be open and bounded, let M = R?\ U, and suppose
that E € R, E ¢ o(H)Uo(Hp). We then have

No(U,E) = N(U,E), n— oo. (3.8)
Proof. (1) We denote the associated Birman-Schwinger operators as
K=xv(H-E)""xv, Kn=xv(H,—E) 'xu; (3.9)
then [11, Corollary 2.2] implies
I — K|l =0, n— oo, (3.10)

where K, has been extended by zero outside of B,,.
(2) As N(U, E) is finite, there exists 19 > 0 such that K has no spectrum in the
interval (—np,0). There also exist Ao > 0 and Jp > 0 such that H + pxy has no
eigenvalues in the interval (E — &g, E + do), for g > Ag.
(3) We now claim that there exist 73 > 0 and n; € N such that the Birman-
Schwinger operators K,, have no spectrum in the interval (—ny,0), for n > n;.
Assuming the claim not to be true, it follows that there exist sequences (n;) C
N, (A;) C (0,00) such that E € o(lflnj + A\jxv) and n; — o0, A; — oo. Let
u; € D(H,,) satisfy |u;|| = 1 and (H,, + A\jxv)u; = Eu;. We now consider
Vj = ¢p,/3uj and wj = uj —v; = Py, j3u;, where ¢, ¥y are as in (2.12), (2.13). By
the familiar calculations we find (assuming that n; is so large that XU¥n, /3 =0,
without restriction)

(Hy,, — E)(w;) = (Hn, + X\jxv — E)(w;) = =2V, j3 - Vug — (Ahy, j3)uj. (3.11)
By construction of H,, there exists a constant § > 0 such that ||(H, — E)w| >

Bllwl|, for all w € D(H,,), and so we can use (2.14) to find a constant C such that
Bllwsll < Oyt (Ve + [l ) - (3.12)
It is easy to see that there is a constant C’ > 0 such that ||Vu,|| < C’, since
Ajxu > 0. As a consequence,
[w;lf =0, vl =1, j — o0 (3.13)
By a similar calculation we also find that
(Hy, + Njxv — E)v; — 0, j — oo. (3.14)

Obviously, v; € D(H) and (H + \jxv — E)v; = (Hy, + A\jxv — E)v; — 0. Since
|lvj|| — 1, it follows that there exists a sequence (¢;) of positive numbers, €; — 0,
such that H + A\jxy has spectrum in the interval (E —¢€;, E +¢;), in contradiction
to what was obtained in (1).

(4) Let n = min{ng,7m}. Then (2) and (3) imply that the Birman-Schwinger
operators KC and K,,, n > ny, have no eigenvalues in the interval (—»,0), and the
desired result follows from (3.10). O
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Upper and lower estimates for N(U, E) are discussed, e.g., in [11, 12]. The
simplest result reads as follows:

Proposition 3.3. (i) There exist constants C1, Cy such that
N(U,E) < CiR*+Cy, R>0, (3.15)

for all open and bounded sets U C R? satisfying U C Bg.
(ii) Suppose H satisfies Assumption 1.6. Then there exist constants ¢; > 0, ¢g > 0
such that

N(U,E) > ciR?* —cy, R>0, (3.16)

or all open and bounde C that satisfy U D Bp.
f Il d bounded U C R? th isfy U O B

Proof. By the monotonicity property of Lemma 3.1, we only need estimates for
U = Bpg. For the statement (i), we can directly refer to [12, Theorem 3.6], since
dimg(Hg) < dimg(—Ap,) < cR?. Similarly, Assumption 1.6 and [12, Theo-
rem 4.4] yield (7). O

Remark 3.4. It is not easy to give sharp upper or lower bounds for N(U, E) since
N(U, E) is more or less unrelated to the volume of U (cf. [11, 12]). On the one
hand, the counting function will not be affected in the limit A — oo if U has many
tiny holes (“Swiss cheese”). Hence there may be a large number of eigenvalues
crossing F although U has small volume. Conversely, if U consists of small and
well separated pieces, the volume of U may be large while N(U, E) = 0.

4. EIGENVALUE COUNTING ON LARGE DISKS

In this section, we create the link that connects the magnetic problem with the
high barrier case: we will show that, for large couplings A that satisfy \® € 2nZ,
the signed spectral flow across E on B, is the same for magnetic perturbations as
for potential barriers. We will use the function

M, (\; B, E) = dimg(H, (0)) — dimg(H,(A\d)), X>0, (4.1)

which corresponds to the loss of spectral multiplicity below E for the operators

H,,(ud@) as the coupling p increases from 0 to .

Proposition 4.1. Let E € R, E ¢ o(H)Uo(Hy) and let n > 0 be so small that
[E —n, E+n)] does not intersect o(H)Uo(Hps). Then there exists A > 0 such that
for all X > A that satisfy A\® € 277 there exists ny such that

No(QQE+n) <M,(AB,E) <N, (QE—7n), n>ny. (4.2)

The proof, given at the end of this section, relies on the following two basic facts:
(1) By the results of [14, 18], the resolvent of He  (A@) yields a good approximation
of the resolvent of H,(\@), for A large. (Here the resolvent of Hg, (Ad@) acts on
Lo(Gy), with G, = B, \ Q, and we take the direct sum with the zero operator on
Lo (Q) without making this explicit in the notation.)

(2) Second, for A\® € 27Z we may use a gauge transformation to eliminate the
vector potential in the region G,,.

Our first lemma is an adaptation of results of [14, 18] on the emergence of
Dirichlet boundary conditions at the boundary of a strong magnetic field. There
are two additional difficulties: we need estimates that are uniform in n, for n large,
and we have to take care of the non-local terms v, P(H,, (A@)),,.



EJDE-2003/48 MAGNETIC FIELDS AND EIGENVALUES IN GAPS 13

Lemma 4.2. Suppose @ is a bounded vector potential of class C* such that B =
curld has compact support and Assumption 1.2 is satisfied.
For any € > 0 there exists Ac > 0 such that

|H,(Aa) ™! — He, (\@) 7 <6, A> A, (4.3)
for all sufficiently large n (i.e., n > Ne ).
Proof. By Proposition 7.2, for € > 0 given there exists A, such that
|H,(A@) ™! — Hg, (Aa) || <, (4.4)
for all A > A, and n > N, ). We now add the term 1, P(H,, (A@))¢, to both

operators in (4.4) to produce H,(\@) and Hg, (\@), as defined in (2.15), (2.21). Tt
follows from (4.4) and Lemma 4.3, below, that

|H,(\@)™! — Hg, (A\@) Y| <4e, A>A., n> Ny (4.5)
By (2.15), (2.21), we have
He, (\a) — He, (\@) = v (P(Hg, (AG)) — P(Hn(AG))) ¥, (4.6)

and Proposition 8.1 concludes the proof.

We have singled out the following lemma from the proof of Lemma 4.2.

Lemma 4.3. Let A, B denote self-adjoint operators that satisfy A > ¢ and B > c,
for some ¢ > 0, D(A) = D(B), and ||[A~! — B7Y|| <¢, for some e € (0,1). Let C
denote a bounded, symmetric operator. If ||C|| < ¢/2, then

[(A+C) ' = (B+C)7 Y| < 4e. (4.7)

Proof. First note that A + C' > ¢/2 implies that A + C is invertible with ||(A +
C)~1|| € 2/c. By the second resolvent equation, we have

(A+C) ' —(B+C) ' =—(A+0)"AA(A-B)B™'B(B+0)™', (4.8)

and the desired result is now immediate from ||A(A+C) 7| < 2, |B(B4+C)7 || < 2,
and B'(A-B)A"'=B"! - AL O

We next employ a gauge transformation on G,, = B, \ Q to eliminate the vector
potential A\d, for \® € 27Z.

Lemma 4.4. If X € R satisfies \& € 217, then the operators Hg, (A@) and Hg, (0)
are unitarily equivalent.

Proof. Fixing a base point xg € G,,, we define a (multi-valued) function F' by a line
integral,

F(o)= [ () d. (49)

x

where 7y, is a smooth path connecting zy and x within G,,. The values of F' at
r € G, differ by integer multiples of the flux ®. Each branch of F is (locally) C?
and VF = @. Thus, for A\® € 277Z, the function uy = e is in C?(G,,) and has
modulus 1. Hence multiplication by uy defines a unitary operator Uy on Ly(G,,).

To check that Uy establishes a unitary equivalence between He, (A@) and Hg,, (0),
we first note that C (G,,), the space of C'-functions of compact support in G,,, is a
core for the quadratic forms of both operators and that C}(G,,) is invariant under
Uy. Furthermore, it is easy to see that for all f, g € C}(G,),

(uy H(=1V = A@)un f,uy =1V — A@)urg) = (=iV f, —iVg). (4.10)
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From this it easily follows that U, 'Hg, (A\@)Uy = Hg, (0). Therefore, by the
Spectral Calculus,
Uy 'P(He, (A))Ux = P(H, (0). (4.11)

Finally, [Uy, ] = 0 since Uy, is a multiplication operator, and we are done. ([

Proof of Proposition 4.1. It follows from Lemma 4.2 that there exists A > 0 such
that

dimp(H,(\a@)) < dimg,(Hg, (A@)), A> A, (4.12)

for n large, n > ny, say. By Lemma 4.4, fIGn (A@) is unitarily equivalent to fIGn =
Hg, (0), provided A® € 27Z, and we conclude that for A\ > A, \® € 27Z, and
n > ny we have

M, (\; B, E) = dimg(H,) — dimg(H,(\d))
> dimg(H,) — dimpgy,(Hg,) (4.13)

= dimE+n( n) — dimE-‘rn(ﬁGn)a

as dimt(ﬁn) is constant for a < ¢t < b. Recalling (3.7), this proves the first inequal-
ity.

The proof of the second inequality in Proposition 4.1 is analogous and omitted.

O

Combining the convergence results of Section 3 with Proposition 4.1 we obtain
the following preliminary result.

Proposition 4.5. Let E € R, E ¢ o(H)Uo(Hy). Then there exists Ag € N such
that for A > Aq satisfying A\® € 277, there exists ny such that

M\ B, E) =N(Q, E), n>ny. (4.14)

Proof. Let n > 0 be such that [E'—n, E+n] doesn’t intersect the spectrum of either
H or Hyy; in particular, N(Q, E4n) = N(Q, E). By Proposition 3.2, N,,(Q, E+n) —
N, E+n) =N(Q, E). Now Proposition 4.1 implies that M,,(\; B, E) = N(, E),
for A > A, A® € 27Z, and for all n > n), and we are done. O

5. THE CONVERGENCE STEP

In Section 4, we have seen that lim, ., M,(A; B, E) exists and is equal to
N(Q, E), provided A > A and A® € 277Z. Nowe, we show that lim, ., M,(X\; B, E)
is equal to M(X\; B, E) for most A > 0. The main result of this section reads as
follows.

Proposition 5.1. Let B be a continuous function of compact support, and let
@ € CYR?%R?) be such that curld = B, with @ tending to zero at infinity and
divd(x) = 0 outside some ball Bg. Let E € R\ o(H) and define M,,(\; B, E) and
M(X; B, E) as before. Let A > 0 be such that E ¢ o(H(\d)). Then

M\ B, E) = M(N;B,E), n— oc. (5.1)

Proof. (1) Fixa < a’ < b < bsuch that (a,b)No(H) =0 and o’ < E <¥'. Also fix
A > 0 such that F ¢ o(H(A\d@)). By analyticity and compactness, the spectrum of
H(pd) inside the compact set Ky = [0, A+ 1] x [@/, '] C [0, 00) X (a,b) is the union
of the graphs I'(¢;) of a finite number of analytic functions ¢;, defined on suitable
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intervals of the real line, with values in (a,b). Regular perturbation theory yields
a constant C such that |¢}| < C, for all j.

By compactness and analyticity again, the number of points in K where the
graphs of two or more of the functions ¢; intersect is finite. Similarly, the number
of points in K, where any of the functions ¢; has derivative zero, is finite too.

Therefore, we can find levels F; > E and E_ < E with the following properties:

e EL € (d,b) and M(\;B,Ex) = M(\; B, E);
o By ¢ o(H(Ad));
e TFor all j we have ¢;(t) # 0 whenever ¢ € (0, A + 1] is such that ¢;(t) = Ey;
e For any ¢t € (0,\ + 1], there is at most one j such that ¢,;(t) = Ey or
¢;(t) = E_.
(2) We now consider F;. A simple compactness argument and the properties
collected in (1) imply that there exists a finite number of open rectangles

Ri = (tk — oot + 76) X (B4 — s By + 1), k=1,...,ky, (5.2)
with 7, > 0, such that 0 < ¢ < tx4+1, and
(a) the union of the intervals (tx — 7, tx + 7%), k = 1,..., kx, covers [0, A];

(b) for each k, there is at most one j = jj such that I'(¢;, ) N Ry # 0.

(c) suppose there exists j = ji such that I'(¢;, ) intersects Ry; then we may assume
that ¢, (tx) = Ey, i.e., ¢;, crosses the level E at the center of Ry. In addition, we
may assume that ¢’ (t) # 0, for t —7), <t < tx+7, and that (¢, (L £ 71) — E4| <
Mk /2.

(d) By decreasing the 73’s, if necessary, we may assume without restriction that
o1 <t — T <Tp + 7k < Tpyr.

(3) Suppose now that Ry NT'(¢;) = 0, for all j. Then it is a direct consequence
of Lemma 5.2, below, that (Ey —nx/2, E4 +n/2) doesn’t contain any eigenvalues
of f{n(u&'), for | — tx] < 7 and for n > ny. Therefore, the counting functions
M(.; B, E) and M,,(.; B, E) are constant in the interval (3 — 7%, tx +7%), for n large.
(4) We next consider the case where for some j = j, we have I'(¢;,) N Ry # 0.
Here we define the band of width § < 7, around the graph of ¢;, ,

Ls(05,) = {(t,€) [t = t| <7hs[e — ¢, (8)] < 0} (5-3)

Lemma 5.2 implies that there exists a sequence of positive numbers d,, | 0 such
that {(t,e); [t —tg| < Th,e € o(H, (t@)) N (Ey — 3n/4, E4 +3ni/4)} is contained in
Ts, (¢, )Ry, for n > nyg. In view of (5.7), below, we also assume that J,, > 1/logn,
without restriction.

According to the properties gathered in part (c) of (2), ¢/, is either strictly
positive or strictly negative in (tx — 7g, tx + 7%). We now consider the case where

L (tk) > 0, so that for n large
my = M(tg + ;5 B, E) — M(t, — 715 B, E) (5.0
=dimg, s, 5, +5,)(H (tx@)). :

We also let m,(Cn) denote the loss or gain in spectral multiplicity below E for fIn(t&’),

as t ranges between t; — 7 and ty + 7%, i.e.,
m](:) = Mn(tk + Tk; B,E) — Mn(tk — 73 B, E)

_ ’ (5.5)
= dimp, (H,((t — 7)) — dimp, (. ((t, + 7)@))-
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Here we conclude from the above that
mén) = dim(E+—6n,E++§n)(Hn(tkd))v (5.6)

for n large. In fact, the number of eigenvalues of H,, (t@) inside the intervals (¢;, (t)—
Oy @j, (t) +9,,) is constant for ¢, — 7, < t < tj, + 7y, while at the same time ¢, (t —
Tk)+0, < Ey and ¢;, (tx+7x) — 9, > Ey, for n large. Hence all eigenvalue branches
of H,(t&@) that intersect Ry, = (tx — Tk, tr + 1) X (Ey — 3 /4, E4 + 313, /4) enter
below the level B, (at t = tj, — 7;) and leave Ry, above the level B (at t = tj, +7).
Now Lemma 5.3 and Equations (5.4), (5.6) imply that limsup,, .. m,(gn) < my.

In the other direction, we apply simple cut-offs to a basis of ker(H (¢,d) — F4.)
to show that, for n large,

dimg, s, B, +5,) (Hn(tr@)) > my, (5.7)

and so mfcn) > my, for n large. In conclusion, we have shown that mffn) = my, for

n large.

(5) From the above we conclude that M(\; B, Ey) = M, (\; B, EL), for n large.
By monotonicity, we have M, (\; B, Ey) < M, (\; B, E), while E; have been

chosen so that M(\; B, E+) = M(X; B, E). As a consequence, liminf M,,(\; B, E) >

lim inf M, (\; B, B ) = im M, (\; B, E4) = M(\; B, E1) = M(\; B, E).

(6) Similarly, using F_ in place of E, we obtain lim sup M,,(A; B, E) < M(\; B, E),

and we are done. ([

In the proof of Proposition 5.1, we have been using two lemmas where the finer
parts of our construction come into play. The first lemma does not take care of
multiplicities.

Lemma 5.2. Under the assumptions of Proposition 5.1, let (a,b) No(H) =0, let
A > 0 and suppose we are given sequences (u,) C (0,A] and (E,,) C (a,b) such that
E, is an eigenvalue of f[n(,un@'), for all m € N.

If pi, — po € [0,\] and E, — Ey € (a,b), as n — oo, then Ey is an eigenvalue
of H(po a@).

Proof. Let [a’,V'] C (a,b) and [a",b"] C (a’,V') such that Ey € (a”,V"). By as-
sumption, there exist u,, € D(H,) = D(H,), ||u,| = 1, such that

H,(pnd)u, = Equ,, neN. (5.8)
With ¢, and 9, as in (2.12), (2.13), we let
Un = Gp/3lin, Wp = Up/3ty =1 — vy, (5.9)
Clearly, v, € D(H). Below, we will prove that
Jonl = 1, (H(108) — Fo)on — 0, 1 — oo. (5.10)
It is then immediate from (5.10) that Ey belongs to the spectrum of H (uo@).

For the proof of (5.10) we first observe that [¢, P(Hp (in@))¥n, ¥n 3] = 0 because
(1 =y 3)Yn = 0. We next compute

(Hn(pn@) — En)(wn/sun) = [Hn(ﬂna)ylbn/s}un
= —21V1/Jn/3 (—iV = Mnﬁ)un - A"/’n/?,un
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Since ||(—1V — pn@)un||? is clearly bounded while the 1,,/3 satisfy the estimates
given in (2.14), we see that

(Hn(pn@) — En) (¥ 3u,) — 0, 1 — oo. (5.12)
In (5.12), we are now going to replace @ with ¢d, for suitable k. This is the most
subtle point of our construction and it is here that the specific definition of the
operators H, (b) bears fruit.
First, Proposition 2.2 yields a k € N such that the interval [a”,b"] is free of
spectrum of Hn(uwk&'), for n > nyg, and for all 0 < p < A.
Second, for n > 9k, we have Vx5 = /3 so that H,(und@)(¥n/sun) =

Third, Proposition 8.1 implies that
[tn [P(Hn (pn@)) — P(Hn (pntrd@))] thn| — 0, 1 — oo, (5.13)
and we conclude from (5.12), (5.13) that
(Hp (pin @) — Ep)(wy) — 0, n — oo. (5.14)

Let 1 > 0 denote the smaller of the numbers b — Ey and Ey —a”. By the Spectral
Theorem, we have

nlfoll < |(Hn(ppr@) — Eo)vll, v e D(Hn), n=mng, (5.15)

and it now follows from (5.14) that w,, — 0, proving the first part of (5.10).
As for the second part of (5.10), we first compute

(Hpn) = Ea)((1 = y)tn) = (Fnpin) = E)((1 = s )um)
— —[ﬁ[n(un&'),wn/S]uw

It was shown above that [Hy(un@), ¥, 3lun — 0, as n — oo, and it follows that
(H(und) — Ep)v, — 0, as n — oco. We finally observe that

I (H (@) — H (0@)) v || <2l = ol 1] vnl|
+ lpn = pol 2ll@ - Vo || + [[(div @)vn ) .

(5.16)

(5.17)

Since @ and div @ are bounded, the RHS of (5.17) tends to zero, as n — oo, and it
follows from (5.16) that (H (uod@) — Eo)v, — 0, as claimed. O

The next lemma is a variant of Lemma 5.2, where we keep track of multiplicities.
The proof is similar to the proof of Lemma 5.2 and it is omitted.

Lemma 5.3. Let po >0, Ey € (a,b) and assume that

dim( g, —s,,Bo+6,) (Hn(pod)) =m, n>ng, (5.18)
for some m,ng € N and for a sequence of positive numbers &, such that §,, — 0, as
n — 0o. Then

dim ker(H (p0@) — Ep) > m. (5.19)

Before proceeding to the proof of our main result, Theorem 1.3, we need yet
another lemma.

Lemma 5.4. Let E ¢ o(H) U o(Hy). Then there exists A’ > 0 such that E ¢
o(H(Xa)), for A > N satisfying AP € 27 7.
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Proof. Let v > 0 denote the distance from E to o(Hys). For \ large, A® € 27Z,
the spectrum of H(\@) inside the gap (a,b) is contained in a v/2-neighborhood of
o(Hpy): in fact, Proposition 7.1 implies that

I(H(A\G)™' — (Hy(N2) Y| — 0, X — oo, (5.20)

while, by a simple variant of Lemma 4.4, Hy;(\@) is unitarily equivalent to Hyy,
provided A® € 27Z, and so o(Hp(A@)) = o(Har). This implies the desired result.
|

We are now ready for the proof of our main results as stated in Section 1.

Proof of Theorem 1.3. By Proposition 4.5 we have for all A > A that satisfy A® €
277

M, (N B, E) =N(Q,E), n>ny. (5.21)

By Lemma 5.4 we see that E ¢ o(H(AQ)), for X large, A® € 27Z, and we may
apply Proposition 5.1 to the effect that M,,(\; B, E) — M(X\; B, E), asn — oo. O

Corollaries 1.5 and 1.7 follow directly from Theorem 1.3 and Proposition 3.3.

Remark 5.5. In this remark, we give some indications on the proof of (1.7). Let
again ® > 0 and E ¢ o(H) U o(Hyr). Also recall that M(A\g; B, E) = N(Q, E),
according to Theorem 1.3, for A, := 2k7n/® large enough.

Writing d := dist(E,0(H) U o(Hyy)), we let E' = E+d/3 and B = E + 2d/3.
For any € > 0, Lemma 4.2 yields an estimate

|H,(\a)~* — ﬁgn()\d')’lﬂ < e, (5.22)
for A > A, n > N(e, A), and it follows that, for A > A’ and n > n'()),
dimp(H,(\d)) < dimp (Hg, (@) = dimg: (Hg, (A — \)@)), (5.23)

for k£ € N, by a simple variant of Lemma 4.4. For any A > 0 we can pick k such
that |A — \g| < 7/P =: po.
The electric potential g(x) := |@(z)|? is continuous and satisfies 0 < g¢(z) <
C(1+ |z|)~2, by Lemma 2.1. By (6.1), we have
Hg, (k@) > (1 - )Hg, (0) = (1 +1/(20))ugq, 0 <k < po, (5.24)
in the sense of quadratic forms. We now fix some 0 < ¢y < d with the property that
dimp(Hg, (0)) = dimg(Hg, (0)) = dimp ((1 —e)Hg, (O)) , for n large; such an

€o exists since the spectrum of f{Gn approaches the spectrum of Hy;, as n — oo.
Now (5.24) implies (writing 79 := (1 + 1/(2€0))ud)

dimng (g, (5)) < dimp: (1~ o), (0) ~ 0q)
< dimp/ (1 - €0) Ha,, (0)) + C (o, q) (5.25)
= dimg(He, (0)) + C(n0,9);

with C(10, q) denoting the number of eigenvalues of the family (1 —¢p)Hg, (0) — &g
that cross E’ at couplings £ € (0,70). There are several possibilities to obtain
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bounds on C(ng,q) by using the Birman-Schwinger principle, e.g. We conclude

that
M, (\; B, E) = dimg(H,,(0) H,(\d))
> dimg(H,(0)) — dimg(Heg, (0)) — C(no,q) (5.26)
- Nn(Qv E) - C(an Q)a

for A large, where we have also used (3.7). The upper estimate is obtained in the
same way. Now n — oo and Propositions 5.1 and 3.2 yield (1.7).

)_
)_

We conclude this section with a comment on the case where the flux ® is zero.

Remark 5.6. Our main result (Theorem 1.3) includes the case ® = 0. If the
flux ® is zero, substantial simplifications of the proof are possible under additional
smootheness assumptions on OG that allow to pass to an equivalent vector potential
b such that curlb = B and b(z) = 0 for a.e. 2 € M. A suitable gauge transformation
can be constructed by starting from a line integral of @ in the open set G, as in the
proof of Lemma 4.4, and then extending first to the closed set G and then to R?;
both extension steps are non-trivial and require additional (but mild) assumptions
([32, 14]).

Assuming for the moment that a vector potential b with the above proper-
ties exists, we may work with the A-independent “correction term” 1, P(H,,(0))w,
throughout. From [14] and a simple variant of Proposition 7.2, we then infer that

[H,(Ab) ™ = HG' (0)| <e, A>Ae, n>mnen, (5.27)
and (3.6) establishes the desired link with the case of a high barrier on Q.

6. APPENDIX A: PROOF OF PROPOSITION 2.2

We let h and h; denote the quadratic forms of the operators H = —A +V and
H(b) = (—iV — b)2 + V, respectively, where b = (by(z), ba(x)) denotes a bounded
vector potential. Recall that we always assume V' > 1. Introducing the electric
potential ¢ = gz(z) := bj(x) + b3(x), it is easy to see that

|h[u] — hy[u]| < ehfu] + (14 1/(2¢)) (qu,u), uweH', €>0. (6.1)

In fact, (6.1) follows from the elementary estimate
2 2 1
[(bu, Vu)| < Z/ |bjudjulde < Z (ellojull® + 4—€<bju,bju>), e>0. (6.2
j=1 j=1

The following notation will be useful: Given a spectral gap (a,b) of H, we choose a
sequence of (non-empty) subintervals (a;, b;) satisfying [a;, b;] C (aj_1,b;—1), with
ap =a and by = b, j € N. (6.1) and [20, Thm. VI-3.9] yield the following lemma.

Lemma 6.1. Suppose (a,b)No(H) =0, and let (a1,b1) as above. Then there exists
a constant n > 0 such that o(H (b)) N[a1,b1] =0, for all b satisfying ||b]|cc < 7.

Proof of Proposition 2.2. By the construction of H,,(0) we have (cf. [7, 1, 10, 11])
U(ﬁn(o)) Nla1,b1] =0, n=>n. (6.3)
We will pass from H,,(0) to ﬁn(wkl_;) by using as an intermediate the operators

-,

Kpn = (—1V = ¢0)* + V(@) + 7¢nP(Hn(0)¢n, k,n€N. (6.4)
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As b tends to zero at infinity, we find as before that the magnetic terms obtained
from b satisfy the following estimate: for e > 0, there exists k. such that

| (b, V)| + ||[bul® < e(H, (0)u,u) < e(H,(0)u,u), ue Hy(B,), (6.5)

for k > k. and for all n € N; here terms like (H,,(0)u, u) should be read in the sense
of quadratic forms. As before, (6.5) and [20, Thm. VI-3.9] imply that the operator
K} ,, has no spectrum in the interval [ag, bs)], for k > ki1, and all n > ny (k).

We next provide an estimate for the difference of fIn(l/Jkg) and K}, which we
denote as

Dy = Ha(6iB) = Ko = v0n (P(Ha(048) = P(HA(0)) . (6:6)

As [[xb]loe — 0, as k — oo, it follows again from [20, Thm. VI-3.9] that, for any
€ > 0 there exists k. such that for all n

1Ha (b)) ™ = Ha(0)7Y <€ k> k. (6.7)
As a consequence, we find that, for € > 0 given, there exists k& € N such that
IP(H (15) = PHA(0))]| < €, k= KL, (6.8)

and for all n. Going from (6.7) to (6.8) is not entirely trivial. Proceeding as
in the proof of [27, Thm. VIIL.18] we can infer from (6.7) that the resolvents of

A= H,(¢b)~* and B = H,,(0)~"* satisfy a uniform estimate
(A=) =(B-07<e CeC (=2, (6.9)

for k large. We may then express any continuous function of A or B as a contour
integral of the resolvents along |¢| = 2.

We finally conclude that ﬁn(wkg) = Ky n + Dy has no spectrum inside the
interval [as, bs], for k sufficiently large and n > n;. O

7. APPENDIX B: STRONG MAGNETIC FIELDS AND DIRICHLET BOUNDARIES

Our starting point in this appendix is a result of [14, 18] on the emergence of
a Dirichlet boundary condition along the boundary of the support of a strong
magnetic field. We let Hj;(A\@) denote the operator (—iV — \a@)? + V, acting
in Ly(M) with Dirichlet boundary condition. Here V' is a bounded, measurable
potential; for simplicity, we again assume V' > 1. We use the notation of Section 2
for G, G,, Hy, Hg, etc. The following proposition is derived in [18] in the case
V =0 only; it easy to see that one might include a potential V' with positive part
locally integrable and negative part in the Kato class.

Proposition 7.1 ([18]). Suppose @ is a (bounded) vector potential of class C1 such
that B = curl@ has compact support and let M = {x : B(x) = 0}. We then have

[(HO@) ™" = (Hu(A@) 7 — 0, A — oo (7.1)
In view of Lemma 4.2, we need an analogous result for operators acting on B,,

instead of R2, with estimates that are uniform in n large, for \ fixed (and sufficiently
large). The precise result is as follows:

Proposition 7.2. Let @ and B as above and let € > 0. Then there exists A such
that for all X > A. there exists ne x € N such that

|H,(\@) ™' — Hg, (A@) 7' <6, n>mncy. (7.2)
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For the proof, we will show that the difference of the terms on the left-hand side
of (7.1) and (7.2) tends to zero, as n — oo. Here we first deal with the case @ = 0
and V =1 and then use the Feynman-Kac-It6 formula to reduce the magnetic case
to the situation of Lemma 7.3.

Lemma 7.3. Let —Aqg, —Ag,, etc. as in Section 2. Then, as n — oo,
HEA+D) T = (A + 1)) = (A5, + 1) 7 = (FAg, + 1)) [ = 0. (73)

Proof. We multiply with 1 = ¢,, + ¢, with ¢,, as in (2.12), (2.13), and rearrange
the 8 terms in form of the following 4 differences,

(A + 1) = o (-Ap, + 1), bu(-Ac+ 1) = pu(-Ag, +1)71,

wn(_A + 1)_1 - '(/Jn(_AG + 1)_17 wn(_ABn + 1)_1 - wn(_AG” + 1)_1;

again, resolvents are extended by zero whenever necessary. As an example, we treat
the third of the four terms; the argument in the other cases is similar and omitted.
Let

v=(-A+1)""f—(-Ag+1)7'f, fE€ Ly, (7.4)

and find by the usual calculation (—A + 1)t,v = [—A, ¥, ]v, whence
Ppv = (A +1)7H=A, ¢y, ]v. (7.5)
It is easy to see that ||(—=A + 1)1 —A, ¥,]|| < ¢/n, and the result follows. O

With some more effort one could obtain an exponentially small bound in Lemma
7.3. We are now ready for the proof of Proposition 7.2.

Proof of Proposition 7.2. The proof relies on arguments used in the proof of [14,
Lemma 1.3]. In the following, it will be enough to consider 0 < f € C°(R?). We
start from the Feynman-Kac-It6-representation for the difference of the semi-groups
associated with H(A@) and H s (A\@),

Dyf(z;t) : = (e7HOD p _ o=tHMOAD) 1) (1)

—E, {e@(mme— I V(w(s))dsXW(w)f(w(t))}7 £50, (7.6)
where W = {w; w(0) =z, s € [0,t) : w(s) € N} denotes the set of those Brownian
paths w (starting at = at time ¢t = 0) that enter {2 before time ¢; ®(\d, w) is a real
phase, given by (15.2) in [31].

We may write down a completely analogous formula for the difference of the semi-
groups associated with the operators H, (Ad@) and Hg,, (Ad@); instead of the set W we
will now have W,, = {w; w(0) =z, Vs € [0,¢) : w(s) € By, Is € [0,1) : w(s) € N},
which consists of those paths w starting at « that do not leave B,, and that enter
Q before time ¢t. The corresponding difference of semi-groups will be denoted as
Dj.p.

For the difference Dy — D)y, the paths w that remain in the play are given by
the set

WAW, ={w; 3s1,82 € [0,t) : w(s1) € Q, w(s2) ¢ By} (7.7)
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Taking the Laplace-transform, we find for a.e.
[H(\@) ™" f(2) = Ha(AG) ' f(2) = (Ha(A0) ™' f(2) = Hg,, (@) f(2)) |
< /OOO ’Er{e@(xa,w)ffé Vs (w)f(w(t))}‘ dt (7.8)

< / T Es (e v, (@) ()} dr,
0

as [e'®(@9)| =1 and e~ Jo Vw()ds < o=t (recall that V' > 1). By the Feynman-Kac
formula, we can rewrite the last line of (7.8):

/Ooo E, {e_tXW\Wn (w)f(w(t))} dt

= (A4 )7 @)~ (~Aw + 1) f(a) (79)
(A + 1) = (~Ag, + 1)) (@)
The result now follows from Lemma 7.3 and Proposition 7.1. O

8. APPENDIX C

In this appendix we show that the difference of the operators Hg, (Ad@) and
Hg, (\@) is small for n large. We prove here a result that is slightly more general
than what we need in the preceding sections: we compare two magnetic Schrodinger
operators on open sets Gy, G, C B, such that G,,,G), D B,, \ Bg, for some 0 <
R < n. These operators have bounded magnetic and electric potentials @, V' and
@', V', respectively, which are defined on all of R and which satisfy d@(x) = @ (z),
V(z) = V'(z), for x € BS. We write h,, = (—iV — @)% + V, acting in Ls(G,,), with
Dirichlet boundary conditions (cf. the definition of Hg,, (A@) in (2.19)); h., is defined
accordingly. Note that we need not assume that d@, @’ tend to zero at infinity nor
that the associated magnetic fields have support inside Br. Furthermore, the result
of Proposition 8.1 does not depend on the presence of a spectral gap of —A + V.
For simplicity of notation, we again assume V, V' > 1. We then have:

Proposition 8.1. Let h,, h!, be as above and let p € Cy([1,00)), the space of
continuous functions on [0,00) tending to 0 at infinity. Then

Furthermore, for any k > 0 fized, (8.1) holds uniformly for pa, pd in place of d,
a’, provided 0 < p < k.

As in Section 7, we first use the Feynman-Kac-It6 formula to eliminate the
magnetic vector potentials. In the following lemma, we write —A,, = —Ap,_ and

—ARrn = —AB,\Bg-

Lemma 8.2. With the notation and assumptions of Proposition 8.1, we have for
t>0

et f(a) — et f(2)] < 2(e7 A f|(2) — oA fl(),  (8:2)

for all f € C and a.e. x € RY.
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Proof. 1t is enough to consider f > 0. Writing down the Feynman-Kac-It6 formula
for e~thn f(x) and for e_th;»f(x) (cf. (15.2) in [31], e.g.) and taking the difference,
we see that all paths drop out from the integration that do not enter the set Bpg,
for s € [0,t). We write for fixed z € B,

W ={w;w(0) =x,3s € [0,t) : w(s) € Br, V7 € [0,t) : w(T) € By} (8.3)
and obtain for f > 0

et f(a) — e f ()]

<E, {(|ei<l>(5,w)ffot Viw@)ds| 4 |ei¢’(a/,u)<{0‘ V’(w(s))ds|)XW(w)f(w(t))}' (8.4)
As in the proof of Proposition 7.2, we find
™ f(2) — e f(2)] < 2B {e"xw (w) f(w(t)} (8.5)
= 2(eHAHD) e mH=AratD) f(y),
by the Feynman-Kac-formula for e 7 #(=2»+1) and e~ H=Arn+1), O

As before, we employ the Laplace-transform to pass from the semi-group esti-
mates of Lemma 8.2 to resolvent estimates:

Lemma 8.3. Under the above assumptions, we have for k € N
lon (B = (1)) nll < 201000 (A0 + 1) = (~Apa + 1)) ¢l (8.6)

Lemma 8.4. With the above notation and assumptions, there exist constants o >
0, ¢ > 0 such that

Hwn ((_An + 1)_k - (_AR,n + 1)_k) wnll < Ce_a(n_R)- (8~7)
Proof. We first consider k = 1. For u € C2°(B,,), write
V= ((_An + 1)_1 - (_AR,n + 1)_1) ¢nu (88)

Fix ko € N such that ¢, = 1 on Br and consider n large enough to have ¥, 9y, =
Y. We then have ¢, v € D(—A,,) and (—A,, + 1) (¢, v) = —2Vhi, - Vo — Athy v,
or

P = PV = Pp (= Ay + 1)1 (=2V g, - Vo — Aty 0) . (8.9)
By construction, the set {x; Vi)y, # 0} has distance ¢(n — R) from the support
of v,,. By the maximum principle, the Green’s function of —A,, + 1 is pointwise
bounded by the Green’s function of —A + 1, which decays exponentially off the
diagonal. This implies the desired estimate. The proof for £ > 1 is similar and
omitted. (]

Proof of Proposition 8.1. If p is a polynomial in 1/, then (8.1) holds by Lemmas
8.3, 8.4. The general result follows via the Stone-Weierstrafl-theorem. O

In the following proposition we combine an estimate from Section 6 with Propo-
sition 8.1.

Proposition 8.5. Under the assumptions of Proposition 2.2 (in particular, b—0

-

at 00), we have for P as in (2.11) and H,(b) as in (2.10),
90 (P(H,,(0)) — P(Hp (5)) bl = 0, 1 — oo (8.10)

Since b decays at infinity, it is natural to expect that, for n large, there shouldn’t
be much difference between the various correction terms.



24 RAINER HEMPEL & ALEXANDER BESCH EJDE-2003/48

Proof. Given € > 0, it follows from (6.7) that we can find k € N and ng = ng(e, k)
such that

-,

|P(H,, (b)) — P(H,(0)]| <€, n>mng. (8.11)

On the other hand, Proposition 8.1 yields that
[ (P(H (b)) = P(Ha (b)) $ull = 0, 1 — oo, (8.12)
and the result follows. O
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