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LARGE-TIME DYNAMICS OF DISCRETE-TIME NEURAL
NETWORKS WITH MCCULLOCH-PITTS NONLINEARITY

BINXIANG DAI, LIHONG HUANG, & XIANGZHEN QIAN

ABSTRACT. We consider a discrete-time network system of two neurons with
McCulloch-Pitts nonlinearity. We show that if a parameter is sufficiently small,
then network system has a stable periodic solution with minimal period 4k,
and if the parameter is large enough, then the solutions of system converge to
single equilibrium.

1. INTRODUCTION
We consider the following discrete-time neural network system
z(n) = Az(n —1) + (1 = A)f(y(n — k)),
y(n) = Ay(n —1) = (L = N f(z(n — k),
where the signal function f is given by the following McCulloch-Pitts nonlinearity
1) = {‘1’ i (12)

1, (<o

(1.1)

in which A € (0,1) represents the internal decay rate, the positive integer k is the
synaptic transmission delay,and o is the threshold. System (1.1) can be regarded
as the discrete analog of the following artificial neural network of two neurons with
delayed feedback and McCulloch-Pitts nonlinearity signal function

= —at) + Fly(t 7)), y
& (1.9
W~ —yt) - 1ttt - 7).

where 4 and % are replaced by the backward difference xz(n) — z(n — 1) and
y(n) — y(n — 1) respectively.

Model (1.3) has interesting applications in, for example, image processing of
moving objects, and has been extensively studied in the literature (see [1-3] and

reference herein). But, to the best of our knowledge, the dynamics of the discrete
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model (1.1) are less studied (see [4,5] ).For other discrete neural networks, we refer
to [6,7].
For the sake of convenience, let Z denote the set of all integers. For any a,b € Z,
a < bdefine N(a) = {a,a+1,---}, N(a,b) = {a,a+1,--- ,b},and N = N(0). Also,
let X = {¢|¢ = (p,9) : N(—k,—1) — R?}. For the given o € R, let
RY ={p|¢:N(~=k,~1) — Rand ¢(i) — o >0, fori € N(—k,—1)},

R, ={¢|¢:N(—k,—1) = Rand ¢(i) —0o <0, fori € N(—k,—1)},
X;*={0eX|o=(p¥),0 € Ry and Y € Ry},
Xe=XPTuX~uXx,TuXx, .

By a solution of (1.1), we mean a sequence {(z(n),y(n))} of points in R? that
is defined for all n € N(—k) and satisfies (1.1) for n € N .Clearly, for any ¢ =

(p,%) € X, ,system (1.1) has an unique solution (z?(n),y?(n)) satisfying the
initial conditions

2?(i) = (i), y?(i) =¢(i), forie N(~k,~1).
Our goal is to determine the large time behaviors of (z?(n),y?(n)) for every ¢ €
X,.Our analysis shows that for all ¢ = (p, 1) € X,, the behaviors of (z?(n),y?(n))
as n — oo are completely determined by the value (p(—1),%(—1)) and the size of

c.
The main results of this paper as follows.

Theorem 1.1. Let |o| < 1"’1’\72:#, o= (p,¥) € X, satisfy:
(1) o(=1) < & =1, 9(=1) < Za2 + 1 for g € X,
(2) p(=1) > >\k+1 +1, 9(=1) < UT—H —1 forpe X,F;
(3) o(-1) >+ 1, 9(-1) > I5HE — 1 forp € X ;
(4) p(-1) < ;’k—tﬁ —1,¢(-1)> & +1 forpe X~
Then there exists ¢g = (po,%0) € Xy such that the solution {x?°(n),y® (n)} of

(1.1) with initial value ¢pg = (po,%0) is 4k periodic. Moreover, for any solutions
{(z®(n),y®(n))} of (1.1) with initial value ¢ € X,, we have

lim [2(n) — ()] =0 lim [y(n) — y (n)] = 0.

Theorem 1.2. Let |o| > 1 and ¢ = (¢,9) € Xg. Then lim,, .o (2?(n),y?(n)) =
(1,-1), if o > 1; and lim,, oo (z%(n),y ( ) =(-1,1),if o < —1.
Theorem 1.3. Let o = 1, Then lim, . (2%(n),y%(n)) = (1,-1), ifp € X+t U
X;tUX 7 and hmnﬂoo(x‘b( ),y%(n)) = (1,1), if p € X}~
Theorem 1.4. Let 0 = —1, Then lim,,_ o (z%(n),y?(n)) = (=1,1), if ¢ € Xt U
XF=UX;7; and lim, o (2%(n),y?(n)) = (-1 —1) ifpe Xt

For the sake of simplicity, in the remaining part of this paper, for a given n € N
and a sequence z(n) defined on N(—k), we define z,, : N(—k,—1) — R by z,(m) =
z(n+m) for all m € N(—k,—1).

2. PRELIMINARY LEMMAS

In this section, we establish several technical lemmas, important in the proofs of
our main results. Assume ng € N, we first note the difference equation

z(n)=Ax(n—1)—14+ X, n€ N(ng) (2.1)
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with initial condition z(ng — 1) = a is given by

z(n) = (a+ DA™ — 1 n e N(ng). (2.2)
And that the solution of the difference equation
z(n)=Ax(n—1)+1—-X n e N(n) (2.3)
with initial condition z(ng — 1) = a is given by
z(n) = (a— DA™ 1 41 n € N(ng). (2.4)

Let (z(n),y(n)) be a solution of (1.1) with a given initial value ¢ = (p,¢) €
X,.Then we have the following:

Lemma 2.1. Let —1 < o < 1. If there exists ng € N such that (Tn,,Yn,) €

Xt then there exists ny € N(ng) such that (Tyn,+k, Yn,+x) € X, . Moreover, if

z(ng — 1) < T — 1,then (Tng ks Yno+k) € X5 T

Proof. Since (Zn,,Yn,) € XJ'T, for n € N(ng,ng + k — 1) we have
z(n)=Ax(n—1) -1+ ),

2.
y(n) = Ny(n— 1)+ 1=, (29
By (2.2) and (2.4), for n € N(ng,no + k — 1), we get
z(n) = [x(ng — 1) + 1A+t _ 1,
(n) = [z(no — 1) +1] (2:6)

y(n) = [y(ng — 1) — LA™+ 41,

We claim that there exists any € N(ng) such that z(n) > o forn € N(ng—k,n1—1)
and z(ny) < o. Assume, for the sake of contradiction, that z(n) > o for all
n € N(ng — k). From (1.1) and (1.2), we have

yn)=Xyln—1)+1-X, n € N(ng),
which yield that
y(n) = [y(ng —1) = A" 41> (0 — DA™ 11 > 6, n € N(ng).
Therefore, for all n € N(ng — k), we have y(n) > o. By(1.1), then
z(n)=Xx(n—1)—14+ X, n € N(Np),
which implies that
z(n) = [x(ng — 1) + A" — 1. n e N(N).

Therefore, lim,, . z(n) = —1, which contradicts lim, o, z(n) > o > —1. This
proofs our claim. jFrom (1.1) and (1.2), we have

y(n) =Xy(n—1)+1—-X, n€ N(ng,ni +k— 1),
which implies that
y(n) = [y(no —1) = YN +1, n e N(ng,ni +k —1).
Note that y,, € R} and o < 1 implies
y(n) >0, neN(ng—kn +k—1), (2.7)

that is yn,+x € RF. This, together with (2.1) and (2.2), implies that z(n) < o
for n € N(ni,n; + 2k — 1), that is @, 4x € R,. S0 (Tpy4k,Yni+k) € X5
In addition, if z(ng — 1) < ZEL — 1, then from (2.6) we get y,,4+x € RS and
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x(ng) = (x(nog— 1)+ 1)A —1 < o, Note that z(ng —1)+1 > o+ 1 > 0,(2.6) implies
that

z(no+k—1)<zng+k—2)<---<z(ng) <o,
that is Zp,+k € Ry . SO (Tng+k, Yne+k) € X, 7. This completes the proof. O
Lemma 2.2. Let o > —1. If there exists ng € N such that (xy,,Yn,) € X, T, then

there ezists ny € N(ng),such that (Tp, 4k, Yn,+k) € X~ . Moreover, if y(ng—1) <
"T'H — 1, then (Tpng+ks Yng+k) € X7

Proof. Since (Tpy,Yn,) € X, T, from (1.1) and (1.2), it follows that for n €
N(no,no + k- 1),

z(n)=Ax(n—1) -1+ ),
y(n) = Ay(n —1) — 1+ \. (2.8)
So
xin) = |lx(ng — n—no+1
(n) = [x(ng — 1) + 1]A 1, »

y(n) = ly(no — 1) + A" 7"F! — 1.
Note that (2., Yn,) € X, implies z(ng — 1) < o, y(ng — 1) > o. Similar to the
proof of Lemma 2.1, we know that there exists n; € N(ng) such that y(n) > o
for n € N(ng — k,ny — 1) and y(ny1) < o. Then (2.8) and (2.9) hold for n €
N(n07n1 +k— 1) So (xnl—‘rkaynl-i-k) € Xz;’i'

Moreover, if y(ng — 1) < 2 — 1, then 2(n) < o for n € N(ng,no + k — 1), that

is Tpo+r € R, and

y(ng) = (y(no— 1)+ DA —-1<o.
By (2.9) we get

y(no+k—1) <y(no+k—2)<---<y(ng) <o,

which implies yp,4+x € Ry . SO (Tng+k, Yng+k) € X5~ - O

By a similar argument as that in the proofs of Lemmas 2.1 and 2.2, we obtain
the following result.

Lemma 2.3. Let —1 < o < 1, if there exists ng € N such that (Tn,,Yn,) € X5,
then there exists ny € N(ng), such that (Tp,+k,Yn,+x) € X ~. Moreover, if
z(ng — 1) > I 4+ 1, then (Tnotk, Ynot+k) € XS 7.

Lemma 2.4. Let o < 1,if there exists ng € N such that (Tny,Yn,) € X7,
then there exists ny € N(ng), such that (Tp, 4k, Yn,+k) € XF. Moreover, if
y(ng —1) > UT_l + 1, then (Tng+k, Yno+x) € X T

3. PROOFS OF MAIN RESULTS

Proof of Theorem 1.1. In view of Lemmas 1-4, it suffices to consider the solution
{(xz(n),y(n))} of (1.1) with initial value ¢ = (p,?%) € X+, ;(From Lemmal, we

obtain (zg,yr) € X, ", which implies that for n € N(0,k — 1),
z(n) = [p(—1) + 1JA" T — 1,

(n) = [p(=1) +1] L (3.1)

y(n) = [p(=1) 1A + 1.

It follows that

=
=
=

\
—
Nt

I

o(—1) + 1]\F —1,
y(k —1) = [p(—1) = YN + 1.
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Using ¢(—1) < 25522, then y(k — 1) < &2 —

Again by Lemma 2.2, we get (xak,y2r) € X, , which implies that for n €
N(k, 2k — 1),
z(n) = [z(k — 1) + 1JA"7FH — 1, (32)
y(n) = [y(k — 1) + 1A"FF 1, .
It follows that
2k —1) = [z(k — 1) + 1\F — 1,
y(2k —1) = [y(k — 1) + 1]A\* — 1.
Note that x(k — 1) > (0 + 1)A\¥ — 1 and o < % yield
-1
22k —1) > (c+ 1A% —1> "TH.

By Lemma 2.3, we obtain (235, ysr) € X7, which implies that for n € N(2k, 3k —

1
: z(n) = [x(2k — 1) — A" 2K+ £ 1, 53)
y(n) = [y(2k — 1) + A2 1, ‘
It follows that
z(3k —1) = [#(2k — 1) — 1]A\* + 1,
y(3k — 1) = [y(2k — 1) + 1JAF — 1.

Note that y(2k — 1) > (0 + 1)A\* — 1 and ¢ < %, we have
-1
y(3/€—1)>(0+1))\2k—1ZUT+I.

By Lemma 2.4, we obtain (x4, y4r) € X7, which implies that for n € N(3k, 4k —

1
! z(n) = [z(3k — 1) — A3k 41, (3.4)
y(n) = [y(3k — 1) — 1A 3k 11, '
It follows that
x4k —1) = [z(3k — 1) — 1JA\* 41,
y(4k — 1) = [y(3k — 1) — 1J\F + 1.
Note that z(3k — 1) < (¢ — 1)\* + 1 and ¢ > 7%, we have

o+1

4k —1) < (o - DI +1< 1.

Again by Lemmal, we obtain (wsk,ysk) € X, ", which implies that for n €
N (4k, 5k — 1),

#(n) = [e(4k = 1) + AT, (3.5)

y(n) = [y(4k — 1) — A4+ 41, .
It follows that

x(5k — 1) = [z(4k — 1) + 1]\* — 1,

y(5k — 1) = [y(4k — 1) — 1JAF + 1.
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In general, for i € N(1), we can get:

A—46-DEk _ 1
=Jp(=1)+ 1A ottt — ]
2(n) = (1) + AT 4 2A 1 S 1,
A—@i—2)k 4 q
_ n+1 n+k+1
y(n) = [P(=1) = A" 4+ 24" o — 1
forn € N((4i — 3)k, (4i — 2)k — 1);
A—@i-2)k 4 q
_ o n+l n+1
z(n) = [p(=1) + 1A 2\ v +1,
/\—(4i—2)k +1
y(n) = [(=1) JA +2A A2k 1
forn € N((4i — 2)k, (4i — 1)k — 1);
A~ (4i=2)k 4
_ n+1 n+1
)\—4ik -1
_ n+1 n+k+1
y(n) = [(=1) = A" - 2) Sepg th
for n € N((4¢ — 1)k, 4ik — 1);
)\—4ik -1
_ n+1 n+1
)\—4'L'k -1
_ +1 +k+1
y(n) = [(=1) =A™ = 24" =g 1,
for n € N(4ik, (4i 4+ 1)k —1).
Let (250 = ((po,’(/)o) S X;r’+, with
1— 2%k 1+ A2k —2)\F
@o(—1) = Wﬂﬁo(—l) I v
Then
2 n—4(i—
x¢° (TL) _ WA 4(t—1)k+1 17
2 n—(4i—
yqbo(n) — m)\ (4i—3k)+1 _ 1
for n € N((4¢ — 3)k, (4i — 2)k — 1);
2 n—(4i—
xWWZ_Hq%A01MH+L
2 n—(4i—
¥ (n) = TN -
for n € N((4i — 2)k, (4i — 1)k — 1);
2 (4i—2)k
x%W):_1+A%AnM PR
yzi)o (Tl) _ 2 )\nf(4i71)k+1 +1

14 A
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for n € N((4i — 1)k, 4ik — 1);
2

b0 (1) — n—dik+1 _
v?(n) = T :
2 )
y*n) = =5 T2k AnT DR 4,

for n € N(4ik, (4i 4+ 1)k — 1).
Clearly, {(z®(n),y?*(n))} is periodic with minimal period 4k, and as n — oo,

¢ ¢ w22
2?(n) —z?(n) = [p(-1) + 1]\ fWHO,
é é i 2>\n+k+1
y?(n) —y®(n) = [¥(-1) — 1A JFWH
This completes the proof of Theorem 1.1. O

Proof of Theorem 1.2. We prove only the case where o > 1, the case where 0 < —1
is similar. We distinguish several cases.
Case 1 ¢ = (p,9) € X, >~. In view of (1.1), for n € N(0,k — 1) we have

zn)=Az(n—1)+1- ),

3.6
yn) =dyn—1) =1+ . (3:6)
which yields that for n € N(0,k — 1),
z(n) = [p(—1) — 1A T + 1,
(n) = [p(=1) — 1] (3.7)

y(n) = [b(~1) + A" — 1.

This implies that zx(m) < o,yx(m) < o for m € N(—k,—1), therefore (xy,yx) €
X, >~. Repeating the above argument on N (0, k—1), N(k,2k—1), - - - ,consecutively,
we can obtain that (x,,y,) € X~ for all n € N. Therefore, (3.7) holds for all
n € N, and hence

lim (a(n),y(n)) = (1,-1).
Case 2 ¢ = (p,90) € Xt U X~ U X+, By (1.1), for n € N, we have
z(n) <Ax(n—1)4+1—=\
y(n) <Ay(n—1)+1-A.
By induction, this implies

a(n) < [p(=1) = A" + 1,

y(n) < [W(=1) =A™+ 1. (3.8)
Since
Jim [(o(=1) = DA™ +1] =1 <o,
Jim [((=1) = DA™ 1] =1 <0,

then there exists m € N(1), such that z(n) < o,y(n) < o for n € N(m). This
implies that (Tp+x, Ynt+k) € X~ for all n € N(m). Thus, by case 1, we have

Tim (2(n), y(n)) = (1,-1).

This completes the proof of Theorem 1.2. |
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Proof of Theorem 1.3. We distinguish several cases.

Case 1 ¢ = (p,9) € X »~. Using a similar argument to that in Case 1 for the
proof of Theorem 1.2, we can show the conclusion is true.

Case 2 ¢ = (p,9) € X;7. By lemma 2, there exists ng € N such that
(Tng+k» Yno+k) € X, >~ . Thus, it follows from Case 1 that conclusion is true.
Case 3 ¢ = (p,%) € X+, By Lemma 2.1, there exists ng € N, such that
(Tng+k> Yno+k) € X;’Jr. Thus, it follows from Case 2 that the conclusion is true.
Case 4 ¢ = (p,9) € X}»~. By (1.1) and (1.2) we have that for n € N(0,k — 1),

z(n)=Ax(n—1)4+1—\

yn)=Ay(n—1)+1- X
which implies that for ¢ € N(—k, —1),

(i) = [p(=1) = LA 41,
yi(i) = [B(=1) = YATET 41

)
Since p(—1) > o = 1,9(—1) < o = 1, then (3.9) implies that zx(i) > 1, yp(i) < 1
for i € N(—k,—1), and so (zg,yx) € X, '~. Repeating the above argument on
N(k,2k — 1), N(2k,3k — 1), ..., consecutively, we can get, for all n € N,

w(n) = [p(=1) = YA"F +1,
y(n) = [(=1) = A"+ 1.

Therefore, lim, . (x(n),y(n)) = (1,1). This completes the proof of Theorem
1.3. O

(3.9)

The proof of Theorem 1.4 is similar to that of Theorem 1.3 and we omit it.
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