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APPROXIMATIONS OF SOLUTIONS TO NONLINEAR
SOBOLEV TYPE EVOLUTION EQUATIONS

DHIRENDRA BAHUGUNA & REETA SHUKLA

ABSTRACT. In the present work we study the approximations of solutions to a
class of nonlinear Sobolev type evolution equations in a Hilbert space. These
equations arise in the analysis of the partial neutral functional differential
equations with unbounded delay. We consider an associated integral equation
and a sequence of approximate integral equations. We establish the existence
and uniqueness of the solutions to every approximate integral equation using
the fixed point arguments. We then prove the convergence of the solutions of
the approximate integral equations to the solution of the associated integral
equation. Next we consider the Faedo-Galerkin approximations of the solutions
and prove some convergence results. Finally we demonstrate some of the
applications of the results established.

1. INTRODUCTION

In the present work we are concerned with the approximation of solutions to the
nonlinear Sobolev type evolution equation

L (ut) + o(t,u) + Au(t) = 10, u(t), 10,
u(0) =4,

in a separable Hilbert space (H,||.||,(.,.)), where the linear operator A satisfies
the assumption (H1) stated later in this section so that —A generates an analytic
semigroup. The functions f and g are the appropriate continuous functions of their
arguments in H.

The case of (1.1) in which g = 0 has been extensively studied in literature, see
for instance, the books of Krein [11], Pazy [14], Goldstein [7] and the references
cited in these books.

The study of (1.1) with linear g was initiated by Showalter [15, 16, 17, 18, 19] with
the applications to the degenerate parabolic equations. Brill [3] has reformulated
a class of pseudoparabolic partial differential equations as (1.1) with linear g and
has considered the applications to a variety of physical problems, for example, in
the thermodynamics [6], in the flow of fluid through fissured rocks [2], in the shear
in second-order fluids [21] and in the soil mechanics [20].

(1.1)
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The nonlinear Sobolev type equations of the form (1.1) arise in the study of
partial neutral functional differential equations with an unbounded delay which
can be modelled in the form (cf. [9, 10])

%(u(t) + G(t,uy)) = Au(t) + F(t,u), t>0, (1.2)
in a Banach space X where A is the infinitesimal generator of an analytic semigroup
in X, F and G are appropriate nonlinear functions from [0, 7] x W into X and for
any function u € C((—o00,0), X) the history function u; € C((—00,0], X) of u is
given by u:(0) = u(t + 0).

In the present work we are interested in the Faedo-Galerkin approximations of
solutions to (1.1). The Faedo-Galerkin approximations of solutions to the particular
case of (1.1) where g = 0 and f(¢,u) = M (u) has been considered by Miletta [13].
The more general case has been dealt with by Bahuguna, Srivastava and Singh [1].
The existence and uniqueness of solutions to (1.1) has been studied by Herndndez
[8] under the assumptions that —A is the infinitesimal generator of an analytic
semigroup of bounded linear operators defined on a Banach space X and f and
g are appropriate continuous functions on [0, 7] x W into X where W is an open
subset of X.

Now, we consider some assumptions on A, f and g. We assume that the operator
A satisfies the following.

(H1) Ais a closed, positive definite, self-adjoint, linear operator from the domain
D(A) C H of Ainto H such that D(A) is dense in H, A has the pure point
spectrum

O<AdSAM <A<
and a corresponding complete orthonormal system of eigenfunctions {u;},
ie., Au; = A\ju; and (u;, u;) = 045, where 6;; = 1if ¢ = j and zero otherwise.
These assumptions on A guarantee that —A generates an analytic semigroup, de-
noted by e *4, ¢t > 0.

We mention some notions and preliminaries essential for our purpose. It is well

known that there exist constants M > 1 and w > 0 such that

e~ < Me*t, t>0.

Since —A generates the analytic semigroup e *4, t > 0, we may add ¢l to —A for
some constant c¢, if necessary, and in what follows we may assume without loss of
generality that ||e~*4|| is uniformly bounded by M, i.e., [[e~*4|| < M and 0 € p(A).
In this case it is possible to define the fractional power A" for 0 < n < 1 as closed
linear operator with domain D(A") C H (cf. Pazy [14], pp. 69-75 and p. 195).
Furthermore, D(A") is dense in H and the expression

[l = [l A",

defines a norm on D(A"). Henceforth we represent by X, the space D(A") endowed
with the norm ||.||,,. In the view of the facts mentioned above we have the following
result for an analytic semigroup e=*4, ¢ > 0 (cf. Pazy [14] pp. 195-196).

Lemma 1.1. Suppose that —A is the infinitesimal generator of an analytic semi-
group et t > 0 with ||e || < M fort >0 and 0 € p(—A). Then we have the
following properties.

(i) X, is a Banach space for 0 <n < 1.



EJDE-2003/31 APPROXIMATIONS OF SOLUTIONS 3

(ii) For 0 <6 <n <1, the embedding X,, — Xs is continuous.
iii) A" commutes with e ' and there exists a constant C,, > 0 depending on
n g
0 <n <1 such that

[ATe= ) < Cpt™, t>0.

We assume the following assumptions on the nonlinear maps f and g.

(H2) There exist positive constants 0 < a < 8 < 1 and R such that the func-
tions f and APg are continuous for (t,u) € [0,00) x Br(Xa, ), where
Bgr(Z,z0) = {z € Z | ||z — 20l|z < R} for any Banach space Z with its
norm ||.||z and there exist constants L, 0 < v < 1 and a nondecreasing
function Fr from [0,00) into [0,00) depending on R > 0 such that for
every (t,u), (t,u1) and (¢t,us3) in [0,00) X Br(Xa, ¢),

A% g(t,u1) — APg(s,ug)l| < L{Jt — s + [[ur — uzla},
[f(t, W)l < Fr(t),
[f(t,ur) — f(t,u2)l| < Fr(t)[lur — uzlfa,
LA < 1.

The plan of this paper is as follows. In the second section, we consider an
integral equation associated with (1.1). We then consider a sequence of approximate
integral equations and establish the existence and uniqueness of solutions to each of
the approximate integral equations. In the third section we prove the convergence
of the solutions of the approximate integral equations and show that the limiting
function satisfies the associated integral equation. In the fourth section we consider
the Faedo-Galerkin approximations of solutions and prove some convergence results
for such approximations. Finally in the last section we demonstrate some of the
applications of the results established in earlier sections.

2. APPROXIMATE INTEGRAL EQUATIONS

We continue to use the notions and notations of the earlier section. The existence
of solutions to (1.1) is closely associated with the existence of solutions to the
integral equation

u(t) =49 + 9(0,9)) — g(t u(t)) + /0 Ae” =9 g (s, u(s))ds

¢
+/ e~ =DA% (s u(s))ds, t>0.
0

In this section we will consider an approximate integral equation associated with
(2.1) and establish the existence and uniqueness of the solutions to the approximate
integral equations. By a solution u to (2.1) on [0,7], 0 < T < oo, we mean a
function u € X, (T) satisfying (2.1) on [0,7"] where X, (T) is the Banach space
C(]0,T),Xs) of all continuous functions from [0,7] into X, endowed with the
supremum norm

lullx,ry = sup [lu(t)la-
0<t<T

By a solution u to (2.1) on [0,T), 0 < T < oo, we mean a function u such that
u € Xo(T) satisfying (2.1) on [0,T] for every 0 < T < T.
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Let H,, denote the finite dimensional subspace of the Hilbert space H spanned
by {wo,u1,...,u,} and let P* : H — H, for n = 1,2,---, be the corresponding
projection operators.

Let 0 < Ty < oo be arbitrarily fixed and let

— B
B = max [[A%g(t )l

We choose 0 < T' < T} such that

B . ; R
(e = 1)A*(¢ + g(0, P"¢))|| < (1 —H3
|A“ B LTY 4+ Chya_p(LR + B)Tﬁ_a + Co F5(Th) o <(1- M)E
8-« R 1-a 6’
Tﬁfa Tlfa
Cl_;_a_gLﬁ o + CQFR(To) 1~ o <1-p,

where p = ||[A%P||L, R = \/R? + |¢]|2 and C,, and Cy,,_p are the constants in
Lemma 1.1.
For each n, we define

fo [0, TI x Xo(T) = H by fu(t,u) = f(t, P"u(t)),
gn  [0,T] x Xo(T) = X(T) by gn(t,u) = g(t, P u(t)).

We set ¢(t) = ¢ for t € [0,T] and define a map S,, on Br(X(T),$) by
¢

(Spu)(t) —e (¢ + 9n(0,9)) — gn(t,u) + / Aei(tis)Agn(Sv u)ds
0

; (2.1)

+/ e =A% (s,u)ds.
0

Proposition 2.1. Let (H1) and (H2) hold. Then there exists a unique function

un € Br(Xo(T), ¢~)) such that Spu, = uy, for each n =0,1,2,...; i.e., u, satisfies
the approximate integral equation

¢
un(t) =¢~ (¢ + gn(0,9)) —gn(t,un)+/ Ae™ =g, (s,up)ds
t " (2.2

—(t—s)A (S, U, d .

—|—/O e frn(s,uy)ds

Proof. First we show that the map ¢ — (S,u)(t) is continuous from [0, 7] into X,
with respect to norm ||.||o. For ¢ € [0,T] and sufficiently small 2 > 0, we have

[(Spu)(t + k) — (Snu)(t)lla
<™ = DA (ll¢ll + [lg(0, P 9)|)
+ AP [ AP gn(t + hyu) — AP gn (¢, )

t
+ / (e — I) AT+ B =94 | A8, (s, u)||ds
0
t+h
T / e (+h=9)A A1+a=8)| || 4B, (5. u) | ds (2.3)

t
t
+ [ e = DA% I fu(s, w)llds
0
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t+h
Jr/ le=CF=DAA| | £ (s, u) | ds.
t

Using (H2) we obtain
1A% g (¢ + hyu) — AP g (t,u)| < L(RY + [P u(t + h) — P u(t)]|a)

(2.4)
< L(W7 + [[u(t + h) — u(t)]|a)
and
t+h D B—a
(t+hs o LR+ B)Cyya_sh
/ le”Hr=A A= AP g, (s, u)||ds < ( JOrragh” %, (2.5)
t f—a
since
147 g (s, )| < [[A%gn(s,u) — A%g(s,0)|| + [ A%g(s, 0)| (2:6)
< L||P"u(s) — ¢|l« + B< LR+ B '
and .
t+ F=(T 11—«
[ e g s s < SIS (2.7
t —

Part (d) of Theorem 2.6.13 in Pazy [14] implies that for 0 < ¢ < 1 and x € D(AY),
I(e™* = Dl < Oyt [lll- (2.8)

Let 9 be a real number with 0 < ¢ < min{l — o, 3 — a}, then A%y € D(A”) for
any y € D(A**Y). For all t,s € [0,T],t > s and 0 < h < 1, we get the following
inequalities:

_ o e Ch?
l(e™"4 = D)A%e™ 4| < Cyh?|| A= e | < S, (2.9)
_ o (s Ch?
(e hA—I)A e )AH < m’ (2.10)
_ 0B (s Ch?
(™4 = attePem -4y < T (2.11)

where C' = Cfy max {Co 19, C14at9_p}- Using the estimates (2.6), (2.10) and (2.11),
we get

t B—(a+9)
—hA _ 1+a—08 ,—(t—s)A I} ~p 0 D 0
[ e = DAt e A 4y, (s s < O LR+ B)
(2.12)
and
t B 1—(a+9)
e = e IR s s < OO FR(T) s (29

From the inequalities (2.3), (2.4), (2.5), (2.7), (2.9), (2.12) and (2.13), it follows
that (S,u)(t) is continuous from [0, T'] into X, with respect to the norm ||.||,. Now,

we show S,u € Br(Xo(T), ¢). Consider

1(Snu)(t) = ¢la
< e = DA + ga(0,9))I| + |A* 7 A7 g0 (0,6) — AP gu(t,u)|

t t
+ [ At se A g, (s, lds + [ AN (s, w)lds
0 0
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R ae
< (1= @5 + 1A PULTY + fu(t) — dllo}
B—a Tl—a

~ T
+ ClJra,ﬁ(LR + B)ﬂ o + CQFR(TO)t

R R
<A-wz+A-pe+tuR<R
Taking the supremum over [0, 7], we obtain

[1Snu = 6llx.(r) < R.

Hence Sy, maps Br(X(T), ~(;NS) into Br(Xa(T), @). Now we show that S, is a strict
contraction on Br(Xo(T), ¢). For u,v € Br(Xo(T), ¢), we have

[(Snt)(8) = (Snv)(8)l|a
< AP AT gn(t w) — Agn(t,v)a

t
+ [ At s A %, (s, 0) - A (s, 0)ds (214)
0

t
[ e AR I fs,) — fuo o) s
Now,
147 gn(t,w) = Agn(t, )| < Liju(t) — v(t)]la < Lllu — vl x,(r)- (2.15)
Also, we have
[[fn(s,u) = fu(s, 0)|| < F(To)l[u(s) = v(s)lla < Fa(To)l[u —vllx. .  (2.16)
Using (2.15) and (2.16) in (2.14) and taking supremum over [0, 7], we get

— 11—«

T T
1S~ Snvllx,(ry < (1A* P|IL+Crya—pLz—r +C Fp(To) =) lu—vllx. ().

B -

The above estimate and the definition of T’ 1mply that S, is a strict contraction on

Br(X,(T),$). Hence there exists a unique u, € Br(Xa(T),¢) such that S,u, =
. Clearly w, satisfies (2.2). This completes the proof of the proposition. (|

Proposition 2.2. Let (H1) and (H2) hold. If ¢ € D(A®) then u,(t) € D(A?) for
all t € (0,T) where 0 <9 < B < 1. Furthermore, if ¢ € D(A) then u,(t) € D(A”)
for allt € [0,T] where 0 <9 < 8 < 1.

Proof. From Proposition 2.1, we have the existence of a unique u,, € Br(Xo(T), ¢)
satisfying (2.2). Part (a) of Theorem 2.6.13 in Pazy [14] implies that for ¢ > 0
and 0 <9 <1, e H — D(A”) and for 0 < 9 < 3 < 1, D(AP) C D(A?).
(H2) implies that the map ¢ — A®g(t,u,(t)) is Holder continuous on [0, 7] with the
exponent p = min{~, ¥} since the Holder continuity of w,, can be easily established
using the similar arguments from (2.3) to (2.13). It follows that (cf. Theorem 4.3.2

n [14])

t
/ e =DA48 g (s,u,)ds € D(A).
0

Also from Theorem 1.2.4 in Pazy [14], we have e 'z € D(A) if + € D(A). The
required result follows from these facts and the fact that D(A) € D(A?) for 0 <
9 < 1. O
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Proposition 2.3. Let (H1) and (H2) hold. If ¢ € D(A%) and ty € (0,T) then
lin@llo < Uy a <0<, teltoT), n=12-,

for some constant Uy, dependent of to and
lun(®)lly <Uy, 0<I<a, te€[0,T], n=1,2,---,

for some constant Uy. Moreover, if ¢ € D(AP), then there exists a constant Uy,
such that

lun(®)llo <Uo, 0<d<B, te[0,T], n=1,2--.

Proof. First, we assume that ¢ € D(A%). Applying A” on both the sides of (2.2)
and using (iii) of Lemma 1.1, for ¢ € [tg,T] and a < ¥ < 3, we have

lun(®)llo <A (6 + gn (0, ) + 1477 | A% 0 (¢, un) |

t
b [ At e A A%, (5, s
0

t
4 / e~ =94 A || fu (5. 100 | s
0

<Coty (|10l + lgn(0,9)||) + |A”=P||(LR + B)
B—9 1—9
+ CyF(Tp)

- T
+ 014_19_5(LR+B)5_19

Again, for t € [0,7] and 0 < ¥ < o, ¢ € D(A?) and
()9 <M (A" S| + 1194(0, 6]l 9) + | A”~7||(LE + B)

G—0 T1-9
+ CoFy(To) 1— < U.

1=y =

T
+Cryo_s(LR+ B)

p— B
Furthermore, If ¢ € D(AP) then ¢ € D(A”) for 0 < ¥ < 3 and we can easily get
the required estimate. This completes the proof of the proposition. O

3. CONVERGENCE OF SOLUTIONS

In this section we establish the convergence of the solution w, € X, (T) of the
approximate integral equation (2.2). to a unique solution w of (2.1).

Proposition 3.1. Let (H1) and (H2) hold. If ¢ € D(A®), then for any tg € (0,7,
lim sup lter (8) — wpm (t) ]| = 0.

M= {n>m, to<t<T}
Proof. Let 0 < a < ¥ < 3. For n > m, we have

[ fr(ts un) = Fon (s wm) | < A fn(ts un) = fo (b wm) | + [ fn(t um) — fn (8 wm) ||
< Fp(To)[[lun(t) = um ()|l + [[(P™ = P )tm (t)]]a]-

Also,

I(P™ = Py (8]l < A2 (P™ = P™) A% (1) < Ai A (1)
Thus, we have

oty ) = Fo b )| < Fg(T)lan(8) = e (8) o + 5= [ A (]

piomte
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Similarly

||Aﬁgn(t, Up) — Aﬂgm(t7 Um) ||

< HAﬁgn(t, Up) — Aﬁgn(taum)” + HAﬁgn(t, Up) — Aﬁgm(tvum)”
1

< Lf|lun(t) — um(t)[la + W”Aﬂum(t)m-

Now, for 0 < t, < to, we may write
l[un(t) — wm(t)|la
< e A%(9n(0,6) = gm (0, 9)) | + AP | A7 g (8, ) — AP g (8, ) |

to t
+( /0 + / JALE e =AY || A%g, (5, 10,) = A% gy (s, ) s
to

tg t
([ [ 1A 1 o) = sl
0 to

We estimate the first term as
le™ A% (9n(0,6) = gm(0,9))|| < M|A*~7|[[[A%g(0, P"¢) — APg(0, P"9)|
< M||A*P||L||(P" — P™)A%¢|.
The first and the third integrals are estimated as
t
A e A A, (5, 1,) — A g (5.0 ds
0
<21 amp(LR+ B)(to — th) "ot
to
/ A% DA fuls, un) = fn(s,um)|lds < 2Ca F(To)(to — ) ™.
0
For the second and the fourth integrals, we have
t
[ AT A 45, (5,0, — A% (5.
th

t

< CiraaL [ (=57 07D un(5) — i (5) o + 7 47 (5) ) ds
g m
Ut’ Tﬁ—a t
< 0 _ o\~ (14a=p) _
< Otsa sl (g —ay + 0 97 )~ un(o) ).

t
/ 1A% =AY | (51 n) — Fon (5, 1) s
to

t

< CuF(Ty) / (t = ) un(3) = tim (5)]a +

9—
tg Am o

U%Tlfa t Y
e LT )~ @lads)

1A% (5) 1) ds

< CaFp(To)

Therefore,

[l (t) = wm (t)l|o <M AP|LII(P" — P™) A%
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Uy
a—p _ 0
1AL () = (8o + %5
Cl+a,5(LR+B) CaFy(To)\ ,, Us,
G g )T g

[ (G0 Lot Yo ot

to
where . 5
T -« TP
Coéyﬁ - CQFR(TO)H + Cl+a7ﬁLﬁ — a.
Since ||A%~#||L < 1, we have
1 Uy
W) = um ()| <————— 4 M||(P" — P™) A" AP L=
o 8) = 0 Ol < = { M 4% + 47 L5
01+(,_[3(LR+B) CaFﬁg(TO) , Uy
+2( 2 )t + Cag—g
(fo — o)1= 7 (o — ) /70 T T Age

o (AR st i 0 =)

Lemma 5.6.7 in [14] implies that there exists a constant C such that

[[un () = tm (t)]]o
1

Uy,
< — I M|(P" - P™)A” AYP||L . ¢
< g M JAT + (JATPIL + o) %

Cria-p(LR+ B)  CoFg(To)y,
2 to ¢C.
+2( (to — th) o (f —t{))a) )
Taking supremum over [to, 7] and letting m — oo, we obtain
lim sup l|tn () — wpm, (¢) ||
M= {n>m te(to,T]}
2 Cria—p(LR+ B) = CoFg(Tp)
< 7 SRR ~=)C.
(L= [[A=FL) \ (to — tg)'*e (to —t5)"

As ¢, is arbitrary, the right hand side may be made as small as desired by taking
t, sufficiently small. This completes the proof of the proposition. O

Corollary 3.2. If $ € D(A®) then

lim sup [twn(t) — wm (t)]|a = 0.
M=00 {n>m, 0<t<T}
Proof. Propositions 2.2 and 2.3 imply that in the proof of Proposition 3.1 we may
take tg = 0. O

For the convergence of the solution wu,(t) of the approximate integral equation
(2.2) we have the following result.

Theorem 3.3. Let (H1) and (H2) hold and let ¢ € D(A%). Then there exists a
unique function u € Xo(T) such that u, — u as n — 0o in Xo(T) and u satisfies
(2.1) on [0,T). Furthermore u can be extended to the mazimal interval of existence
[0, tmax); 0 < tmax < 00 satisfying (2.1) on [0, tmax) and u is a unique solution to

(2.1) on [0, tmax).
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Proof. Let us assume that ¢ € D(A%). Since, for 0 < t < T, A%, (t) converges to
A%u(t) as n — oo and u, (0) = u(0) = ¢ for all n, we have, for 0 < ¢ < T, A%, (t)
converges to A%u(t) in H as n — oco. Since u, € Br(Xo(T), ), it follows that
u € BR(XQ(T),qB) and for any 0 <ty < T,

lim sup |un(t) —u(t)||a =0.
N0 40, <t<T}

Also,

S [t un) = [ u(®)]] < Fg(To)(lun — ullx, @) + 1(P" = Dullx, 1)) =0
0t

as n — oo and

sup [|A%gn (t,un) — APg(t,u(t)|| < L(|Jun — ull x, 1) + I(P" = Dullx. (1)) — 0
to<t<T

as n — 00. Now, for 0 < ty < ¢, we may rewrite (2.2) as

Un(t) = €A+ 9u(0,8)) — gt 1) + (/ /) 4G (5 un)ds

to t
+( / + / Je A fuls, wa)ds
0 to

The first and third integrals are estimated as
to to
[ e g, (sds] < [ AT PO A, (5,0, s
0 0

< 01_[3(LR + B)Tliﬁto,

to
||/0 e DAL (5,u,)ds|| < MFz(Ty)to

Thus, we have

Uy (t) — e_tA(¢ + 9x/(0, (5)) + gn(t; un)

t t
—/ Aef(tfs)Agn(s,un)ds—/ ef(tfs)Afn(s,un)dsH
to

to
< (Ci—g(LR + B)T'™P + MFg(Ty))to

Letting n — oo in the above inequality, we get

H — e "o+ 9(0,9)) + g(t, u(t))
_/t Ae™ (=94 (s,u(s))ds — / t e_(t_S)Af(S,u(s))dsH

to

< (C1_p(LR + B)T' P + MFx(Ty))to.

Since 0 < to < T is arbitrary, we obtain that u satisfies the integral equation (2.1).

If u satisfies (2.1) on [0, T3] for some 0 < Ty < Tj, then we show that, u can be
extended further. Since 0 < T < 0o, was arbitrary, we assume that 0 < 77 < Tp.
We consider the equation

L wlt) + Gt w(t)) + Aw(t) = F(t, w(t), 0<t<Ty< oo,

dt
w(0) = u(Ty),
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where, F,G : [0,Ty — T1] x D(A®) — H are defined by
F(t,z)=f(t+T,z), G, z)=gt+T,x),

for (t,z) € [0,To — T1] x D(A%). We note that ' and G satisfy (H2), where Tp is
replaced by Ty — T7. Hence, there exists a unique w € C([0, T3], D(A%)) for some
0 < Ty < Ty — Ty satisfying the integral equation

w(t) = e M (u(Th) + G(0,u(Ty)) — G(t, w(t))
t e~ t=9)A0(s w(s))ds te—(t—s)A s w(s))ds ..
# [ A G wteas + F(s,w(s)ds, 0<t<T

‘We define

N(t) U(t), OStSTb
u =
’lU(t—Tl), Tl StSTl +T2

Then @ satisfies the integral equation

a(t) = e (6 + 9(0,6)) — glt, (1)) + / A=A g(s. i(s))ds
0 (3.1)

¢
—|—/ e_(t_s)Af(s,zl(s))ds, 0<t<Ty +Ts.
0
To see this, we need to verify (3.1) only on [T1,T1 + T3]. For t € [T1, T + T3],
a(t) =wt—"T1)
= e~ TTAW(TY) + G(0,u(Th))) — G(t — Ty, w(t — Th))
=T, =T,
+ / Ae=tT=94G (s, w(s))ds + / e Ti=)Ap (5 w(s))ds.
0 0

Putting T1 4+ s = n, we get
a(t) = e AL A (9 + 9(0,0)) — g(Th, w(Th))

Tl Tl
[ AT Mgl ul)as + [ e T, u())ds)
0

0
+ G(0,u(Th))) — G(t — Ty, w(t —T1))

t
+ Ae_(t_")AG(n — T, w(n—Ty1))dn
T

t
+ / 67<t7’7)AF(77 — Ty, w(n—"T1))ds
T

= A0 +9(0.0) —gltu(t = T) + [ A0 (s, u(s))ds

t T:
+ ; Ae= =94 (s w(s — T1))ds + / e~ =941 (s, u(s))ds
1 0

t
+/ 67(t75)Af(s,w(sz1))ds,
T
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as G(0,u(Ty)) = g(T1,u(Th)), G(t — Ty, w(t — T1)) = g(t,w(t —T1)) and F(t —
Ty, w(t —T1)) = f(t,w(t —T1)). Hence, we have

a(t) = (6 + 9(0,6)) — glt, () + / Ae==94g(s. i(s))ds

+f LA £ (s))ds,

for t € [0,Ty + T3]. Thus, we see a(t) satisfy (3.1) on [0,77 + T3]. hence, we
may extend u(f) to maximal interval [0,%max) satisfying (3.1) on [0, fmax) With
0 < tax < 00.

Now, we show the uniqueness of solutions to (2.1). Let uy and us be two solutions
to (2.1) on some interval [0, T3], where T3 be any number such that 0 < T3 < tmax.
Then, for 0 <t < T3, we have

lur(t) = uz(t)la < [|A*P || AZg(t, ur (1)) — A7g(t, uz(1))|

t
+/ |AT e PemC=IA | AP g (s, ui(s)) — A”g(s, uz(s)) | ds
0

+/0 le= A A || £ (s, ua(s)) — f(5,u2(s))llds
< 1A P Lus () = ua(t)

t
+ C1+a7BL/ (t— 3)_(1+a_6)||“1(5) —uz(s)|[ads
0

t
+ C'QFR(Tg)/ (t—8)"Nui(s) — u2(8)||lads.
0
Since, ||[A*#||L < 1, we have

[[ur () = uz(t)|a

1 b Criapl  CoFg(Ts)
Ty (s + e ) ol

Using Lemma 5.6.7 in Pazy [14], we get
Jur(t) —uz(t)[a =0
for all 0 <t < T3. From the fact that

=1

[ur () — uz (@) < i||ul(7f) — uz(t)|a

=g
it follows that u; = us on [0,73]. Since 0 < T3 < tmax was arbitrary, we have
w1 = ug on [0, tmayx). This completes the proof of the theorem. O

4. FAEDO-GALERKIN APPROXIMATIONS

For any 0 < T < tmax, we have a unique u € X,(T) satisfying the integral
equation

u(t) = (6 + 9(0,6)) — gt ult)) + / A=) Ag (s, u(s))ds

0

+ /Ot e~ =94 £ (5 u(s))ds.
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Also, we have a unique solution u,, € X,(T') of the approximate integral equation

t
un(t) = e (P + gn(0,9)) — gn(t,uy) +/O Ae =94 (s u,)ds

¢
+/ e~ =DA% (s, u,)ds.
0

If we project (4.1) onto H,, we get the Faedo-Galerkin approximation iy, (t) =
P"u, (t) satisfying

n(t) = e " (P"¢ + P g(0, P ")) — P g(t, in(t))

t t (4.1)
+/ Ae==)APng(s 4, (s))ds +/ e =DAPT £ (s Gy, (s))ds
0 0
The solution u of (4.1) and 4, of (4.1), have the representation
u(t) =Y (s, ai(t) = (u(t),u;), i=0,1,..; (4.2)
i=0
a(t) = Yol (Wui,  af'(t) = (@u()w), i=0,1,...5 (4.3)
i=0

Using (4.3) in (4.1), we get the following system of first order ordinary differential
equations

d

= (@' (1) + Gi(t,ag (1), ., (1)) + e (t) = F' (8, a5 (1), - ., (1),

a?(()) = i,

where

G?(t, ag(t)v ) O[Z(t)) = (g(tv Za?(t)ui)»ui)a

Fi'(t, O‘g(t)a s an(t) = (f(t, Z ;' (t)u;), ul’)a

and ¢; = (¢,u;) for i =1,2,...n.
The system (4.4) determines the of*(t)’s. Now, we shall show the convergence of
af'(t) — a;(t). It can easily be checked that

A[u(t) = a(t)] = A D (@a(t) = alO)u| = 37 A (aslt) — af (1)us.
=0 1=0

Thus, we have
A [u(t) — a(@)]* > Y X (u(t) — af (1)*.
i=0

We have the following convergence theorem.

Theorem 4.1. Let (H1) and (H2) hold. Then we have the following.
(a) If o € D(A®), then for any 0 < tg <T,

lim sup [ N2 (t) — af(t)?] = 0.
0

N0y <t<T LT
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(b) If ¢ € D(AP), then

lim sup [foa(ai(t)—a;?(t))? —0.

n—00 0<t<T =0

The assertion of this theorem follows from the facts mentioned above and the
following result.

Proposition 4.2. Let (H1) and (H2) hold and let T be any number such that
0 < T < tmax, then we have the following.

(a) If o € D(A®), then for any 0 < tg < T,

lim sup | A%ty (t) — i (2)]]] = O.
=0 In>m,to<t<T}

(b) If ¢ € D(AP), then

lim sup | A% (t) — @m (t)]]| = O.
N=00 (> m 0<t<T}

Proof. For n > m, we have
[ Al (t) — tm (1)]]| = [|A* [P () — P™ um ()]
< NP un(t) = um(®]lla + [[(P" = P™)tm|la

< lun(t) = um(t)lla + 1A |

A ©
If ¢ € D(A®) then the result in (a) follows from Proposition 3.1. If ¢ € D(A?), (b)
follows from Corollary 3.2. |

5. APPLICATIONS

In this section we give some applications of the results established in the earlier
sections. Consider the initial boundary value problem

g(w(x,t) — Aw(z,t)) + A%w(x,t) = h(z, t,w(z,t)),

ot (5.1)

U.)(I7O) = w0($)7 T e Qa

with the homogeneous boundary conditions where €2 is a bounded domain in the
RY with the sufficiently smooth boundary 92 and A is N-dimensional Laplacian.
The nonlinear function A is sufficiently smooth in all its arguments.

Let X = L?(Q2) and define the operator A by

D(A) = H}(Q)NH?*(Q), Au=—Au, uc D(A),
then we can reformulate (5.1) in the abstract form

i(u(t) + Au(t)) + A%u(t) = h(t,u(t)),

dt (5.2)

u(0) = wo.

The operator A is not invertible but for ¢ > 0 large enough (A + ¢I) is invertible
and ||(A+ cI)~t|| < C. Therefore, we can write (5.2) as a Sobolev type evolution
equation of the form (1.1) where

g(t,u) = (1— ) (A+el)u
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and
f(t,u) = cA(A+ cI) ™ u+ h(t, (A+ cI) ).

We see that the operator A satisfies (H1). Also we can easily check that g and f
satisfy (H2). Thus, we may apply the results of the earlier sections to guarantee
the existence of Faedo-Galerkin approximations and their convergence to the unique
solution of (5.1).

A particular example of (5.1) is the meta-parabolic (cf. Carroll and Showalter
[5], Showalter [19] and Brown [4]) problem

P o2 ot
o (u(z, ) - g;“; Dy g;’ D _ fatu(mt), 0<z<l,
w(0,8) = u(1,t) = 2%0.6) = 22,5y =0, >0, (5.3)

Ox oz
u(z,0) =up(z), 0<z<l.
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