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HOMOGENIZATION OF NONLINEAR MONOTONE
OPERATORS BEYOND THE PERIODIC SETTING

GABRIEL NGUETSENG & HUBERT NNANG

ABSTRACT. We study the homogenization of nonlinear monotone operators
beyond the classical periodic setting. The usual periodicity hypothesis is here
replaced by an abstract assumption covering a wide range of concrete be-
haviours such as the periodicity, the almost periodicity, the convergence at
infinity, and many more besides. Our approach is based on the recent theory
of homogenization structures by the first author. The exactness of the results
confirms the major role the homogenization structures are destined to play in a
general deterministic homogenization theory equipped to consider the physical
problems in their true perspective.

1. INTRODUCTION

Let 1 <p <2. Let (y,A) — a(y, \) be a function from RY x RN to RY with the
following properties:

For each fixed A € RY, the function y — a(y,\) (denoted by

a(-,\)) from RY to RY is measurable (1.1)

a(y,w) = w almost everywhere (a.e.) in y € RV, where w denotes (1.2)
the origin in RY '

There exist two constants «,c > 0 such that, a.e. in y € RY:

(1) (a(y,A) —aly,p)) - (A = p) 2 a|A —pf?

(i) la(y, \) = aly, p)| < c|A = pfP~! (1.3)
for all X\, u € RY, where the dot denotes the usual Euclidean inner

product in RV.

Let © be a bounded open set in RY (the space RV of variables z = (21, -+ ,2x)),
and let f € W‘l’p/(Q;R), p = p’%l. For each given real € > 0, we consider the
boundary value problem

—diva(E Du.) =f inQ, u. € Wy" (% R), (1.4)

6 b
which uniquely determines u. (see Section 6 of [18]). Here D denotes the usual

gradient, i.e., D = (D, )1<i<n, where D,, = 62"
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We are interested in the homogenization of (1.4) (i.e., the analysis of the be-
haviour of u. when € — 0) under a suitable assumption on the behaviour of a(y, A)
in y € RY. Such an assumption will be referred to as a structure hypothesis [19, 20].

The common structure hypothesis is the so-called periodicity hypothesis, that
is, the assumption that a(y + k,\) = a(y,\) a.e. in y € RY, where k is any
arbitrary point in Z" (Z denotes the integers). The homogenization of (1.4) under
the periodicity hypothesis has been widely studied (see, e.g., [9, 10, 17, 18, 26]).

However, there is no doubt that in a great number of physical situations the
periodicity hypothesis is inappropriate and should be therefore substituted by a
realistic structure hypothesis. A few examples of such structure hypotheses will
perhaps help us to have a clear idea of what a non periodic homogenization setting
(for problem (1.4)) may look like. In what follows, a; denotes the i*" component of
the function (y,\) — a(y, \).

Example 1.1. Let B(RY) denote the space of all bounded continuous complex
functions on RY, and let B, (R™) be the space of all ¢ € B(RY) such that ¢(y)
has a (finite) limit when |y| — +o00. We define By per(Y) (with Y = (0,1))
to be the closure in B(RY) (with the supremum norm) of the set of all functions
u € B(RY) of the form

u(y) =D er@)e®™ (y € RY) with ¢ € Boo(RY)
keF

where I is any arbitrary finite subset of S = Z~. Then one natural structure
hypothesis is that

ai(-,\) € Boo per(Y) for any A € RY (1 <i < N). (1.5)

Remark 1.1. The structure hypothesis (1.5) includes two particular cases of major
interest: 1) the case where a;(-, \) € Boo(RY) for any A € RV (1 <4 < N), and 2)
the case of the periodicity hypothesis. However, (1.5) does not reduce to these two
particular cases (see Remark 3.1 of [21]).

Example 1.2. Let Cpe (Y') (with Y/ = (0,1)N~1, N > 2) be the space of all
continuous complex functions u on RY~1 such that u(y’ + k') = u(y’) for all y’ =
(y1, -+ ,yn—1) € RVY=1 and all ¥ € ZN~! (such a function is said to be Y'-
periodic). Let Boo(R;Cper(Y’)) denote the space of all continuous functions u :
R — Cper(Y’) such that u(yn) converges in Cper(Y’) (with the supremum norm)
when |yn| — +00. Then, we may consider the homogenization of (1.4) under the
structure hypothesis

ai(;A) € Boo(R; Cper (Y'))  for any A € RY (1 <i < N). (1.6)

Example 1.3. One may as well investigate the behaviour, as ¢ — 0, of u. (the
solution of (1.4)) under the structure hypothesis

ai(-,A) € APRY) forany A€ RY (1 <i<N) (1.7)

where AP(RY) denotes the usual space of all almost periodic continuous complex
functions on RY [3, 14, 16]. Let us point out two cases of practical interest that
reduce to (1.7).

(1) Suppose there exists a family of networks S; in RY (1 < i < N) such that
a;(+, \) is S;-periodic for any A € RY. Then (1.7) is fulfilled.

(2) Suppose that to each A\ € RY there is assigned a network Sy in RY such that
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a;(-, A\) is Sx-periodic (1 < i < N). This assumption naturally leads to (1.7), once
again.

Remark 1.2. Given a function f on R and a network S in RY (. is also termed a
réseau [4, 11]), by f to be S-periodic we mean that f(y-+k) = f(y) for y € RV and
k € S. In the literature of periodic homogenization one often says f is Y-periodic
in place of f is S-periodic, Y being a suitable parallelepiped attached to S (see
[22]).

Example 1.4. As will be seen later, it is also possible to study the homogenization
of (1.4) for p = 2 under the more general almost periodicity hypothesis

ai(-,\) € LApRY) forany A€ RY (1 <i<N) (1.8)
provided the following condition is fulfilled:

For ¥ € AP(RY;R)N = AP(RV;R) x --- x AP(RY;R) (N times),

1.9
we have supyczn fk+Y la(y —7r, ¥ (y)) —a(y, ¥(y))|*dy — 0 as |r| — 0 (1.9)

where Y = (0,1)". Tt should be recalled that L% ,(R") denotes the space of all
functions in L2 _(RY) that are almost periodic in the sense of Stepanoff (cf. [3, 22]).

The novelty of this article is to study the homogenization of (1.4) under diverse
structure hypotheses such as (1.5)-(1.9) instead of the classical periodicity hypoth-
esis. In fact, the real scope of the present study is much wider. We investigate here
the behaviour, as € — 0, of u. (the solution of (1.4)) under an abstract assumption
on a(-, A) (for fixed \) covering a variety of concrete structure hypotheses beyond
the periodic setting. Our main tool is the recent theory of homogenization struc-
tures [19, 20] and our basic approach is an adaptation of the two-scale convergence
method [1, 18]. The achieved results are quite similar to those provided by periodic
homogenization theory (see, e.g., [9, 17]), which confirms, as was anticipated in [19],
that the recent homogenization approach earlier presented in [19, 20] fits nonlinear
partial differential equations as well. Thus, this work falls within the scope of the
new deterministic homogenization theory especially framed in [19, 20] to bridge the
gap between periodic and stochastic homogenization [2, §].

The layout of the paper is as follows: Section 2 is devoted to some preliminary
results and remarks about the justification of such expressions as a(£,v(z)). Among
other things this permits us to give a rigorous meaning to the left-hand side of (1.4).
In Section 3 we recall the fundamentals of homogenization structures and point out
the main results underlying our homogenization approach. Attention is drawn to
the particular case of proper homogenization structures. In Section 4 we prove
a homogenization result for problem (1.4) under an abstract structure hypothesis
(in place of the usual periodicity hypothesis). Finally, Section 5 deals with the
homogenization of (1.4) under various concrete structure hypotheses such as those
presented in the preceding examples.

Except where otherwise stated, the vector spaces throughout are assumed to be
complex vector spaces, and the scalar functions are assumed to take values in C (the
complex field). This permits us to make use of basic tools provided by the classical
Banach algebras theory. For basic concepts and notations about integration theory
we refer to [5, 6]. We shall always assume that the N-dimensional numerical space
RY and its open sets are each equipped with the Lebesgue measure.



4 GABRIEL NGUETSENG & HUBERT NNANG EJDE-2003/36

2. PRELIMINARIES

Throughout this section, 2 denotes a bounded open set in RY and ¢ is a positive
real number. Let us begin by recalling a standard notation. For u € LllO (2% Rév ),
we set

W (z) = u (x g) (z € Q) (2.1)
whenever the right-hand side has meaning. On this point it seems useful to recall
the main cases in which (2.1) actually determines a function (for further details see
18, 22].

The most evident two cases are when w is a continuous (real or complex) function
on 2 xR} (or @ xR}, € the closure of ) and when u lies in L{ (Q) ® ¥ (RY)

loc loc
1

(1<p<o0, s =1- %), i.e., is of the form

(Ry)-

loc Yy

u = Z 0, ®u; with ¢, € LT (Q) and u; € Y
finite

Next comes the less obvious case of the spaces LP(2; A) (1 < p < o0) where A
denotes a closed vector subspace of the space B (R?]j ) (equipped with the supremum
norm) of bounded continuous complex functions on R)'. Given u € LP(€2; A), there
clearly exists a negligible set N' C € such that for each x € Q\N the mapping
y — u(x,y) lies in A. Hence the complex number u(x, £) is well defined and so
we may consider the function x — wu(z,Z) defined almost everywhere in Q and
belonging to LP(§2). Thus, u® € LP(2) is well defined by (2.1) when u € LP(Q; A).
This yields a linear mapping u — u® that sends continuously LP(2; A) into LP(2)
and has norm exactly 1.

We turn finally to the still less obvious case of the space C(©; L>(R})). By all
probability, in the present case the right-hand side of (2.1) cannot be apprehended
directly as we did before. One can nevertheless define u(z, Z), € €, by extension
by continuity thanks to two facts : on one hand, the space C(Q) ® L>(R}) is dense
in C(Q; L‘X’(Ré\r)) (cf. [5, p.46]), on the other hand, as pointed out thereinbefore,
the right-hand side of (2.1) is well defined for u € C(Q) ® L**(R]’). More precisely,
we have the following lemma whose proof can be found in [22].

Lemma 2.1. The transformation u — u® (see (2.1)) considered as a mapping of
C()@L>(RY) into L>(2) extends by continuity to a linear mapping, still denoted
by u — uf, of C(4 L>®(R))) into L>(Q) with

[0 oo ) < sup [[u(@)| @y,  u € C(Q; LP(RY)).
zeQ

The next result will prove to be of great interest.

Lemma 2.2. Let u € C(;L>®(R))). Suppose that for each x € Q we have
w(z,y) >0 a.einy € RY. Then u®(z) >0 a.e. inx € Q, u® (given by (2.1)) being
defined in the sense of Lemma 2.1.

Proof. Let u, (integers n > 0) be a sequence in C(€2) ® L>(RJ') such that u, — u
in C(Q; L*°(RY)) when n — oo. Set gn = sup, g ||un(®) — u(x)| L= @~y (integers
n > 0). Fix an integer n > 0 and let € Q. Then u,(z,y) + ¢, > 0 a.e. in

y € RY. According to Lemma 1.2 of [22], we deduce that there is a negligible set
N, C ]Rév (N,, independent of x) such that u,(z,y) + ¢, > 0 for all y € RV\N,,.



EJDE-2003/36 HOMOGENIZATION OF NONLINEAR MONOTONE OPERATORS 5

Hence, letting N = |J,,cyy Na, it follows uy, (z,9) + ¢n > 0 for all y e RMN, 2 € O
and n € N. Therefore uZ (z) + g, > 0 for any z € Q\eN and any integer n > 0.
But, as n — oo, we have u§ — u° in L*°(Q) (Lemma 2.1) and ¢, — 0. Hence,
by extraction of a suitable subsequence it follows that u®(z) > 0 a.e. in « € , as
claimed. O

Now, let G : RY x RV — R be a function with the following properties :

For each A € R, the function G(-, \) is measurable (2.2)
G(y,w)=0ae. inycRY (2.3)
There is a positive constant ¢ such that |G(y,\) — G(y,p)| <

e\ — pu/P~t for all A, € RN and for almost all y € RN, where (2.4)
l<p<2.

Given ¥ € C(R)YN = C(QR) x - x C(;R) (N times), it is an easy task to
check, using (2.2)-(2.4), that the function (z,y) — u(z,y) = G(y, ¥(x)) of Q x R;]V
into R belongs to C(Q; L>(R)')). Hence, the function z — G(£, ¥(z)) of Q into R,
denoted below by G¢(-, ¥), is well defined as a function in L>*(2) (cf. Lemma 2.1).
This leads us to the following proposition and corollary.

Proposition 2.1. The transformation ¥ — G(-, ) of C(Q;R)Y into L>(Q) ea-
tends by continuity to a mapping, still denoted by ¥ — G¢(-, V), of LP(;R)Y into
LP' () with the property:

1G5, %) = G (s ) gy < ¥ — B30 (25)
for all U, ® € LP(Q;R)N, where 1 <p <2 and p' = %,
Proof. Let U, ® € C(;R)Y. By applying Lemma 2.2 with

u(@,y) = c[¥(z) — @(2)P~" — |Gy, ¥(z)) — G(y, ®(2))|
(cf. (2.4)), we get
|G(§, U(x)) — G(%, ®(2))] < c|¥(x) — ()P ae. inz € Q.

Hence (2.5) follows immediately and that for all ¥, ® € C(Q; R)™. Therefore, since

C(Q;R)Y is dense in LP(£2;R)Y, the proposition follows by extension by continuity.
O

Corollary 2.1. Under the preceding notation, we have

[a(g, Du(z)) — a(g, Du())] - (Du(z) — Dv(x)) > a|Du(x) — Dv(x)]”  (2.6)
a.e. inx € Q and

la* (-, Du) = a° (-, D) || por (@ < €| Du = Do} n (2.7)
for all u,v € WHP(Q; R), where a(-, Du) = (a$(-, Du))1<i<n-

This corollary follows by Proposition 2.1 with G = a; (the i*" component of the
function @ in Section 1) and use of (1.1)-(1.3) together with Lemma 2.2.

Remark 2.1. Thanks to Corollary 2.1, the left-hand side of (1.4) is now justified.
We also need to define G¢(-, ¥) for ¥ € B(RY;R)Y instead of ¥ € C(Q;R)V.
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Proposition 2.2. For ¥ € B(RY;R)Y, the function x — G(£,¥(x)) of RY into
R can be defined as an element of L>(RY) denoted by G°(-, V).

Proof. For each integer n > 1, let B,, C RY denote the open ball of center w (the
origin of RY) and of radius n. Let G, (z) = G(-,¥(z)) for = € B,,, which gives a
function G, € C(By; L>(R})), thanks to (2.2)-(2.4). Thus, we can define, in the
sense of Lemma 2.1, the function + — G, (Z,¥(x)) of B, into R as an element
of L>®(B,,) denoted by G%(-,¥). This yields a sequence of functions G5 (-, ¥) €
L>(B,,) (integers n > 1) verifying G5, (-, V) = G5, (, ‘B (the restriction of

G5.1(-,¥) to By). Let G*(-, ¥) denote the function in L (Riv) uniquely defined
as G°( \P)|B = G;,(-, ¥) (integers n > 1). Clearly G°(-, V)(x) = G(%,¥(x)) a.e.

inx € B, (mtegers n > 1). Therefore, the proposition follows. O

As a consequence of this, we have the following

Corollary 2.2. Let w € C(Q; B(RY;R)N). Then one can define, in the sense of
Lemma 2.1, the function © — a;(Z,w(x, %)) of Q into R as an element of L>°(Q2)
denoted by a (-, we).

Proof. For each x € Q, let a;(-,w(z,-)) denote the function y — a;(y, w(z,y)) de-

fined as in Proposition 2.2 with G = a;, ¥ = w(x,-) and e = 1. Then a;(-, w(z,-)) €
L*> (RUN) and (by applying Lemma 2.2 as in the proof of Proposition 2.1)

lai (- w(@, ) = ai( W@’ )| @y) < cllw(a, ) —wa’, )5

for all z,2" € Q. Hence it follows that the function * — a;(-,w(x,-)) lies in
C(€; L>(R]))). Therefore the corollary follows by Lemma 2.1. O

We conclude the present section with one further result.

Proposition 2.3. Let ¢ € B(RY; L>(RY)')). One can suitably define 1 (x) =
Y(x, %), z € RN, as a function ¢° € L®(RY) such that ||{° pemy) < SUD,ern
||7,/J(x)HLoo(RLV). Furthermore, if for each * € RN we have ¥ (z,y) > 0 a.e. in
y € RN, then *(x) > 0 a.e. inz € RN,

Proof. The first part of the proposition proceeds by the same line of argument as
in the proof of Proposition 2.2 [consider the sequence of functions v, = 1/)‘ g €
C(Bn; L=(R)))], and the next part is a direct consequence of Lemma 2.2. O

3. PROPER HOMOGENIZATION STRUCTURES

3.1. Fundamentals of homogenization structures. By a structural represen-
tation on R}Y is meant any subset I' of B(RJY) with the following properties:

(HS1) T is a group under multiplication in B(R})

(HS2) T is countable

(HS3) If v € T then ¥ € T' (§ the complex conjugate of +)
(HS4) T C 11>

where TI°° denotes the space of all u € B(R)Y) with the property that u® — M (u)
in L>°(RY)-weak* as e — 0 (¢ > 0), M (u) a complex number and

uf(z) =u (%) for z € RN (¢ >0). (3.1)
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It is worth recalling that II°° contains the constants and is translation invariant,
and further the mapping u — M (u) of II*® into C is a positive linear form with
M(1) =1 and M(7,u) = M(u) for u € II** and a € RY, where 7,u(y) = u(y — a)
for y € RY. See [21] for further details.

Now, by an H-structure on R;f (H stands for homogenization) is meant any
equivalence class modulo ~, where the equivalence relation ~ in the collection of
all structural representations on Rg]]\] is defined as ' ~ I if and only if CLS(T) =
CLS(I"), CLS(T) standing for the closed vector subspace of B(R}) spanned by T'.

If ¥ is a given H-structure on Rév , we let A =CLS(T"), where I is any equivalence
class representative of X (such a I is termed a representation of ¥). A is a so-called

H-algebra on Ré\] , that is, a closed subalgebra of B(Ré\] ) with the properties:

(HA1) A with the supremum norm is separable
(HA2) A contains the constants
(HA3) uw € Aimpliesu € A
(HA4) A C II*.
Furthermore, A depends only on ¥ and not on the chosen representation I' of X.
Thus, we may set A = J(X) (image of ¥). This yields a mapping ¥ — J(X)
that carries the collection of all H-structures bijectively over the collection of all
H-algebras on R} (see Theorem 3.1 of [19]).

Given an H-algebra A on R{/V, we will denote by A(A) the spectrum of A and by
G the Gelfand transformation on A, i.e., the mapping u — G(u) of A into C(A(A))
such that G(u)(s) = (s,u) for s € A(A) and u € A, where (,) stands for the duality
between A’ (the topological dual of A) and A. It is worth noting that A(A) is here
a metrizable compact space and G is an isometric isomorphism of the C*-algebra
A onto the C*-algebra C(A(A)) (see, e.g., [16, p. 277]). The appropriate measure
on A(A) is the so-called M-measure for A, that is, the Radon measure 8 on A(A)
such that M(u) = [, 4 G(u)dg for u € A.

Let A' = {¢) € C'(R)) : ¢, Dy9p € A (1 < i < N)} where Dy,¢p = §&. The
partial derivative of index ¢ (1 < i < N) on A(A) is defined to be the mapping
9; = GoD,,, oG~ (usual composition) of D (A(A)) = {p € C(A(A4)) : G (p) € A'}
into C(A(A)), where G=1 (the inverse of G) is viewed as defined on D!(A(A)).
Higher order derivatives are defined analogously (see [19]). Now, let A> be the

space of all ¢ € COO(RZZJV) such that Dy = % € A for each multi-index
1 N

a=(ag, - ,ay) € NV. Let D(A(A)) = {p € C(A(A)) : G~ 1(p) € A®}. Endowed
with a suitable locally convex topology (see [19]), A* (resp. D(A(A))) is a Fréchet
space and, further, G viewed as defined on A*° is a topological isomorphism of A>°
onto D(A(A)).

Any continuous linear form on D(A(A)) is referred to as a distribution on A(A).
The space D'(A(A)) (topological dual of D(A(A))) of all distributions on A(A)
is endowed with the strong dual topology. If we assume that A is dense in
A (this amounts to assuming that D(A(A)) is dense in C(A(A))), then we have
LP(A(A)) € D'(A(A)) (1 < p < o0) with continuous embedding. Hence we may
define

WIP(A(A)) = {u € LP(A(A)) : du € LP(A(A)), 1 <i < N}

where the derivative d;u is taken in the distribution sense on A(A) [19]. We equip
WLP(A(A)) with the norm
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N
lullwrracay = lullzoacay + D l10iulloaay (v e WHP(A(A))),
i=1
Which makes it a Banach space. However, we will be mostly concerned with the
space
WP(A(A))/C = {u € WP(A(4)) : / u(s)dB(s) = 0}
A(A)
provided with the seminorm
N
ullwrraayc = Z OiullLracay) (u€ WP (A(A))/C).
i=1
So topologized, W1?(A(A))/C is in general nonseparated and noncomplete. We
denote by W#p(A(A)) the separated completion of W1?(A(A))/C and by J the
canonical mapping of W?(A(A))/C into its separated completion (see, e.g., chap-
ter II of [7] and page 29 of [12]). W#p(A(A)) is a Banach space and W#z(A(A)) is
a Hilbert space. Furthermore, as pointed out in [19], the distribution derivative 9;
viewed as a mapping of W1P(A(A))/C into LP(A(A)) extends to a unique contin-
uous linear mapping, still denoted by 9;, of W;’p (A(A)) into LP(A(A)) such that
0;J(v) = ;v for v € WHP(A(A))/C and

N
ullwracay = > lsulloacayy  for ue WLP(A(A)).
i=1
To an H-structure ¥ on RY there are attached the important concepts of weak
and strong X-convergence in LP (1 < p < 00), see [19]. Likewise it is possible and
even desirable to introduce the concept of weak Y-convergence in W1?,
Let ¥ be an H-structure on RY. Let A = J(X). We assume that ¥ is of class
C*> [19], i.e., A is dense in A. Let 1 < p < oo, and let 2 be a bounded open set
in RY. First of all, we set

WLP(Q; LP(A(A))) = {u € LP(Q x A(A)) : Dy,u € LP(Q x A(A)), 1 <i < N}

where the derivatives D, u = % are taken in the sense of vector distributions

D'(; LP(A(A))) [24] (see also [2&7')]), since LP(2 x A(A)) = LP(Q; LP(A(A))) C
D' ($; LP(A(A))). We equip WHP(Q; LP(A(A))) with the norm
N

||u||W1~P(Q;LPA(A))) = ||U||LP(Q><A(A)) + Z ||Dzu
i=1

|Lr(@xA(A))

which makes it a Banach space.

Before we can define the concept of weak Y-convergence in WP, we also need
to give a meaning to J;u for u € LP(; W;p(A(A))). This is straightforward.
Indeed, considering 9; (1 <i < N) as a mapping of W;p(A(A)) into LPA(A)) (as
seen above) and using a classical result (see Theorem 4 of page 132 in [5]), we see
that 0; ou € LP(Q x A(A)) for u € LP(L; W#p(A(A))), and the transformation
u — 0; ou (usual composition) maps continuously and linearly LP(€; W;&p (A(A)))
into LP(£2 x A(A)). In the sequel we set 9;u = 9; o u for u € LP(; W;’p(A(A))).
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Finally, the letter E throughout will denote exclusively a family of positive real
numbers admitting 0 as an accumulation point. For example E/ = R* (the positive
real numbers) or E = (g,,) (integers n > 0), where ¢, > 0 with €, — 0 when
n — +o00o. In the last case F is referred to as a fundamental sequence.

Definition 3.1. A sequence of functions u. € WHP(Q) (e € E) is said to be weakly
Y-convergent in WHP(Q) to some ug € WHP(Q; LP(A(A))) if there exists a function
uy € LP(Q; W#p(A(A))) such that as £ 3 ¢ — 0, we have:

(i) ue — ug in LP(Q)-weak X

(ii) Dg;ue — Dgug + Ojuy in LP(Q)-weak ¥, 1 < ¢ < N.
We then write u. — ug in WHP(02)-weak 3 and we refer to ug (which is necessarily
unique) as the weak X-limit in WP of the sequence (uc)ecr. The function u; is
called a corrector for (uc)eck.

Remark 3.1. The concept of weak Y-convergence in WP(Q) is a natural gener-
alization of the usual notion of weak convergence in W1?(€2). Indeed, a sequence
u. € WhP(Q) (e € E) is weakly convergent in W1(Q) to some ug € WHP(Q) as
e — 0 if and only if as € — 0, we have u. — ug in L?(Q)-weak and D,,u. — Dy, ug
in LP(Q)-weak for ¢ = 1,--- , N. But then it amounts to saying that u. — ug in
WP (Q)-weak o, where 3 is the trivial H-structure on RY (see Example 3.1 of
[19]).

Proposition 3.1. Suppose that D(A(A)) is dense in WHP(A(A)). If the sequence
u. € WHP(Q) (e € E) is weakly X-convergent in W1P(Q) to some function ug €
WLP(Q; LP(A(A))), then u. — tg in WHP(Q)-weak as E > & — 0, where g s
given by ug(x) = fA(A) uo(z, 8)dB(s) for x € .

Proof. By Definition 3.1 and use of Proposition 4.4 of [19] we have, in the weak
topology in LP(Q), ue — Ug and Dy, ue. — (Dy,up)™ + (O;u1)™~ (i =1, -, N) when
E 3¢ — 0. But (Dy,up)~ = Dg,up (this can be easily shown) and (d;u1)~ = 0
(this follows by the same line of reasoning as in the case of Proposition 4.8 in [19]).
Hence the proposition follows. ([l

This proposition has two useful corollaries.

Corollary 3.1. Let the hypotheses be as in Proposition 3.1. Assume moreover that
WLP(Q) is compactly embedded in LP(Q). Then ug € WHP(Q).

Proof. By Proposition 3.1 and use of the above compactness hypothesis we have
Ue — Ug in LP() as E 3 ¢ — 0, hence u. — %p in LP(Q)-weak ¥ (use Example
4.2 and Proposition 4.6 of [19]). Therefore ug = g, according to the unicity of the
weak X-limit. The corollary follows. O

Corollary 3.2. Let the hypotheses be as in Proposition 3.1, and let us assume
further that each u. lies in Wy (Q) (the closure of D(Q) in WYP(S2)). Then ug €
W, P(9).

Proof. Indeed, since () is bounded, we have that WO1 P(Q) is compactly embedded
in LP(Q) (this is classical). Therefore the corollary follows in the same way as
above. d

Remark 3.2. If ¥ is an almost periodic H-structure (cf.Example 3.3 of [19]) then
we arrive at the conclusion of Corollary 3.1 without assuming that WP(Q) is
compactly embedded in LP(€2) (proceed as in the proof of Theorem 4.1 of [22]).
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3.2. Proper H-structures. In what follows, ¥ denotes an H-structure on RV,
We set A = J(X). We assume that 3 is of class C*™ (see Subsection 3.1). Let
1 <p<oo.

Definition 3.2. Given a bounded open set © in RY the Sobolev space W1?()
is said to be X-reflexive if the following holds: Given a fundamental sequence F
and a sequence (u.)se g which is bounded in WP (Q), a subsequence E’ can be ex-
tracted from E such that the sequence (u.).cp is weakly S-convergent in W1P(Q)
(Definition 3.1).

Remark 3.3. The notion of Y-reflexivity (for W12(2)) stated in [19] (Definition
4.4) turns out to be restricted because the corresponding weak X-limit uy was
straight off subject to lie in W2(Q), which is not the case in Definition 3.2. No
doubt, the concept of E-reflexivity framed above (in Definition 3.2) is both general
and better.

Remark 3.4. Assuming 1 < p < oo implies that WP(9) is reflexive, as is classical.
But this is equivalent to saying that WP (Q) is Yg-reflexive (X¢ as in Remark 3.1).

We are now in a position to define the notion of a proper H-structure when
1<p<oo.

Definition 3.3. The H-structure (of class C*°) ¥ on R¥ is said to be proper for
some given real p > 1 if the following two conditions are satisfied:

(P1) X is total (for p), i.e., D(A(A)) is dense in W1P(A(A))

(P2) For each bounded open set Q C RY, WP(Q) is S-reflexive.

Remark 3.5. If ¥ is total (for p), then J(D(A(A))/C) is dense in Wl’p(A(A)),
where D(A(A))/C = {p € D(A fA ) pdf = 0}. Furthermore, fA Oudf =

(4)) :
0(1<i<N)foruce Wl'p( (A)). Indeed this follows by the same arguments as
in the proof of Propomtlon 4.8 in [19].

Several examples of proper H-structures for p = 2 are available in [19, 20].
However, in the present study we need to discuss the properness for a wide range of
reals p > 1. Indeed, the more the proper H-structures (for p) at our disposal, the
wider the range of those homogenization problems (for (1.4)) that can be worked
out beyond the classical periodic setting. In [19] our quest of proper H-structures
led us to a general properness result (see Theorem 4.2 of [19]) whose practicality
has been established in the case p = 2. Of course, there is much to be gained by
extending such a result to 1 < p < oo.

To this end, let X5 be a further H-structure of class C* on RN , and let Ay =
J(X2). We assume that hypothesis (H) below is satisfied.

(H) There exist an isometric isomorphism L of LP(A(A)) onto LP(A(As)), a

dense vector subspace V of A, a surjective linear mapping ¢ : V — Ay and
a vector subspace V> of A>° NV such that:
L(G(v)) =G(tv) forveV, (3.2)
where G is the Gelfand transformation on A and on As,.
L(vu) = L(v)L(u) for v €V and u € LP(A(A))), where v = G(v) (3.3)
(v—"tv)* -0 inLP (RN)ase—0(ve)

loc

If v € V> then Djv €V (o€ NV) (3.5)
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The restriction of £ to V*° maps V°° onto A3° (3.6)

Dy (bv) = L(Dyv) forveV® (ac€ NY). (3.7

Our goal is to prove that under this hypothesis if ¥, is proper for some given

p > 1, then so also is ¥. Before we can do this, however, we need a few notations

and lemmas. To begin with, if uw € LP(Q; LP(A(A))), where Q is as thereinbefore,

we set Lou(z) = L(u(x)) (x € Q), which defines an isometric isomorphism Lg of

LP(Q; LP(A(A))) onto LP(€; LP(A(Az))), according to (H). We will denote by J5 the

canonical mapping of WP(A(A,))/C into its separated completion W#p(A(Ag)),

whereas J denotes the canonical mapping of W1P(A(A))/C into W#p(A(A)), as

stated above.

Each of the following three lemmas can be obtained by simple adaptation of the

proof of its analog in [19]. The details are left to the reader.

Lemma 3.1. Suppose o is total (for p). Then the following assertions are true:
(i) If u € WHP(A(A)), then Lu € WYP(A(Az)) and further 8;(Lu) = L(d;u)
(1<i<N).
(ii) The restriction of the operator L to WYP(A(A)) is an isometric isomor-
phism of WHP(A(A)) onto WHP(A(Ay)).
(iii) X s total (for p).

Lemma 3.2. Suppose Yo is total (for p). Then there exists an isometric iso-
morphism Ly : W;p(A(A)) — W;&’p(A(Ag)) such that Ly(Jf) = Jo(Lf) for
f e WYP(A(A))/C and 0;Ly(u) = L(D;u) for u € WyP(A(A)) (1<i<N).

Lemma 3.3. Suppose E is a fundamental sequence, and let (ue)ccr be a sequence
in LP(Q2) (Q as in Definition 3.2) such that ue — vo in LP(Q)-weak ¥y as E >
e — 0, where vg € LP(Q x A(Ag)). Then ue — Lg'vg in LP(Q)-weak ¥ (Lg," the
inverse isomorphism of Lq).

We turn now to the statement and proof of the desired result.
Theorem 3.1. Suppose 3o is proper (for p). Then ¥ is proper (for p).

Proof. Since X is total for p (according to Lemma 3.1), the whole problem amounts
to verifying that W1?(§) is X-reflexive for each given bounded open set Q C RY. To
do this, let (u.:)ecr (E a fundamental sequence) be a bounded sequence in W1P(Q).
According to the Yp-reflexivity of W1P(Q), there exist a subsequence E’ extracted
from F and two functions vg € WP (Q; LP(A(Az))) and vy € LP(9, W;!;D(A(Ag)))
such that if E' 3 € — 0, then u. — v in LP(Q)-weak ¥y and D, u. — Dy, vo+ 0;v1
in LP(Q)-weak Yo (1 < i < N). Let up = L§1v0 and u; = Lg}vl, where Ly
denotes the isometric isomorphism of LP (€2, W#p(A(A))) onto LP(Q, W;p (A(As)))
defined by Lyqu = Ly ou, u € LP(Q7W#7)(A(A))). By applying [5, Theorem
1 of page 142] with X = Q, F = LP(A(A2)), G = LP(A(A)) and v = L1,
we see immediately that Lg'D,vo = Dy Lg've (i = 1,---,N). Hence ug €
WP (Q; LP(A(A))) with Dy,ug = Ly ' Dyyve (i = 1,---,N). On the other hand,
it is clear that uy € LP(Q,W,P(A(A))) with diuy = Lg'(9iv1) (i = 1,--- ,N).
Hence, recalling Lemma 3.3, it follows that as £/ 3 ¢ — 0, we have u. — ug in
LP(Q)-weak ¥ and Dy, u. — Dy, ug + Oug (i =1,---,N) in LP(2)-weak 3, which
completes the proof. (I
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In the next subsection we will use the preceding theorem to establish the proper-
ness of some specific H-structures.

3.3. Examples of proper H-structures. We present here five basic examples of
proper H-structures.

Example 3.1. Periodic H-structures. Let Xg be the periodic H-structure on
RY represented by the network S = ZY (cf.Example 3.2 of [19]). We intend
showing that Y5 is proper for each p > 1. We will set Y = (0,1)" (the open
unit cube in R}). We recall that the image J(Xg) is here A = Cper(Y) (the
space of Y-periodic continuous complex functions on RN ). On the other hand, we
have (up to an isometric isomorphism) LP(A(A)) = Lger( ) = {v e LY (RY):
v Y-periodic}, WHP(A(A)) = W}}élr)( ) ={v € Wi)’f(RN): v Y-periodic} and
W;’p(A(A)) = W;p( ) ={ve W 2(Y): [, v(y)dy = 0}. This follows by simple
arguments that can be found in [22] We also draw attention to the fact that
Y. g-convergence in the present context is nothing else but two-scale convergence
[1, 18]. Each of the spaces L2, (Y), WLP(Y) and W;’p(Y) is a Banach space under

per( per
a standard norm:

p
lulloqyy = / u)Pdy) (€ L (V).

lullwrey = lullr vy + Z Dy ullpeyy  (u€ Wok(Y))
i=1
and

Il = 3 WDsuluscry (€ WHP (V).
Finally, we conclude this preliminary step by recalling that Xg is of class C*.

Having made this point, let us begin by showing that ¢ is total for any arbitrary
real p > 1.

Proposition 3.2. g is total for p > 1.
Proof. Let 0 € D(R)) = C°(RYY) with @ > 0, [ 6(y)dy = 1, 6 having support in the

closed unit ball of RY. For each integer n > 1, we put 6,,(z) = n™V8(nz), r € RV,
which gives a sequence of functions 6,, € D(RY). This being so, let u € L2, (Y),

where 1 < p < +o00. By applying Holder’s inequality to the functlons x — O, (x )Pl
and z — On(x)%(u(y — ) —u(y)) for fixed y € RV, where =1-—<, we get

[ 0n — ull7, 5y < /9 Ml = maull7, vy da.

Hence u * 0, — u in L5 (Y) when n — oo, as is easily seen by noting that 6,

per(

has support in LBy (By the closed unit ball of RY) and using the fact that for
ferll RN), r,f — fin LF (RY) when |z| — 0.

loc

We deduce immediately that for u € WLE(Y), ux0, — uin W2(Y) as n — oc.

This shows that Xg is total, since u * 6, € C32,(Y) = C®(RY) N Cper(Y). O

The next point is to show that for each bounded open set Q C RY, the space
WP(Q) is Lg-reflexive for any arbitrary real p > 1. We need one basic lemma.
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Lemma 3.4. Letf = (f;) € L?

per(Y)N. Suppose

N
/Yf -WUdy = ;/Y fitidy =0 (¥ € Vper) (3.8)

where Voer = {¥ = (¢;) € C35. (Y)Y : div, ¥ = 0}. Then there is a unique
qe W;;p(Y) such that

Dyq=f. (3.9)
Proof. Consider again the sequence (6,,) in the proof of Proposition 3.2. Let ¢,, =
f % 0, (integers n > 1), and bear in mind that ¢, € C32.(Y)" and ¢, — f in
LP, (Y)Y when n — oco. Now, for ¥ € Ve, note that

[onwin= o, ([t watay ) as

where U, (y) = U(y + ). But

/ fy) V.(y)dy = / f(y) - ¥.(y)dy = 0 (use (3.8)), since ¥, € Vper.
Y —x Y

Hence (3.8) still holds when f is replaced by ¢,. Consequently, by a well-known
result there exists ¢, € W;&Q(Y) such that Dyq, = ¢,. Furthermore, thanks to
a classical regularity result (see [23, page 61]), g, belongs to C}.,.(Y) = C*(RV) N
Cper(Y), thus ¢, € W#p(Y) and that for any integer n > 1. But then the sequence
(gn) is Cauchy in W#p(Y). Therefore ¢, — ¢ in W;&’p(Y) as n — oo, and it is clear

that g is the sole function in W#p (Y) satisfying (3.9). O
This leads to the claimed result.

Proposition 3.3. For each 2 C RY as above, WP(Q) is Yg-reflexive for any
arbitrary real p > 1.

Proof. Once we have Lemma 3.4 at our disposal, the proposition follows by a clas-
sical way (see, e.g., [18, Theorem 13]). O

We are now justified in stating the final conclusion.
Proposition 3.4. Xg is proper for any arbitrary p > 1.

Example 3.2. Any almost periodic H-structure on RY is proper for p = 2 (cf.
Theorem 4.1 and Proposition 4.3 of [22]).

Example 3.3. Let X s (S = Z") be the H-structure (of class C°) on RY defined
by J(200.5) = Boo,s(RY), where B, s(RY) denotes the closure in B(RY) of the
space of all finite sums

> o with @; € Ap = Boo(RY) and u; € Ay = Cper(Y) (Y = (0, )).

finite
The H-structure ¥ s is proper for p = 2 (cf. [19, Corollary 4.2]). Our purpose
is to show that ¥ g is actually proper for any p > 1. Let V = By RY) @ Cper(Y)
(direct sum), where By(R"™) denotes the space of those functions in C(RY) that
vanish at infinity. It is worth noting that V is dense in A = B g(RY) (cf.[19]). In
the sequel we use the same G to denote the Gelfand transformation on A and on A,
as well. This being so, define the mapping ¢5 : V — V as being the projection on As
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along By(RY). Thus, each 1 € V admits the unique decomposition 1) = 1y + £2(?))
with 19 € Bo(RY). Let Ly be the mapping of G(V) into C(A(A3)) defined by
Ly (G(v)) = G(€2(2p)) for ¢ € V. In view of Proposition 3.4, the desired properness
result will follow by Theorem 3.1 exactly in the same way as Corollary 4.2 of [19]
was obtained by Theorem 4.2 of the same reference provided we check that Lo
extends by continuity to an isometric isomorphism L of LP(A(A)) onto LP(A(Az)).
This is straightforward by the classical inequality ||a|? — |b[P| < p|a —b|(|a| + |b])P~*
(a,b € C). Indeed, if ¥ € V then by choosing a = ¥(y) and b = l(¢0)(y) for
fixed y € RN, we get |M(|¢|P) — M(|l2(x)[P)] < CM(|tho|), where C denotes
the supremum of the function p(|y| + |2(1)[)P~L. Since M(|1bp|) = 0, we deduce
M(|yp|P) = M(|€2(¥)[P), Le., [L2(¥)||Lr(a(am)) = 1¥llLr(aa)y with ¢ = G(¢), and
that for all ¢ € V. Therefore, thanks to the density of G(V) in LP(A(A)), the
isometric isomorphism L follows.

Example 3.4. For any countable subgroup R of RY, the H-structure (of class
C®) Yo r on RY [19, Example 3.5] is proper for p = 2 (cf. [19, Corollary 4.2]).
In particular the H-structure X, [19, Example 3.4] is proper for p = 2, since it
coincides with Yo for R = {w} (w the origin of RY).

Example 3.5. Let X, be the H-structure of the convergence at infinity on R, and
let s be the almost periodic H-structure on RV ™! represented by a countable
subgroup R’ of RN¥~1. Then the product H-structure ¥ = Y/ x Yo on RY is
proper for p = 2 (see [19, Example 4.4]).

4. THE ABSTRACT HOMOGENIZATION PROBLEM

Throughout this section, ¥ denotes an H-structure of class C* on RY. We put
A = J(X) and we denote by G the Gelfand transformation on A and by [ the
M-measure (on A(A)) for A. Finally, Q denotes a bounded open set in R .

4.1. Preliminaries. Let 1 < p < co. We begin by introducing the space =P of all
u € Ly, (R)) for which the sequence (u)g<c<1 is bounded in Lj, (R}) (u® defined

in (2.1)). We provide =P with the norm

x 1/p
ul|lzr = sup (/ u(—)|Pdx u e ZP
fuler = sup ([ fu(Z)Pds) T (ue=)

where By denotes the open unit ball in RY, which makes it a Banach space. This
being so, we define X% to be the closure of A in EP. Provided with the EP-norm,
X%, is a Banach space. Furthermore, the Gelfand transformation on A extends by
continuity to a continuous linear mapping, still denoted by G, of X%, into LP(A(A))
(cf. [19]). This is referred to as the canonical mapping of X% into LP(A(A)).

Given a locally compact space X (equipped with a positive Radon measure),
we will most of the time put Li(X) = LP(X;R), Cr(X) = C(X;R). In particular
we will write Dr(Q) = D(Q;R). Likewise we will put Ag = A N Cr(RY) and
AP = A* N Cr(RY).

The main purpose of this section is to investigate the behaviour, as ¢ — 0, of u,
(the solution of (1.4)) under the abstract structure hypothesis

ai(, ) € X% forall U e (A4p)N (1<i<N) (4.1)

where p’ = ﬁ with 1 < p < 2, and where a;(-, ¥) denotes the function y —
a;(y,¥(y)) of RN into R (cf.Proposition 2.2).
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This problem will be referred to as the abstract homogenization problem for (1.4).
We will see that it is quite solvable provided the H-structure ¥ is proper. However,
before embarking upon the analysis of this homogenization problem as such, we
need further notation and basic results.

We define

WP (A(A);R) = {u € WiP(A(A)) : 0ju € LE(A(A)) (1 <5 < N)}.
Equipped with the W;’p(A(A))—norm, W#p(A(A); R) is a Banach space. Next, we

set
Fo? = Wy P (% R) x LP(Q WP (A(A);R)),
and we provide F(l)’p with the norm

N

IVllgse = Y [1Dz,v0ll o) + 1001l Loxacap] (v = (vo,01) € F?),
i=1
which makes it a Banach space. Furthermore, if we assume that ¥ is total (for p),
then the space
Fg® =Dg(Q?) x [Dr(22) ® J(Dr(A(A))/C)]

is dense in Fy” (use Remark 3.5).
Now, let the index 1 < ¢ < N be arbitrarily fixed. For ¢ = (¢,)i<j<n €
Cr(A(A))Y, let
bi(p) = G(ai(-,G™ 1)) (4.2)
where Gl = (G 1p;)1<j<n, and where we recall that for 6 € (Ar)", a;(-,0) de-
notes the function y — a;(y, 0(y)) (cf.Proposition 2.2) of RY into R, which belongs
to X%,°°° = X%, N L>(R)) provided (4.1) holds. Thus, under hypothesis (4.1) we
see that (4.2) defines a mapping b; of Cr(A(A))Y into L>(A(A)) (see Corollary 2.2
of [19]).
Proposition 4.1. Let 1 < p < 2. Suppose (4.1) holds. For U = (;)i<j<n in
C(Q; (AR)N), let by o ¥ = G(a;(-, 1)), i.e., bj(V(z)) = G(a;(-, ¥(x))) for x € Q,
where ¥ = (G o )j)1<j<n. The following assertions are true :
(i) We have b; o ¥ € C(S; L®(A(A))) and
aS(-, W) = by o U in L (Q)-weak ¥ when & — 0. (4.3)
(ii) The mapping ® — b(®) = (b; o ®)1<i<n of
C(Q; Cr(A(A)N) into L (Qx A(A)N extends by continuity to a mapping,
still denoted by b, of LP(Q; LE(A(A)N) into L' (2 x A(A)N such that

1b(w) = 5 1o (xacans < el = VITs o moacay~ (4.4)
and
(b(u) =b(v)) - (u—v) > aju—v|? a.e inQx A(A) (4.5)
for all u,v € LP(%; LE(A(A))N).
Proof. The function z — a;(-, ¥(z)) lies in C(€; %g’oo) (see the proof of Corollary

2.2) (%g’oo equipped with the L*®-norm) and thus b; o ¥ € C(Q; L®(A(A))), ac-
cording to [19, Corollary 2.2]. Furthermore, thanks to [19, Corollary 4.1], we have
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as (-, U¢) — b;o U in LP (Q)-weak X as ¢ — 0. With this in mind, we now concen-
trate on (1.3) where we may assume that | - | denotes precisely that norm on RY
which is given by |¢| = Zjvzl |¢;| for ¢ = (¢;). Based on this, we next use Lemma

2.2 (proceed as in the proof of Proposition 2.1) to see that if f,g € C(Q; (4g)"),
then

la (-, £°) —a®(-,g%)| < ¢|f* —g°|P™! a.e. in Q
and
[0(, £) — a5, &%) - (F° — g°) > alf* —g°P ac. in ©
for any € > 0. Letting ¢ — 0, it follows by [19, Corollary 4.1] and use of Remark
4.1 below that
() — b(E)| < c[f —gP' ae. in Qx A(A) (4.6)

and
b(E) —bE)] - F—8) > af —gF ae. inQxA(A) (4.7)

-~ -~

where b(f) = (b; o f)1<i<n. Immediately (4.6) yields
[b(f) — b@)”LP’(QxA(A))N < c|f - §||I£:(IQ;L1)(A(A))N)

and that for any f, g € C(Q?; (Ar)?Y). Hence, thanks to the fact that C(Q; Cr(A(A))Y)
is (identifiable with) a dense subspace of LP(£%; LE(A(A))N), it follows that b
extends by continuity to a mapping, still denoted b, of LP(€%; LE(A(A))YN) into
LV (Q x A(A))N such that (4.4) holds for all u,v € LP(Q; LE(A(A))N). Finally,
(4.5) follows from (4.7) by the above density argument combined with the con-
tinuity of b : LP(Q; LE(A(A)N) — LP'(Q x A(A))N and use of the fact that
LP(Q; LE(A(A))YN) may be identified with LE (2 x A(A))N. This completes the
proof. ([

Remark 4.1. If v. € LP(Q) (¢ > 0) with v, — vy in LP(Q2)-weak ¥ (as € — 0) and
if for each £ > 0 we have v > 0 a.e. in Q, then vy > 0 a.e. in  x A(A).

The preceding proposition has an important corollary.

Corollary 4.1. Let ¢. = 1pg + ey5, i.e., () = Yo(z) + ep1(w, £), € Q, where
o € Dr(2) and Y1 € Dr(Q) ® AR’. Then, when ¢ — 0,

af (-, Doe) — bi(Dyabo + 8n) in LP (Q)-weak ¥ (1 <i < N) (4.8)

where 8121 = (Bizzl)lgiSN. Furthermore, if (v:)eer is a sequence in LP(§) such
that ve — v in LP(Q)-weak X as E > e — 0, then, as E> e — 0,

/ a5 (-, Doe)ved — / / bi( Dyt + 001 )uodzdf (1< < N).
Q QX A(A)

Proof. Since Do, = Dby + €(Dzth1)® + (Dya)1)®, it is clear that
0 (- Db.) — a° (- Do + (D) Vo sy < e 1Dt |25 oy -

Therefore (4.8) follows by Proposition 4.1 (see especially (4.3)). Finally, recalling
that for ¥ = D,19+ Dytpy the function z — a;(-, ¥(z,-)) lies in C(; X% ™), we see
that the last part of the corollary follows immediately by [19, Proposition 4.5]. O
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4.2. The abstract homogenization result. The main purpose of this subsection
is to state and prove the following theorem.

Theorem 4.1. Let 1 < p < 2. Suppose (4.1) holds and % is proper (for p). For
each real € > 0, let u. be the solution of (1.4). As e — 0, we have

ue — ug i Wy P (Q)-weak (4.9)
and
Dy ue — Dy,ug + O;uy in LP(Q)-weak ¥ (1 <i < N), (4.10)
where u = (ug,u1) is uniquely defined by u = (ug,u1) € Fé’p and
// b(Dxuo + aul) . (vao + 8v1)dxd,6’ = <f, 1)0> (411)
QX A(A)

for all v = (vg,v1) € }Fé’p.

Proof. It is a routine exercise to verify that the sequence (u.)es¢ is bounded in
I/VO1 P(Q). Therefore, given an arbitrary fundamental sequence E, the properness of
> and the compactness of the embedding Wy (Q) — LP(Q) yield a subsequence
E' from E and a couple u = (ug,u;) € F§* such that (4.9) and (4.10) hold when
E’ 5 ¢ — 0 (use Corollary 3.2). If we prove that u = (ug, u1) verifies the variational
equation in (4.11), since such an equation admits at most one solution by virtue of
(4.5), then it will turn out that (4.9) and (4.10) hold not only when E > & — 0 but
merely when 0 < ¢ — 0. To this end let ® € F§°, that is, let & = (¢, J(¥1)) with
o € Dr(2), 1 € Dr(2) @ (Ax°/C) and J(¥1) = Jotpy. Define ¢, as in Corollary
4.1. Clearly

0 (fone— 6.~ [ a*(D6.) - (Du. — Dou)i (412)
Q
Indeed, the right-hand side is equal to

/Q[a%, Du.) — a*(-, D6.)] - (Du. — Dé.)dz

and the latter is nonnegative. Now, noting that ¢. — g in Wol’p(Q)-weak ase — 0,
we next pass to the limit (as £’ 3 ¢ — 0) in (4.12) using (4.9), (4.10) and Corollary
4.1, and we obtain

0 < (f,uo — o) — //QXA(A) b(D®P) - D(u — ®)dxdp (4.13)

where D® = D, + 9t and D(u—®) = D, (ug —tho) + (us — ¥1). Thanks to the
density of F§° in Fy?, (4.13) still holds for any ® € Fy”. Finally, take in (4.13) the
particular ® = u — ¢tv with ¢ > 0 and v = (v, v1) € ]F(l)’p, then divide both sides of

the resultant inequality by ¢ and, letting ¢ — 0, pass to the limit using (4.4). Hence
(4.11) follows at once. O

The variational problem (4.11) is referred to as the global homogenized problem
for (1.4) under the structure hypothesis (4.1) (where ¥ is assumed to be proper
for p). It is immediate that the variational equation in (4.11) is equivalent to the
system of the two equations :

// b(Dgup+0uq)-0vy dedB =0 for all v; € LP(Q; W#p(A(A);R)) (4.14)
QxA(A)
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and
/ [/ b(Dyug + Ouy)dB| - Dyvodz = (f,ve)  for all vg € Wy P(Q;R). (4.15)
o bt/a)

The next point is to derive the macroscopic homogenized problem for (1.4) under
hypothesis (4.1). To this end, let » € RY be freely fixed, and let 7(r) be defined
by the so-called cell problem: m(r) € W;&’p(A(A);R) and

/ b(r+0n(r))-00d3 =0 forall 6 € W;p(A(A);R). (4.16)
A(A)

Thanks to (4.4) and (4.5), the existence and unicity of 7(r) follow by adaptation
of a classical line of argument (see, e.g., [15]). This yields a mapping 7 of RY into
WP (A(A);R).

Now, in (4.14) choose v; of the form vi(z) = ¢(2)0 (z € Q) with ¢ € Dr(2) and
S W;’p(A(A); R). Then, almost everywhere in z € (2,

/ b(Dug(z) + Oui(x)) - 06 d3 =0 for all 0 € W;&’p(A(A); R).
A(A)

Comparing with (4.16) for » = Dug(z) (z arbitrarily fixed), it follows (by the
unicity argument) that wq; = w(Dug), where the right-hand side stands for the
function x — w(Dug(z)) of Q into W;’p(A(A); R). Hence, letting

g(r) = / br + 0m(r)dB (r € RY),
A(A)

we see by (4.15) that ug is a solution of the boundary value problem
—divg(Dug) = f inQ, wupe WyP(%R). (4.17)

Remark 4.2. By a method similar to that which is commonly followed in the
periodic case (see, e.g., [17]), it is possible to show that the homogenized operator,
i.e., the operator v — div ¢(Dv) of Wy?() into Wy """ (), is lipschitz continuous
and strictly monotone as in (1.3), so that ug is uniquely defined by (4.17).

Application. By way of illustration, let us suppose that a(y, A) verifies the classical
periodicity hypothesis (see Section 1). We want to show that the abstract hypoth-
esis (4.1) is then verified so that Theorem 4.1 holds. Let 1 < p < 2, and fix freely
1 <4 < N. For each A € RV, we have a;(-,\) € Lg;r(Y) (cf.Subsection 3.3), since
ai(-, ) € L"O(R?Jj), as is quickly seen by using (1.1), (1.2) and part (ii) of (1.3). But
LE,.(Y) = X (use [22, Lemma 1.3])) with & = Sg (and Ag = Cper(Y) N Cr(RY),
of course). Thanks to Proposition 3.4, this leads us to the conclusion of Theorem
4.1 with ¥ = Xg, with Y in place of A(A), dy in place of dj, and D, in that of 0

(see Subsection 3.3).

5. CONCRETE HOMOGENIZATION PROBLEMS FOR (1.4)

5.1. Introduction. First of all, it is worth recalling that a homogenization problem
is posed as soon as one has on one hand a suitable boundary value problem, on the
other hand a so-called structure hypothesis. Thus, each of the structure hypotheses
presented in Examples 1.1-1.4 (see also the periodicity hypothesis) determines a
specific homogenization problem for the boundary value problem (1.4). Such a
homogenization problem is said to be concrete because the associated structure
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hypothesis appears under a natural form, as opposed to the abstract hypothesis
(4.1).

The present section deals with the study of a few concrete homogenization prob-
lems for (1.4). Thanks to the results achieved in the precedent section (see espe-
cially Theorem 4.1), the whole problem in each case will reduce to showing that
the associated concrete structure hypothesis can write as (4.1) for a suitable proper
H-structure ¥ (to be determined).

5.2. Problem I. Here, our purpose is to work out the homogenization of (1.4)
under the structure hypothesis : For each fixed A € RY, a(-, A) lies in C(RY;RY)
and further a(y, \) converges in RY when |y| — +o00. Let us begin by noting that
this structure hypothesis again writes as

a;(-, ) € BOO(R;V) for each fixed A € RY (1 <4 < N).

This suggests that we should introduce the H-structure ¥ = ¥, of the conver-
gence at infinity on RN [19]. Accordingly A = B (R})') (the image of ¥s). Now,
let ¥ € (Ag)™. Put r = limyy_ 4o ¥(y). By (1.3) we have |a;(y, ¥(y)) —ai(y, )| <
c|¥(y) — [P~ for y € RN, Hence a;(y, ¥(y)) = ai(y,r) + p(y) for y € RY, where
@ € By(RY) [observe that a; € C(RY; B(R)')), which implies that a; is continuous
on RY x RM]. Therefore a;(-,¥) € A (1 <i < N) for every ¥ € (Ag)". Thus, (4.1)
holds with ¥ = ¥,. Since the H-structure ¥, is proper for p = 2 (Example 3.4),
it follows that the conclusion of Theorem 4.1 and the subsequent developments
hold when p = 2 and ¥ = 3,,. This solves the homogenization problem under
consideration.

5.3. Problem II. The present subsection deals with the homogenization of (1.4)
under the structure hypothesis (1.5). Noting that the space By s(R”) in Example
3.3 is none other than By per(Y'), we see that the appropriate H-structure is ¥ =
Yo,s, and the latter is a proper H-structure for each real p > 1 (Example 3.3).
Thus, the solution of the homogenization problem under consideration is provided
by Theorem 4.1 if we can check that (4.1) holds with ¥ = ¥, 5. In fact, we want
to show a better result namely

Proposition 5.1. Suppose (1.5) holds. Then, for all ¥ € (Ag)Y,
ai( V) € A= By s(RY) (1<i<N). (5.1)
Proof. We begin by proving (5.1) for ¥ of the form
U =0, +U, with ¥; € (4;)" and ¥, € (A5)Y (5.2)

where A1 = Boo (RY) NCr(RY) and Az = Cper(Y) N Cr(RY).
This will be done in two steps.
1) For fixed 1 <i < N, let us assume that a; is of the form

ai(y,A) = x(Ne(y)  (y,A€RY) (5.3)

where ¢ € Ag and x € Cr(RY) (see (1.5)). Let rq = limjy_o P1(y). Clearly
a;(-,m1+Ps) € A. Next, since U1 and ¥y are bounded, we may consider a compact
set K C RY such that U(y) = Wi(y) + Us(y) € K for all y € RY. On the
other hand, let ¢; > 0 be a constant such that ||¢|lcc < ¢1. Finally, let n > 0.
Since the function x is uniformly continuous on K, there is some v > 0 such that
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IX(A) = x(p)| < L for all A\,p € K with [A — p| <. Furthermore, let p > 0 be
such that |y (y) — 1| <7 for y € RN with |y| > p. Then

lai(y, () — ai(y,r1 + Pa(y))| < n for y € RY with |y > p.

Therefore a;(-, ¥) = a;(-,r1 + ¥a) + ¢ with ¢ € By(RY), which shows (5.1). But
then, clearly (5.1) still holds true for a; in Cr(RY) ® Ag (the finite sums Y x; ® ¢,
with ¢; € Ag and y; € Cr(RY)).

2) Now, we consider the general case where we know merely that a (in addition
o0 (1.1)-(1.3)) satisfies (1.5). Let ¥ be given with (5.2), and let K be as above. For
convenience we still denote the restriction ai‘ 5 Dy ai. Then, clearly a; € C(K; Ag).
Thanks to the density of Cr(K) ® Ag in C(K; Ar) (see, e.g., page 46 of [5]), there
exists a sequence of functions ¢, € Cr(K) ® Ag (integers n > 0) such that

In = ailleeiny = S0 [CalsN) — sl N — 0 a5 0 — oo,
yeRN  A\eK

It follows immediately that ¢,(-, ¥) — a;(-, ¥) in B(RY) (with the supremum
norm) as n — 0. But (,(-, ¥) € A, according to step 1). Hence (5.1) follows for
¥ of the form (5.2). This completes step 2).

Finally, let ¥ € (Ag)" be arbitrarily fixed. Remarking that Be (RY) + Cper(Y)
is dense in A, we see that (A1)N +(A42)" is dense in (Ag)" so that we may consider
a sequence of functions f,, of the form (5.2) such that f,, — ¥ in B(RV)" asn — oo.
Therefore (5.1) follows by |la; (-, ¥) —a; (-, £,)]le0 < €|V —£, |25 (according to (1.3))
and use of the fact that a;(-,f,) € A, as established previously. a

5.4. Problem III. In this subsection we assume that the family {a(-, A)} ern is
uniformly equicontinuous, i.e.,

(UE) Given n > 0, there exists p > 0 such that |a(y — r, A\) — a(y, A)| < n for all
y, A € RY provided |r| < p.

Our purpose is to investigate the behaviour (as € — 0) of u. (the solution of (1.4))
under the structure hypothesis (1.6). To this end we first note that B (R; Cper(Y))
is the image of the product H-structure ¥ = Y/ x Yoy (R = ZV¥~1) on RY =
RYM~! x R and further that the latter is proper for p = 2 (Example 3.5). Thus,
for p = 2, the homogenization problem under consideration will have been solved
through Theorem 4.1 if we can show that (4.1) holds (with p = 2). But this will be
a direct consequence of a stronger result.

Proposition 5.2. Suppose (1.6) holds. Then
ai( V) € A =B (R;Cper(Y'))  for all ¥ € (Ag)Y (1 <i < N). (5.4)

Proof. Let ¥ € (Ap)". Let 6 = lim|,,| oo ¥(-,yn), where the limit is taken in
B(RN-1) (with the supremum norm) and where ¥(-, yy) stands for the function
v = (y1, - ,yn—1) — Y(y',yn) of RV~ into R. Let us begin by verifying that
the function y — a;(y,0(y’)) of RY into R, denoted by a;(-,¢’), lies in A. For fixed
yn € R, let a;(-,yn,0) denote the function 3 — a;(v',yn,0(y")) of R¥~1 into R.
It is an easy matter to check, using (UE), that the mapping yny — a;(-, yn, 0) sends
continuously R into Cpe,(Y'). Thus, we will claim that a;(-,6’) lies in A if we have
shown that a;(-, yn,0) has a limit in B(RY 1) when |yx| — co. We proceed in two
steps: 1) Suppose a; is of the form (5.3). Let h € Cper(Y”) be the limit of (-, yn)
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in BRN"1) as |yn| — oo. The mapping y' — h(y')x(0(y')) of RV~ into R lies in
Cper(Y’) and

lai(y,0(y")) — h(y")x(0(¥))| < Cle(y) — h(y)| (y € RY)

where C' = maxyc |Y(A)], K being a compact set in RY such that 6(y') € K for
all 5 € RN~L. This shows that when |yx| — 0o, a;(-, yn,0) converges in B(RV 1)
to the preceding function. 2) We now consider the general case where we know
merely that, in addition to (1.1)-(1.3) and (UE), a satisfies (1.6). For convenience
we still write a; for ai|K, K being as above. Then a; belongs to C(K; Ag). By the
same line of argument as followed in proving Proposition 5.1, we are immediately
led to the desired result.

We are now in a position to show that a;(-, ¥) lies in A. This is straightforward.
Indeed, by

lai(y, U(y)) — ai(y, 0(y"))| < c|¥(y) — 0(y)P~" (y e RY)

we are quickly led to a;(-, ¥) = a;(-,0") + ¢, where ¢ € By(R; Cper(Y”)) [it is an easy
matter to show, using (1.3)(ii) and (UE), that a;(-, ¥) € C(R;Cper(Y’))]. Hence
(5.4) follows. O

5.5. Problem IV. The matter in hand is the homogenization of (1.4) under the
structure hypothesis (1.7). For this purpose, starting from (1.7) we begin by con-
sidering (exactly as in Lemma 5.1 of [22]) a countable subgroup R of RY such that
19, 22]

ai(-,\) € A= APr(RY) for any A e RY (1 <i < N).

Let ¥z be the almost periodic H-structure on RY represented by R. We have
J(Br) = A= APRr(R") and Y is proper for p = 2, as pointed out in Example
3.2. Therefore, if we show that

ai(-, W) € A for all ¥ € (Ag)Y (1 <i < N), (5.5)

which implies (4.1) with ¥ = X, then for p = 2 the solution of the homogenization
problem under examination follows at once by Subsection 4.2.

To do this, let us fix freely ¥ € (Ag)"™. Let K be a compact set in RY such that
¥U(y) € K for all y € RY. For an obvious reason we may here view a; as belonging
to C(K; Ag). Let us first assume that a; is of the form

a;(A) =x(N)p (A€ K) with x € Cr(K) and ¢ € Ap.

By the Stone-Weierstrass theorem (see chapter X, page 37 of [4]) there is a sequence
(frn) of polynomials in A = (A1, -+, An) such that f, — x in C(K) when n — oo.
Thus, f,(¥) — x(¥) in B(RY) as n — oo. It follows that x(¥) € Ag, since f,,(¥) €
Agr. Hence a;(-,¥) € A. But then this is still manifestly true if a;(A) = > x(A)p
for A\ € K, where x (resp. ¢) ranges over a finite subset of Cr(K) (resp. Ag).
Hence the same routine argument as used in Step 2) of the proof of Proposition 5.1
leads us to (5.5).

5.6. Problem V. We assume here that a(y, \) satisfies (1.8) and (1.9), and we
want to study the homogenization of (1.4) for p = 2. As is now well known,
this problem reduces to the abstract problem of Section 4 if for some proper H-
structure 3, condition (4.1) is fulfilled. To achieve this, let § € D(RY) with 6 > 0,

Suppf C By (closed unit ball of RY) and [ 6(y)dy = 1. For each integer n > 1,
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set 0,(y) = nVO(ny) (y € RY), which gives a sequence of functions 6,, € D(RY).
Now, define

G = [ 6u(r)asly —r Vi fory A€ RY (1<i<N).
It is casily checked that ¢},(-,A) € AP(R]) for A € R and further

Gy, X) = Caly, )] S A = pP™ (A py € RY) (5.6)
where ¢, = (¢)1<i<n. Therefore, according to Subsection 5.5, there is a countable
subgroup R of RY such that ¢,(-, %) € A = APg(R)) for ¥ € (Ag)", 1 <i < N,
and all integers n > 1. Furthermore, given ¥ € (Ag)™ and 1 < i < N, a quick
calculation reveals that

HC:;(? \I/) - ai('v \I/)H%,oo

<[ am[sw [ jaw-rnve) - re)Pala 60
1By keZN Jk+Y

for any integer n > 1, where ||+ ||2,00 is the norm in the amalgam space (L2, £>°)(RY)

[13, 22] (see also [19, Example 5.4]). Hence, if p > 0 is given, then by (1.9) we are

led to some integer v > 1 such that ||C% (-, ¥) —a;(-, ¥)||2,00 < for any n > ~. Since

(L2, 0>°)(RY) is continuously embedded in Z2(RY) [19] (use [22, Lemma 1.3]), we

deduce that (4.1) follows with ¥ = ¥% (as in Subsection 5.5) and p = 2.

Remark 5.1. Condition (1.9) is fulfilled if the following holds : Given n > 0, there
exists p > 0 such that |a(y —r, \) — a(y, \)| < n for all A € RV and for almost all
y € RN provided |r| < p.

5.7. Problem VI. This subsection is intended to study the homogenization of
(1.4) for p = 2 under the following hypotheses:

ai(-,A) € Boo(R; L2, (Y'))  for each A € RN (1 <i < N) (5-8)

per
Given i > 0, areal p > 0 exists such that |a(y—r,\) —a(y,\)| <n
for all A € RY and for almost all y € RY provided |r| < p
where Y’ is as in (1.6). As we are now familiar with the approach, the whole
problem reduces to verifying that (4.1) holds with p =2 and ¥ = Xr/_gnv-1 X T,
hence A = Boo(R; Cper(Y')). This proceeds by adaptation of what we did earlier in
Subsection 5.6.
Let (Cn)n>1 with ¢, = (¢})1<i<n for each integer n > 1, where ¢}, is defined in
Subsection 5.6. Let A € RY be fixed. Clearly

ai(y,\) = ti(y', ) + gi(y,A) fory e RV (1<i < N)
where the functions 3 = (y1,---,yn_1) — t:(y',A) from R¥~! to R and y —
gi(y,A) from RY to R lie in L2 (Y’) and Bo(R; L, (Y')) (those functions in

per per

Boo (R; L3g,(Y')) that vanish at infinity), respectively. Hence
Gy A) = 0n(y ) + 7y, N) fory e RN (1< i< N)

(5.9)

where
Gy N) = / 0u()tily — . N)dr (y € RY)
and
oy A) = / 0,(F)gily — r Ndr  (y € RY), (5.10)
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ti(-,\) being considered as a function in L>(R") independent of the N** variable.
It is immediate that the function y’ — ¢ (v, A) lies in Cper(Y’). On the other
hand, whereas 7/ (-, \), considered as a function of the variable yx, belongs to
B(R; Cper(Y')) (this follows at once by classical properties of the convolution), it
is not clear, however, that the latter function vanishes at infinity. To see this, let
1> 0. Let p > 0 be such that

19i(zn, Ml oo -1y < 1 (5.11)

for all zy € R verifying |zny| > p, where g;(-, ) is viewed as a function of zy € R
with values in L (Y'), of course. Fix y = (v/,yn) € RY = RV¥~1 x R where ¢/

per
is arbitrary and yy is subject to the condition |yn| > 1+ p. Since the variable

r=(ry, - ,ry) in (5.10) actually runs through %1_31\;, it follows from (5.11) that

9i(yn — v, M)l pee@n-1) <

for |[yn| > 14 p provided r lies in 2By. Based on (5.10), we deduce that
Ve (uns Nloo < n for lyn| > 1+ p and so 7% (-, A) lies in Bo(R; Cper(Y”)). Hence
G A) € A= Buo(R; Cper(Y7)).

On the other hand, it is clear that (5.6) holds true. Finally, for each fixed integer
n > 1, the family {(, (-, A\)}acrn~ is uniformly equicontinuous (see Subsection 5.4),
as is easily seen by using (5.9). Consequently, we are justified in replacing a(-, A)
by ¢, (-, A) in Proposition 5.2, so that ¢} (-,¥) € A (1 <i < N) for all ¥ € (4g)™.

With this in mind, fix freely ¥ € (Ag)™. Clearly (5.7) holds true for 1 <i < N.
On the other hand, by (5.9) one easily gets

sup / la(y —r, ¥ (y)) — aly, \I/(y))|2dy —0as|r| —0.
keZN JEk+Y

Therefore, given n > 0, there is an integer v > 1 such that ||¢% (-, ¥) —a; (-, ¥) 2,00 <

n for any n > ~. Hence the desired conclusion follows in the same manner as in
Subsection 5.6.

Remark 5.2. Hypothesis (5.8) generalizes (1.6). Condition (5.9) is equivalent to
lim, o [lar (-, A) = a(-, A)|| g @ny = 0 for any A € RV, where a,(-,A) denotes the
function y — a(y —r, A).
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