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OSCILLATION FOR EQUATIONS WITH POSITIVE AND
NEGATIVE COEFFICIENTS AND DISTRIBUTED DELAY II:
APPLICATIONS

LEONID BEREZANSKY & ELENA BRAVERMAN

ABSTRACT. We apply the results of our previous paper “Oscillation of equa-
tions with positive and negative coefficients and distributed delay I: General
results” to the study of oscillation properties of equations with several delays
and positive and negative coefficients

#(t) + Y ar(Oz(hi(t) = Y bi(D)a(gi(t) =0, ax(t) > 0,b(t) >0,
k=1 =1

integrodifferential equations with oscillating kernels and mixed equations com-
bining two above equations. Comparison theorems, explicit non-oscillation and
oscillation results are presented.

1. INTRODUCTION

The study of oscillation properties of delay differential equations with positive
and negative coefficients began in the eighties [12, 14] and was inspired by the study
of equations with oscillating coefficients. This research was later developed in [7, 13],
neutral equations with positive and negative coefficients were studied in [10, 15, 17],
see also recent publications [1, 11, 20]. In [14, 6, 7] the first order equation with
two constant concentrated delays and a positive and a negative coefficient was
studied, while paper [19] considered oscillation of integrodifferential equations with
oscillatory kernels.

In [6] for the equation

#(t) +a®)z(t — ) — bt — o) =0, t>to, (1.1)

where a(t) > 0, b(t) > 0 are continuous functions, 7 > ¢ > 0, the following result
was obtained: Suppose

/t b(s)ds <1, a(t) > bt — 7+ o), (1.2)
t—71+0o
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lim inf t [a(s) = b(s — T+ 0)]ds > é. (1.3)

t—00 t—7

Then all solutions of (1.1) are oscillatory.
In [17] the inequality (1.3) was improved:

liminf(/tt [a(s)—b(s—7+a)]ds+l/tt b(s —7)ds) > L)

t—o0 _r e 4o e

Recently numerous publications on the oscillation of delay equations with pos-
itive and negative coefficients have appeared (in addition to [1, 4, 5, 11, 16, 20]
see [9] and references therein). However all the publications except [8, 4] consider
equations with constant delays only. Paper [4] deals with a more general case when
the delays are not constant.

Our previous paper [3] gave a general insight into the problem. In [3] we consid-
ered the equation with a distributed delay

() + /0 2(s) doR(t, 5) — /O () duT(t,5) = 0, £ >0, (1.5)

where both R(t,s) and T'(t, s) are nondecreasing in s for each t.

As special cases, (1.5) includes delay differential equations with variable concen-
trated delays, integrodifferential equations and mixed differential equations. The
basic result of the paper [3] was the relation between the following properties for
(1.5): the existence of a nonoscillatory solution of (1.5), the existence of an eventu-
ally positive solution of the corresponding differential inequality and the existence
of a nonnegative solution of some nonlinear integral inequality which is explicitly
constructed by (1.5). Theorems of this kind are well known and widely applied for
delay differential equations with positive coefficients.

In the present paper we apply general results obtained in [3] to specific classes of
equations. Section 2 contains preliminaries and relevant results from paper [3]. In
Section 3 equations with positive and negative coefficients and several concentrated
delays are considered. In Section 4 oscillation and nonoscillation results are deduced
for integrodifferential equations with oscillatory kernels. Section 5 deals with mixed
equations containing both several concentrated delays and an integral term.

2. PRELIMINARIES AND GENERAL RESULTS
We consider a scalar delay differential equation (1.5) under the following condi-
tions:

(al) R(t,-), T(t,-) are left continuous functions of bounded variation and for
each s their variations on the segment [0, s]

Pg(t,s) = var ¢y, R(t,7), Pr(t,s) =var;cposT(t,7) (2.1)
are locally integrable functions in ¢, R(t,s) = R(¢t,t+), T(t,s) = T(t,t+),
t <s;
(a2) R(t,-), T(t,-) are nondecreasing functions for each ¢, R(t,s) > T(t,s) for
each t, s;

(a3) For each t; there exist s1 = s(t1) < t1, 71 = r(t1) < t1, such that R(¢,s) =0
for s < s1,t > t1, T(t,s) =0 for s < ry, t > t;; in addition, functions s(¢),
r(t) satisfy
lim s(t) = oo,tlirglo r(t) = oo.

t—o0
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If (a3) holds then we can introduce the following functions
h(t) =inf {s: R(t,s) # 0}, g(t) =inf {s:T(t,s) # 0}, (2.2)

such that lim;_, o h(t) = o0, lim;_,o g(t) = oo, and (1.5) can be rewritten as

¢ t
z(t) +/ x(s)dsR(t,s) — / x(s)dsT(t,s) =0, t > 0. (2.3)
h(t) 9(t)
If (a2) and (a3) hold, then obviously h(t) < g(t).
Together with (2.3) we consider for each to > 0 an initial-value problem
t t
(1) + / () duR(L, 5) — / 2(s)dsT(t,5) = 0, £ > to. (2.4)
h(t) g9(t)
z(t) = (1), t <to, x(to) = o, (2.5)
where ¢(t) is a Borel measurable bounded function.
Definition. An absolutely continuous on each interval [to, ¢] function « : R — R is
called a solution of problem (2.4), (2.5), if it satisfies (2.4) for almost all ¢ € [tg, 00)
and equalities (2.5) for ¢ < t.
Definition. For each s > 0 solution X (¢, s) of the problem
t t
dv(t)—i—/ z(s) dsR(t,s)—/ z(s)dsT(t,s) =0, z(t) =0, t <s, z(s) =1, (2.6)
h(t) g(t)
is called a fundamental function of (2.3).
We assume X (£,5) =0, 0 <t <s.
Definition. We will say that equation (2.3) has a nonoscillatory solution if for
some tg, ¢(t) and zq the solution of (2.4)-(2.5) is eventually positive or eventually
negative. Otherwise all solutions of this equation are oscillatory.
Below we present the results obtained in [3] on oscillation of equation (2.3) with
a distributed delay.
Consider together with (2.3) the following delay differential inequality
¢ t
y(t) —|—/ y(s)dsR(t, s) — / y(s)dsT(t,s) <0, t>0. (2.7)
h(t) g9(t)
The following theorem establishes sufficient nonoscillation conditions.

Lemma 2.1. [3] Suppose (al)-(a3) hold. Consider the following hypotheses:
(1) There exists t; > 0 such that for t >ty the following inequality

u(t) > /ht(t) exp { /st u(r)dr} dsR(t,s) — /g;) exp { /: u(r)dr}d,T(t,s) (2.8)

has a nonnegative locally integrable solution (we assume u(t) = 0 for t <
tl);

(2) There exists to > 0 such that X(t,s) >0, t > s > ta;

(3) Equation (2.3) has a nonoscillatory solution;

(4) Inequality (2.7) has an eventually positive solution.

t

Then the implication (1) = (2) = (3) = (4) is valid.

Necessary nonoscillation (sufficient oscillation) conditions require some more con-
straints on R,T. Let
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(ad) for any t R(t,s) — T(t,s — h(t) + g(t)) is nondecreasing in s and
limsup T'(t,t+)[g(t) — h(t)] <1 < 1.

t—oo

Lemma 2.2 ([3]). Suppose (al)—-(a4) hold. Then hypotheses (1)-(4) of Theorem
1 are equivalent.

To obtain other necessary oscillation conditions we consider the following form
of equation (2.3):

i(t) + ;/hm z(s) dsRy(t, s) — Z/ x(s)dsTy(t,s) =0, t >0,  (2.9)

=1 gi(t)
where Ry, T}, hy, g; satisfy the following conditions:

(al*) Ry(t,-), Ti(t,-) are left continuous functions of bounded variation and for
each s their variations on the segment [0, s] Pg, (¢, ), Pr,(t,s) are locally
integrable functions in ¢, Ri(t,s) = Ri(t,t+), Ti(t, s) = Ti(t, t4), t < s;

(a2*) Rg(t,-), Ti(t,-) are nondecreasing functions for each ¢,
> op Ri(t,s) > >, Ti(t, s) for each t, s;

(a3*) For each k,l lim;_,o0 hi(t) = 00, limy_,00 ¢1(t) = 0.

Denote

R(t,s) =Y Ri(t,s),T(t,s) = > Ti(t,s), (2.10)
k=1 =1
h(t) = max hi(t),g(t) = mlingl(t). (2.11)

Let us also introduce the following additional constraints:

(addl) m = n, Ri(t,s) > Ti(t,s) for each t,s, k = 1,...,n; for any ¢, k, function
Ry (t,s) — Ti(t, s — hi(t) + gr(t)) is nondecreasing in s and

li?lsup Z Ty (t, t+)[gr(t) — he(t)] < 1.

k=1

(add2) h(t) < g(t), R(t,s) > T(t,s), R(t,s) — T(t,s — h(t) + ¢g(t)) is nondecreasing
in s for any t and

limsup [T(t,t+)[g(t) — h(t)] + > Ri(t, t+) (h(t) — hi(t))

t—o0 b1

. (2.12)
+ Y Tilt, 1) (9u() — 9(t)] < 1.
=1

Consider together with (2.9) the delay differential inequality
n t m t
y(t) + Z/ y(s) dsRi(t,s) — Z/ y(s)dTi(t,s) <0, t>0.  (2.13)
k=17 he(t) 1—1 Y ai(t)
The next lemma establishes non-oscillation criteria for (2.9).

Lemma 2.3. [3] Suppose Ry, T}, hi, gi satisfy (a1*)-(a3*) and at least one of con-
ditions (add1), (add2) hold. Then the following hypotheses are equivalent:
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(1) There exists t1 > 0 such that the inequality

) > Z/m eXp{/ 7)dr} dyRy(t, 5)
_;/gl(t) eXP{/S u(r)dr} dTi(t,s), t>t,

(2.14)

has a nonnegative locally integrable solution (we assume u(t) = 0 for t <

t1);
(2) There exists ta > 0 such that X (t,s) >0, t > s > ta;
(3) Equation (2.9) has a nonoscillatory solution;
(4) Inequality (2.13) has an eventually positive solution.

Lemmas 2.1-2.3 yield the following comparison result. Let us compare the os-
cillation properties of the equation

m

+Z/ s)dsLi(t, s) — Z/ s)d,Dy(t, s) =0, (2.15)

=1 91
to the oscillation properties of (2.9).

Lemma 2.4 ([3]). (1) If (a1*) — (a3*) and anyone of the conditions (addl),
(add2) hold for (2.15) (where Ry,T; are changed by Ly, D), Li(t,s) >
Ry(t,s), Di(t,s) < Ti(t,s) and (2.15) has a nonoscillatory solution, then
(2.9) has a nonoscillatory solution.

(2) If (a1*) — (a3*) and any one of the conditions (addl),(add2) hold for (2.9),
Li(t,s) < Ri(t,s), Di(t,s) > Ty(t,s) and all solutions of (2.15) are oscil-
latory, then all solutions of (2.9) are oscillatory.

Lemma 2.5 describes the asymptotic behavior of nonoscillatory solutions of (2.9).

Lemma 2.5 ([3]). Suppose (al*)-(a8") and anyone of the following conditions
holds:

(1) (add1) is satisfied and for some k

/OOo [Ri(t, t+) — Ty (t, t+)] dt = oo; (2.16)
(2) (add2) is satisfied and

/OOO [R(t,t+) — T(t,t+)]dt = oo. (2.17)

Then any nonoscillatory solution x of (2.9) satisfies lim;_, x(t) = 0.

Consider the following two equations

i(t) + / z(s)ds[R(t,s) — T(t,s — h(t) + g(t))]
o (2.18)

i /g<t) =) (e { /s+h(t)—g(t) [R(r,74) = T(r,74)]dr} —1) d,T(t,5) = 0
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and

() + /g:t) x(s)(exp { /:g(mh(t) [R(r,7+) = T(1,7+)]dr} — 1)

. (2.19)

xdsR(t,s — g(t) + h(t)) + /(t) x(s) ds [R(t, s—g(t)+h(t)) = T(t, s)] =0.

If (al)-(a4) hold, then equations (2.18),(2.19) contains terms with positive coeffi-
cients only. The oscillation properties of these equations will be compared to the
properties of (2.3).

Lemma 2.6 ([3]). Suppose (al)-(a4) hold for (2.3). If all solutions of either (2.18)
or (2.19) are oscillatory, then all solutions of (2.83) are also oscillatory.

Corollary 2.7. Suppose (al)-(a4) hold for (2.3) and at least one of the following
four inequalities is satisfied:

(1) lim inf{ » [R(t,7) — T(t, 7 — h(t) + g(t))]dr

t—oo

+ /ng,) dr /h;) (exp { /:rh(t)_ [R(u, u+) — T(u, u+)]du} — 1) d,T(t, 3)} > é

g(t)

() lminf { /h [R(t,74) — T(t.7 — h(t) + g(t))] dr

t—oo (t)

/ dT/ o /+h o )[R(u,u+) - T(u,u+)]du) dsT(t, s)} > é

(3) limlnf dT/ exp{/( [R(u,u+) — T (u,ut)]du} — 1)
g(t) 9(7) s—g(t)+h(t)

t—oo

t

x dsR(t,s — g(t) + h(t)) + /(t) [R(t,T — g(t) + h(t)) — T(t,7)] dT} > 1

t T s
(4) liminf{/ dT/ (/ [R(u, u+) —T(u,qu)]du)
o0 g(t) g(r) N Js—g(t)+h(t)

t

x dsR(t,s — g(t) + h(t)) + /(t) [R(t, 7 —g(t) + h(t)) = T(t,7)]} > E

Then all solutions of (2.3) are oscillatory.

9]

Similar results can be obtained for (2.9).

Lemma 2.8 ([3]). Suppose Ry, T}, hi, g1 satisfy (al*)-(a3*) and (add1) holds. If
all solutions of either

z(t) + Z/h x(s) ds [Ri(t,s) — Ti(t, s — hi(t) + gi(t))]

=1 h(t)

* i/t :U(S)(exp { /S [Ri(7,7+) — Ty(r,7+))dT} — 1) (2.20)

=17 9k (t) s+hi(t)—gk(t)
X dsTk(t, S) =0
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x(t) ' k=1 /Qk(t) x(S)(exp { /s gk (t)+hi (t) [Rk(T’ ) = Tl T+)] % dT} B 1)
x dsRy(t,s — gr(t) + hi(t))

+30 [as) da[Ruts = ) + hefe) = Ti(e.0)] =0
k=1"9r(t

(2.21)

are oscillatory, then all solutions of (2.9) are also oscillatory.
Corollary 2.9. Suppose (a1*)-(a3*) and (addl) hold for (2.9) and at least one of
the following inequalities is satisfied:

t

(1) lim mfz / [Ri(t,7) = T(t,7 — hi(t) + gi(t)]dr + / dr
hu ()

o0 gk (t)

" /hk(ﬂ (e /+hk(t) gi () (R (s ut) = Tig(ws u)ldu} = 1) duT (8, 5) } >

(2) htm mfz / [Ri(t,74) — Ti(t, 7 — hy(t) + gi(t))] dr
- hy(t)
1
+/ dT/ (/ [Ri(u,ut) — Tk(u,qu)}du) dsTk(t,s)} > —
gk (t) hi(r)  Jsthi(t)—gr(t) €
lim 1an {/ dT/ exp{/ [Ri(u, u+) — T (u, u+t)]
oo gt Jau(r) s—gk () +hu (1)

x du} — l)dst(t, s — gi(t) + hi(t))

+/ [Re(t, 7 — g(t) + hi(t) — Tu(t,7)] dr} >
gr(t)

lim inf {/ dT/ (/ [Rie(u, u+) — T (u, u+)]du)
fmo0 Z k(1) 9 s—gk(t)+he(t)

g k()

X dst(t,S — gk(t) + hk(t)) + /t [Rk(t,T — gk(t) + hk(t)) — Tk(t,T)]} > é

g (t)
Then all solutions of (2.3) are oscillatory.

Let us proceed with nonoscillation conditions.

Lemma 2.10 ([3]). Suppose (al)-(a4) hold for (2.3) and there exists A, 0 < X < 1,
such that

9(t) 1. 1
lim sup/ [R(s,s+) — AT(s,s+)]ds < — ln T (2.22)
h

t—o0 (t)

¢
lim sup/ [R(s,s+) — XT'(s,s+)]ds < 1 (2.23)
h €

t—oo Jn()
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Then (2.3) has a nonoscillatory solution.

Lemma 2.11 ([3]). Suppose n = m, conditions (al*)-(a3*), (addl) and the fol-
lowing inequality

t
lim supZ/ [Ri(s,s+) — éTk(s, s+)]ds < % (2.24)
h

t—oo K (t)

k=1
hold. Then (2.9) has a nonoscillatory solution.

3. EQUATIONS WITH CONCENTRATED DELAYS

Let us study oscillation properties of a delay differential equation with several
variable concentrated delays

xt)+zn:ak(t) Zbl ) =0,t>0. (3.1)
k=1

This equation is a special case of (1.5) When we assume

Zak X[hi(t),00) (5)5 Zbl X1 (t),00) (5) (3.2)

where x[¢,q) is a characterlstlc function of segment [c, d].

An initial value problem, definitions of a solution, the fundamental solution,
oscillatory and nonoscillatory solutions for equation (3.1) are the same as for (2.9).

The hypotheses of Lemma 2.1 are satisfied for the delay equation (3.1) if the
following conditions hold:

(C1) ar(t) > 0, by(t) > 0 are Lebesgue measurable essentially locally bounded

functions;
(C2) Forany t>s>0

m

Z ak(E) X [hy (t),00 Z )X [g1(4),00) (8)-

(C3) hi(t),qi(t) : [0,00) — R are Lebesgue measurable functions, hg(t) <
tagl(t) <t, lim; ., hk(t) = 00, lim; ., gl(t) = Q.
Consider the inequality

t) + zn:ak(t) i ) <0,t>0. (3.3)
k=1 =1

The following proposition is an immediate consequence of Lemma 2.1.

Proposition 3.1. Suppose (C1)-(C3) hold. Consider the following hypotheses:
(1) There exists t; > 0 such that the inequality

) > Zak exp{/k(t u(s)ds} — ;bl(t) exp{/gl(t)u(s)ds}, t>1t (3.4)

has a nonnegative locally integrable solution (we assume u(t) = 0 for t <
t1);

(2) There exists to > 0 such that the fundamental function X (t,s) > 0,t > s >
t27.

(3) Equation (3.1) has a nonoscillatory solution;
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(4) Inequality (3.8) has an eventually positive solution.
Then the implications 1) = 2) = 3) = 4) are valid.

Oscillation criteria for equations with several concentrated delays can be ob-
tained as corollaries of Lemma 2.3. To this end denote

h(t) = maxhi(t), g(t) =mingi(t), a(t) = D a(t), b(t) =D bi().
k=1 =1

Proposition 3.2 provides oscillation criteria.

Proposition 3.2. Suppose (C1), (C3) and anyone of the following conditions
(C4) m=n, ag > bk; hk(t) < gk(t) fOT’k = 1a" -5 1y t > 07

limsup { Y bx(t)[gx (t) — hae ()]} < 1
k=1

(C5) h(t) < g(t), a(t) = b(2),

timsup {b(0)g(t) — A(B)] + Y an(OIAE®) = k() + 3 b(®)la(®) = 9(t))} < 1
> k=1 1=1

hold. Then all four hypotheses of Proposition 3.1 are equivalent.

Remark. It is to be noted that (C5) is a special case of (C4), if we rewrite the left
hand side of (3.1) as a sum of (n+m+ 1) positive and (n+m + 1) negative terms:

50+ 3 ar@®r(®) = 3 b))
k=1 =1

ar()x(h(t)) + > ar(t)a(h(t))

k=1

=@(t) + > ar(t)x(hn(t) -
k=1

=
I|M:
L

= &(t) + a(t)z(h(t)) — b(t)e(g(t)) + Y an(t)[z(hn(t)) — x(h(t))]

k=1
+ > hu(t) [2(g(t) — z(ai(t))]
=1

We proceed with comparison results which are deduced from Lemma 2.4. To
this end consider the equation

B(t) + Y ar(t)z(he(t) = > bi(H)(Gi(t) = 0,t > 0. (3.5)
k=1 =1

Proposition 3.3. (1) Suppose (C1), (C3) and either (C4) or (C5) hold for
(3.5), where ay, by, hi, g; are changed by ay, b, Bk,gl, respectively. If ay(t) >
ar(t), bi(t) < by(t), h(t) < ha(t), Gi(t) > gi(t) and (3.5) has a nonoscilla-
tory solution, then (3.1) also has a nonoscillatory solution.

(2) Suppose (C1), (C3) and either (C4) or (C5) hold. If ar(t) < ax(t), by(t) >
bi(t), hi(t) > hi(t), Gi(t) < gi(t) and all solutions of (3.5) are oscillatory,
then all solutions of (3.1) are also oscillatory.
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To apply Proposition 3.3 consider the autonomous delay equation

g+ Y eyt —0) = > diylt—o) =0, t >0, (3.6)
=1

1=1
where the following conditions hold:
(Al) ¢; >0,d; >0,6;, > 0,00 >0
and one of the two following conditions satisfied:
(A2) n=m,c; > d;,0; > 04, i di(6; — ;) < 1;
(A3) c=>"" ¢, >d=>",d;,6 =mind; > o = maxoy,

m

—0) +Zci(5i —9) +Zdl(0—01) <1
i=1 =1

Corollary 3.1. (1) Suppose (C1)-(C3), (A1) and at least one of (A2), (A3)
hold. If ar(t) < cp, hip(t) >t — 0, bi(t) > di, gi(t) <t — oy and (3.6) has a
nonoscillatory solution, then (3.1) also has a nonoscillatory solution.

(2) Suppose (C1), (C3), (A1) and at least one of (C4), (C5) hold. If ar(t) >
Cryhig(t) <t — 0, bi(t) < di,qi(t) > t — oy and all solutions of (3.6) are
oscillatory, then all solutions of (3.1) are also oscillatory.

Lemma 2.5 immediately implies the following result on the asymptotic behaviour
of solutions.

Proposition 3.4. Suppose(C1),(C3) and one of the following two conditions is
satisfied

(1) (C4) holds and there e:msts such k that [ ax(t) — by (t)]dt = oo.

(2) (C5) holds and fo fo (> 0y ak( ) = Sty bu(t)]dt = oo

Then any nonoscillatory solution of (5’1) satisfies im0 y(t) = 0.

Proposition 3.5. Suppose the hypotheses (C1), (C3), (C4) hold. If all solutions
of anyone of the following equations are oscillatory

+Zak — b))z (hg (1))
gk (t)
+ 3 0u) (exp / ax(s) — b(s)lds} —1)(gs(1) = 0.
k=1 hi (t)

gr (t)
)+ 3 [ow(®) ~bu(®) + ) (exp{ [ law(s) b} —1)]lou(0) =0,

k=1

(3.7)

(3.8)
n n g (t)
)+ Y lar(t) = be()]e(he () + > br(t)a(gx(t)) / [ar(s) — br(s)lds = 0,
k=1 k=1 b () (39)

gk (t)

) + Z (ak —bi(t) + ak(t)/ [ak(s) — bk(s)]ds)x(gk(t)) =0, (3.10)

hi(t)

then all solutions of (3.1) are also oscillatory.
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Remark. Since (C5) is a special case of (C4), similar equations can be presented
if (C1),(C3),(C5) are satisfied.

Corollary 3.2. Suppose (C1), (C3), (C4) are satisfied and at least one of the
following conditions holds:

n

(1) liminf { 3 lan(t) — be(D)(t — hi(t))

t—oo
k=1

+Zbk (exp /

hi (t)

gk (t)

[ax(s) = bu(s))ds} = 1) (¢ = ge() } > é

n

(2) liminf { S lan(t) = be(®)](t — hi(t))

t—o0
k=1
+ Z bk t — hk ) /
h

g (t)
. lax(s) — bk(s)]ds} > é

n t

(3 lminr{ > / [ai(s) — bi(s)

t=oo L= Jak(e)

9k (s) 1
+ ap(s) (exp { - lak(r) — b (r)]dr} — 1)]ds} > =

(4) liminf { Zn: /t [ak(s) — br(s) + ax(s) /gk(S)[ak(T) — by (7)]dr] ds} > é,

f=oo =17 9r(t) hi(s)
then all solutions of (3.1) are oscillatory.
Corollary 3.3. Suppose (A1), (A2) and at least one of the following conditions
hold:
1) >y [(ak — by) 0y + b (e(ak—bk)(ék—ak) — 1)016} > 1/e;
(2) Yo (an — bk)[(sk + bror (0 — O’kﬂ > 1/e;
(3) Zk 1 [ak — bk + ak( (ar—br)(Or—0ok) _ 1)]0k > 1/6,’

(4) Ya_i(ar — bk)[l + ap(or — O'k)]a'k > 1/e.

Then all solutions of (3.6) are oscillatory.

Now we proceed with explicit nonoscillation conditions.

Proposition 3.6. Suppose either (C1), (C3), (C4) hold and the following inequal-
ity is satisfied
limbupi/t lax(s) 1b (s)]ds < !
S k(8) — =0k -.
t—o00 1 hi(t) (& e
or (C1), (C3), (C5) hold and

n

. 1 '
hmsup{(l - E) Z/hk(t) ax(s)ds

t—o0

/h(t Zak **Zbk )] ds + ( i)i/gt bl(s)ds}<§

k=1 =1
Then (3.1) has a nonosczllatory solutwn,
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Denote
H(t)= mkin hi(t), G(t)= max g1(t).

Proposition 3.7. Suppose there exist a(t), B(t), such that

b(t) <b(t) <a(t) <a(t), where a(t) =Y ax(t), b(t) =Y bi(t),
k=1 =1
there exist finite limits
¢ ¢
Bjp = lim a(s)ds, Bz = lim b(s)ds, (3.11)
t—oo H(t) t—oo H(t)
t t
By = lim a(s)ds, Bay = lim b(s)ds, (3.12)
t—oo G(f) t—oo G(t)
and (C1)-(C3) hold. Suppose, in addition, that the system
Inxy > x1B11 — x2B12 (313)
Inze < £1Bo1 — 12829 (314)

has a positive solution (xy,x2) such that eventually x1a(t) > xz2b(t). Then (3.1)
has a nonoscillatory solution.

Proof. Consider the function u(t) = x1a(t) — x2b(t). Then u(t) is nonnegative and
the system (3.13)-(3.14) yields

xr1 > exp{x1311 — 132812}7 To < exp{x1B21 — 332322}.
Thus by definitions (3.11)-(3.12) there exists t; > 0, such that for ¢ > ;

xlzexp{ml/t d(s)ds—xg/t b(s)ds) —exp{ [ uls)ds)

H(t) H(t) H(t)

t t t
—x3 > —exp {1 / a(s)ds — xg/ b(s) ds} = —exp {/ u(s)ds}
(t) G(t) G(t)

G

After multiplying the first inequality by a(¢), the second one by l;(t) and summation
we have

u(t) = zya(t) — z2b(t)

> a(t)exp { ” u(s)ds} — b(t) exp { o u(s)ds}

> a(t)exp { " u(s)ds} — b(t) exp { o u(s)ds}

exp{/ ds} Zbl exp{/ ds}
ar(t) exp { u(s)ds} — Zbl(t) exp { / ( )u(s) ds}.
=1 gi(t

1 hi(t)

Y% I
TTM: .‘Ms

By Proposition 3.1, (3.1) has a nonoscillatory solution. a
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Example 1. Consider the equation

— aj, = by,
(t)+27 ZT 17 =0, t>1t >0, (3.15)
k=

k=1
where ay, > by > 0, pp > vg > 1. We apply Corollary 3.2 (Ineq. 4):

L a SIVE g — b
11££f{2/ :/ %dﬂds}

/l/k s/l"k
t
_ ak:_b}c s
htrglorolf{ E_ //Vk( . [1 jk_ﬁ}(ak_bk ))ds}
o 1 ap, pk
_htrglogf{g (ax — bx) //yk(s—kslnyk)ds}

= liminf{Z(ak —bk)(l + ay In 5—:) [lntflni]}

t—o0 1%
k=1 k

n

—Z ak—bk)(l—i—akln—) ln vy,
k=1

Thus if

- 1

Z(ak — bk)(l +arIn &) Iny, > —,

1 Vi (&

then all solutions of (3.15) are oscillatory. For nonoscillation results, we apply
Proposition 3.6.

lim sup Z//M ——lb—k]ds}—hmsup{z ak—fbk)(lnt—ln—)}

t—o0 t—o0 =1 M

G 1
= Z (ak - *bk) lnuk
k=1 ¢
Thus if >°p_, (ar — 2bx) Inpy, < 1/e, then (3.15) has a nonoscillatory solution.
Example 2. Consider the equation

“Lap t bt
t)+27x(—k) — () =0, t>1t>0, (3.16)
where ZZ:1 ar >b>0, pp > v > 1. Unlike in Example 1, here the number of

positive terms is not equal to the number of negative terms. This equation can be
rewritten in one of the following forms:

(1) () + >, %x(ﬁ)—ZZ V() (ho E)e(E) — fx(5) =0

(2) @) + Xhs Fa(ir) — Xie L a(f) =0, where by = b, by = 0,k > 1
and a; > b.

(3) @(t) + oy a(h) = e L2l (L) =0, where Ay > 0, Y A\ =1
and ap > A\;b.

A computation similar to Example 1 yields that if anyone of the following three
conditions holds

(1) (XCkorax —b)lnv >3
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(2) ag >band (a1 —b)(1+aIn ) Inv+ (> _yar)(1+apnb:)nv > 1/e
(3) For each k a, > Apb and 3°)_; (ax — A\ed) (1 + axIn £2) Inv > 1/e.
then all solutions of (3.16) are oscillatory.
If anyone of the following three conditions holds
(1) Sr (=Y Inpe+ (Xhy ar — b)lnl/<1/e
(2) a1 > band (a1 - 7b) In g4 +Zk o @k In i, < 2
(3) For each k a, > A\ib and Zk:l (a;C — e/\kb) ln,uk <1/e,

then (3.16) has a nonoscillatory solution.

4. INTEGRODIFFERENTIAL EQUATIONS

In this section we will study the following integrodifferential equation

/ K(t,s)x(s) ds — tM(t,s)x(s) ds =0, (4.1)

(4.1) is a special case of (1.5) if we assume

Rit,s) = /O K(t,¢)d, T(hs) = /0 "Mt C)de. (4.2)

The hypotheses of Lemma 2.1 are satisfied for the delay equation (4.1) if the fol-
lowing conditions hold:
(I1) K(t,s), M(t,s) are Lebesgue integrable over each finite square [0, ] x [0, b]
functions;
(I2) There exist finite functions h(t), g(¢) such that h(t) = inf{s|K(¢,s) > 0},
g(t) = inf{s|M (¢, s) > 0} and limy_,o h(t) = o0, limy_,o0 g(t) = o0;
(I3) For each t,s K(t,s) >0, M(t,s) > 0 and

K(t,7)dr > M(t,7)dr.
h(s) g(s)
For tg > 0 consider an initial-value problem
t t
x(t) + K(t,s)x(s)ds — M(t,s)x(s)ds =0, t>t. (4.3)
h(t) g(t)
xz(t) = o(t), t<to, x(ty) = o. (4.4)

As in the general case we will say that (4.1) has a nonoscillatory solution if for some
to > 0, ¢(t) and xg the solution of (4.3)-(4.4) is eventually positive or eventually
negative. Otherwise all solutions of (4.1) are oscillatory.
Consider in addition the inequality
t

u(t) > K(t,s)exp{ / u(r)dr} ds — /(It) M(t, s) exp { / u(r)dr} ds. (4.5)

A(t)

Lemma 2.1 immediately implies the following proposition.

Proposition 4.1. Suppose (I11)-(I3) hold. Consider the following hypotheses

(1) There exists t1 > 0 such that inequality (4.5) has a nonnegative locally
integrable solution;

(2) There exists to > 0 such that X(t,s) > 0, t > s > to, where X(t,s) is a
fundamental function of (4.1);

(3) (4-1) has a nonoscillatory solution;
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(4) Inequality

t
t—l—/K(t,s ds—/Mts ) ds <0 (4.6)
to

has an eventually positive solution.
Then the implications 1) = 2) = 3) = 4) are valid.

Now let us apply Lemma 2.2 to (4.1). Let us introduce the following additional
assumption

(I4) K(t,s) > M(t,s — h(t) + g(t)) for each ¢, s and

lim sup[g(t) — h(t)] /t M(t,s)ds < 1.

100 ()

Proposition 4.2. Suppose (11)-(14) hold. Then all four hypotheses of Proposition
4.1 are equivalent.

In addition to (4.1) consider the integrodifferential equation
m ot
)+ Z K;(t,s)z(s)ds — Z M;(t, s)x(s)ds = 0, (4.7)
hi(t) =1 Y 9u(t)
where the followmg conditions hold:
(I1*) K;(t,s), M(t,s) are Lebesgue integrable over each finite square [0, b] x [0, b]
functions;
(I2*) There exist finite functions h;(t) = inf{s|K; (¢, s) > 0},
g1(t) = inf{s|M;(t,s) > 0} and lim;—,o0 h;(t) = 00, lims—.o0 gi(t) = o0;
(I3*) For each t,s,4,1 K;(t,s) >0, M(t,s) >0,

Zh(t Z/l(tMltTd

and one of two following conditions is satisfied:
(I14*) m =n, K;(t,s) > M;(t,s) for each t,s, i = 1,...,n, for any t,i K;(t,s) >
M;(t,s — hi(t) + g;(t)) and

t
h)Ifnsungl hi( /()Mi(t,s)ds<1.
T =1 it

(I5*) For each i,1,t,s h(t) < g(t), where h, g are defined in (2.11) and

l
ZK (t,s) ZMl(t,s):M(t,s),
=1

we have K (t,s) > M(t s —h(t) + g(t)) and

n t
limsup | / M(t,s)ds+ 3 (h(t) — ha(t) [ Ki(t,s) ds
t—o0 .7 h;
o i=1 ® (4.8)
+Z gl Ml(t,s)ds} <1

gu(t)

Proposition 4.3. Suppose (11*)-(15*) and one of (I4*),(I5*) hold. Then the fol-
lowing hypotheses are equivalent:
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(1) Inequality
mo ot

y+2/ Ki(t,s)y(s)ds — > Mi(t, s)y(s)ds <0, t>0, (4.9)
=1 gi(t)

has an eventually positive solution;

(2) There exists ta > 0 such that X(t,s) > 0, t > s > to, where X(t,$) is a
fundamental function of (4.7);

(3) (4.7) has a nonoscillatory solution.

(4) There exists tz > 0 such that for t > t3 the inequality

Z K;(t,s) exp{/ u(r)dr} ds

h(t

—Z Mltsexp{/ T)dr} ds

has a nonnegative locally mtegmble solution.

(4.10)

We proceed with comparison results which are deduced from Lemma 2.4. To
this end consider the equation

noot
t) +Z/ Ki(t, s)z(s) ds — Z Mz t,s)x(s) ds = 0. (4.11)
i=1 Y he(t)

For (4.11) h;,g; are changed by h;, i, respectively.

Proposition 4.4. (1) Suppose (11*)—(15*) and at least one of (14*), (15 ) hold,
where K;,M;,h,g are changed by K;, My, h,§, respectively. If Ki(t,s) >
K;(t,s), M(t, s) < M(t,s) and (4.11) has a nonoscillatory solution, then
(4.7) also has a nonoscillatory solution.

(2) Suppose (I1*)-(13*) and at least one of (I4*),(I5*) hold. If K;(t,s) <
Ki(t,s), My(t,s) > M(t,s) and all solutions of (4.11) are oscillatory, then
all solutions of (4.7) are also oscillatory.

Corollary 4.1. (1) Suppose (11*)-(15*), (A1) and at least one of (A2), (A3)
hold. If for each t,i,1
t t
/ K;(t,s)ds < ¢, M(t,s)ds > d
gi(2)
and (3.6) has a nonoscillatory solution, then (4.7) also has a nonoscillatory
solution.
(2) Suppose (11*), (I13), (A1) and at least on of (I4*), (15*) hold. If for each

ti,l
t t

K;(t,s)ds > ¢, M(t,s)ds < d;
hi(t) gi(t)
and all solutions of (3.6) are oscillatory, then all solutions of (4.7) are also
oscillatory.

Lemma 2.5 immediately implies the following result on the asymptotic behaviour
of solutions.

Proposition 4.5. Suppose (11*)-(13*) is satisfied and anyone of the following
conditions holds:
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(1) (I4*) is satisfied and for some 1, [~ [ftto (Ki(t,s) — My(t,s)) ds] dt = oo
(2) (15*) is satisfied and [~ [f:o (K(t,s) — M(t,s))ds| dt =
Then any nonoscillatory solution y of (4.7) satisfies limy_, o, y(t) = 0.

Lemma 2.8 yields oscillation conditions for (4.7).

Proposition 4.6. Suppose hypotheses (11 )—(14*) hold. If all solutions of anyone
of the following two equations are oscillatory

JrZ/ [Ki(t,s) — My(t,s — hy(t) + gi(t) dSJrZ M (t, s)x(s)

=17 a(t)

x (exp{/ dT/hT [Kl(r,g)—Ml(m)]dg}—1)ds=o,

s+hi(t)—gi(t) ()

(4.12)
+Z Kz (t, s+ hu(t) = git))x(s)
1=1 79t
< (exp { /s—i-hl(t)—gl(t) “ /m(f) [, €) = M, )} —1) (4.13)

noot
+Z/ [K(tys + ha(t) — gu(t)) — Mi(t, )] a(s)ds = 0,
1=1 79t
then all solutions of (4.7) are also oscillatory.

Remark. Since (I5*) is a special case of (I4*), similar equations can be presented
if (I1%)-(13*),(I5*) are satisfied.

The oscillation conditions for integrodifferential equations with nonnegative ker-
nels [2] lead to the following result.

Corollary 4.2. Suppose the hypotheses (I1)-(14) hold for (4.1) and at least one of
the following inequalities is valid:

1) hminf{/h(t)[ h(S)K(t,’r) de/ M(t, 7 — h(t) + g(t)) dr]ds

t—o0 g(s)

t T s u
—|—/ dT/ (exp{/ [ K(u,7)dr
g(t) h(7) s+h(t)—g() Jh(u)
—/ M (u, 7)d7|du} — l)M(t,s)dS} > E
9(u) €

S

2) limint { / D K(trydr— [ M(tr—h(t) + g(t) dr] ds
h(t) I h(s)

t
— 00 g(S

t u
Jr/ dT/ / K(u,7)dr
g(t h(r) Js+h(t) g(t) h(u)

M (u, 7) dr]|du)M(t, s) ds} > E
g(u) €

t T S u
3) liminf{/ dT/ (exp{/ I K(u,7)dr
tmoo L g)y  Ja(r) s—g(t)+h(t) h(u)
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— : : M (u, 7)dr]du} — 1)K(t, s —g(t) + h(t))ds

+/ [ D Kt —gt)+ b)) dr— [ Mt — h(t) +g(t))d7-]ds} >3
g(t) h(s) g(s) e

t T S u
4) liminf{ / dr / ( / [ K(u,7)dr
=00 g(t) g(r) NJs—g(t)+h(t) S h(u)

[ M(U,T)dT:| du)K(t, s — g(t) + h(t))ds

g(u)
t s s 1
+ / ([ K(tr—g()+h@)dr— [ M(t.r—h(t) +g(t)) drds} > *
g(t) Jh(s) g(s) e
Then all solutions of (4.1) are oscillatory.

Lemma 2.11 implies the following nonoscillation results for (4.7).

Proposition 4.7. Suppose (I1*)—-(I*) and the following inequality

n

t s 1 s 1
lim sup / | Ki(s,7)dr — 7/ My(s,7)dr]ds < - (4.14)
h g 2

t—oo 75 Jh(t)  Jha(s) € Jagi(s)

hold. Then (4.7) has a nonoscillatory solution.
Proposition 4.8. Suppose (I1*)-(13*),(15* ) and the following inequality

limsup{é(l—l)/ht ds ) Kl(s,T)dT/Otds[/OsK(s,T)dT

t—00 € I Jhs)

1 s 1 t s 1
_7/ M(S,T)dT]—‘r(l—*)/ ds My(s,7)dr} < =
€Jo € Jam 9i(s) €

hold. Then (4.7) has a nonoscillatory solution.

Similar to Proposition 3.7 the following result can be obtained. Let H(t) =
min; h;(t), G(t) = max; ¢;(t).

Proposition 4.9. Suppose there exist K(t,s), M(t,s), such that
M(t,s) < M(t,s) < K(t,s) < K(t,s),

where K(t,s) = > K;(t,s), M(t,s) = >" Mi(t,s), the following limits exist
and are finite:

t s t s
Bi1 = lim ds K(s,7)dr,Biz = lim ds M(s,7)dr, (4.15)
oo Ju@  JHGs) e Juw  JHGs)
t s t s
By = lim ds K(s,7)dr, Bay = lim ds M(s,7)dr, (4.16)
=0 JG(t) G(s) =0 JG) G(s)
and (I1)-(14) hold for K(t,s), M(t,s). Suppose, in addition, that the system
Inxzy > v1B11 — x2B12 (417)

Inzo < £1Bo1 — x9B9s (418)
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has a positive solution (x1,xz2) such that eventually

xl/ Kts s>x2/ Mts

Then (4.7) has a nonoscillatory solution.

Example 3. Consider the integrodifferential equation

() + /0 L(t, )2(s) ds = 0. (4.19)
Let a > 0,

L(t,s) asin(s —t), 0<t—s < 2m,
78 - .
0, otherwise,

K(t,) = ¥(6,8) = (1D{t,5)| + L(t,5)) = asin(s = ) ame-(5)
M(t,8) = L (0:5) = 5 (1L(t,)] = Llt,5)) = —arsin(s = ) r.(5)
Then h(t) =t —2m, g(t) =t —m,M(t,s+m) = K(t,s) and

t

lim sup {[g(t) — h(t)] M(t,s)ds}

t—oo g(t)
= timsup {{g(1) — (1) /t, o~ sin(s — )) ds)

= limsup {ma( cos 0 — cos(—)) } = 27a.
t—o0

Thus the hypothesis (I4) holds for (4.19) if a < 1/(27). Let us proceed to nonoscil-
lation conditions for this equation. To this end we will apply Proposition 4.7. We

have
t t—m
/ K(t,s)ds = / asin(s —t)ds = 2a,
h(t) t—2m
¢
M(t,s)ds = —/ asin(s —t)ds = 2«
g(t) t—m
which after the substitution in (4.14) yields

t s 1 s 1
limsup/ [ K(s,7)dr — — M (s, 1) dT} ds = [t — h(t)]2a(1 — =)
h(t) =Jh(s) e

t—00 g9(s)
—1 1
= 271'2046 < -,
e
which is satisfied when 4ra(e — 1) < 1. Consequently, if o < m then (4.19)

has a nonoscillatory solution.
Example 4. Let 0 < a < 3. Consider equation (4.19) with
asin(s —t), 0<t—s<m,
L(t,s) =< Bsin(s —t), m<t—s<2m,

0, otherwise,
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Then K(tv S) = BSiH(S - t)X[t—th—Tr] (S)a M(t7 5) = OéSiIl(S - t)X[t—mt](S) and
t
limsup {[g(t) — h(t)] / M(t,s)ds} = 2ma.
t—oo g(t)

The hypothesis (I4) holds for (4.19) if in addition o < % Similarly to Example 1,
if 4w (Be — ) < 1, we have

t s s
/ [/ K(S»T)dT—l/ M(s,)dr] ds:27r2(ﬁ—g)
h(t) h(s) e g(s) e

:%(ﬂe—a)<é.

Consequently, if fe — a < é, then (4.19) has a nonoscillatory solution.

For this kernel we can also obtain oscillation conditions. Since
S S

K(t,7)dr — M(t, 7 —h(t)+g(t))dr =2(8 — )
h(s) g(s)
for t — m <7 <t, we have

u u

K(u,T)de/ M(u,7)dr =2(8 — ).

h(u) g(u)
Then after substituting these results into the first formula in Corollary 4.2 we have

lim inf t ) K(t,7)dr — M(t,7 — h(t) + g(t)) dr|ds
(., L

t—o0 h(s)

/ dT/ exp / [ K(u,7)dr
h(T) +h(t)—g(t)  Jh(u)

— ” M(u,7) dT] du} - I)M(t, s) dS}

> /H [/h(s) K(t,7)dr — /g(s) M(t,7 — h(t) + g(t)) dr|ds

t T
+2(6—a) / dr / (2™~ — 1) d,T(t, s)
g(t) h(7)
=2n(f—a)+ (ezw(ﬂ_“) —1)2m.

Thus if 27(8 — a + exp{27(8 — a)} — 1) > 1/e, then all solutions of (4.19) are
oscillatory.

5. MIXED EQUATIONS

In this section we will consider mixed equations

xt)—l—Zak(t) Zbl z(gi(t +Z/ K; tS
k=1
Pt
—Z/ M;(t,s)x(s)ds =0, t>ty>0,
j=1"9

with the initial conditions

xz(t) = o(t), t<to, x(to) = o. (5.2)
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We assume that (C1)-(C3) and (I1*)—(I3*) hold. To avoid confusion, in (I2*)
instead of hy, g; the following functions are introduced:

hi = inf{s|K;(t,s) > 0}, §; = inf{s|M,(t,s) > 0}.
Consider in addition the following hypotheses:

(M1) m = n, ar > bk, hi(t) < gi(t) for k,t, t > 0, r=p, K;(t,s) > M;(t,s —
hi(t) + gi(t)) and

lim sup { Z b (t hi(t)] + Z[gl(t) - ﬁz(t)] [

t—o0

lim sup {b(t)[g(t) — ()] + Y ar®)[At) — hi (O] + D bi(t)[gi(t) — g(t)]
* k=1 =1
+(g(t) — h(1)) » M(t,s)ds+ Y (h(t) — hi(t)) - Ki(t,s)ds
g(t i—1 i(t
+ Z(fh(t) —9(0) [ " M (t, s) ds} <1
=1 gi(t

Obviously two other combinations of (C4), (C5) with (I4*), (I5*) can be considered.
Proposition 5.1. Suppose (C1)-(C3), (I1* )-(13*) and at least one of hypotheses
(M1), (M2) hold. Then the following hypotheses are equivalent.

(1) There exists t1 > 0 such that for t > t; the inequality

t m t

u(t) > Z ak(t) exp { u(s)ds} — Z bi(t) exp { / u(s)ds}

() k(1)

+ Z K;(t,s)exp { / T)dr}ds — Z M;(t,s)exp { / u(r)dr} ds

0] =Jaw

has a nonnegative locally integrable solution (we assume u(t) = 0 for t <

tl);

(2) There exists ta > 0 such that the fundamental function of (5.1) X (t,s) > 0,
12521y

(3) Equation (5.1) has a nonoscillatory solution;

(4) The inequality

t)"'zak(t)
k=1
T t
—|—Z/ K;(t,s)y(s)ds — /M (t,s)z(s)ds <0
i=1"0

has an eventually positive solution.
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The comparison result for equation (5.1) combines Propositions 3.3 and 4.4.
Consider the comparison equation

+Zak i::
+Z/Kts ds—Z/Mts =0.

Proposition 5.2. 1) Suppose (C1)-(C3),(11*)-(15) and either (M1) or (M2) hold
for (5.4), where ay, by, hi, g1, K, My are changed by ay, by, Bk,gl,lg, M, respectively.
If ap(t) > ax(t), bi(t) < bi(t), he(t) < hi(t), a(t) > ait), Ki(t,s) > Ki(t,s),
Mi(t,s) < My(t,s) and (5.4) has a nonoscillatory solution, then (5.1) also has a
nonoscillatory solution.

2) Suppose (C1)-(C3),11%)-(13*) and either (M1) or (M2) hold for (5.1). If a(t) <
ak(t)7 bl(t) > bl(t); hk(t) > hk:(t); gl(t) < gl(t)} Kl(tvs) < Kl(t7s)7 Ml(tas) >
M, (t,s) and all solutions of (5.4) are oscillatory, then all solutions of (5.1) are
also oscillatory.

Proposition 5.3. Suppose (C1)-(C3), (I1*)-(13*), (M1) hold and either there
eists such k that [° [ar(t) — be(t)|dt = oo or there exists such i that

(5.4)

0 t t

/ [ - K(t,s)ds — M;(t,s) ds} dt =
0 hi(t) gi(t)

Then any nonoscillatory solution of (5.1) tends to zero at infinity.

Remark. Similar result can be obtained if (C1)—(C3), I11*)—(I3*), (M2) are satis-

fied.
Proposition 5.4 presents oscillation conditions for (5.1).

Proposition 5.4. Suppose (C1)-(C3), (I1*)-(15*), (M1) and the following in-
equality hold

n

lim inf { 3 lan(t) — be(D)(t — hi(t)

e k=1

gk (t)
+ Z bk (eXp / ha(t) [ak(s) — bk(s)]ds} — ]_> (t _ gk(t))
+Z/ h(s i(t,T)dr — . Mi(t,T—hi(t)Jrgi(t))dT}ds

S u K | d
" Z/ i(t) /Bi(r) (exp{/s+fzi(t)§i(t) [ hi(u) s(e T

1
- Mz(u,T)dT} du} - 1) Mi(t,s)ds} > -
gi(u) €
Then all solutions of (5.1) are oscillatory.
Remark. Similarly to inequality 1) in Corollary 2.9 other oscillation conditions

for (5.1) can be deduced using inequalities 2)-4) of this corollary.
Proposition 5.5 present nonoscillation conditions.
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Proposition 5.5. Suppose (C1)-(C3), (I1*)-(15*), (M1) and the following in-
equality holds

lim sup { Zn: /ht lax(s) — ébk(s)}ds

t—o0o =1 k(t)

s t s 1 s 1
+Zﬁ ds{ - Ki(s,m)dr — - Mi(S,T)dT}} < -.
i—1 v hi(t) hi(s) € Jgi(s) €

Then (5.1) has a nonoscillatory solution.

Remark. Similar results are obtained (see Propositions 3.6, 4.7 and 4.8) if (M2)
is satisfied instead of (M1).
As a final example, consider the following equation of the mixed type

x(t) + Zak(t)x(hk(t)) - / K(t,s)z(s)ds =0, (5.5)
k=1 0

under the following conditions:

(ml1) ap > 0 are Lebesgue measurable bounded functions, K is Lebesgue inte-
grable over each finite square [0, b] x [0, b];
(m2) There exists finite function g(t) = inf{s|K (¢, s) > 0} and lim;_, g(t) = oo;
lim; o hi(t) = oo for each k;
(m3) Forany t >5>0, Y, e (E)X[h. (),00) ()2 [, K (t7) dr-
Consider also the following hypothesis

(m4) There exist constants c1,...,¢n, Y p—y ¢k = 1 such that
s—hi(t)+g(t)
ak ()X [hy(1),00) (8) = Ck/ K(t,7)dr
s—h(t)
and

n t

lim sup {[ch(g(t) — h(t))] / K(t,s)ds} < 1.

t—o0 =1 g(t)

Proposition 5.6. Suppose (m1)—(m3) hold. Consider the following hypotheses
(1) There exists t1 > 0 such that the inequality

u(t) > ];ak(t) exp { " u(s)ds} — /g(t) K(t,s)exp {/5 u(r)dr}, t >t

has a nonnegative locally integrable solution (we assume u(t) = 0 fort <
t1);

(2) There exists ta > 0 such that the fundamental function of (5.5) X (t,s) > 0,
t2>s 2>t

(3) Equation (5.5) has a nonoscillatory solution;

(4) The inequality

)+ Y an®un) = [ K(t.s)us)ds <0 (5.6)
k=1 0

has an eventually positive solution.

Then the implications 1) = 2) = 3) = 4) are valid. If in addition (m4) holds then
hypotheses 1)-4) are equivalent.
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To deduce a comparison result we introduce the equation

D+ b)) —/ M{(t, s)a(s) ds = 0. (5.7)
k=1 0

Proposition 5.7. 1) Suppose (ml)- (m4) hold, where ay,hy, K are changed by
bi, by, M, respectively. If by(t) > ap(t), hp(t) < hi(t), M(t,s) > K(t,s) for each
t,s,k and (5.7) has a nonoscillatory solution, then (5.5) also has a nonoscillatory
solution.

2) Suppose (m1)-(m4) hold. If by(t) < ar(t), hi(t) > hp(t), M(t,s) < K(t,s) for
each t, s,k and all solutions of (5.7) are oscillatory, then all solutions of (5.5) are
also oscillatory.

Proposition 5.8. Suppose (m1)-(m4) hold and

/ Zak / K(t,s ds]d

Then any nonoscillatory solutzon x of (5.5) satisfies lim;_,o x(t) = 0.
Note that Corollary 2.9, 1) implies the following result.
Proposition 5.9. Suppose (m1)-(m4) and the following inequality hold

noo s—hi(t)+g(t) n t
litm inf { Z / lak(s) — ck / K(t,7)dr]ds + Z Ch / dr
e hi (t) s k=1 g(t)

k=1 k(t *hk(t)
T S u
X / (exp {/ lar(u) — K(u,¢)d¢]du} — 1)K(t,s)ds} >
hi () s+hi(t)—g(t) g(u)
Then all solutions of (5.5) are oscillatory.

Remark. Similarly inequalities 2)-4) in Corollary 2.9 can be rewritten for (5.5).

Proposition 5.10. Suppose (m1)-(m4) and the inequality

) n t Ck /S 1
1 - — K(s,7)dr|dsy < —
lillsolip { Z /};k(t) [ak (8) € g(s) (S T) T} S} e

k=1
holds. Then (5.5) has a nonoscillatory solution.
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