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SYNCHRONIZATION OF NONAUTONOMOUS DYNAMICAL
SYSTEMS

PETER E. KLOEDEN

ABSTRACT. The synchronization of two nonautonomous dynamical systems
is considered, where the systems are described in terms of a skew-product
formalism, i. e., in which an inputed autonomous driving system governs
the evolution of the vector field of a differential equation with the passage
of time. It is shown that the coupled trajectories converge to each other
as time increases for sufficiently large coupling coefficient and also that the
component sets of the pullback attractor of the coupled system converges upper
semi continuously as the coupling parameter increases to the diagonal of the
product of the corresponding component sets of the pullback attractor of a
system generated by the average of the vector fields of the original uncoupled
systems.

1. INTRODUCTION

Synchronization of coupled dissipative systems is a well known phenomenon in
biology and physics. It has been investigated mathematically in the case of au-
tonomous systems by Rodrigues and his coauthors [1, 2, 6], who not only show
that the coupled trajectories converge to each other as time increases for suffi-
ciently large coupling coefficient but also that the global attractor of the coupled
system converges upper semi continuously as the coupling parameter increases to
the diagonal of the product of the global attractor of a system generated by the
average of the vector fields of the original uncoupled systems. An important prop-
erty of the systems here is their ultimate boundedness or dissipativity, which can
be characterized through Lyapunov functions.

Afraimovich and Rodrigues [1] also considered the synchronization of nonau-
tonomous systems. They could show that the coupled trajectories converge to each
other with increasing time, but did not say anything about the attractors of the
systems under consideration. Here we use a new concept of pullback attractor for
nonautonomous systems [3] to make analogous statements about the attractors of
the coupled system and limiting averaged system in the nonautonomous case. For
this we use the skew-product formalism of the differential equations, that is, with
an inputed autonomous driving system governing the evolution of the vector field of
the system with the passage of time. Such a formalism is typical, for example, for
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almost periodic differential equations, for which the driving system is the shift op-
erator on a set of admissible vector fields called the hull of the differential equation
[4, 7, 8, 9]. In order to focus on the structure of the nonautonomous attractors we
assume a simple uniform global dissipativity condition of the differential equations.
Technical generalizations as in [1, 2, 6] are possible.

The paper is structured as follows. In the next section we recall the basic ideas
on nonautonomous dynamical systems and their attractors. Then in Section 3 we
formulate our main results on the synchronization of nonautonomous dynamical
systems generated by ordinary differential equations. We present a simple example
in terms of scalar differential equations in Section 4, with some additional remarks
on generalizations to infinite dimensional reaction diffusion equations. Our proofs
of the theorems formulated in section 3 are then given in the remaining sections of
the paper.

We need some notation. Let H} denote the Hausdorff distance (semi-metric)
between two nonempty sets of a complete metric space (Z,dz), that is

H (A, B) := supdistz(a, B),
acA

where distz(a, B) = infpe g dz(a,b), and let
HZ(AaB) = max {HZ(AaB)aH;(BaA)}

be the Hausdorff metric on the space K(Z) of nonempty compact subsets of (Z,dyz).
Finally, let Bz[z, R] := {# € Z : dz(z,Z) < R} be the closed ball in Z centered on
z with radius R. When Z = R? we will write Bz[z, R] as By[z, R).

2. ATTRACTORS OF NONAUTONOMOUS DYNAMICAL SYSTEMS

Following [3] and the papers cited therein, we define a nonautonomous dynamical
system (6, ¢) in terms of a cocycle mapping ¢ on a state space X which is driven by
an autonomous dynamical system 6 acting on a base or parameter space P. Here
we assume that (X, dx) and (P,dp) are complete metric spaces.

Specifically, 8§ = {6; : ¢t € R} is a dynamical system on P, ie., a group of
homeomorphisms under composition on P with the properties that

(1) Oo(p) = p for all p € P;

(2) Os4t = 05(0:(p)) for all s, t in R;

(3) The mapping (¢,p) — 6:(p) is continuous,
The cocycle mapping ¢ : RT x P x X — X satisfies

(1) ¢(0,p,z) =z for all (p,x) € P x X
(2) ¢(s+t,p,x) = P(s,0:(p), d(t, p,x)) for all s, ¢, in R, (p,z) € P x X;
(3) The mapping (¢,p,x) — ¢(t,p,x) is continuous.

A family A = {4, : p € P} of nonempty compact subsets A, of X, which is
invariant under the the cocycle mapping in the sense that ¢(t,p, A,) = Ay, for
all t > 0 and which is pullback attracting in the sense that

Jim H (6(.0-,(p). D) . 4,) = 0 (2.1)

for any nonempty bounded subset D of X and p € P is called a pullback attractor
of (0,¢). Tt is called a forward attractor if the forward convergence

tligloH;(<¢<t7paD)7A9t(p))) =0 (22)
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holds instead of the pullback convergence (2.1). Obviously, any uniform pullback
attractor is also a uniform forward attractor, and vice versa, where uniformity is
with respect to p € P. (See [3] for a detailed discussion on such attractors and
the relationship of the subset A := Upep{p} x A, of P x X with a possible global
attractor of the autonomous skew—product system 7 on the product space ¥ =
Px X, i.e., the mapping 7 : RT xY — Y defined by (¢, (p, z)) := (6:(p), ¢(t, p, x));
the name skew—product is due to the fact that the driving system acts independently
of the state space dynamics).

The existence of a uniform pullback attractor follows from the assumed asymp-
totic compactness of the cocycle mapping and the existence of a uniform absorbing
set B, which is a nonempty compact subset of X and uniformly absorbs nonempty
bounded subsets D of X, i.e., there exists a Tp > 0 independent of p € P, such
that

¢(t,p,D) C B for all t > Tp.

If, in addition, B is ¢—positively invariant i.e., with ¢(¢t,p, B) C B for all t > 0 and
p € P, then the nonautonomous dynamical system (6, ¢) has a uniform pullback
attractor A = {4, : p € P} with component sets given by

A, =9 t.0-4(p), B) (2.3)

t>0

for each p € P.

3. DYNAMICS OF SYNCHRONIZED SYSTEMS

Consider two dissipative nonautonomous dynamical systems in R, given by

dx
— = P, 3.1
i =), pep (3.1)
with driving system 6; : P — P, and
d
% =g(q,z), q€Q, (32)

with driving system 9, : Q — Q.

Suppose that both systems are sufficiently regular to ensure the forwards ex-
istence and uniqueness of solutions, so they generate nonautonomous dynamical
systems on P x R? and @ x R?, respectively. In particular, suppose that both
satisfy a uniform dissipativity condition

<$,f(p,l‘)> SK—L|$|27 pepa <x,g(q,x)> SK—L|$|27 qua (33)

From these conditions we obtain the differential inequalities

1d 9 o

——|y(t)|* < K — L|y(t
SPTLARLES ly(t)]
uniformly in p € P and q € @, respectively. Thus in both cases the closed ball

Bal0, /(K +1)/L] := {z € R ; [2]> < (K +1)/L}

is uniformly absorbing, and positively invariant, so both systems have uniform
pullback attractors in R?, respectively

AW — {Az(>f) :pe P}, AW = {Aflg) 1q € Q).

5 e < K — Ljz(t)]?,
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Consider now the dissipatively coupled system
dx dy
dt dt
with the product driving system (6¢,%;) : P x Q@ — P x Q. Here v > 0. By the
uniform dissipativity condition (3.3) we have

L (P +P®) = 2e0), (i) +2(0), S(t)
(a(0), £ O, 2(1)

+2(y(t), 9(¥r, y (1)

< 4K —2L (|z(t)]?

from which it follows that the closed ball
Buoal0, @K + 1)/ = {w € R ; |22 < (2K +1)/L}

in R2? is a uniform absorbing and positively invariant for the coupled system (3.4),
so the coupled system (3.4) has a uniform pullback attractor in R2? for each v > 0
which will be denoted by

AW = (AP 2 (p,g) € P x Q).

2
2

In addition, writing

(x(”)(t%y(”)(t)) = (x(”) (t, p, a4, 0, 90), ¥y (t, 1, 4, xo,yo))

for the solution of the coupled system (3.4) with initial parameter value (p, q) and
initial state (xg,yo) we obtain

Theorem 3.1. For all finite To > Ty > 0, all (x0,y0) € B24[0, /(2K +1)/L] and
all (p,q) we have

lim ‘x(”)(t) —yW (t)‘ =0 wuniformly in t € [Ty, T3] (3.5)
V—00

The proof will be given in Section 5.
From this and the fact that a pullback attractor consists of the entire trajectories
of a system it follows the statement of the next theorem.

Theorem 3.2. Let Diag (R? x R?) = {(z,2) z € R*}. Then
Tim H3, (AEZ?q)7Diag (R? x R?) (1) Bzal0, /2K + 1) /L]) =0. (3.6

The proof will be given in Section 6.
In fact, we can say much more about the dynamics inside the pullback attractor
A®) and what happens as v — oo. Let

(w(”)(t%y(”)(t)) = (x(”) (t, p, a4, 0, 90), ¥y (t, 1, 4, xo,yo))

be an entire trajectory of the coupled system inside the pullback attractor AW =
(A (p.q) € P x Q}, 50

(= ®,y®) € AG), ) foral teR
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Theorem 3.3. For any entire trajectory (x(")(t),y(") (t)) of the coupled system
inside the pullback attractor AY) there exists convergent subsequences

lim 20 (t) = 2(t), lim y®)(t) = 2(¢)

v/ —o00 v/ —o00
uniformly on compact time subintervals in R, where z(t) is a solution of the nonau-
tonomous differential equation

dz

O U2 +ela.2) (37)

with the product driving system (0y,1;) : P x Q@ — P x Q.

The proof will be given in Section 7.
It follows from the uniform dissipativity condition (3.3) that the closed ball

Byl0, /(K +1)/L) ;== {z € R*; |2]* < (K 4+ 1)/L}
is uniformly absorbing, and positively invariant for the limiting system (3.7), so the
limiting system (3.7) has a uniform pullback attractor

A = {AP) 2 (p,q) € P x Q)
in R?. From Theorems 3.2 and 3.3 we thus have the following statement.

Corollary 3.4. Let Diag (AEOO) AE;%) {(:c x); x € AEZO )}, Then

yli_{go Haq (Agp)q)’ Diag (A(p q) Aggcq))) =0. (3.8)
The proof will be given in Section 7.

Remark 3.5. Similar results hold for parabolic partial differential equations. This
was shown for the autonomous case in [2, 6]. The main difference in the nonau-
tonomous case is the use of nonautonomous pullback attractors as above. For
example, consider two nonautonomous reaction-diffusion equations

S~ Dut o), 9= Dot gla)
on a bounded domain §2 in R™ and, say, Dirichlet boundary conditions for which the
driving systems are, respectively, 8; : P — P and ¢, : Q — Q. Assuming the same
properties of f and g as above, the solutions generate asymptotic compact cocycle

mappings in an appropriate Banach space X“. Similarly, the coupled system

O Mt () oo ), 0 = At glg,0) + vlu o)
on the bounded domain 2 in R™ with the same boundary condition and coupled
driving system (6;,1;) : P x Q — P x @) generates an asymptotic compact cocycle
mapping in the product Banach space X< x X with a pullback attractor AW =
{AEZ)q) (p,q) € P x Q}, where the components sets Ag;?q) are nonempty compact
subsets of X* x X%, These component sets are close to the diagonal product of the
corresponding component sets of the pullback attractor AW = {A(p ) : (p,q) €

P x Q} in X® of the limiting system

0z 1
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and appropriate counterparts of the above results in R? can be established using
similar technical details to those in [1, 2, 6].

4. AN EXAMPLE

Consider the scalar nonautonomous differential equations

dx d
—=—z+alt), oL =—y+B), (4.1)
where o and 3 are bounded functions. Here the driving systems are defined by the
shift operators defined by 0;a(-) = a(- +t) and ¥, 8(-) = B(- + t) for all t € R and
the base spaces P and @ are, respectively, the closed hulls of the functions a and
B asin [4, 8, 9].

We note that both systems are strongly dissipative with

|l21(t) — 22(t)] < e Maon —o2l, |y1(t) —y2(t)] < e Flyor — yo2l

for any pair of initial values. Thus both systems have singleton trajectory pullback
attractors defined via

i.e. with AY) = {z(0)} and A% = {5(0)}.
The limiting system
dz 1
- *ts (a(t) + B(1))
is also strongly dissipative with a singleton trajectory pullback attractor given by

(t) = %e—t/ e (a(s) + B(s)) ds = %(f(t) +9(1)

— 00

Y

i.e., the average of z and gy (which is due to the linearity of the equations).

The synchronized system here is

d d

= rrald)+rly—a), 5= —y+B(t) +v(e—y)
has general solution

(o) = G e Lo ()

—1—-v —v At et 4 ef(1+u)t et — 67(1+V)t
AV = y 1=yl € = e—t _ e—(l-‘rl/)t e—t + e—(1+y)t )

where

) (t) _ 1 e~ (t=10) (29 + yo) + e~ T E—t0) (25 — 4y0)
2 \ e~ (=t (zg + yg) — e (HE—t0) (0 — 5y)
L[ (eI als) + B(s) + e als) = B(s)
2 Ji, \e 7 (als) + B(s)) — em I (a(s) - B(s)))
Taking the pullback convergence limit t{y — —oo we obtain the singleton trajec-
tory in the pullback attractor, namely

(Z00) =3[ (SUteler el s

y(t) 2 ™= a(s) + B(s)) — e~ I (a(s) — B(s))
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Thus as ¥ — oo we obtain

Eow) - 3 /t:e<“><a<s>+5<s>>ds (1) == ()

Since the attractors here each consist of a single trajectory we in fact have
continuous convergence of the attractors.

5. PROOF OF THEOREM 3.1

As above we consider the solution
(:L.(V) (t)7 y(l/) (t)) = ((L’(U) (t’ P, q, %o, yO)» y(y) (t7p7 q,Zo, yO))

of the coupled system (3.4) with initial parameter value (p,q) € P x @ and initial
state (2o, y0) € Bad[0, /(2K + 1)/L]. For the remainder of this section the index
v will be omitted. Then, from (3.4), it follows that U(t) := x(t) — y(t) satisfies the
equation

LU = ~200(1) + 10, 2(0)) — g, y(1),

SO

and hence

U®)] < U] + 6_2”/0 e (| f(0sp, ()| + lg(sa, y(5))]) ds.

Now B4[0,+/(2K + 1)/L] is positively invariant for the synchronized system, so
if (zo,y0) € B24[0, /(2K + 1)/L], then z(t) — y(t) € Ba4[0, /(2K + 1)/L] for all

t > 0. Moreover Bog4[0,+/(2K +1)/L], P and @ are compact, so by the continuity
of f and g there exists a finite constant M such that

[f(p @)l +lg(ay)] <M forall (2,y) € B2a[0, /(2K +1)/L],p € Pg € Q.
Thus
|U®#)| < |U(0)]e 2t 42Vt /025 e?s M ds.
from which it follows that
U] < 0O + 5 (1- 7).
Thus, reinserting the index v,

2 (t) — y(”)(t)‘ —|U@®)] =0 as v—oc

for all t € (0,T] with an arbitrary finite 7 > 0, and hence for any ¢ € [T, T3] for
arbitrary finite 7o > 77 > 0.
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6. PROOF OF THEOREM 3.2
Let (x(()u)’ yéy)) € Aé;?q). Then there exists an entire trajectory (z(”) (1), y(”)(t)) €

Aggt)p,wtq) for all t € R with (z()(0),y™)(0)) = (x(()”),y(()”)>.

We apply Theorem 3.1 to this trajectory on a time interval [—1,1], say, i.e.
considering it as starting at time —1 with parameters (0_1p,1¥_1q) instead of time
0 with parameters (p,q). Thus we have convergence |z(*)(t) — y¥) ) — 0 as
v — oo on the time interval ¢ € [0,1], and in particular at time ¢ = 0, that is

—0 as v — 0.

‘xé") ~
Since (xéu)7yéu)) € Byy[0, /(2K + 1)/L], which is compact, we have
lim H, (A7) Diag (R x RY) () Baal0, /(2K + 1)/L]) =0,
where Diag (R? x RY) = {(z,z) ; v € R%}.

7. PROOF OF THEOREM 3.3 AND COROLLARY 3.4

Let (:U(”) (t), y™) (t)) be an entire trajectory of the coupled system inside the
pullback attractor A®) for each v > 0 with (os(V)(O),y(”)(O)) = (xg/),y(()y)) €

AEZ?q)' Define
2 (t) = % (x(”)(t) +y¥ (t)) for all teR.
Then
900 = 2 (1 (002 0) 4o (g2 0))
= 5 (F (0220 —y0(0) + 9 (00,220 (1) — 2 (1) )(7.1)
Thus

22000 < 3 (16,2 )] + g (g, v (1)) < M

where M is a finite bound on |f(p,z)| + |g(¢g,y)| on the compact set P x Q X
Bo4[0,+/(2K + 1)/L]. Thus the sequence of functions z(*) is equicontinuous on any
compact time interval and has a uniformly convergent subsequence on this interval.
By a diagonal sequence argument this can be extended to uniform convergence on
all time intervals of the form [—N, N]. Thus

Z(”/)(t) N Z(t) as vV — oo forall te R,

where z(t) is continuous. Now, by Theorem 3.1,

1
A1)~y ) = 5

_ !

(=) 5 (1) =0,

2@ —2W(t) = S (¥ () — 2™ (1) — 0

[\)

as v — oo for all ¢t € R. Hence

2:00(t) =y (1) — 2(t), 2:7(1) — () — 2(t)
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as well as
() = 2(t), Y (t) — 2(1)

as v/ — oo for all t € R. (There convergences here are in fact uniform on any
compact interval in R). Writing the differential equation (7.1) with v in integral
form, i.e., as

2 (1)
= 20 (1) + %/ (£(0.p,2:(5) =y () + (220,22 (5) == (5)) ) s,

by continuity it follows that

() = #(00) + 5 [ (7(0.0,2() + 9 (0, 2(0)) s

i.e., z is a solution of the nonautonomous differential equation (3.7), namely

dz 1
with the product driving system (6;,1:): P X Q — P x Q.

Finally, the assertion of Corollary 3.4 holds because z(t) constructed above is an
entire trajectory of the limiting system (3.7), so belongs to its pullback attractor.
Specifically

z(t) € Ag;f;’wtq) for all teR.

In particular, this means that

Jim Hag (AEZ?q)’ Diag (AEZ;) X AEZ%)) =0,
where Diag (A(Oo) x A ) = {(x z); ze A }
(p,9) (p,9) ’ ) (pq) [
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