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WEAK SOLUTIONS FOR THE p-LAPLACIAN WITH A
NONLINEAR BOUNDARY CONDITION AT RESONANCE

SANDRA MARTINEZ & JULIO D. ROSSI

ABSTRACT. We study the existence of weak solutions to the equation
Apu = [ulP2u+ f(z,u)

with the nonlinear boundary condition
ou
[Vu|P~2 == = AulP~%u — h(z,u).
ov

We assume Landesman-Lazer type conditions and use variational arguments
to prove the existence of solutions.

1. INTRODUCTION
This paper shows conditions for the existence of weak solutions to the problem
Apu = |ulP?u+ f(r,u) in Q,

(1.1)

|V“|p_2? = MulP~%u — h(x,u) on IN.
v

Here 2 is a bounded domain in RY with smooth boundary, A,u = div(|Vu[P~2Vu)
is the p-Laplacian with p > 1, and a% is the outer normal derivative. We as-
sume that the perturbations f : 2 x R — R and h : 92 x R — R are bounded
Caratheodory functions. For a variational approach, the functional associated to

the problem is

1 1 A
In(w) =1 / IV + 2 / fupp — 2 / fuf? + / Flau) + [ Hzw),
P Ja P Ja P Joa Q o)

where F' and H are primitives of f and h with respect to u respectively. Weak
solutions of (1.1) are critical points of Jy in WP(). In fact if u € W1P(Q) is a
critical point of Jy, we have

Ji(u) v :/ |Vu|p*2Vqu+/ |ulP~2un — )\/ lu|P~2uv
Q Q o9

— Lp
—|—/Qf(x,u)v+/aﬂh(x,u)v—0, YV oveWHP(Q).
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Let us introduce some notation. We say that A is an eigenvalue for the p-Laplacian
with a nonlinear boundary condition if the problem

Apu = [ufP?u in Q,

(1.2)
|Vu|p_2% = Mu/P"2u  on 09.

has non trivial solutions. The set of solutions (called eigenfunctions) for a given A
will be denoted by Ajy. Problems of the form (1.2) appear in a natural way when one
considers the Sobolev trace inequality. In fact, the immersion WP (Q) < LP(92)
is compact, hence there exits a constant \; such that

1
AP ullzoony < llullwn o).
The Sobolev trace constant A\; can be characterized as

A1 = inf {/ |Vu|P + |u|P d such that / lulP = 1}, (1.3)
wewtr(Q) L Jq o0

and is the first eigenvalue of (1.2) in the sense that A; < A for any other eigenvalue
A. The extremals (functions where the constant is attained) are solutions of (1.2).
The first eigenvalue is simple and isolated with a first eigenfunction that is C*(9Q)
and strictly positive in 2, see [17]. In [11] it is proved that there exists a sequence
of eigenvalues A, of (1.2) such that \,, — 400 as n — +o0.

The study of the eigenvalue problem when the nonlinear term is placed in the
equation, that is when one considers a quasilinear problem of the form —Aju =
Alu[P~2u with Dirichlet boundary conditions, has received considerable attention,
see for example [1, 2, 13, 14, 16], etc.

Resonance problems are well known in the literature. For example, for the
resonance problem for the p-lapacian with Dirichlet boundary conditions see [3, 4, 9]
and references therein.

In problem (1.1) we have a perturbation of the eigenvalue problem (1.2) given
by the two nonlinear terms f(x,u), h(z,u). Following ideas from [9], we prove the
following result, that establishes Landesman-Lazer type conditions on the nonlinear
perturbation terms in order to have existence of weak solutions for (1.1).

Theorem 1.1. Let ft = limy— 400 f(z,t), h* == limy_ 1o h(z,t). Assume that
there exists f € L(2) and h € LY(9Q), such that | f(x,t)] < f V(z,t) € QxR and
|h(z,t)] < h V(z,t) € 0N xR (where g =p/p—1). Also assume that either

/ fﬂ)—i-/ h+v+/ f‘v—i—/ h~v>0  (14)
{v>0NQ} {v>0Nn0Q} {v<0NQ} {v<0NOQ}

for all v € A\\{0}, or

/ fto +/ htv +/ fv +/ h~v<0  (15)
{v>0NQ} {v>0NoQ} {v<0NQ} {v<0NoQ}
for all v € A\\{0}, then (1.1) has a weak solution.

Note that when A is not an eigenvalue the hypotheses trivially hold.

The integral conditions (of Landesman-Lazer type) that we impose for f and h
will be used to prove a Palais-Smale condition for the functional Jy associated to
the problem (1.1). Observe that these conditions involve an integral balance (with
the eingenfunctions v as weights) between f and h. Hence we allow perturbations
both in the equation and in the boundary condition.
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Let us have a close look at the conditions for the first eigenvalue. As the first
eigenvalue is isolated and simple with an eigenfunction that do not change sign in
Q (we call it ¢; and assume ¢; > 0 in ), [17], the conditions involved in Theorem
1.1 for A\; read as

/Qf+¢1+/mh+¢1 >0 and /Qf*gbﬁ/mh*qsl <0 (1.6)

/Qf+¢1+/mh+¢1 <0 and /Qf_¢1+/mh‘qb1 ~0. a7

For this case, A = A1, we will prove a general result which improve the conditions
on f and h. In [3] the resonance problem for the Dirichlet problem was analyzed
using bifurcation theory. If we adapt the arguments of [3] to our situation, using
bifurcation techniques to deal with (1.1), we can improve the previous result by
measuring the speed and the form at which f and h approaches the limits f* and
h*. To this end, let us suppose that there exists a and 3 such that

lim (f(z,s)— f*(2))s" = Aa(2),

s——+00
Siiznoo(f(x,s) — f~(2))s” = Bs(z), ae. ze€,
lim (h(z,s) —h"(2))s* = Ay (),

s——+o0

lim (h(z,s) — h™(x))s” = Bs(x), ae, x € O

or

The limits A, Ay, Bg and By are taken in a pointwise sense and dominated by
functions in L*(Q) and L*(09Q).
We consider the conditions:

(GH) /Qf+¢1+/mh+¢1 >0 or

+ + _ -« A 11—«
/Qf ¢1+/mh ¢1—Oand/ﬂAa(:ﬂ)1 Jr/aﬂAa(:E)1 >0
/f7¢1+ h™¢1 <0 or

o0

/f ¢1+/mh ¢1—0and/B,3 o1~ —|—/ Ba(z)p)~

G+ /f ¢1+/ h™¢1 >0 or
/f¢1+/h¢1—03nd/3ﬁ( ¢%ﬁ+/ Bs(z)g1 7 >0

Gy) /52f+¢1+/(9ﬂh+¢1<00r

/Qf+¢1+/mh+¢1:0and/gz4a<x) 1—a+/mza<m) 1-a g

Where f* :=lim; .40 f(x,t) and h* := lim;_, 1o, h(x,t). We remark that this set
of conditions extend the hypothesis of Theorem 1.1.

Theorem 1.2. Let f and h be such that there exists f in LI(Q2) and h in LI(09),
with | f(z,t)] < f for all (z,t) € QxR and |h(x,t)| < h for all (z,t) in 02 x R
(where ¢ = p/p —1). If (GY) and (Gj) or (G) and (Gg) hold then (1.1) with
A = A1 has at least one solution.
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We can continue with this procedure and obtain even more general conditions
considering the rate of convergence to zero of (f(x,s) — fT(z))s* — Au(x), for
example. We leave the details to the reader. Also it is possible to consider different
rates of convergence, in this case the conditions involve signs of integrals of A, and
B, separately.

In the case p = 2, we have a linear operator in the Hilbert space H'(2), so using
the Spectral Theorem for compact self-adjoint linear operators and the Fredholm
alternative, we have that when A is not an eigenvalue we do not need any addi-
tional condition to have solutions for (1.1), and if A is an eigenvalue, we need an
orthogonality condition. However when dealing with p # 2 we have to consider the
problem in W?(Q) (which is not Hilbert) and the results is not straightforward.

Note that nonlinear boundary conditions have only been considered in recent
years. For reference purposes, we cite previous works. For the Laplace operator
with nonlinear boundary conditions see for example [7, 8, 12]. For previous work for
the p-Laplacian with nonlinear boundary conditions of different types see [6], [11],
[18] and [17]. Also, one is lead to nonlinear boundary conditions in the study of
conformal deformations on Riemannian manifolds with boundary, see for example
[10].

2. PROOF OF THE RESULTS

In this section we prove theorems 1.1 and 1.2 that provide existence of solutions
to (1.1). First, let us prove Theorem 1.1. We will divide the proof in two steps.
Following [9], we first prove a Palais-Smale condition for the functional Jy using
the conditions of Theorem 1.1. Then we split the proof of the theorem in two cases,
first we deal with A\ < A < Ar11, where A\, are the variational eigenvalues of (1.2)
this allows us to obtain some geometric structure on Jy (see [11]), and finally we
treat the case where A\ = \,. In this case we obtain solutions as limit of solutions
for a sequence A, — A\x. We will see that if there is any bifurcation from infinity in
A = A\ then the bifurcation is subcritical. This fact provides a priori bounds that
allow us to pass to the limit in a sequence of solutions as A, — Ag.

To prove these results we will need some preliminary lemmas (the proofs are
straightforward, see [11]).

Lemma 2.1. Let A: WHP(Q) — W'P(Q)" be given by
A(u) v ::/ |Vu\p72Vqu—|—/ |ulP~%uv,
Q Q

then A is a continuous, odd, (p — 1)-homogeneous and continuously invertible.

Lemma 2.2. Let B: WHP(Q) — WHP(Q)* be given by

B(u) - v:= / |u[P~%uv.
20
Then B is a continuous, odd, (p — 1)-homogeneous and compact.

Lemma 2.3. Let C: WHP(Q) — WHP(Q)* be given by
Cu) -v:= / f(:z:,u)v+/ h(z,u)v.
Q o9

Then C is continuous and compact and ||C(u)| w1y < || fllLa) + KRl Lea0)-
where K is the best constant for the Sobolev trace inequality WP () — LP(02).
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With these lemmas we can prove the following theorem.

Theorem 2.4. Suppose that the hypotheses of Theorem 1.1 are satisfied, then Jy
satisfies the Palais-Smale condition, that is, for any sequence {u,} C W1P(Q)
such that ||Jx(up)|lwie) < ¢ and J§(un) — 0 there exists u € WHP(Q) such that
Up, — u strongly in WHP(L).

Proof. Let {u,} be a Palais-Smale sequence. If u, is bounded then we have that
there exists u € W1P(Q) such that u,, — u weakly in W1?(Q2). Using that

A(up) = AB(up,) + C(uy) = Jy(uy) — 0,
the compactness of B and C, and the continuity of A~! we have that
up — A (AB(u) — C(u))

strongly in W1P(€2). Hence if we prove that Palais-Smale sequences are bounded,
the result follows. To see this, let us argue by contradiction. Assume that u, is a
Palais-Smale sequence and that |[uy, |lyw1.»q) — oo. Let

Up
Up 1=
l[unllwre )
then there exists v such that v,, — v in W1?(Q) and v,, — v in LP(92). We have,
!
% = A(vn) — AB(vy) + % (2.1)
Hunle,p(Q) Hunuwl,p(g)

Using compactness of B, continuity of A~! and the fact that
C(un) -

—1
H“n‘lgvl,p(g)

we have that v, — A71(AB(v)) in WYP(Q). Hence v, — v in WHP(Q) and then
A(v) = AB(v) = 0 with [[v||w1.r() = 1. That means that v € Ax\{0}.
Observe that, for a.e. x € {v(z) > 0}, we have u,(x) — +0oo so,

i f(z, un(2))on(2) + A(@, un(2))vn(z) = £ (2)0(z) + b (2)0(2),

and
i F@ @) | HE,un(@)
n—oo ”un”WlaP(Q) ||Un||W1,p(Q)
@ [ ) + vn@)—— [ bt
= 1im Un T / ft,unt +'Un.]:' / ht’unt
n—oo Un(x) 0 un(x) 0

= v(2)f*(z) + v(z)h* (2).
In a similar way we obtain that, for a.e. « € {x : v(z) < 0}, we have
i f (2, un (2))on () + 1@, un (2))on (2) = [ (2)o(x) + B~ (2)o(),
and therefore
P (@) | H@ua()
n—00 ||un||lep(sz) ||un||lep(sz)
On the other hand, we have

— v(2)f~ (2) + v(2)h~ ().

pIA(un) — J&(un) s Un
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= p/Q F(z,un(z)) +p H(z,up(x)) — /Qf(:c, U () Uy — h(z, un ().

o0 o0
Then
Ix(un
ﬂ — J5(up) - vp
||un||W1~P(Q)

Ww/a (2, un(@ /f 210 ()0 B, 1 ().

a llunllwie ) Q ||un||W1P(Q) 90
The left hand side approaches 0 as n — co. Hence

O:(p—l)[/ f+v—|—/ hﬂ/—i—/ f_v—l—/ h_v}
{v>0NQ} {v>0NOQ} {v<0NQ} {v<0NOQ}
which contradicts the hypothesis on f and h in Theorem 1.1. O

Now that we have proved the Palais-Smale condition, we can state a deformation
theorem that will be used later to show that Jy has critical points (see [19]).

Theorem 2.5. Suppose that Jy satisfies the Palais-Smale condition. Let 8 € R be
a reqular value of Jy and let € > 0. Then there exists € € (0,€) and a continuous
one-parameter family of homeomorphisms, ® : WhP(Q) x [0,1] — W1P(Q) with the
following properties:

(1) ®(u,t) =wuift=0 orif |Jy—f| > &

(2) Jx(®(u,t)) is non decreasing in t for any u € WP(L).

(3) If Jx(u) < B+ € then Jy\(P(u,1)) < B —e.

We now use a variational characterization for a sequence of eigenvalues for the
problem (1.2). Indeed, solutions of (1.2) we can understood as critical points of the
associated energy functional

1w = [ 1vup+ [ jup.

under the constraint u € M, where M = {u € W'?(Q) : |Ju 1»(90) = 1}. We can
find a sequence of variational eigenvalues with the characterization,

A = f I
k Alélck sup (u),

where
Cy, := {A C M : there exists h : S¥~! — A continuous, odd and surjective }.

To prove that these Ay are critical values one first proves a Palais-Smale condition
for the functional. Next, using a deformation argument, we prove that A; is an
eigenvalue (see [11] for the details), but it is not known if this sequence contains all
the eigenvalues.

As we mentioned before, we divide the proof in two cases, \p < A < Ag41 and
A= Ag.
Case \; < A < A\py1. Let A € Cy, such that sup,c 4 I(u) = m € (A, A) (here we
are using the definition of Ag). Then we have, for u € A, t > 0, that

o

Ja(tu) = ;[HUH%M(Q) - A+ /Q F(x,tu) + - H(x, tu)

tp
—(m — )\—i—‘/ xtu‘—i—‘ thu)‘
p

\ /\



EJDE-2003/27 A NONLINEAR BOUNDARY CONDITION AT RESONANCE 7

(o))" ol o) )

t ) _
m = X) -t ([ ooy + Bl o o) -

IN

IN

Let
Epyl = {uG whr(Q) / |VU|p+/ |ul? Z>\k+1/ |U|p}-
Q o) o0

If u € ;41 then,
1 A
n@ =S [wap+ [ =2 [ s [ Few+ [ aew
P Ja Q P Joa Q N
1 A

]Jr/QF(x,u)Jr 8QH(x,u)

> —|lullfi o [1—
- pH Iy, (Q)[ Akt1

1 A

> —ull® . 1— 1 —lullwienll Fll e
*pH ||W ,p(Q)[ /\k-i-l] || ||W1 (Q)Hf”L (Q)

— Kllullwrr @yl Leo9)-
This proves the coercitivity of Jy in £gy1, then there exists a such that,
a:= inf Jy(u).
UEEK+1 A( )

On the other hand we have, for u € A,
tP — —
Ia(tu) < E(m = A) +t (m|[flla) + [Pl Laoe)) »

where m — A < 0. Then for all u € A, as t — oo Jy(tu) — —oo. Hence there
exists 1" > 0 such that

tu) = . 2.2
JJax Ji(tu) =7 <a (2.2)

Let TA:={tu: ue A, t>T} and
x :={h € C(BL(0,1), W?(Q)) : h|gr-1is odd into TA}.

Let us show that x is nonempty. By the definition of Cj, there exists continuous
function h : S¥~! — A odd and surjective. Let us define h : By — WYP(Q) as
h(ts) =tTh(s) s€ S*1 te [0,1]. Clearly h € x.

Next, let we prove that if h € y then h(Bg) N &1 # 0. If there exists any
u € h(By) such that [y, [u[? =0 then u € & 1. Suppose now that [, [u[? # 0 for
all u € h(By), and let us consider

T ST b
where mu = u/||u||Lr(90). Then, if z441 >0,
ﬁ(xl, cos@pg1) = w(—=h(—x1,...,—x)) = —7h(—21,...,—xk)
and hence
E(—xl, ceoy—Tpg1) = —wh(x1, .. 1) = —B(ml, ey Tht)-

In an analogous way for xp1 < 0, we have

E(xla e Ty1) = *E(*$17~~-,*$k+1),
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then % is odd. Hence h(S*) € C*1. On the other hand, we have,
Aet1 = Aeig£+1 sup I(u),
then
Aey1 < sup  I(u).
u€h(S*)
Hence, for some u € h(S¥), that is, for some 2 € S* such that u = h(z) we have
Ak+1 < I(u). This implies that h(z) € £,41. Using the definition of h we obtain
that h(l‘) € €iy1. Then h(Bk) N &kt1 75 0.

Theorem 2.6. The value

c:= inf sup Jyh(x),
hex € By

is a critical value for Jy, with ¢ > a.

Proof. For each h € x, there exists ¢ € By, such that h(z) € €41, then Jy(h(x)) >
«. Hence

sup Jy(h(x)) >a Vhex.

rE By,
Therefore, ¢ > a > «, where v is given by (2.2).

Let us argue by contradiction. Suppose that ¢ is a regular value, then using the

deformation Theorem 2.5, with § = ¢ and € < ¢ — v, we have that there exists a
deformation ®(u,t) that verifies the usual properties. If v € T A then,

J/\(U)S’Y<ﬂ—€7

then by one of the properties of the deformation lemma we have ®(u,t) = u. By
the definition of ¢, there exists h € x such that,

sup Jxa(h(z)) <c+e. (2.3)
r€ By
Let h(:) := ®(h(-),1), if T € Sk=1 we have that h(z) € TA , then h(z) =
®(h(z),1) = h(z) and hence h|gk-1 = h|gr-1. We also have h(—z) = ®(h(-z),1) =

)
®(—h(x),1) = —h(z). We obtain that h € x. Using (2.3) and the deformation the-

orem we have

sup Jx(h(x)) = sup JA(D(h(x),1)) < c e,

rEBy TEBy,

a contradiction that proves that c is a critical value. O

Case A = \;. We will prove the result under condition (LL);\rk, the case where
(LL)), holds is completely analogous.

Lemma 2.7. If (LL)L is satisfied, then there exists 6 > 0 such that (LL)/ is
satisfied for all p € (A — 8, A\ + 0).

Proof. Arguing by contradiction, let us assume that there exists u, — Ay and
corresponding eigenfunctions {v,}, ||vn|w1r) = 1, such that

/|an\p_2anVw+/ |vn|p_2vnw:un/ [Un P20, Yw € WHP(Q)  (2.4)
Q Q 09
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and

/ fto, +/ hto, +/ [ un +/ h™v, <0,
{vn,>0NQ} {v,>0NON} {v,<0NQ} {v, <0NON}
(2.5)

for all n. Then, since {v,} is bounded, there exists v € W1?() such that v,, — v
in LP(0N2). Taking

an(w) = ;U'I’L/ |U7L|p72vnw and ¢(w) = )\k/ |U|p*2vw’
o 20

we have that ¢, — ¢ in (WHP(Q))*. Using the continuity of A~!, we have that
vy, — v in WHP(Q). Then, taking limits in (2.4) and (2.5) we have

/|W|P*2wvfw+/ |v|P*2vw:/\k/ [o]P~20, Yw e WHP(Q),
Q Q o

and

/ f+v+/ h+v+/ f*er/ h~v <0.
{v>0NQ} {v>0NoQ} {v<ONQ} {v<0NoN}

Which contradicts the fact that (LL);\rk is satisfied. O

Now we assume that A\p_1 < A\ —d and let {u,} C (A — 6, Ax) be an increasing
sequence such that p, — Ar. We will construct a decreasing sequence {c,} of
critical values corresponding to J,,, , and then we will see that the sequence corre-
sponding to the critical points {u, } is bounded and converges to a certain u that
is a critical point for Jy, .

Lemma 2.8. There exists a decreasing sequence of critical values, {c,} associated
with the functional J,,, .

Proof. Let A € C*~1, T1 > 0,¢&, and x; as in the first part (A\x < A < Agy1) such
that,
c1:= inf sup J,, (h(x))
h€x1 zeB,_,
is a critical value for J,,. To define cy, let us chose the same A and &, but we take
Ty > T that provides the correspondent yo. Then ThbA C T1 A, x2 C x1 and,

inf sup J,, (h(z)) > inf sup J,, (h(z))=c1.
h€x2 xeBy,_4 hexi zeBy,

ha() = {h1(2:c) |2

Let

|
hi() L +2(2] = 3)T2] o
For |z| > 1/2, ha(z) € T1 A; therefore,
Juy (ha(z)) <y <a < Ju(u), Yu € &y
Then there exists y € By such that ha(y) € {11 and
Jui (ha(@)) < v < a0 < Ty, (ha(y)).

That is, for all & with |z| > 1/2 there exists y € By such that J,, (he(z)) <
Juy (ha(y)). Then

sup Ju, (ho(x)) = sup J,, (ho(z)) = sup J,, (hi(22)) = sup Ju, (hi(x)).

r€BR_1 |z|<1/2 lz|<1/2 TEBK_1
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Hence

¢y := inf sup J = inf sup J
= jof sup i (h(2)) Al sup s (R(2).

On the other hand we have,

1
iz () = Ty () + 2 (1 = uz)/ [ul” < Juy (u)  Yu € WHP(Q),
00

then

inf sup Ju, (h(z)) > inf sup J,,(h(z)) = co.

hexz2 e By, hexz zeBy_,
We conclude that ¢; > ¢o. Continuing with this procedure we find a sequence ¢,
with the desired properties. O

Let {u,} be the sequence of critical points associated with {c,} then
J[M (un) = A(un) - ,Uan(un) + C(“n) =0.

If {u,} is bounded then there exists u € W1P(Q) such that u,, — u, then u, —
A7Y (A B(u) — C(u)) in WHP(Q). Hence u is a critical point for Jy, and we have
proved our result.

Next, we show that {w,} must be bounded. This means that if there exists
(#tn,un) solutions of (1.1) with p, — Ap such that [lu,|w1ir@) — oo then the
sequence [, verifies u, > A, that is the only possible bifurcation from infinity at
A = A is subcritical.

Lemma 2.9. If ||un|lw1.rq) — 00, then there exists v € Ay, \ {0} such that
Un

_—— — V.
||U7LHW14’(Q)

Proof. Let vy := uyn/||un|lw1r(q). Then v, — v. Using that
Cluy,
A(vn) = pnB(vn) — %
[[un|
the compactness of B and the continuity of A~!, we have v, — A~1(\;,B(v)). Then

vp — v, with [|v|lw1.r(q) = 1. Taking limits in (2.6) we have A(v) = A\ B(v), then
v € Ay, \ {0}. O

Making similar calculations to those in the proof of Theorem 2.1, we get

=0, (2.6)

pen = pJy, (n) = J), (un) - un

:p/QF(x,un)-i-p H(x,un)—/ﬂf(x,un)un— B, 4y )it

o0 o0

Then

lim / -T un / .13 Un / f x, Un n — h(xvun)vn
=00 Hunle P (Q) o9 HUHHWIP(Q) 0%

:(p—l)(/ f+v+/ h+v+/ f‘v+/ h‘v)
{v>0nQ} {v>0n9Q} {v<0nQ} {v<0nQ}

> 0.
Then,
Dben
lim —————
n—00 |[up |lw. ?(Q)
which contradicts the fact that {c,} is bounded from above.

>0,
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Then we have that {u,} is bounded. Hence there exists u € WP (Q) such that
Uy — u weak in WHP(Q), using the compactness of B and C and the continuity of
A~ we have u,, — u strong in W1P(Q).

Case A\ = )\; This corresponds to Theorem 1.2. In this theorem we improve the
conditions on f and h for the case where A = A;. We use ideas from [3], but first
we find some estimates.

Lemma 2.10. Let u € C%(Q) be a solution of (1.1) strictly positive in Q. Then

h(z,u) /f hx,uu—l—/fx,uu
et QT SN L S

[ ar
o0
Proof. In the weak form with v = u, we have

[ swau— [ swawu= [ [gup [ s ] e

> (M- N) / P,
oN

then we get the second inequality If we take v = ¢} /(|u[P~2u) we have,
— _ P
/BQ h(.’L' U’ |p 2y / f ‘p 2y, ()\1 )\) (bl

= [ [wup-vas( ‘ — / a2 |,, - / Vo - [ 1ol

p2¢1 _ 1\ P P
= [ v G v - [(w-n2Ewar - [ val

</ M 1%‘_/@_1)&%,,_/ Vel
—Ja | |p—1 Q lulp Q .

Using that

ptPls — (p—1)tP —sP <0, Vt,5>0
with t = ‘%1'|Vu| and s = |V¢1| we have that

¢1

[ulr=2u

$1
- hiz,u T, u)————— — (A1 — A P <0,
o0 (@) Qf( )|U\p72u e =) 8Q¢1

the result follows. O

Now, let us proceed with the proof of the main theorem.

Proof of Theorem 1.2. Let us suppose that f and h satisfy conditions (G ) and
(G’E) We will prove that there exists (M, u,) solutions of problem (1.1) with
An — A1 such that |lu,|wir) < K. This will follows from the fact that any
possible bifurcation from infinity must be subcritical.

Let A, \, A1, and u,, be the solutions of (1.1). Remark that Theorem 1.1 shows
the existence of wu, for every A, close but not equal to A\; (as A; is isolated the
conditions on f and h of Theorem 1.1 are trivially verified for any A, close to A1).

Suppose that ||u,||wir) — 00. If un/||un|lwiro) — ¢1 and

/Qf+¢1+/mh+¢1<0
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then we arrive to a contradiction. Otherwise, if u,/||w,|lw1.r) — —¢1 and

/Qf*rb1+/mh*¢1<0

we also arrive to a contradiction. Hence in both cases any bifurcation from infinity
must be subcritical. Hence {uy,} is bounded (see [3] for the details).
We have to consider only the case where

/waﬁ/mhwlzo,
/Qf—¢1+/mh—¢1:0,

+/Aaﬁ

Q

+/Baf
Q

Let us assume by contradiction that ||, |lw1.») — oo. Then by Lemma 2.9,

and

U — +¢.
l|wn [lwre o)

The convergence is uniform by regularity results that show that w, € C*(Q), see
[15]. Using the previous lemma,

n >_ h’ n p 77 ZD .
> ()\1 A ) ; (bl / (I,u 2u / f T, u 2u
Using (2.7),

o< (b ) Lt )
onN

|t Ip‘Qun

_— p—1 ||Un|| _ (g
n /Q (F (s um) 87 (@)1

[unlP=2uy,

~ [ (hlrun) - e T L g
o0

[tn[P~2un,

(2.8)
S [
—/(9§z}l+(510)¢51(1—¢5I17 IW)
p—1
+ [ () - @yt el
1 funlP7
- [ rr@en-at B,

If wn/|unllwir@) — ¢1, using our hypothesis on the dominated convergence of
(h(z,un) — h*(z))u by a function in L'(9) and the uniform convergence of
Un /|| Unl|wir @) to ¢1, we have the hypotheses of the Lebesgue’s Dominated Con-
vergence Theorem. The second term also verifies these hypotheses. Then using our
hypothesis over f and h, and taking the limit we have

im [ (b, ) — b (@) g |

n—oo Ja0 |y, [P~2
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i

+/Q(f($7un)—f+(x))|\unHa¢P [[tn

! [tn [P~ 2y,

:/‘Elﬁa+/Aa¥“<0
o0 Q

Therefore, for n large enough
4 lun P~
| () = @)l
P

z,un) — fH(2)||u agp Iunll”
+/Q(f(,n) £ @) un]®6

1 [t [P~ 2y,

<(C<DO.

Using that the two negative terms of (2.8) go to zero (by the Lebesgue’s Dominated
Convergence Theorem), we have for n large enough that

[[un [P~

/8 ()t~ @)
p—1
+ (f(x,un)%’lm F@)ér <0,

which contradicts inequality (2.8). On the other hand if w, /||un|w1.r0) — —¢1,

using
/ Baor ? +/ Bgoy P >0,
o0 Q

and proceeding as before we arrive to a contradiction. Hence {u,, } must be bounded.
If f and h satisfy condition (GF) and (G;), using the other inequality we prove
that if we take (A, uy,) solutions of (1.1) with A,, /* A1 then {u, } must be bounded.
Using the same argument as in the previous theorem we see that there exists u €
WLP(Q) such that u,, — u and u is a solution for (1.1) with A\ = A;. This completes
the proof. O

We can observe that in the proof of the previous theorem we prove that if f and h
satisfy the condition (G, ) and (GE) then any bifurcation from infinity must be sub-
critical, and in the second case any bifurcation from infinity must be supercritical.

Acknowledgements. We want to thank Professors: D. Arcoya, J. Garcia-Azorero
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