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UNIFORM STABILIZATION FOR THE TIMOSHENKO BEAM
BY A LOCALLY DISTRIBUTED DAMPING

ABDELAZIZ SOUFYANE & ALI WEHBE

ABSTRACT. We study the uniform stabilization of a Timoshenko beam by
one control force. We prove that under, one locally distributed damping, the
exponential stability for this system is assured if and only if the wave speeds
are the same.

1. INTRODUCTION

A Dbasic linear model, developed in [19], for describing the transverse vibration
of beams is given by two coupled partial differential equations

pwir = (K(wy — 9))a,
Lopie(2,1) = (Elpg)s + K(wy — ¢).
Here, t is the time variable and z the space coordinate along the beam, the length of
which is [, in its equilibrium position. The function w is the transverse displacement
of the beam and ¢ is the rotation angle of a filament of the beam. The coefficients
p;1,, E,1 and K are the mass per unit length, the polar moment of inertia of a

cross section, Young’s modulus of elasticity, the moment of inertia of a cross section
and the shear modulus respectively. The natural energy of the beam is

1

£(t) =4 / p |0l + 1, [0l + BI 0,0l + K |00 — o)dz.  (1.2)

0

The aim of this paper is to study two types of stabilization of this system, the
internal and the boundary stabilization. Let us mention some results about the
stabilizability of the Timoshenko beam. The case of two boundary control force
has already been considered by Kim and Renardy [4] for the Timoshenko beam.
They proved the exponential decay of the energy £(t) by using a multiplier tech-
nique and provided numerical estimates of the eigenvalues of the operator associated
to this system, and by Lagnese & Lions [11] for the study of the exact controllabil-
ity, Taylor [7] studied the boundary control of system (1.1) with variable physical
characteristics. Recently Shi & Feng [16] established the exponential decay of the
energy £(t) with locally distributed feedback (two feedback).We will first prove that
it is possible to stabilize uniformly (with respect to the initial data) this beam,

on (0,1) x R* (1.1)
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which is assumed to be clamped at the two ends of (0,1), by using a unique locally
distributed feedback

pwir = (K(we — ©))z,
Lo = (Elpy)s + K(we — @) = b(x)pr,  on (0,1) x RT (1.3)
w(0,t) =w(l,t) =0; (0,t) =p(l,t) =0.

where b is a positive continuous function of the space variable. Indeed, we prove

the uniform stability holds for system (1.3) if and only if the wave speeds % and

%I are the same. If not, the asymptotic stability for this system is proved. The

techniques we use consist in the computation of the essential type (see the definition
in the next section) of the associated semigroups, thanks to the result of Neves et
al. [6].

Our paper is organized as follows. In section 2, we give a result of a well-
posedness of the solution of the system and we study the strong asymptotic stability
and the nonuniform stability of (1.3) under the assumption % #* %I In section 3,

we study the uniform stability of (1.3) under the assumption % = %
P

2. WELL-POSEDNESS, ASYMPTOTIC AND NONUNIFORM STABILITY

Well-posedness. Here we outline the existence theory of the solution of the Tim-
oshenko beam. To establish the existence and uniqueness of the solution of the
studied model we use the semigroup theory, we suppose that b € C(]0,1]) . The
energy space associated to system (1.3) is

H == (Hy(J0,1[) x L*(]0,1[))?

The inner product in the energy space is defined as follows:
1
(Y1,Y3) := / (K (0pu1 — w1)(0pug — wa) + pv1va + I, f1 fo + EI(Opw10,ws))dx,
0

U

Vg

where Y}, = € H, k =1,2. In the sequel we will denote by [|Y]? := (V,Y),

Jr

the norm in the energy space. The system 1.3 can be written as

8,Y (t) = LY (¢),

where
w(t) 0 I 0 0
y(r) = | 20 B 0
e(t) |’ 0 0 0 I
atgp(t) %330 0 %)Iaa:x - % _b(x)

with D(L) = ((H*(]0,1[) 0 Hg (]0,1[)) x Hg(]0,1[))*.

Proposition 2.1 ([17],[16]). The operator (L, D(L)) generates a Cy-semigroup of
contractions (eXt);>o on H.
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Asymptotic strong Stability and nonuniform stability. Before giving our
first result, we need to recall some results and the following definitions:

el is asymptotically stable if, for any Yy € H lim,_, ., e**Yy = 0.

el is uniformly (or exponentially) stable if there exist w < 0 and M > 0 such

that
left|| < Mevt teR*

For a continuous linear operator from a Banach space into itself, we define its
essential spectral radius r.(L) as

re(L) = inf {R >0:p€o(L),|u| > R implies p is an isolated } (2.1)

eigenvalue of finite multiplicity
It is well-known (see Gohberg-Krein [3]) that, if (L) is the spectral radius of L
re(L) < r(L);
re(L+K)=r.(L) VK € L(X), K compact
If eXt is a Cp-semigroup generated by L, then (see for instance [5]) there exist
two real numbers w = w(L) and w, = w(L) such that
r(ef) = e, (2.2)
re(eft) = e¥<t vt € RT. (2.3)
w is often called the type and w,. the essential type of the semigroup. A third real
number which plays an essential role in stability theory is the spectral abscissa s(L)
of L defined by
s(L) =sup{ReA: A€ o(L)}.
These three real numbers are related as follows [5, Theorem 3.6.1., p. 107]:
w(L) = max (we(L),s(L)) .
Lt

Clearly, the uniform stability of e
to state our first result.

Theorem 2.2. Assume that b € C([0,1]) and
b(x) >b>0 on [by,b1] C [0,]]. (2.4)

is equivalent to w(L) < 0. We are now ready

Then:
Lt

e "' is asymptotically stable.
o If % #+ ?—I, then et is non uniformly stable.
3

Before giving the proof of this theorem we need to recall the following result.
Theorem 2.3 (Benchimol [2]). Let L be a mazimal linear operator in a complex

Hilbert space H and assume that:

(a) L has a compact resolvent.
(b) L does not have purely imaginary eingenvalues.

Then e is strongly stable.

Theorem 2.2. To prove strong stability of et it remains to verify the properties
(a) and (b) of theorem 2.3.

Property (a) follows at once from the compactness of the imbedding D(L) in H,
a consequence of Rellich’s theorem.
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Suppose the conclusion of (b) is false, then L have a purely imaginary eingen-
values iw. Let U; the eigenvectors associated to iw. Using the definition of L it
follows that LU, = iwU; if and only if

KOpu — Kyv = —pw?u,
EI.0.:v + KOyu — Kv — ib(z)wv = — pw2v, (2.5)
u‘o,l = U‘O,l =0.

We multiply the second equation of this system by v to obtain
l

/OZ(EI|8I’U|2 — KOyuv + (K — Iw?)|v|*)dz =0 and /0 wb(x)|v|?dz = 0.
Then v = 0, on [bg, by}, and
El.O0p v+ Ko,u— Kv=— pw207
which implies 9,u = 0 on ]bg, by [. From
KOypu — KOyv = —pw?u,
it follows that u = 0 on ]bg, by ][.
Now, it is trivial to see that u = v = 0 is the solution of the system
KOypu — KOyv = —pw?u,
El1.0.,v+ Ko,u— Kv=— prU,
v=u=0 on |by,b],
u‘o,l = U}O,l =0.

This complete the proof of the strong stability of (eLt);>o.

The proof of the nonuniform stability for e’* when % #+ %I is based on the

computation of the essential type of (e£t);>q. Let

o O O O

o O O O
o OO

=

o O O O

~

P

This operator is compact in the energy space H. Then r.(L) = r.(L — D). Now we
calculate the essential spectral radius of L1 := L — D | for this reason we transform
the equations by introducing the following variables:

K K
p=—4/—0u+ 0w, q=4/—0u+ du,
p p
EI EI
p=—4|=—0,v+ 0w, Y=, ]—=—0v+ .
I, I,

which are solutions of the system

D p p

|l +K0, |¥|+c|?|=0, (2.7)
q q q
(U (U (0
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with the boundary conditions

P+ a)0,1) = (p+9)(0,8) = (p+ )1, 1) = (¢ + )1, 1) =

where
K/p 0 0 0
K— 0 \/EI/IP 0 0
0 0 —K/p 0 ’
0 0 0 f\/E[/I,,
K 1, K 1,
VvEKp _b(@) __VKp _ b(@)
c—| 2 21, 21, ar,
1, I,
00—\ & 0 K.\ &
VEKp _b(=x) __VKp _ b(z)
21, 21, 21, 21,

When % #* %, we can apply a result in [6, p 324] which implies that r.(el1?) =
P

re(el2t) = exp(at) where

K/p 0 0 0 g g(m) 8 8
o R R G v S L PR

0 0 0 —EII, 0 0 o0 -4
and o = sup{Re(\) : A € o(L2)}. To compute « we solve the system

\/ 0xp = Ap, \/ 0.9 = —\q,
p
EI B b(x) / b(x)

with the boundary conditions

P +9)0,1) = (p+¥)(0,1) = (p+ q)(l,1) = (¢ + ¢)(I, 1) = 0.

Then we have

o) = vy 2o, a(a) = —erexn(-n L),

o(x) = cq exp( %()\x + /Ox l;(lyp)dy)),

0(o) = —erexp(oy | v+ [ G,

where ¢; and ¢z are in R\{0}. Using the boundary conditions, we see that one of
the following two equations must hold for non-trivial solutions,

%l) —exp(—A ?l) =0,

1 !
exp(\/g()\l +/0 l;(l)dy)) — eXp(—\/g()\l —l—/o b;}yp)dy) =0,

exp(A P
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these imply that
1 [t
Re(A) =0 or Re(\) = 77/ (@)da:,
U Jo 21,
and thus
a =sup{Re(A\),A € 0(La)} = 0.

Then 7. (e’2t) = 1. Using the property r(e’t) > r.(e’t) we deduce, the non uniform

stability of the semigroup associated to the Timoshenko beam if % %. (I

3. UNIFORM STABILITY
In this section our main result is the following theorem.

Theorem 3.1. Assuming that b(z) satisfies (2.4), el is exponentially stable if
K _ EI

P I, "
The proof of the uniform stability is based on the construction of a Lyapunov
function ¢(Y (t)) satisfying the following inequalities:
i) There exist two positives constants, dy, d; such that

do |lY[]P < ¢(Y) <di [[Y]]® VY eD(L) (3.1)
ii) There exist a positive constant ds such that
Qp(Y (1)) < —da |V (1)) (3.2)

To construct this function we will use the multiplicative technique.

Lemma 3.2. If ¢(Y(t)) satisfies (3.1), (3.2), then there exist m and e a positive
constant such that

Y (#)]* < mexp(—et)||Y (0)]

Proof. Tt follows from (3.1) that — ||V (¢)||* < —%qﬁ(Y(t)). Using (3.2) then we
have

a@<<»<—%mym>
thus J
MYwhmeiﬂMW~
Using (3.1), we have ||V (¢)|? < gé exp(— d2t)||Y||2 O

Lemma 3.3. For any positive constant €1 and scalar functions h,c such that:
h(0) > 0, h(l) <0, hy <0 on [by,b1], hy > 0 on [0,1]\[bo, b1], and ¢y < 0 on [0,1],
we have the following statements:

i)
1, EI
8/Ic’9t<p h(x)p,dx ——/ o(p2)?dz — 2/ x((?tw)zd:c+7[h-(%)2]6
—A<<mww>%m+K/ — ) hipyda,
i)
l 1 EI [ l
8t/ Ipﬁtcp.c(m)god;v:—EI/ c(gpz)2dx+7/ cm(cp)de—i—Ip/ c(0yp)%dx
0 0 0 0
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!
+K/ cgadxf/o (b(x)Opp).c(x)pd.
i)
1
0 [ porwer(-0.) 0u(hla)ps + cla)p)do
0

1 1 !
= K/O e1h(z)p, + slc(x)godx./o pdx —|—/O K(wy — p).(e1h(z)pr + e1¢(x)p)dx

l
+/0 pOyw.((—0ps) ' 0p (e1h(2)Oppr + 10(2) Dy ) )da

where (—0,,) "1 is taken in the sense of Dirichlet boundary conditions.

Proof. 1) Multiplying the second equation in 1.3) by h(x)y,, we get

1 1 !
8t/ Ipatgo.h(x)%;dxz/ Ipﬁttgo.h(a:)gomdx—l—/ I,0vp.0(x)0rpgdx
0 0 0

l l
= / (Elpge + K(wg — @) — b(x)0pp).h(x)pdx —|—/ I,0vp.0(x)0ppyda
0 0
L EI I
:/(_7(9036) hy — Ep(aﬁoyhx)d:ﬂ
0
! EI .
+ ; (K (we — @) = b(2)0p)-h(@)padr + —-[h-(¢2)]o
ii) Multiplying the second equation of (1.3) by c(z)¢, we get
l
6t/ 1,0vp.c(x)pdx
0

! l
:/ Ipattgp.c(z)goder/ I,0vp.c(x)Opdx
0 0

! l
= / (Elogs + K(w, — @) — b(x)0p).c(x)pdx +/ I,0p.c(x)O0pd
0

:_E[/ c(pz) dx—i——/ Cra (P dx—l—K/ ©).codz

- [ o) ctwreds +1, [ o
0 0
iii) Multiplying the first equation of (1.3) by
f = (=022) ' 0x(e1h(@) 0 + E1¢(x)0), f(0) = f(I) =0,

we obtain

l
8t/ (pOyw. f)dz
/K@ fd:v+/lp8tw.(8tf)d:r

/ K(w ©)-fu d:z:—i—/l pOyw.(0 f)dx
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! !
7/0 K(wy — ©).04(—022) 102 (e1h(2)pp + £1¢(x)p)dx + /o pOyw.(0y f)dx

Note that —8,(—8ys) 80 = v — + [2 v dz. Then
9, / (O )
/ K(w, - 9)-(1h(@)gs + rc(a)p)de
77/ e1h(2) s + er¢(x)pda. / K(w cp)dx+/lp8tw.(3tf)dx
/K )-(e1h(z) s + €1¢(x dm+—/ e1h(x

! !
+ Elc(x)godx./ odz — / pOrw.((—0pe) " 0u(e1h(2)0ypr + £1¢(2)0sp) )dx
0 0

Now we introduce the function
l l
1 (Y (1)) := &%) —|—51/ I,0vp.h(z)pdx —|—51/ I,0:p.c(x)pdx —/ (poyw. f)dx
0 0 0

Lemma 3.4. For positive constants a; (i =1,4) and

@ = ‘(hzam(*6zz)71 - h)|L2(O,l) ; 5 = |ax(7amr)71‘L2(0,l)

l

we have
101 (Y'(2))]
l 2 2 2
I Cl1b CLQb g1 elﬁc
< — —e1Lh. I 27 =1 2
_/0( b(x) —e157he +erlpe a1 + a1 * 20 T 2a; )(0pp)%dx

l 2
Bl h ET
+ [ a T he — eaBlet ey paPido -+ 21 5 Pl
0 ax 2
2

l
El c 9
xTx a5 d
+ [ (15 e +erg )P

! !
+]K/0(51h(x)<px+slc(m)go)dx./0 edz|

l
+(61a3a +61a43)/ (pOyw)2da
2 2 0

Proof. Note that
D1 (Y (1))

l
=0E(t) + 10, / I,0vp.h(x)pzdr + elat/
0 0

l

l
I,0vp.c(x)pdr — 5}/ (porw. f)dz
0

! LBl I,
_ / D) (Brp)?d + 1 / (~EL ) — 200 e

l
4 [ (K= ) = b)) hw)gads + S o)
0
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+€1( / QDZE dl“”i/ Cwac dI+K/ C(pd:E

l
- / (b(2)Dup) clz)pd + 1, / (Brp)de)
/ K(wy — 9)e1h(2) s + er6(z)p)de

l
_ T ; (alh( )gpx—l—glc(m)go)dx./o pdx

l
_/0 pat’w.((—81$>_18w(51h($)6tg0w+€1C($)8t<,0))d$

! I ! EI
:/ (—b(x)—615phz+611pc)(6t<p)2da:+/ (-1 2 he — 21 BT) (92
0 0
1

1 1
—61/ (b(z)@tgo).h(as)gpxdm—l(/ (51h(z)<p$+slc(x)<p)dx./ pdzx

0 0 0

1 l
ey e+ ey [ enlpid—a [ 0@ow) ot

1
—/0 pOyw.((—0pe) 104 (e1h(2) 0y 0 + €1¢(2) 0y p))dix

! 1
I EI
:/ (—b(z) — Elgphx + EQIPC)(atQO)Qde —|—/ (—517hz —e1EIc)(py)*dx
0 0

=3 (b)0u) h(opde — / (1 (@)pe + ercl))d / s

+ elg[h.(%)Q]é + 51% /01 Cox(p)?da — €1 /Ol(b(l“)at@)-c(m)wdﬂf

— /Ol pe1(hy0p(—050) ™1 — h)Opw.Oppda + /Ol 010, (—0ps) "L Opw.c(x)Orpde.
Using Young’s inequality we obtain

l l
a 1
\/ 2)0yp)-h(@)prpdr| < 51/( (2)Bsp)? dw+f2 o (h(z)¢z)?dz,
0

! l
‘/ z)0sp).c )gpdm’ < %/0 (b(2) ) da + QL (c(z)p)?dz,

a2 0

/ (0w} + 5 / (0%

/ (pOyw)? d;l:—l—slﬂ (c(x)0rp)?dx
2@4 0

€1astx

l
}/ pe1(hpOp(—0pe) ™ — h)@tw.&ggpdﬂ <

€1a 45

|/p€13 —0z) tOpw.c(x 8t<pdx|<
Then
0:1(Y'(2))]

axb? e e8¢

! 2

1, arb
< [ (=bla) —e1Lhy +e11 27 4212
,/0( (x) 15 e + e c+51 5 Te1g +2a3+ s

)(Orp)*da
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! 2
EI h
+/ (1 hy — e1Ele+ e1~—) () 2da
o ) 2aq

2

EI . L EI )
+617[h.(§0z) ]0+/0 (e1— 5 me+€1%)(g&) dx

!
+|§/0 (Elh(x)gax—i—slc(x)go)dx./o gadx|_’_(51a3a n E1a45)/ (pdsw)?d

2 2
(]

Lemma 3.5. For scalar positive constants a; (i =5,6), and scalar functions k, d
such that k(0) > 0, k() <0, k, < 0 on [bg,b1], kz > 0 on [0,1]\[bo, b1], and d > 0
on [0,1], we have: i)

l I 1
|8t/ pOyw.k(z)wpdz| < / (——=ka +Kaj)( ) dw—&—K—/ (k(2)ps)2dz

l
—/O D ke (@uw)dn [k (),
i)
l l l
- w.d(z)wdr = wy — ©).0,(d(z)w)dx — 2)(Opw)?dz
at/Opat d(z)wd /OK< ). 0 (d(z)w)d /Ode(a 2d
and i)

|8t/0 (Orp.(p —wy) — 8tw.<px)dx’

2

LK ag t b K
<[ (-—=+=2L 1+ 27 2 Zlopagh].
_/0( PRIETRACRD dw+/0( g O) e + |l walo|

Proof. 1) Multiplying the first equation in (1.3) by k(z)w,, we obtain
!
815/ pOrw.k(x)w,dx
0
! 1
= / PO w.k(x)w,dr —|—/ pOyw.k(x) 0w, dx
0
!
/ KOy ( k(z )wxdx—i—/ pOrw.k(z)Opwedx

l
:—/ Kk: (wy) dac—/ Ko, .k(z )wwdx—/ Bkw(atw)de+5[k.(w$)2]6
) ) 2 2

Using Young’s inequality we obtain

l l 1 1
/%.k(x)wwdxg @/( Dot 5 | (kg da
0 2 Jo 2a;
Then

l l l
at/ Ipﬁtgo.h(a:)gaxdxg/ B+ K% w,) dx+Ki/ (b(2) )2
; o2 2 2as

l
f/ Bkﬂ(ﬁtw)zdanE[k.(wx)Q]é.
0 2 2
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ii) Multiplying the first equation in (1.3) by d(x)w, we obtain

! ! 1
fat/o pOrw.d(x)wdr = f/ p@ttw.d(z)wdxf/o pOyw.d(x)dywdzx
l
/Kf) d(x )wdxf/ pd(z)(0;w)?dx
l
:/ K(wz—cp).am(d(x)w)dx—/ pd(z)(0yw)?dx
0 0

iii) Multiplying the first equation in (1.3) by ¢, and the second equation of system
(1.3) by ¢ — wg, we obtain

1
8t/ (Orp.(p — wy) — Orw.pz )dx
0
l !
:/ 8tt<p.(ap—wx)dx+/ Opp.(Opp — Orwy )dx
0 0
l l
—/ 3ttw.<pl.dx—/ Oywoypdr
0 0
EI 'K e
=/ —Pz-(p — wy)dz / —(p—w )Qdﬁc—/ Qatw-(w—wx)dx
0 1, I, 0 I,

l
/atgo Opp — Orwy) dm—/ <p).apmda:—/ Oy w0y da.
0

Using the fact that % = %, we have
P

1
8t/ (0. (9 —wy) — Opw.p,)dx
0

'K e ! K
= —/ T (- wy) dr — / 7(1 )8t90-(<p — wy)dx +/ (Orp)?da — —[pg.woh.
0 +fp 0 p 1%

0
Using Young’s inequality we have

I l l
[ Moo wae] < 22 [ oo+ 22 [ (o i
a6 0 2[

Therefore,

1
|8t/0 (Orp.(p —wy) — Qtw.gom)dx’

! l 2
K I,b
< [T+ goe— e+ [ 0+ L0 da+ |l
0 P p 0
O
Now, we define the Lyapunov function associated to this problem.
l
Y 0) =01V (0) + 2 [ (Duplio = ) — Owap,)da
0
(3.3)

!
+ 63/0 porw.(k(x)w, — d(x)w)dz.
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Lemma 3.6. Fore; (i =1,2,3) sufficiently small and ¢, h, k,d satisfying
hy
—% +e(x) <0 Vae€lo,l[\]bo,bi]

ha ()

5 +ec(z) >0 Vel
2

+d(z) >0 Vze€lo,l,
the function ¢(Y (t)) satisfies (3.1) and (3.2).
Proof. Note that

l
(Y (1)) =01 (Y (1)) + £ / (Orp-(ip — ws) — Bpw.pu)dc

l
+ 63@/ poyw. (k(z)w, — d(z)w)de.
0
Using the Lemmas 3.3 and 3.4, we obtain

0:p(Y (1))

1 2
1
< / (=b(x) — 515phx +e1l,c(z) + 61a1 e — 4 —
0

2 T b2
+ e1fc + e9(1 + L)) (0sp)dx

2(14 2(16
l 2
El h
+/ (—é‘lfhl-—&‘lEIC-l-&'l( (JC)) —|—K€73
0 2 aq 2@5

! clx 2 ! a
+/<61E2[cm+el( s eda e [ (< 5 — e

(k(2))*)(pz)dz

l
+53’/ K(w Oz (d(x) dw‘—&-’*/o (e1h(x )<Pa;+alc(x)cp)dx./0 pd|
+ealfpswl + elb;[ (o)l + 2 ()l

l
K
+€3/ (fEkE+K%)(w$)2dx
0

g1asQ 61a4ﬁ

l

Using Cauchy Shwartz’s inequality and Young’s inequality, we obtain

Kar [! K [
|/ K(w (d(z)wg)dz| < a7 / (we — @)?dx + — (d(x)wm)2dx
2 Jo 2a7
where a7 > 0,
K ! Kdeo [!
’/ K(w ).d wd:c| < a / (wy *Sﬁ)zdl"JF © / (wm)QdI
2 0 20/7 0

where d = max(d,,),

K [ !
‘7/0 (51h(ff)%+€10(x)go)dx./o (pdx|
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EPey [ oy [N K@ E@), S
<75t [ haenran s [ )2,

2
Then

l 2 2
1 b b
|0:0(Y (2))] < / (=b(x) — slgphx +e1lpc(x) + &1 @y €1 wb” | aa
0

2 2 2a3
€1ﬂ62 Ipb2 )
1+ —=—))(0:p)°d
+ S el ) (Or)

‘Bl (h(x))? €3 2
+/(;(—€17hx—€1EIC—|—€1 % +K2a5(k(x))
1281 2
+ K—=(h(@))” + co(

1
Kl261(2 + 52)
2l 2

) (pz)?dz

l
EI
+/ (61— Cux + €1 )(cp)de
0 2 2 2

!
K
+/ (—527 2% e3Kar) (¢ —w, ) dx
0

I, " 2,
+erg, a1 HO)pel)? + (eag — 1 5-h(0) (42 0)°
+ergs T RO wa () + (25 = 5 2h(0) (w(0)

as K&Q co Kd?
2 2a7 2a7

l
K
+€3/ (_7kw+K
O 2

l
+ [ 5k = eapd(o) + (F + 250 G
0

where ¢ is the Poincarré constant and ¢ = max(c(z)) on [0,1], then we choose ¢;
(i = 1,2,3) sufficiently small and we choose the constant a; (i =1...7) such that

a1b2 a2b2 Ipb2
—b 0
() +e1 5 + e 5 €2 20 <y,
Ip g1 €1ﬁ02
—e1—+hy, 1 —_— 0,
€1 5 +eilyc(z) + 53 + 2as +e9 <
EI (h(x))? €3 9 g 9
_EQK €206 E3KCL7 < 07
1, " 2, 2
B — eupd(z) + (282 Q1B
2 2 2
ET (c(@))?
— 0
D) Caq + 2as ,
—2
K (€359 Kd Co Kd2
——k K — <0
g e TS 20 | 2ar

e < min(—elEI%h(l), alEI%h(O), —pesk(l), pesk(0))
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Then ¢(Y (t)) satisfies (3.2). The inequality (3.1) follows from the Cauchy Schwartz
inequality. Thus the system is exponentially stable. ([
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ADDENDUM POSTED ON AUGUST 8, 2024, AND UPDATED JANUARY 4, 2025

In response to a message from a reader, the authors want to post links to
the concerns by Prof. Fatiha Alabau-Boussouira and to some corrections. See
https://arxiv.org/pdf/2308.01611 and https://arxiv.org/pdf/2308.01625
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